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Full folding calculations for proton-nucleus elastic scattering at intermediate energies
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The full folding optical potential for the elastic scattering of protons from ' 0 and Ca at 200
MeV is calculated. The fully off-shell free nucleon-nucleon t matrix, at a fixed energy, derived from

the Paris potential and harmonic oscillator nuclear single-particle wave functions are used for both

systems. The calculated observables show that the optimal factorization approximation provides a

good description for both nuclei.

I. INTRODUCTION

In this paper we will examine the accuracy of the op-
timal factorization approximation, compared with the
full folding approach, for calculations of the observables
of proton elastic scattering from ' 0 and Ca at 200-
MeV incident energy. Calculations in similar spirit have
also been reported recently by Elster et al. ,

' for ' 0, and
by Arellano et al. , for Ca. These calculations differ
however, in detail, with each other with regard their
physical input. For example, they use different underly-
ing nucleon-nucleon (NN) interactions, different prescrip-
tions for the energy at which the NN transition matrix is
to be evaluated and different approximate treatments of
the proton-target Coulomb interaction. Furthermore,
the calculations appear to disagree on the basic question
of the accuracy of the optimal factorization procedure.

Pauli blocking effects must be taken into account in or-
der to understand quantitatively experimental data for
proton elastic and inelastic scattering at intermediate en-
ergies. In finite nucleus calculations at intermediate ener-
gies, such effects are naturally taken into account within
the Kerman-McManus-Thaler (KMT) multiple-scattering
formalism. The inclusion of higher-order terms in the
optical potential is, however, extremely complicated. It

I

is essential, therefore, to investigate carefully the accura-
cy of the approximations currently made in the first-
order term, in particular the optimal factorization ap-
proach, which might lead to great simplifications in the
evaluation of higher-order terms.

For these reasons, in this paper we have undertaken a
consistent theoretical treatment of both the ' 0 and Ca
systems, which uses the same underlying NN and target
structure models. Our calculations also differ from the
published works in that they include a more accurate
treatment of the proton-target Coulomb interaction. In
view of the very significant differences between the pre-
dictions of the optimal factorization and full folding cal-
culations, which were introduced by the addition of the
Coulomb interaction in the work of Elster et al. , it is im-

portant to clarify whether this phenomenon might result
simply from the rather crude treatment of the Coulomb
interaction used in that study.

II. THE FIRST-ORDER OPTICAL POTENTIAL

According to the KMT multiple-scattering formalism,
the first-order optical potential for proton-nucleus
scattering, in momentum space, is given by the expres-
sion

&k'a;Ito;(e)lka;&= „g f dp Jdp'&a;Ip'&&k'p'Ito;(e)lkp&&pla;&,
a, ,i =n, p a,.,i =n, p

where we have assumed that the target nucleus ground state is described by a single Slater determinant of occupied
single-particle wave functions Ia; ] and the sum, in Eq. (1), runs over all occupied states. Here k and k' are projectile
momenta in the nucleon-nucleus (NA) center-of-mass frame, and t( )iss the antisymmetrized free nucleon-nucleon

transition matrix evaluated at an appropriate relative energy c in the NN center-of-mass frame. Additional effects, aris-

ing from the full antisymmetrization of the nucleon-nucleus optical potential, have been shown to be negligible.

Using momentum conservation for the interacting nucleon pair, we write

(2)

where

e'ik+p/'
4m

m is the nucleon mass and E is the incident beam energy. If we now neglect target recoil effects and make the change of
variable, P =p —q/2, we may write the full folding expression for the optical potential
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(k'(iU"'(ik(= x JdP(uP,
—+)(%'i(to(E(1(%((P++ a,

a, ,i =n, p

where q=k' —k is the momentum transfer and R and %', functions of P, are the relative momenta of the two active
nucleons, i.e.,

%'=[k—P —q/2]/2, %'=[k' —P+q/2]/2 . (5)

If we neglect the momentum p of the struck nucleon, in Eq. (3), and take for k its on-shell value ko =(2mE/iri )', it
follows that the required NN transition matrix should be evaluated at an energy e=E/2, corresponding to free NN
scattering at half the beam energy in their center-of-mass frame. This is the approximation used in this paper.

III. THE FINITE NUCLEUS MODEL

In describing the target nucleus, we do not distinguish between protons and neutrons. We take the radial parts of the
single-particle wave functions (p~a, ) to be of harmonic oscillator (HO) form, denoted R„& (p), normalized such that

a a

fp R„ i (p)R, , (p)dp =5

The HO parameter a, see the Appendix for details, was obtained by fitting the calculated charge densities to the avai
able electron-scattering data. ' The corresponding target matter densities were then deduced from this same length pa-
rameter.

IV. THE OPTIMAL FACTORIZATION APPROXIMATION

For a closed-shell target nucleus, the result of the sum over the occupied states, in Eq. (4), is

(k'I 0"'lk &
= fdP(m'lt„(e) IX)p P —+,P+ +

where to, (e) is the spin and isospin averaged NN transition matrix

(%'~ to, (s) ~%') = 3 (E,A",%')+o"6'C(s, %",%'},

with o the Pauli spin matrix for the projectile, tt =R X%'/~R X%"~, and where

p P—,P+
(2I +1)

4 "ala
n 1

P — R P+ PI (cos8P ) .

In this expression Pi is the Legendre polynomial and 8& is the angle between the vectors P+q/2 and P —q/2. The
a

matrix elements of the two-body transition matrix (R ~to&(e)~%) are more conveniently expressed in terms of the
momentum transfer q and the average of the relative momenta of the two nucleons 6=(%"+R)/2, that is to&(e, q, e)
Within this notation equation (7) can be rewritten as

(k'~0"'~k) = fdPt, [e,q, o(P)]p P—+,P+ (10)

where the dependence of 6 on P has been made explicit.
The density matrix p(P —q/2, P+q/2) is strongly

peaked at P =0. Thus, assuming that the transition ma-
trix to, is a slowly varying function of 6, it has been sug-
gested that these matrix elements of the transition ma-
trix should be fixed at to, [e,q, e(P =0)]. This leads to
the so-called optimal factorization form for the first-order
optical potential

U'f(k', k)= C(s, q, Q/2)[Ap(q)], (13)

where Q=(k+k'}/2 is the mean of the incoming and
outgoing projectile momenta and n the unit normal to the
scattering plane in the NA center-of-mass frame.

The nuclear matter density p(q) is normalized such
that p(0) = 1. Explicitly, within the HO model,

(k'~ 0"'~k) =
U

f(k', k)+cr nU'f(k', k) .

The central and spin-orbit components of the interaction
are given by

and

p(q)=[1 —
—,'(qa) ]exp( —q a /4), (14)

Uof(k', k)= A(e, q, Q/2)[Ap(q)],
A —1—

A
(12)

p(q) = [1—
—,'(qa) + —,', (qa } ]exp( —q2a2/4),

for the ' 0 and Ca systems, respectively.

(15)
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V. THE FULL FOLDING OPTICAL POTENTIAL

In order to clarify the validity of the optimal factoriza-
tion approximation described above, we will compare its
predictions with those of the full folding calculations, ob-
tained using the general method proposed by Redish and
Stricker-Bauer. Defining P as the angle between q and

6, the required matrix elements of to, (e) can be written

t, [e,q, e(P)]=t, (e, q, a, g)

2'„'
I =2' f pdpR„ t (ik —26')R„ I (ik' —26')

XP, (cos80) .

Explicit formulas for the J""and 2' from the different oc-
cupied single-particle states, are presented in an appen-
dix. Equivalent expressions for the optical potential in
the case of ' 0 have been presented by Elster et al. '

= A(e, q, a, g)+a"NC'(e, q, Q, P), (16) VI. THE ELASTIC-SCATTERING OBSERVABLES

where N=(6Xq)/q. Thus, C' is related to the con-
ventional spin/isospin averaged spin-orbit Wolfenstein
amplitude C, Eq. (8), according to C'= C/sing. Evalua-
tion of the off-shell components of A and C' using realis-
tic NN interactions' shows that for NN relative momen-
ta less than 3 fm ' and 50 MeV a~200 MeV, they are
essentially independent of the variables e and P. There-
fore, in order to simplify the integration over the angular
variables of P, it is convenient to perform a change of in-
tegration variable (to 6)

(k'i 0'"ik) =8 fdetoi(s, q, o)

Xp(k —26,k' —2O) (17)

and to then fix P in the scattering amplitudes A and C' to
its on-shell value $0= m /2.

The density p(k —26,k' —26) depends only on p„ the
cosine of the angle between 6 and k+k'. In the evalua-
tion of the integral over 6 we thus choose our z axis
along the direction k+k'. The full folding integral can
then be reduced to the standard form

The optimal factorization, Eqs. (12} and (13), and the
full folding expressions, Eqs. (19) and (21), for the first-
order optical potential were calculated in the case of pro-
ton elastic scattering from ' 0 and Ca at 200 MeV, us-
ing the off-shell NN transition matrices calculated from
the Paris potential. ' '" The target nucleus HQ parame-
ters used were a =1.77 fm and a =1.95 fm, for ' 0 and

Ca, respectively. These parameters provide a reason-
able description of the charge form factors for smail
momentum transfers, typically q ~ 2 fm

In order to isolate those effects originating from the
full treatment the off-shell character of the full folding
optical potential, we first neglect the proton-target
Coulomb interaction in the calculation of the observ-
ables. In Figs. 1 and 2 we demonstrate that the optimal
factorization calculations of the proton elastic vector
analyzing power ( A } angular distributions (dashed
curves) are a good approximation to the full folding re-
sults (solid curves) for both the ' 0 and Ca systems.
The differential cross-section angular distributions are
not shown since the cross section shows very little sensi-

with

"a la

(k'~ 0'"~k) = Uff(k', k)+cr nUff(k', k) .

The central component of the interaction is

Uff(k', k)=8 f 6 daA(e, q, a, po)

(2l +1)

(18)

(19)

1.0

0.8

0.6

z'„, =2~f '
dI ~„, (Ik —2el)&. I (lk' —2l)

X PI (cos86), (20) 0.4

where 86 is the angle between the vectors k' —26 and
k —26.

The spin-orbit component, after performing the azimu-
thal integration, is similarly given by the relation

(A —1) ~kxk'~

X G C c,q, , p

0.2

10 20 30 40 50
ec~ («g)

where

n I

(21 +1)
~n I

7T a a
(21)

FIG. 1. Calculated vector analyzing powers A~ for p-' 0
elastic scattering at 200 MeV in the absence of the Coulomb in-

teraction. The dashed and solid curves were obtained using the
optimal factorization and full folding optical potentials, respec-
tively.
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As is shown in Figs. 3 and 4, the inclusion of the
Coulomb interaction does not enhance the differences be-
tween the full folding (solid curves) and optimal factori-
zation (dashed curves) calculations. We find however,
that if the Coulomb interaction is included only crudely,
significant changes can be introduced between the two
calculations. We demonstrate this effect for the ' 0 sys-
tem in Fig. 5, in which the Coulomb interaction has been
treated adopting the method used by Elster et al. This
was referred to as Method I in Ref. 13. It consists of ap-
proximating the partial wave transition amplitudes for
scattering in the presence of the Coulomb interaction by
purely nuclear amplitudes, the Coulomb interaction be-
ing introduced only through the Coulomb phase factor in
the partial wave expansion of the scattering amplitude.
We note that, not only does this technique for treating
the Coulomb interaction magnify the differences between
the optimal factorization (dashed curves} the full folding
results (solid curves), it also introduces a deep first in-
terference minimum in the calculated A„which does not
arise with the more accurate Coulomb treatment. It is
precisely in these interference minima that accuracy is re-
quired in order to study details of the calculated optical
potentials and to investigate the need for the inclusion of
higher-order terms, by comparison with the data.

In the work of Arellano et a/. for the p- Ca system at
200 MeV, it was concluded that the optimal factorization
is not a good approximation to the full folding calcula-
tions. The difference between those calculations and
those presented here, other than the use of different
methods for the treatment of the Coulomb interaction, is
the consideration, in Ref. 2, of the momentum of the
struck nucleon.

VII. CONCLUSIONS

In this paper we present calculations of elastic-
scattering observables for proton scattering from ' 0 and

Ca at 200 MeV using the first-order KMT optical po-
tential. Calculations using the optimal factorization and
full folding procedures have been carried out for both
systems using consistent theoretical inputs for both sys-
tems together with an accurate treatment of the proton-
target Coulomb interaction. We find that the optimal
factorization procedure provides a very good approxima-
tion to the full folding results for both the ' 0 and Ca
systems studied.
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APPENDIX

In this Appendix we present explicit formulas for the
harmonic-oscillator wave functions and the derived cen-
tral and spin-orbit interaction integrals 2'„ I and S'„'

I of
a a a a

Eqs. (20) and (22). Explicitly, the R„, (p) are

4a
R,o(p ) =N, oexp( —p a l2); N fo

=
rr

8a'
R»(p)=N»p exp( —p a l2); N»=

3&Fr
'

16
R,2(p)=N, tp exp( —p a l2); N, 2=

and

Q
R20(p)=Neo(a p —}exp( —p a l2); N2o=

3 7r

For the 2'„ I and 2'„'
&

we obtain, in the IS and 1P states
a a a a

&io=N &oG(k, k', x)jo(z)

$»=N»G(k, k', x)[( kk'+x )jo(z)+x~k+k'~ij, (z)],
where jo(z) and j,(z} are sPherical Bessel functions,
x =26, z =2iyx~k+k'~, y=a /2 and

G(k, k', x)=4m exp[ —y(k +k' +2x )] .

The 1D and 2S contributions are best evaluated together,
in which case cancellation of terms simplifies the calcula-
tion. We find

52;2+ J~o=G(k, k', x)IN2o[ ', 3y(k +k' —+—2x )]jo(z) Nzo6yx~k+k—'~ij, (z)

+N )q —",[(k k'+x ) +x ~k+k'~ ]jo(z)+N (~ —",x~k+k'~[2(k k'+x )+y ']ij, (z)I .

The corresponding spin-orbit integrals are

io= N ioG(k, k', x)ij, (z),

N„G(k, k', x)[(k k—'+x +y ')ij, (z)+x~k+k'~ jo(z)],

for the 1Sand 1I' states and
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52';z+Szuo= —G(k, k', x) N zo[
——", —3y(k +k' +2x )]ij,(z)

+X 15 —'(kk'+x )+—(kk'+ )+ + ' i ( )
4y2

+&',~»x 1k+k'I 1+ jo(z) & zo6JJo(z) ' .
2y

for the 1D and 2S contributions.
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