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The results of a new resonance analysis of the elastic scattering of 'He by 'H in odd-parity states
and the radiative capture of 'He by 'H in the first excited state of 'Li are presented. We give evi-

dence for a very broad level of Li at F.&, =26.59+0.065 MeV with J =2, S, T= 1,1 not previously
reported. The shape of the angular distributions and the broad maximum observed in the radiative

capture cross section at high energies are explained in terms of the interference of three very wide

F, overlapping resonances. Numerical values of the resonance parameters are given.

I. INTRODUCTION

The isobaric diagram of nuclei with A =6 shows that
all excited states of He and Li, and all states of Be, are
unbound with respect to nucleon and to cluster decay. '

In Li, the study of the He+d system has led to good in-
formation about the T =0 states. ' The relatively small
widths of the 0+ and 2+, T =1, states below 6 MeV have
made it possible to study them in several reactions and in

inelastic scattering. However, the other states of Li are
very poorly known, except that it is clear that there are
no other sharp or fairly sharp T = 1 states of Li
below=17 MeV. In this work we are particularly in-

terested in the T = 1, negative-parity, unbound states of
Li that are strongly coupled to the He+ H channel.

Evidence for these odd-parity states comes from the elas-
tic scattering and radiative capture of He by H in odd
orbital angular momentum states.

The elastic scattering of polarized He by H was mea-
sured by Vlastou et al. over the energy range from 20 to
33 MeV, He bombarding energy. These authors
represented the cross section and polarization of the scat-
tered and recoil particles from 5 MeV up to 33 MeV in
terms of 18 real phase shifts, which they called solution I.
They made a parametrization of the real resonant phase
shifts in terms of the single level R-matrix formalism.
They found resonances in the PJ waves (L =1) at
Ez; =21.0 and 21.5 MeV, with J"=2,T = 1 and
J"=0,T = 1, respectively, and in the FJ waves (L =3)
at Ez; =25.7 and 26.7 MeV, with J =4, T = 1 and
J =3,T = 1, respectively, but no resonance is reported
with J =2,T=1 for L =3. A second, more realistic,
representation of the same elastic scattering data, called
solution II, was made in terms of 18 complex phase shifts
to account for the possible influence of the open reaction
channels. Vlastou et a/. made no resonance analysis of
the complex phase shifts of their solution II.

The cross section for the radiative capture of He by
H to form the first excited state of Li

(J =3+,E„;=2. 185 MeV) was measured by Blatt
et al. , in the energy range from EH, =1 MeV up to 5

MeV, and by Ventura et al. in the energy range from
EH, =6 MeV up to 26 MeV. The excitation function
shows broad maxima centered at 5.0 and 20.6 MeV, He
bombarding energy, indicating the presence of resonances
in Li at excitation energies around 18.3 MeV and 26
MeV, respectively. The broad structure around 20.6
MeV has a shape suggestive of two very wide overlapping
resonances. Ventura et al. calculated the capture cross
section to the first excited state of Li assuming that the
reaction mechanism is a direct radiative capture in a sin-
gle channel configuration. Since in L-S coupling, the first
excited state of Li is described as a ' D state, there are
only four partial waves Pz, Fz, F3, and F4, which
can contribute to an electric dipole transition to this
state. The calculation was made with a computer code
developed by D. R. Thompson and Y. C. Tang. The po-
tential used by these authors to represent the two-body
nucleon-nucleon interaction was purely central. There-
fore, in the calculation by Ventura et al. , the effective
interaction between the He and H clusters was also
purely central and no splitting of the states of good orbit-
al angular momentum in states of different total angular
momentum could result. Ventura et al. found good
agreement between the measured and computed values of
the excitation function and the photon angular distribu-
tion at EH, energies below 10 MeV. In the region of the
peak at EH, =20.6 MeV they found a large disagreement
between measured and computed values which they inter-
preted as evidence of the breakdown of the He- H clus-
ter configuration into a different intermediate
configuration of "Li, with the same spin and parity, which
then decays by photon emission to the first excited state
of Li.

More recently, P. Kramer and D. Schenzle computed
the energy spectrum of Li taking into account the non-
central terms in the nucleon-nucleon interaction. They
found the three ' FJ states of negative parity split in one
' F4 state at Ez, =24. 9 MeV, and the Fz and F,
states, degenerate at 27.8 MeV. It was also found that
these states are almost pure [3,3] partitions with very lit-
tle admixture of [4,11]. References to other theoretical

41 1975 1990 The American Physical Society



1976 A. MONDRAGON AND E. HERNANDEZ

studies may be found in the monographs by P. Kramer
and R. A. Eramzhyan et al. '

Since the partition [3,3] couples strongly to the odd or-
bital angular momentum states in the He+ H channel,
the results of Kramer and Schenzle strongly suggest that
the wide bump observed in the excitation function of the
radiative capture cross section to the first excited state of
Li around Ez, =27 MeV is due to a direct capture pro-

cess in which the He is first captured by H to form an
unbound excited state of Li with an almost pure He- H
cluster structure, which then may decay by gamma-ray
emission to the first excited state of Li. The double
humped structure apparent in the high energy bump of
the excitation function, and the change in sign of the cur-
vature of the photon angular distribution, would then be
due to interference between two very wide FJ overlap-

ping resonances of the same parity. In order to test this
conjecture we proceed as follows: To make apparent the
resonant structure in the expression for the direct capture
cross section, in Sec. II we reformulate the theory of the
direct radiative capture expanding the wave function of
the relative motion in the entrance channel in terms of
Gamow states of the relative motion of the two clusters.
In Sec. III, we extract from the complex phase shifts,
which Vlastou et al. used to represent the elastic
scattering of He by H, the relevant elements of the
scattering matrix. A single level resonance plus back-
ground formula is fitted to the derived elements of the
scattering matrix. The values of the resonance energies,
elastic widths, and total widths obtained as described in
Sec. III are inserted in the expression for the resonant
direct radiative capture cross section found in Sec. II. In
Sec. IV we report the results of a fit of the expressions
found in this way to the radiative capture data of Ven-
tura et a/. in order to obtain numerical values of the ra-
diative widths. Section V is devoted to a discussion of
the results. The paper ends with some conclusions stated
in Sec. VI.

II. RESONANCES IN THE
DIRECT RADIATIVE CAPTURE

The radiative capture of He by H to form the first ex-
cited state of Li will be described as a direct process in
which the nucleus-nucleus interaction in the entrance
channel produces resonances, that is, it gives rise to the
formation of short lived unbound quasimolecular excited

states of Li with a dominant He- H structure. Once
formed, these states may decay by gamma-ray emission
to the final bound state of Li. In the formation of the
quasimolecular states, the single particle degrees of free-
dom participate only insofar as the properties of the
nucleus-nucleus interaction are determined by the inter-
nal states of motion of the colliding nuclei in their ground
states. In the gamma-ray transitions, the internal degrees
of freedom may play a more active role, especially when
the dominant cluster structure of the final state is
different from that of the unbound resonant states.

In this picture, the energy dependence of the cross sec-
tion is dominated by contributions from the entrance
channel rather than from the dynamics of the nuclear in-
terior. Therefore, any resonances present in the elastic
scattering cross section due to the nucleus-nucleus in-

teraction in the entrance channel will also be present in

the radiative cross section.

A. Decomposition in partial transition amplitudes

The differential cross section for direct capture from
the continuum to a bound state of the He- H system
with emission of electric dipole radiation, computed in

perturbation theory to first order in the electromagnetic
Geld, is given by

where K~ and P are the wave number and circular polar-
ization of the gamma radiation, respectively, U is the rela-
tive speed of the He and H nuclei, S is the channel spin,
andi and f refer to the initial state in the continuum and
the final bound state, respectively.

The matrix element of the interaction Hamiltonian for
electric dipole radiation is given by"

Mf; '= iDM"p($—, 8r, 0)(fMf ~Mp, 'IiM, ), (2)

where M is the magnetic quantum number of the radia-
tion, DM"p(pr, 8r, 0) are the elements of the rotation ma-

trices as functions of the angles describing the direction
of the gamma-ray emission with respect to the beam axis,
and (fMf ~Ms™&'~iM;) is the nuclear matrix element of
the electric dipole operator.

Substitution of (2) in (1) gives

2+K m
do/d&:

2
'2 g 1&fMf 1M' liM &I g IDM' —~ p(py(2S+1)A k M M p=+i

(3)

where k is the wave number of the relative motion of the colliding nuclei and m is the reduced mass of the system.
The initial state continuum wave function for He incident along the z axis will be labeled by the channel spin S =1,

and its z component M, . It may be written as an expansion in vector spherical harmonics

J+1 J+1
[4~(21+1)]' i 'exp[i(o. i

—o.())]

X C(l 1J;OM, M, )A (4)
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In Eq. (4), o, is the Coulomb phase shift, r, 8, and (()

are the coordinates of the relative motion, R~.&'(kr) is the

radial wave function, 5'z& ) is a spin-isospin angle func-
tion, appropriate for T =1, with orbital angular momen-
tum l' and spin 1 coupled to total angular momentum J.
Since the nucleus-nucleus potential acting between He
and H is in general noncentral and mixes waves of
different orbital angular momentum, R('.('(kr) has two or-
bital angular momentum indices, I, which indicates the
component of the wave function belonging to a specific
orbital angular momentum, and l, which refers to the an-
gular momentum of the incident beam, i.e., to the bound-
ary condition at t ~—00. The functions 4H, and 4H in

Eq. (4) represent the internal spatial structures of the He
and H clusters, respectively. The function Z(R, m ) de-
scribes the motion of the total center of mass.

In the case under consideration, the final state is the
first excited state of Li, at E, =2. 185 MeV, with
J =3+,S =1. In L-S coupling, this state belongs to a

I

triplet of ' D3 states, all with T =0. Aleksandrov
et al. ' have found that this state is strongly excited in
the reaction He( Li,a) Li, showing that it has an appre-
ciable He- H structure. These same authors have shown
that it also has a considerable He- H clustering corn-
ponent. ' It is generally recognized that this state is well
described as predominantly a [4,2] partition. ' ' In the
cluster model of nuclear structure and nuclear reactions,
the channels He+ H and He+ H correspond to the
weights tU =(3,3) and w =(4,2), respectively. Now, in
terms of partitions we get [3]X[3]~[4,2]+[3,3] and
[4]X[2]~[4,2]. Hence, both weights or cluster struc-
tures may be used to build the partition f =[4,2], but
only the first one induces the partition f =[33].9 For
bound state calculations this implies that both weights
would contribute to the states with f =[4,2]. Therefore,
following Kramer et al. , the final state wave function
will be written as

N(3'3) (r)
+J CJ ~ [ f( p& = J2@3H —

) J)2l+L (r)]J ZcM(R) j

(4, 2) („)
+CJ""~[[(+4„„=o@2„,=, )l&L, (&)]J' Zcl«)l

where C' '~' is a normalization factor and w( '~)(r) is the radial function of the relative motion. The spin functions off Jf Lf
the two clusters are first coupled to S =1 and then coupled to the orbital angular momentum Lf of the relative motion
to give the total angular momentum Jf of the final state. In the case of the He- H cluster structure, its explicit form is

I I

[(4&,(3)43,), 'PL (r)]J =4&& (r;)4& (r ) g C(LflJf, pM, 'Mf)PL (r)g) ',
p, M,

I

with C(Lf 1Jf',AM,'Mf ) being a Clebsh-Gordan coefficient in the notation of Rose and (l being a spin-isospin func-
tion having M,

' for the z component of the spin angular momentum.
Substitution of (4) and (5) for the initial and final state wave functions in the matrix element of the electric dipole

operator gives

J+' Jf 1 J
(fMflMF) )liM, ) =( —1) J J g g (2l+I)'J C(11J;OM;M; ) M M M M QJ)(E),

J =11=
I J—1I f f ™i™i

where

J+1
QJI «)=i exp[& (&( ao)] g (JfLf IMF) II

Ji'i)
I'=

I J —1'

The angular dependence of the cross section is fully contained in the function

'p(Pr 8r 0)l 3[1+(25(M M ( l 1)P2(cos8r)]

(6)

(8)

Upon substitution of (8) and (6) in (3), the summation over the spin projections in the initial state and the average
over the spin projections in the final state may be performed; the result may be written as

do Id 0= cr T(E)+a2(E)P2(cos8&),
1

4m

where

and

y2 f I+I
T( )=

1
g g IQJ)l'

J= Jf —I (=IJ—1(
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Jf + 1 Jf + I J+ I J+
a2(E)= g g g g (I 35II5JJ [—(21+1}(21'+1)]' Z(ll', JJ')IQJIQJI. );

J =IJ —
&I J'= IJ —

&
I

I = IJ —
&

I'= IJ —
&If f

the coefficient Z(ll', JJ') is given by

Jf
Z(ll'; JJ') = g C(l 1J;OM M; )C(l'1J', OM M; )

M,

1 J Jf
0 M; —M, 0 M;

(12)

J+1
RI'I'(k, r)= g UJI A(k, r)B (13)

and

1
UJ(, f, (k, r)~ BI A[exp( —iaI )WI', '(—kr)

2

exp(i25—JA)exp(+icrI )WI+ (kr)] .

(14)

The wave functions UIA(k, r) are sometimes called
eigenwaves and their phase shifts, eigenphaseshifts. The
coefficients BI'A and BAI' are elements of the orthogonal
matrix that diagonalize the collision matrix SI'.&'. Explicit
expressions for BI'A and BAI', in terms of the mixing pa-
rameter eJI for scattering of He by H, are given at the
end of Sec. II D.

Substitution of (13) in (4) and (7) gives

The energy dependence of the cross section is deter-
mined by the energy dependence of the partial transition
amplitudes QJI(E), which is expressed in Eq. (7) in terms
of the reduced matrix elements of the electric dipole
operator. These reduced matrix elements are labeled
with the partial wave orbital angular momentum l', and
the angular momentum l of the incident beam at
f —+ —oo.

In Sec. IV, we will compare the energy dependence of
the radiative capture cross section with the energy depen-
dence of the elastic scattering data, but the data on elas-
tic collisions of particles with spin are usually parameter-
ized in the formalism of eigenphases and mixing parame-
ters. It is therefore convenient to give expressions for the
partial transition amplitudes for radiative capture also in
this formalism. In order to do this, recall that the radial
function RI I'(kr), for very large values of r, behaves as
the sum of an incoming Coulomb wave of angular
momentum l, plus outgoing Coulomb waves of angular
momentum 1'. The coefficients of the outgoing waves are
the elements of the collision matrix SI.I' in the elastic
channel. Since, in general, SI.I' is nondiagonal, for very
large values of r, RI' I'(k, r) .is a linear combination of
waves with different phase shifts

J+1
QJI(E} g QJA(E)BAI (15)

A =
IJ 1I

AWJ

QJA(E) is the transition amplitude for radiative capture
in the representation of eigenphases. Substitution of (15)
in (10) and (11) gives the total and differential cross sec-
tions for radiative capture in the formalism of eigen-
phases and mixing parameters.

B. The partial transition amplitude
in the cluster model

Let us consider now the energy dependence of the par-
tial radiative transition amplitude QJI(E). Keeping only
the spin independent terms, the electric dipole operator
is"

e . 6f
EI= X —[ +&3( }] PAI«rp } IM(P"»

2 ~PI

(16)

the nucleon spatial coordinate p, is measured relative to
the coordinate of the total center of mass, i.e.,

p;=r; —R, (17}

e is the electron charge, r3(i) is the third component of
the isospin of the ith nucleon, and K& is the wave number
of the photon and jI(K p) is the spherical Bessel func-

tion of order one.
Then, according to (4), (5), and (7), the energy depen-

dence of the partial transition amplitude QJI(E) comes
from two sources, the dependence of the electric dipole
operator ME, ' on the wave number E~ of the photon,
and the dependence of the radial wave function RI I'(kr)
on the wave number k of the relative motion of the two
clusters in the entrance channel. It will be shown that, in
this picture, a resonance in the partial transition ampli-
tude can only be due to a resonance in the radial wave
function, since the electric dipole operator Mz, ' is an en-

tire function of k in the finite part of the complex k plane.
The dependence on Kr of the transition amplitude QJI

can be made explicit integrating over the single nucleon
degrees of freedom. For the evaluation of the integrals
we make use of the identity

Gf . ~ ~ 1 . 6f
[p;j, (Erp;)]Y*,M(PI)= lim A YI~(kr)exp(iAK& p;)dQIr

dP;
' ~ ' '

2m A-] dA

Hence, the partial transition amplitude may be written as
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'+'
1 . dQJ/(E)=i exp[i(o I

—oo)] g lim A fdQk Y&~(k )
277 A~1 dA

X O'J If f
e—[1+F3(i)]exp[iAK .(r; —R, )]2

(19)

The reduced matrix element in the right-hand side of
Eq. (19}may be written as the sum of two terms, each one
having a bra state of well-defined clustering structure,
He- H or He- H, coming from the two components of

well-defined clustering structure in the wave function
of the final state. Since the functional form of thef f

energy dependence of the matrix elements is determined
by the properties of the radial wave function in the en-
trance channel the analysis of the two cases proceeds ex-
actly along the same lines. Therefore, for the purpose of
this section, which is to make explicit the resonant behav-
ior of the partial transition amplitude QJI(E), it will be
suScient to consider in detail only the case which is
simpler to evaluate, namely, when the clustering struc-
ture is the same in the initial and final states.

In this case, the matrix element which appears in the
right hand side of this equation is of the same type as the
matrix element considered by Kanada, Liu, and Tang in
the calculation of the charge form factor of Li, ' and in
the computation of the radiative capture of He by He in
the long-wavelength limit with resonating group method
wave functions. ' These authors give quite general for-
mulas which can be applied to any two-cluster A +B sys-
tem, with A and 8 being s shell clusters. Thus, we made
the computation of QJI(E) following essentially the same

exp ——a g (r, —RH, )
i=1He

and
' 3/4

a
3m

6

exp ——a g (r; —RH), (20b)
2 4

where RH, and RH are, respectively, the center of mass
coordinates of the two clusters, and a is the width param-
eter. The function Z (R, ) describes the motion of the
total center of mass. It is conveniently chosen as

' 3/4

Z(R, )= exp( —3aR, ) . (21)

Substitution of (20a), (20b), and (21}in (4), (5), and (19),
and a straightforward calculation, give

I

procedure as described in these references but, since we
are interested in the explicit form of the energy depen-
dence of the matrix element, we avoided the long-
wavelength limit approximation.

It is thus assumed that the functions 4„, and 4„,
which represent the internal spatial structures of the He
by H clusters, have the normalized forms

3/4
a

3772

QJ, (E}=(—1} '( —1)'i'exp[i(crI —oo)][(2J+1)(2Jf+1)]'~'
T

(2l'+ 1)' ' l' 1 J C (E'1If,'000)144V5
( Cf (—

I'=IJ —ij 1 0 1

mx —E
k

1/2

Io(Jl'l;k)+
' 1/2

[2I) (Jl'l; k)+I2( Jl'l; k)] (22)

The radial integrals I„(Jl'l; k) may be written as

I„(Jl'l;k)= I I wJ I (r)M„' "(r,r')R&&'(kr')dr dr',
0 0

(23)

with x =0, 1,2.
The integrand in the direct term is

Mo "(r,r')=[8@&(,'Krr) —2POK j,(K&r)]5(r—r'). —

(24}

where r is the radial coordinate of the relative motion in
the entrance channel, and j,( —,'K r) is the spherical
Bessel function of order one.

The Galilei-invariant exchange internal matrix element
M„' "(r,r'} in (23) is given by

OE, is the radial part of the electric dipole operator

(25)
dj, ( ,'K r)—

Sz, ( —,'K r)=3 j &( ,'Krr)+r—
M„'+"(r,r') =Oz~"&'(Ab„K&r, Ab„K&r')kL"'I(r, r'),

where

(26)
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)
djI(P) dJ'0(P )

OsI.",' = p j,(p )+j,(p)p

„djl(p"} dj 0(P") . „
dp dp

+(1—2P, Kr )

X[jo(p)jI(p )+j,(p)jo(p )] .exp( —p, Kr)

with

(27)

and

1 2kbx
lim M„(r, r') = [(r)'(r') +(r) (r')']

K ~0 Ky 3
y

XkL" I(r, r'), x =1,2 . (34)

Then, it may be verified that in the long-wavelength
limit, our expression for the partial transition amplitude

QJI ( E), Eq. (22), reduces to the expression obtained from
the general formulas given by Liu, Kanada, and Tang, '

Eqs. (26)—(31) of that reference in the special case of the
3 3He- H system with a~ =a&=a.

and

p=
Lb~ Krr

p =Lb KyT

k'"'I(r, r') =k'"'(r, r')+k'"'(r, r')
fr

with

kL" (r, r')=( —1) I( —1)"4m( ), L 27Q
f 16m

3/2

X
2C„rr'

' 1/2

IL + I/2(c„rr')f

Xexp — (r +r' )
15m

The constants that appear in the above equations are

3
bg 4(3

(28)

(29)

(3O)

C. Analytical structure of the transition
amplitude in the complex k plane

In order to make apparent the resonant behavior of the
transition amplitude, the radial wave function of the rela-
tive motion of the two clusters in the entrance channel
will be expressed in terms of the Green's function of the
integrodifferential radial equation of the relative motion
in that channel. The resulting expression for the transi-
tion amplitude will be expanded as a summation over
singularities of the Green's function plus an integral over
a continuum of scattering wave functions of complex
wave number.

The radial wave function may be written in terms of
the Green's function as

RI I'(kr) =FI (kr)5I, I

1+1
+ g f f G II+I~.'(k;r, s)

t"=IJ 1)

X VI„I(s,t)FI(kt)ds dt,
(35)

1 (12—5x)
24a (3—x}

(31) where FI(kr) is the regular Coulomb function,

GJI I'(k;r, s) is the Green's function of the equation of the
relative motion of the He- H system, and VI' I'(s, t) is the
nucleus-nucleus potential in the entrance channel, which,
in general, is noncentral and nonlocal. The regular
Coulomb function is proportional to the regular Whittak-
er function M, „I ~, zz(2ikr); rl is the Sommerfeld parame-
ter.

Substitution of (35}in the radial integral (23) gives

and

9a (3—2x)
4 x(3—x) ' (32)

I„(Jl'1; k) = [I' (j 1'1;k)+I„'' '(j 1'1;k)] I+,(2 )I+I (36)

lim Mo( —,'K r)5(r r')=r5(r —r—')1

K ~0 Kyy

(33)
where

It +, &2(C„rr') is a modified spherical Bessel function off
the first kind. '

The long-wavelength limit of the Galilei-invariant
internal matrix element of the electric dipole operator is
readily obtained from (24), (25), and (27). The result is

I„' '(Jl'1;k)= wJ t (r)M' ''(k;r, r')M; I+,&2(2ikr')dr dr' (37)

and

1+1
It "(Jl'1;k)= g f f f f wJ L (r)M„' "(k;r, r')GJI+I'(k;r', s)VI'"I'(s, t}M,„I+, zz(2ikt)dr dr'ds dt,

0 0 0 0
(38)

and the Gamow factor Cl(k) is given by
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Tl 1+
(2l + 1)!!,

2 1/2
27T7l

exp(2m ' ) —1

1/2

(39a)

ZH ZHme 2

Ak
(39b)

The analytical properties of I„' '( Jl'l; k ) and I„"'( Jl'l; k )

as functions of complex k may be derived from the prop-
erties of the functions in the integrands.

Let us first recall that the radial functions R~'.&'(kr) of
the resonating group method are equivalent to a radial
Schrodinger equation, the equivalence being realized by
means of an integral transform independent of k. '

Hence, the analytical properties of the Green's function
of the integrodifferential equation of the resonating group
method, as functions of k, are essentially the same as
those of the Green's function of the corresponding radial
Schrodinger equation. In the case of a nonlocal nucleus-
nucleus potential, the analytical properties of the com-
plete Green s function of the radial Schrodinger equation,
as functions of the complex variable k, are somewhat
more general than in the well known case of a local po-
tential. A careful discussion of these properties when the
nonlocal potential V) '(s, t) is central and decreases faster
than exp(-as) and/or exp(-at), when s and/or t go to
infinity, and is well behaved at the origin of coordinates
in both variables, may be found in the work of von der
Heydt. ' The method for generalizing these results from
the case of central to the case of noncentral potentials is
given in Newton. ' An expansion of matrix elements of
operators containing the complete Green's function in
terms of a biorthonormal set of bound and resonant
states plus an integral over a continuum of scattering
functions of complex wave number in the case of nonlo-
cal potentials in momentum space representation has
been given by E. Hernandez and A. Mondragon, and in
configuration space representation by A. Mondragon, E.
Hernandez, and J. M. Velazquez-Arcos. '

Some properties of the functions in the integrand of
(37) and (38), relevant to our discussion, are the follow-
ing:

(i) The complete Green's function GJ&+&'(k; r, s) as func-
tion of the complex variable k, for fixed r and s, is mero-
morphic in the half-plane Imk & —a, excluding the nega-
tive real axis where it has a cut extending from 0 to —~;
a is the constant that characterizes the exponentially de-
creasing asymptotic behavior of V&'&'. In the half-plane
Imk ~0, the poles of GJ&+, , '(k;r, s) may lie only on the
positive imaginary axis or on the real axis. ' In the strip
0& Imk & —a, GJ&+.&'{k;r,s) has a finite number of poles
located symmetrically with respect to the real axis. In
case there is a pole at k =0, it may be simple or double. '

(ii) The residue of GJ&+.&'(k;r, s) on a simple pole is the
product of two energy eigenfunetions properly normal-
ized, which belong to the energy eigenvalue
E„=—A k„/2m. When the pole is located in the strip
0 & Imk & —a, with Rek„& 0, Imk„(0, and
Rek„) ~lmk„~, the energy eigenvalue is complex with

ImE„&0, and the eigenfunctions are the resonant states
or Gamow functions. '

(iii) For fixed values of r, the regular Whittaker func-
tion M;„&+,&2(2ikr) is an entire function of k in the finite
part of the complex k plane, excluding the negative real
axis where it has a cut extending from 0 to —~.

(iv) According to (24), (25), (26) and (27), the Galilei-
invariant internal matrix elements of the electric dipole
operator, M„' "(r,r'), are entire functions of the photon
wave number K . When the motion of the nuclei in the
entrance and exit channels is nonrelativistic, the wave
number of the photon is given by

J (k)= 1 — + Ak',M2 (40)

where

1 Rc Q& 1 Q&A= — 1— 1 ——
2 mc Mc 2 Mc

(41)

J+ 1

+ g J UJ( ~(k's)
2m. &=IJ-&l o

X Uti-A(k's')dk', (42)

where v J&(s) is a bound state eigenfunction correspond-
ing to the negative energy E J, and UJ&~(k's) is a scatter-
ing state function of wave number k'. In this way we ob-
tain

In these expressions, M is the total mass of the He+ H
system, m is the reduced mass, c is the velocity of light,
and Q& is the difference of the Q value of the
3H(3He, y)6Li reaction and the excitation energy E, of
the first excited state of Li.

Hence, the internal matrix elements M„' "(r,r') are en-
tire functions of k in the finite part of the complex k
plane.

It follows that I„' '(Jl'l;k) is an entire function of k in
the complex k plane, and I„'"(Jl'l;k) is a meromorphic
function of k in the half-plane Imk & —a, excluding the
negative real axis where it has a cut extending from 0 to—~ (a is the real constant which characterizes the ex-
ponentially decreasing behavior of the potential).

In order to exhibit explicitly the singularities of
I' '(Jl'I;k) it is convenient to have the Green's function
in Eq. (38) written in its spectral representation. To do
this, we make use of the completeness of bound and
scattering states and insert between GJ&+&'(k;r, s) and
V&' &'(s, t) a 5-(s —s') written as

5(s s )5/'/" g v 1/'(s)v J/" (s )
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I„'"(Jl'1;k) =
m

bound states

wJ L (»)Mx (»» )UmjI (» )d" d"
o o

J+1
f f v«««JI' (»)VI 'I(», »'

}M««) I+ )&z(2Ik»')d» d»'E+E J( („

I+1
+ ' y f "dk f "f "wj

L (»)M„' ''(», »')UJI. A(k'»')d»d»
. (k+ie) k—'

J+1
X g f f U JI' A ( k 's ) VI I'( s-, s '

)M,„I +,&z( 2Ik '$ ' )ds ds '

I"=iJ —1t

(43)

Now, from the spectral representation of the resolvent
for outgoing and incoming particles and the Plemelj for-
mulas, it follows that

g Uj, A(k'$) UJIA(k's')

UJI'A( z $ ) ( l } Ujl'A(z

substitution of (46) in (45) gives

g Ujl A(Z, S)UJIA(Z, S )

(46)

I

2m

as it stands, this expression is valid only when k is real
and positive. A generalization of (44), valid for complex
values of k', may be obtained from the relations, '

=( —1)'+'i [GJI+I'(z;s,s') GJI I'(z—;$,$')], (47)

which is valid when z is in the strip a ) Imz & —a, and
reduces to (44) when z =k' on the real axis. This result
suggests the substitution of the adjoint of UJ, A(k', $')
defined as

Gj( ( (z «$«$ } GJI I (z «$ «$ )

I, 2'=(—1)i, g UJI A(z, s}UJIA( —z, s') (45)
A

and

UJIA(k', s') =( l )I+)U—
JIA( k, s )— (48)

for UJIA(k', s) in (43) and (44).
Thus, the integral over k' in the second term on the

right hand side of (43) may be written as

f f f f f wj L (»)M„' "(»,»')UJI A(k»')UJI A(k', s)
o o o o o

X VI'-I'(s, s')M, „I+, &2(2iks')d» d»'ds ds' dk'
. (k +i E) k'—

=f f f f f wj I (»)M„' "(»,»')[GJI+I'. (k', »', s) GJI »'(k', »', s—)]
o o o o o f f

X VI'-I'($, $')M;v I+1&z(2iks')d» d»'ds ds' 1

(k+ie) —k', dk (49)

G'+, '(k', »', s}=

The resolvent for incoming particles may be analytical-
ly continued to the lower half of the k' plane without
crossing the real axis and it has no singularities in that
part of the plane. The analytical continuation of the
resolvent for outgoing particles may have poles in the
lower half of the k plane. Near a complex pole at k, the
behavior of GJ,+I' (k'; »', s) can be expressed as

(A)( )
(A)

( ) + gl'I "(k',»', s), (50)
vJA

where u', JI'. (»)u,JI'(»') is the product of two normalized
Gamow functions corresponding to the complex energy
E J„, and y„jI I-(k;»'s) is regular at k„jA, A is the label
of the element of the diagonal scattering matrix which
has the pole.

Now, the integration contour in Eq. (50) is deformed
into the lower half-plane as shown in Fig. 1. When the
deformed contour C crosses over resonant poles, but
avoids other singularities of the analytically continued
Green's functions, the theorem of the residue yields
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f f [wJ L (r)M„' "(r,r')U&[ A'(k 1 )UJI A(k', s)VI'I'(s, s')M;„&+&&2(2iks')dr dr'ds ds')
z 2

dk'
p f f (k —k' )

V

(resonant states)

wJ L, (r)M„' "(r,r')u'„Jl'(k'r')dr dr'
p p f f

u J~-(k's ) V&.&(s,s')M;„&+,&2(2iks')ds ds'(A) (J)
k' —k' . V

+ f f f wJ L (r)M,' "(r,r')Uzr „(k'r')dr dr'
c o p k'=z

f"f"U,
I A(k', s) VI' I'(s, s')M, „,+, &2(2iks')ds ds'—z k'=z dz . (51)

The integrals on the right-hand side of this equation are
defined with k' in the upper half of the k' plane. After
the integration over the radial coordinates is performed,
the resulting functions of k' are analytically continued to
k, or z in the lower half of the k' plane. Defined in this
way, it is not obvious that the coefficients in the expan-
sion may be interpreted as transition amplitudes from a
state in the continuum to resonant or quasibound states.

Let us consider first the analytical continuation of the
integrals of the potential. The scattering wave function
may be written as the sum of an incoming plus an outgo-
ing wave. The Gamow function is a purely outgoing
wave. When k'=k„ the amplitude of the outgoing
waves grows with r as exp( —Imk„r ). But, since
~lmk„~ &a, the exponentially decreasing behavior of the
potential dominates at large distances. Hence, the same
conditions on the nonlocal potential that guarantee the
existence of bound states and scattering solutions of the
radial equation are sufficient to ensure the existence of

0 ~

FIG. 1. The integration contour C, in the wave number plane
k, that appears in Eq. (51) and (53), starts from the origin as a
straight line with slope —1, it goes down to Im= a+ e, then it
continues as a straight line parallel to the real axis.

the integrals of products of the potential and scattering
or Gamow functions with k, in the argument. Since
Uzr„(k'r) and u'„JI'(k'r) are analytical functions of k',
continuous across the real positive axis, ' the analytical
continuation of the integrals may be performed under the
integration sign.

Let us consider now the analytic continuation of the
integrals of the Galilei-invariant matrix elements of the
electric dipole operator M,' "(k;r,r'). In the case of
x = 1,2, the energy independent Gaussian factor in
M„' "(k;r,r') dominates over the exponentials for large
values of r or r', making the integrals finite even when the
wave number k' in the argument of the scattering and
Gamow functions is equal to k„with Imk„&0. In this
case, as in the previous one, the limit k'~k, may be tak-
en under the integration sign. In the case of the direct in-
tegrals, x =0, both UJI„(k„r) and the Gamow function
u'„Jl'(k„r) oscillate asymptotically between exponentially
growing envelopes. But, since for large values of r,
wJ z (r) is an exponentially decreasing function of r, in-

f f
dependent of k', we may have two possibilities: First,
when k is such that, for large values of r, the absolute
value of the integrand is an exponentially decreasing
function of r, the integrals defined with k, in the argu-
ment of the scattering state function and the Gamow
function are well defined and the limit k'~k„ indicated
in (51), may be taken under the integration sign. Second,
when k J~ is such that, for large values of r, the absolute
value of the integrand grows exponentially with r, the in-

tegrand oscillates asymptotically between exponentially
growing envelopes and the integrals with k J~ in the ar-
gument of the scattering function or the Gamow function
are not well defined. In this case the integrals are defined
with the help of a Gaussian regulator. Zel'dovich has
shown that the analytic continuation to k JA in the lower
half of the k' plane of the integral defined with k' in the
upper half of the k' plane is equal to the limit of the in-

tegral defined with the Gaussian regulator when the pa-
rameter of the regulator goes to zero.

Substitution of (51) in (43), (38), and (36) gives



1984 A. MONDRAGON AND E. HERNANDEZ 41

I (J 1'1 k)=

(resonant states)

J+1
(u'„I('

I V("('IM;„(„„)(2() ' 'C((k)+I„' '(Jl'1;k)'k —k

(52)

with

CI(k)
I„' '( Jl'1; k ) = I„' '( Jl '1;k ) +

)I + I
m

(bound states)

J+1
(wJ/I/IM„ IU Ji ) 2 2 g (U Ji" I Vi"i IM'z i+ ]/2)

(E1) (J)
k + Ik

where, for x =0,

2 J+1
+—g f dz (w, L IM.""IU,('A)k'=z 2 2 & (UJ(, l Vi"I IM;„,I+]/2)k =z'c f f 'k —z ("=lJ—1

(53)

(wJ L IMO
' lu'„Jl')k =k = lim exp( 12» )—[wJ L (r)MO "(k;r)u„'J('(k, ,r)dr]f f

(54)

and for x = 1,2,

''Iu'„Jl )k =k = w~ L (r)M„' "(k;r,r')u', Jl'(k„, r')dr dr',f f v 0 f f (55)

and similar expressions for the corresponding terms in (53) where a scattering function of complex argument z occurs in
place of the Gamow function. The integrals of the potential are

and

(u'.Jl" I VI"I IMig, (+ I/2)k'=k f u vJ(' (k, r ) Vi'"I(»» )Miq, (+ I/2(2(k»')«'
0 0

(Uz(-AI Vi"(IMMI+I/2)k'=z UJ( A(z r)VI!(»» )M pl+I/2(2(k» )d»d»' ~

(J) 00 00 ~
( J)

0 0

(56)

(57)

As explained above, the notation UJI A(z, r) is used in the right-hand side of (57) since the adjoint of the scattering state
function UJI A(z, r) is not equal to its complex conjugate when the wave number z is complex.

Since, in this work, the Gamow states are defined as eigenfunctions of the integrodifferential equation of the resonat-
ing group method, they are normalized according to the rule

(u&, lu&„)= g lim f ™exp( pr )u',&('(k„r)u„&—('(k, r)dr
( p~0 0

2 J+1
+ g g f "f "u',&('(k„r)N, ((r, r')u'„&('(r')dr dr'= l,

x =1(=lJ—1l

(58)

where 5(r r') —+2,N—„((r,r') is the radial part of the
norm kernel.

D. Resonances

The results expressed in Eq. (52) and (53) may be cast
in more familiar terms when we identify the elastic and

I

radiative partial widths. The elastic partial width is pro-
portional to the square of the absolute value of the transi-
tion amplitude from a state in the continuum to the reso-
nant state. Hence,

1/2 4m
exp('4'vJA) f el, vJ(A)l(I~ )

Ak

J+1
[u'„J(' (k )I VI-('IM, „(+,/2(2ik)](2i) ' 'C((k) .

("=
I J —11("~J

(59)

Since the Coulomb function is real, the phase Q„JA comes from the Gamow function and it is independent of k.
The partial width of the resonant state for decay into a bound state of lower energy by emitting y radiation is propor-

tional to the square of the reduced transition amplitude. Hence, we may write
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exp(iy, )I' (k)=( —1) f '( —1)'[(2Jf+1)]'

X g [(21'+1)])J~ ' I' 1 J C(l'1Lf, 000)144&5
I Cf I

t'=
IJ —11 l 0 1

1/2
e mKX—

k

1/2

(~J L IMo "Ill vJI')+ (2(u J L IM) I+vJI')

+(IIIJ L IM', "III„JI'))f f

(60)

The expansion of the partial transition amplitude for direct radiative capture as a sum of resonances plus a back-
ground term is obtained substituting (59) and (60) in (52) and (22). The result is

1/2 1/2
1/2 1+1 ~ y, vJA( )~el, vJ(A)l(k)

QJI(E) =(2J + 1 ) i exp[i (0 I (To)]exp[I' ( (t.JA+g JA)] ~
+QJI (E)E E,J„—+i ,' P„J—

(61)

The nonresonant terms in (50) and (53) have been collect-
ed in the background amplitude QJI '(E).

The expression (60) gives only the contribution of the
He- H clustering component of %J L to the radiativef f

width. In a realistic microscopic computation one must
add to the right hand side of (60) the contribution of the
He- H clustering component of 4J L . However, ex-f f

pression (61) is valid independently of the cluster compo-
sition of the final state wave function since its derivation
depends only on the analytical properties of the wave
function in the entrance channel.

In (61), both partial widths are functions of k. At low
energies, in the long-wavelength regime, the gamma
width depends on k only very weakly, and it may be ap-
proximated by its value at the resonance energy.

The elastic partial width I „J(„)l(k),at low energies, is
a rapidly varying function of k due to the strong depen-
dence on k of the Gamow factor Cl(k) and the weaker
variation with k of the Whittaker function. When a wide
resonance is close to threshold, it is essential to take into
account this energy variation to have a good representa-

M, (+1/2(i2kr) =(2ikr)'+' 1+ (kr). . . . (62)1+1

This expression suggests the following approximation:

I J(A)l(k) —I I J(A)l(E JA )Nl(k k)

where Nl(k„, k) is the Coulomb penetration factor27

'+'
C, (k)

k, Cl(k„)

(63)

(64)

k„ is the wave number corresponding to the resonance
energy E JA.

In this approximation, the partial transition amplitude
may be written as

]

tion of the data. In the case of a potential decreasing ex-
ponentially or faster with the radial distance, when k is
small the main contribution of the Whittaker function to
the integral in (59) comes from small values of the argu-
ment. For small values of the argument, the Whittaker
function behaves as

1/2 1/2
1/2 ~ 1 ~ y „JA(EvJA )~elJ(A)vIE J, A )V(B)QJI(E) =(2J+1) i exp[i(o I pro))exp[i (ltI JA—+y„JA)]

' '
. , Nl(k„, k)+QJI (E) .

vJA +l2 vJA
(65)

Multiplying both sides of Eq. (65) by the orthogonal matrix Bl„, and summing over I, we obtain the transition ampli-
tude in the representation of eigenphases

J+1 J+1
QJA—

I 1/2 I 1/2
' (2J + 1 ) BA Il exp[i(O'I 0'o)]BIA exp[i ( It),JA+g„JA)]

' '
. , O'AA +Q JAE —E.JA +i-,'I'.JA

(66)

J+1
1/2 1/2

i=lJ —1l

and the Coulomb penetration factor is now

(67)

The elastic partial width, in the representation of eigen-
phases, is given by

J+1
FAA = X BAIN((k. k»IA .

~=lJ-1l
(68)

For a spin —,
' nucleus colliding with a spin —,

' nucleus, the
orthogonal matrix B&A is written in terms of the mixing
parameter EJ..



1986 A. MONDRAGON AND E. HERNANDEZ

BJ 1 J 1 BJ+1 J+1 cosEJ

BJ 1 J+1=BJ+1,J —1 s&n&J

(69a)

(69b) 25,0 27,5
I t

E„ in Li (MeV)

17.5 200 22 5
I t I

50.0

Therefore, the Coulomb penetration factor in the repre-
sentation of eigenphases is given by

FAp —j+, (k~ J+ ] k) cos EJNJ+ ] +S]n ElNJ+]
2 ' 2 (70)

The upper sign applies when the diagonal scattering
matrix has a pole in the element in the first row and first
column (A= J —1); the lower sign corresponds to a pole
in the third row and third column (A=J+1). The ele-
ment in the second row and second column has opposite
parity and does not get mixed with the others. Hence,
when A= J,

10

8

o 6

H( He, Y') Ll
& Blatt et al.
+ Ventura et al.

~ ~

FA J(kj', k)=NJ(kj)k) .

III. RESONANCES IN THE ELASTIC
SCATTERINGOF He BY H

(71)

2.5 5 7.5 10 12,5

E/Jr] (M«)

A. The experimental data

The elastic scattering of polarized He by H was mea-
sured by Vlastou et al. in the energy range from 20 to
33 MeV. These authors also made a detailed phase shift
analysis of the elastic scattering of He by H over the en-
ergy range from 5 to 33 MeV. The experimental data
consisted of the differential cross sections, analyzing
power and polarization of the scattered particles, and po-
larization of the recoil particles measured by them and
other authors. ' The computation of the cross section
and polarization of the scattered and recoil particles was
made in the Blatt and Biedenharn general formalism for
the elastic scattering between particles of spin —,', based in

the I.-S coupling scheme, as developed by Tombrello
et al. The scattering matrix, SI &', for each value of the
total angular momentum J, parity ~=( —1) +', spin
S = 1, and isospin T = 1, was written in the eigenphase
representation and parametrized in terms of three param-
eters, the two eigenphases 5„with A =J+ 1, and the

mixing parameter eJ,

S~ ] J ] cos a&exp(i25]J ]] )+sin eJexp(i25(J+]] ),
(72)

SJ+, J+, =sin ejexp(i25]J ]] )+cos ejexp(i25]J+]] ),(J) 2 2

(73)

FIG. 2. The 90' differential cross section for the reaction
'H('He, y&) Li* as a function of center of mass energy (Ref. 6).
The solid line represents the best fit of interfering resonances
formula to the data. The dot-dashed line represents the contri-
bution of the "P& wave, the short dashed line shows the "F2
wave, the dotted line represents the "F4 wave, the solid line at
the bottom represents the "F3 wave, and the long dashed line
represents the sum of the FJ waves (J=2, 3, and 4).

(74)

When A=J, m =( —1), and S =1, there is no mixing of
states of different orbital angular momentum, and the
corresponding element of the collision matrix was
parameterized simply as

SJ I' =exp(i 25]I) ) . (75)

In a first analysis of the data, which Vlastou et al. call
solution I, these authors took into account up to 18 real
phase shifts in the calculation of the cross section and po-
larization of the scattered and recoil particles, with I
from 1 up to 4. Although the quality of the fit is good, a
second, more realistic analysis of the same elastic scatter-

~(J) —~(J)~J —1,J+1 ™J+1,J —
1

=sinejcosez[exp(i25]J ]] ) —exp(i25]J+]] )] .

TABLE I. Level parameters extracted from the analysis of the elastic scattering and radiative cap-
ture of 'He by 'H in the first excited state of Li.

State

33p
2

33F
2

»F
3

F4

E JA (MeV)

2.190+0.025
10.795+0.065
8.984+0.054
9.095+0.055

I J (MeV)

3.012+0.007
8.684+0. 125
6.754+0. 110
5.316+0.112

I,( JA (MeV)

2.983+0.001
8.422+0. 110
6.252+0.090
4.233+0.070

r, .» (eV)

80+12.5
1164+'

7+ 80—7

807+

~712—32
= ~732—34

= 142'
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ing data, called solution II, was made, in terms of 18
complex phase shifts, to account for the possible
influence of the open reaction channels. Vlastou et al. '

parametrized the resonant real phase shifts of their solu-
tion I in terms of a single level R-matrix formalism. In
the case of the real FJ phase shifts, they were able to ex-
tract meaningful resonance parameters for the F3 and
the F4 phase shifts, but not for the F2 phase shift.
They did not analyze the complex phase shifts of their
solution II.

B. New analysis of the data: Poles of the S matrix

In view of the possible inhuence of the open inelastic
channels of the FJ phase shifts in the energy region of
the broad structure apparent in the excitation function
for radiative capture of He by H, Fig. 2, we decided
that a parametrization of the complex phase shifts, solu-
tion II of Vlastou et al. , should be made in terms of a
formula more realistic than the single level R-matrix ex-
pression. With this purpose in mind, we made a g fit of
the single level S~ ' matrix formula

r„„,„SA' =exp[i2$Hs(a}] exp(i2p„j~) ~Bz~~ i e—xp(i2p„z„) ', Fi„(k)
VJA +lr vlA

(76)

to the resonant elements of the scattering matrix in the
representation of eigenphases obtained from the P2,

F3, and F~ complex phase shifts of solution II of Vlas-
tou et a/. In the notation of Vlastou et al. ,

S'A' =gjzexp(i2 Re5& } (77a)

and

riJA=exp( —21m5„) . (77b)

Since these authors found it unnecessary to take into ac-
count phase shifts for values of the orbital angular
momentum larger than four, in their analysis the
eigenwave F4 has no partner and only the P2 and F2
eigenwaves are mixed with mixing parameter ez.

In expression (76), F~(k) is the Coulomb penetration
factor defined in (70}; (tHs(a) is the phase shift due to a
charged hard sphere of radius a and charge ZH, ZHe,

, FI(ka)
PHs(a) = tan

GI ka

FI(ka) and Gl(ka) are the regular and irregular Coulomb
functions, respectively. The magnitude of the back-
ground term is represented by a quadratic function of the
energy

cal predictions computed with (76) from the resonant ele-
ments of the scattering matrix in the eigenphase represen-
tation obtained from the solution II of Vlastou et al.
The resonance formula in the right hand side of (76) was
fitted to the elements of the scattering matrix obtained
from the data analysis of Vlastou et al. by varying the
parameters Bojw ~oJw NoJ~, P,I „J~, P„~~, E,I „z~, mii

m&, and r~ for different values of a, until the best set
JA JA

of parameters was found. The fit to the P2 complex
phase shift is good in the resonance energy re~ion,
5 ~EH, 15 MeV. The quality of the fit to all F2, F3,
and F4 complex phase shift data is very good over the
whole range of energy, from 5 to 33 MeV, with a value of
y /N &0.4 in all cases. We made an estimation of the
sensitivity of the fit to variations in the resonance param-
eters: energies, total and partial widths. We let one pa-
rameter vary, keeping all the others fixed at their op-
timum values, in such a way that a variation within the
allowed uncertainty should not produce any significant
change in the fit to the data, defining this change to be
less than 10% in y . The results of the fit are shown in
Fig. 3. The resonance parameters with their uncertain-
ties are given in Table I.

IBJ„(E)I =BJ„'+m~ E + r~ E (79)
IV. RESONANCES IN THE RADIATIVE

CAPTURE OF 3He BY 3H

pJA(E) =poj„+mi3E

/~A(E) =go~~+ miiE

(80)

(81)

the resonance energy, E JA, the elastic width I,I &A, and
the total width I J„are not functions of the energy.
Therefore, in expression (76) there are ten parameters
that may be varied.

The analysis of the complex phase shifts over the ener-
gy range from 5 to 33 MeV was performed using the
computer program FAsFIT with an automatic search rou-
tine to minimize the quadratic deviations of the theoreti-

The phase of the background term PJ~ and the phase of
the elastic width PJA are represented as linear functions
of the energy with the same value of the slope,

A. The experimental data

The cross section for the radiative capture of He by
H to form the first excited state of
Li(J =3+,E„;=2.186 MeV) was measured by Blatt

et al. , in the energy range from EH, =1 up to 5 MeV,
and by Ventura et a/. in the energy range from EH, =6
up to 26 MeV. The differential cross section, taken at
90, as a function of the energy shows the presence of
broad maxima centered at 4.0 and 21.8 MeV He born-
barding energy, indicating the presence of resonances in
Li at excitation energies in the region of 18 MeV and 26

MeV, respectively. The broad structure centered around
EH, —-20.6 MeV has a shape suggestive of two very wide
overlapping resonances, data points in Fig. 2. As a func-



1988 A. MONDRAGON AND E. HERNANDEZ 41

80
50—
40-
20-

p
-20-

I I I l

1.25-
I.pp—
0.75—
0.50-

75-
so—UJ
25—
p—

~ -25-
CO

UJ
~ ~25—

l.pp—
0.75—

~ 0.50—

80
60-

07 40-
20

0-
LL

T l25-
I.00-
0.75

~ 0.50-
T
a 0.25

60-
40-
20—
0-

I I I I

I I

Re8pg
~ ' 2

~a -w
b~

I I s I s I
I I I

Jgb T T ~

4+

I I I

I I I

I

I I I
a

Realgar 4

1.20-
l.OQ—
0.80-
0.60—
0.40—

I I I I I I I

0 5 10 15 20 25 50 55 40

E„b (Mev)

FIG. 3. The eignphase shifts and inelasticities of the AJ par-
tial waves as functions of the bombarding energy. The dots
show the experimental data (Ref. 4}. The solid line represents
the best fit of the single level plus background, Eq. (76}, to the
data.

tion of the angle, the cross section has the shape typical
of electric dipole transitions, but it changes from con-
cave, at low energies, to convex at energies in the region
of the high energy bump. Ventura et al. fitted the pho-

ton angular distributions taken at EH, =8.0, 13.1, and
21.7 MeV to a formula with terms up to and including
P2(cose). No significant P3(coso) term was found.

These same authors computed the capture cross sec-
tion assuming a direct capture mechanism in a single
channel configuration in the resonating group method
formalism with a central nucleus-nucleus interaction.
Since in L-S coupling, the first excited state of Li is de-
scribed as a ' D state, there are only four partial waves,

P2 F2 F3 and F4, which can contribute to an
electric dipole transition to this state. They found good
agreement between the measured and computed values of
the excitation function and the photon angular distribu-
tion at bombarding energies below 10 MeV. In the ener-

gy region of the maximum at EH, ——26 MeV, they found
large discrepancies between the measured and computed
values of the excitation function, which they interpreted
as evidence of the breakdown of the He- H cluster
configuration into a different intermediate configuration
of the same spin and parity which then decays by photon
emission to the first exited state of Li. They also found a
strong discrepancy between the measured and computed
photon angular distributions; they found that their com-
puted distribution is concave at all energies while the
measured angular distribution changes from concave to
convex when going from low to high energy. The
effective interaction between He and H used by Ventura
et al. in their calculation was purely central and no
splitting of states of good orbital angular momentum into
states of different total angular momentum could result.

B. Resonance analysis of the cross section
for radiative capture

More recently, Schenzle and Kramer computed the
energy spectrum of Li taking into account the noncen-
tral terms in the nucleon-nucleon interaction. They
found the three FJ states of negative parity split in one

F4 state at EL;=24.9 MeV and the F2, F3 states de-
generate at EL; =27.8 MeV. It was also found that these
states are almost pure (3,3I partition with very little ad-
mixture of I4,11I.

Since the partition I3,3I couples strongly to the odd
orbital angular momentum states in the He+ H chan-
nel, the results of Kramer and Schenzle strongly suggest
that the wide bump observed in the excitation function of
the radiative capture cross section to the first excited
state of Li around E3 =26. 1 MeV is due to a direct

He

capture process in which the nucleus-nucleus interaction
in the entrance channel gives rise to the formation of
short lived unbound excited states of Li with an almost
pure He- H cluster configuration. The double humped
structure apparent in the high energy bump in the excita-
tion function and the change in sign of the curvature of
the angular distribution with energy are due to the pres-
ence of three wide FJ overlapping resonances, two of
which, F2, F4, are coherent and give rise to interfering
contributions that may change the sign of a2(E).

In order to test this idea we made a resonance analysis
of the experimental data of Blatt et al'. and Ventura
et gl. 6
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(a) The theoretical formula that was compared with the
experimental data was obtained as follows:

(i) We wrote the partial amplitude QJA(E) as an expan-
sion in resonances, as in Eq. (66}.

(ii) We neglected the background term, since the ener-

gy denominators in the background integrals are much
larger than the energy denominators in the resonant

terms.
(iii) We kept only one resonant term in each partial am-

plitude, since the resonance analysis of the elastic scatter-
ing data shows that each of the four partial amplitudes
contributing to the radiative capture has one resonance in
the energy region of interest.

(iv) The resulting expression

J+1 J+1
QJA(E) = g g (2J+1)' BA &i'+'exp[i (o

&

o—o)]B&A exp[i (pJA+yJA)]
' ', „A„( )
JA iT, JA

(82)

do IdQ= o r+a2(E)Pz(cos8)
1

4m
(83)

to the angular distributions of y, photons at energies

EH, =4.0, 13.1, and 21.7 MeV taken from Ventura's
Ph. D. thesis. The values of the total cross section ob-
tained in this way are shown as data points in Fig. 4.

(ii) We inserted the numerical values of the elastic
channel parameter EJA I JA I / JA fJA(E), and e2, ob-
tained previously, in (82) and (10), and made a fit of the
sum of resonant terms to the numerical values of o T and
obtained numerical values of the radiative widths I

(iii) A fit of the resonant expressions (82), (15), and (11)
to the numerical values of a2(E) gave us values of the
differences of the radiative phases yJA

—yJ A .

was substituted in the formulas (15), (9), (10},and (11) for
the scattering amplitude.

(b) The numerical fit of the theoretical expression to
the experimental data was made in the following way:

(i) Numerical values of the total yield err, and the
coefficient az(E), were obtained from a least-squares fit of
the expression

(iv) Starting with this first set of resonant parameters
we made a y fit of the resonant formulas (9), (10), and
(11) to the excitation function taken at 90' lab, and opti-
mized the fits of the resonant formulas to o T and a2(E}.

(v) An estimation of the error in the determination of
the values of the radiative widths was made as follows:
The sensitivity of the fit to variations in the values of the
radiative widths was estimated as in the previous case of
the numerical analysis of the elastic data. To the result-
ing values of the uncertainty we added the estimated con-
tribution to hI ~ from the experimental error in o.

T and

a2(E) obtained from the least-squares fit (b-i). The radia-

tive widths with their uncertainties are given in Table I.
The results of the fit are shown in Figs. 2, 4, and 5.
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FIG. 4. Total yield of the reaction 'H('He, yl) Li*. The solid
line represents the best fit of the interfering resonances formula
to the data.

FIG. 5. The photon angular distribution for the reaction
'H( He, yl) Li (Ref. 6). The solid line represents the best fit of
the interfering resonances formula to the data.
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U. DISCUSSION OF THE RESULTS

In order to extract meaningful parameters for the reso-
nances apparent in the radiative capture cross section of
He by H to form the first excited state of Li, we ob-

tained the relevant scattering matrix elements SA' from
the complex eigenphase parametrization of the elastic
scattering of He by H data of Vlastou et al. A single
level formula was fitted to the derived scattering matrix
elements. In this formula the unitarity of the scattering
matrix and the threshold behavior are exactly taken into
account. We found one resonance in each of the four odd
orbital angular momentum eigenwaves P~, Fz, F3,
and F4, that contribute to the radiative capture of He
by H in the first excited state of Li.

The resonance in the P2 wave corresponds to a
negative-parity state of Li with S = 1, T = 1, and J =2
located at excitation energy of Li equal to 17.985+0.025
MeV. In the elastic scattering data only the high energy
side of this resonance is apparent, since the data were
taken from EH, =5 MeV (Et; =20.8 MeV) up to
EH, ——26 MeV. However, in the radiative capture excita-
tion function, Fig. 2, the resonance in the P2 wave is
clearly visible from EH, ——1 MeU upwards. It appears
isolated with almost no background in the low energy
side. Below EH, =6 MeV the contribution of the reso-
nances in the FJ waves is negligible. Therefore, com-
bining the data fro~ elastic scattering and radiative cap-
ture of He by H, it is possible to determine the reso-
nance parameters without ambiguity. To this resonance
Vlastou et al. had assigned an excitation energy value of
E„;=21.0 MeV, extracted from a fit of the real phase
shift of their solution I to a single level R-matrix formula.
This value of the excitation energy is not compatible with
the radiative capture data, since it would place the low
energy peak of the radiative capture excitation function
at an energy more than 3 MeV higher than the measured
value. A negative-parity state of Li, at Ez; =17.4 MeV,
and its isobaric analog in He, at EH, =13.6 MeV, were
observed by Aleksandrov et al. ' in the energy spectrum
of a particles from the reaction He( Li,a) Li and
H( Li,a) He, respectively. These authors computed the

differential cross section in the framework of the optical
model by means of the code LDLA. In their computation
they assumed that these states could be described as a

I 3,3 I partition with a microscopic configuration
(ls) (1p), which is compatible with a cluster relative
motion wave function of 3s or 2p type. They could find

agreement with the measured angular distribution only
for the 2p type cluster relative motion wave function. On
this basis, they assigned the quantum numbers
J"=1,T=1 to these two levels. Agreement with the
angular distribution does not rule out a cluster relative
motion in a triplet state, in which case the quantum num-
bers would be J =2,T=1,S=1. Therefore, it seems
likely that the excited level of Li with J =2,S
=1,T=1 that we located at Er;=17.95+0.025 MeV is
the same level as the one observed by Aleksandrov
et al. ' at E;=17.4MeV.

The resonance in the F4 eigenwave corresponds to a
negative-parity state of Li with S = 1, T = 1, and

J =4, and Ez; =24.890+0.055 MeV, which is 0.7 MeV
lower than the value found by Vlastou et al. and quoted
by Ajzenberg-Selove. ' In our analysis, the level with
J =3,S = 1, T = 1 was found at EI;=24. 780+0.054
MeV, that is, at an energy almost 2 MeV lower than the
value found by Vlastou et al. , and quoted by
Ajzenberg-Selove. '

We were able to identify a very broad resonance,
I &=8. 68 MeV, in the F2, wave, corresponding to a
negative-parity level of Li with quantum numbers
J =2 'S =1,T =1 and Ez;=26.590+0.065 MeV,
which had not been reported in previous studies and
which does not appear in Ajzenberg-Selove's review of
"Energy levels of light nuclei. "'

There are two main reasons that explain the difference
between the results of our analysis of the elastic scatter-
ing phase shifts and the results obtained by Vlastou
et al.

(a) We made an analysis of the complex phase shifts,
solution II of Vlastou et al. , which is a more realistic
representation of the elastic scattering data than the real
phase shifts, solution I of Vlastou et al. , which they an-
alyzed.

(b) The single level resonance formula used in this
work, Eq. (76), takes into account the unitarity and the
energy behavior of the scattering matrix near threshold
in a more realistic fashion than the single level R-matrix
formula used by Vlastou et al. This difference makes
the formula used in this work more appropriate to
represent very wide resonances near threshold. This is

articularly apparent in the case of the resonance in the
Fz eigenwave which could not be parametrized in terms

of the R-matrix expression, but for which we obtained
the excellent fit shown in Fig. 3.

Once the value of the elastic resonance parameters is
known, the determination of the radiative widths and ra-
diative phases is straightforward. The excitation function
of the cross section is a sum of positive and negative
terms. Hence, it is not possible to determine precise
values of the radiative widths from the measured values
of (dcrldQ)90 vs EH, even when the number of data
points is large. An unambiguous determination of the
value of the radiative widths can be made from the mea-
sured values of the total cross section, since this is a sum
of positive terms. Unfortunately only three measured
photon angular distributions were available for the nu-
merical analysis, from which only three different values
of o T could be extracted. The large estimated error in
the results of our analysis is due to the small number of
independent values of 0.T. However, the radiative phases
are fixed with better accuracy since only one value of the
three phase differences produces the change in sign of
a2(E) at the right energy.

New and more precise measurements of the photon an-
gular distributions at a large number of different values of
the incident particle energy are required for an accurate
determination of the values of the radiative widths.

VI. CONCLUSIONS

The reformulation of the theory of the direct radiative
capture in terms of singularities of the scattering function
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in the elastic channel and resonant or Gamow states
seems appropriate for the description of quasimolecular
resonances in the direct radiative capture of light nuclei
by light nuclei. The connection with the cluster model of
nuclear structure and nuclear reactions is explicitly ex-
hibited. The elastic and radiative widths of a resonance
are proportional to the transition amplitudes from a state
in the continuum to a resonant state and from the reso-
nant state to the final state, respectively. We give explicit
expressions for these transition amplitudes in the formal-
ism of the resonating group method in the particular case
of the radiative capture of He by H in a final state with
the same cluster structures. However, the resonance for-
mulas derived in this formalism and used in the numeri-
cal analysis reported in this work are valid independently
of the cluster configuration of the wave function of the
final state, since its derivation depends only on some very
general analytical properties of the wave function in the
entrance channel. Using this form of the theory we have
made a meaningful comparison of the experimental data
on radiative capture of 3He by H to form the first excited
state of Li with the data extracted from the measured
values of the elastic cross section and polarization of He
by H.

The new analysis of the elastic complex phase shifts of
Vlastou et al. , presented in this work, gives evidence
supporting the existence of a very broad level in the
spectrum of Li with J =2,S =1,T =1 at
E„;=26.59+0.065 MeV, not reported in previous stud-
ies. We also give values of the energies and total and
elastic widths of resonances in the P2, F2, F3, and

F4 waves.
The resonance analysis of the radiative capture of He

by H to form the first excited state of Li is compatible

with an almost pure He- H cluster structure of the
negative-parity unbound states of Li, with S =1 and
T =1, observed as resonances in the elastic scattering in
the range of energies from 5 MeV ~EH, ~33 MeV. We
found no evidence of the existence of the negative-parity
state of Li at E„;=25+1 MeV, I ~~ =4 MeV,
J =4,S=1,T=1 with a cluster structure other than
He+ H proposed by Ventura and quoted in Ajzenberg-

Selove. ' The low energy maximum in the excitation
function at EH, ——2 MeV is due to a resonance in the Pz
wave which corresponds to a state in the spectrum of Li
at Ez;=17.89+0.025 MeV with J"=2, S=1, and
T=1.

The broad maximum observed in the excitation func-
tion around EH, ——21.8 MeV is due to two very wide
overlapping resonances in the F4 and F2 waves, corre-
sponding to states of Li at E~;=24.890+0.055 MeV
with J =4 and Ez;=26.59+0.065 MeV with J =2
respectively; both levels have S =1 and T=1. The con-
tribution of the resonance in the F3 wave to the radia-
tive capture cross section is very small.

The identification of the state of E„;=26.590+0.065
MeV with S = 1 and T = 1 in the elastic eigenwaves F2
allows us to offer an explanation of the change in the sign
of the curvature of the photon angular distribution,
which is concave at low energies and convex at high ener-
gies. This change is produced by the interference of the
coherent contributions of P2, Fz, and F4 resonances.

A better determination of the numerical values of the
radiative widths of the resonances that contribute to the
radiative capture will be possible when new and more
precise measurements of the photon angular distribution
are made at different values of the energy.
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