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Off-shell behavior of relativistic NN effective interactions and charge symmetry breaking
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We examine in detail the suggestion of Igbal ez al. for calculating the class-four charge symmetry
breaking amplitude in n-p scattering. By simplifying to a model problem, we show explicitly that
the approximation scheme is unreliable if a phenomenological, effective nucleon-nucleon T matrix is
used. Our results have wider implications for observables calculated in relativistic impulse approxi-
mation calculations. They reinforce the observation made in the literature that the procedure of
fitting only positive energy matrix elements can lead to an NN interaction whose off-shell behavior is

incorrect.

I. INTRODUCTION

Our understanding of the interaction between two nu-
cleons is still far from complete. Explicit quark models
of the short-distance interaction now compete with the
more conventional heavy boson exchange models. It is in
this context that the study of the symmetries of the NN
interaction is potentially extremely important. In partic-
ular, one might hope that a study of, for example, the
breaking of charge independence and charge symmetry
may give us new insight in building a realistic picture of
the nucleon-nucleon interaction.

With the development of appropriate technology for
polarized beams and targets there has recently been con-
siderable activity in studying the class-IV charge symme-
try breaking (CSB) component of the NN force. That is
the component which mixes spin singlet and triplet states
in the n-p system. Experimentally this effect is most easi-
ly seen as a difference between the neutron and the pro-
ton analyzing powers in n-p elastic scattering 4,(6) and
A,(0), respectively. The TRIUMF group of Abegg ez al.
recently reported a nonzero result for 4,(6)— 4,(0) at
478 MeV, and further work is underway at both TRI-
UMF and Indiana University Cyclotron Facility (IUCF).

Within the conventional description of the NN interac-
tion the class-IV interaction arises from photon ex-
change, heavy meson mixing (predominantly p-o mixing),
and the neutron-proton mass difference in the meson ex-
change diagrams. The latter is our particular concern
here because of a suggestion by Igbal, Thaler, and
Woloshyn (ITW).! Rather than starting with a potential
model, they proposed to calculate the class-IV scattering
amplitude arising from the neutron-proton mass
difference directly from the relativistic, non-CSB, NN T
matrix. [The mathematical details are outlined in Sec. III
below —see Egs. (3.1) and (3.2).]

The formal equivalence between the ITW procedure
and the more common DWBA treatments was estab-
lished by Gersten and Thomas.> However, that proof as-
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sumed that the exact, relativistic NN T matrix was used.
In practice it is far easier to use a phenomenological T
matrix parametrized by five Fermi amplitudes.’ This is,
of course, the same sort of effective interaction now often
used in relativistic impulse approximation (RIA)
calculations—e.g., in evaluating inelastic and quasielastic
reactions on nuclei.

In this work we investigate the ITW approach in more
detail, by taking what might appear to be a purely
academic problem. That is, we investigate the reliability
of using a phenomenological representation of the NN T
matrix to evaluate just the first term in the ITW expan-
sion [i.e., the first term in Eq. (3.1)]. Initially we had in-
tended that this procedure might allow us to test NN po-
tential models against pseudodata. [These are numbers
obtained from the measured phase shifts via Eq. (4.1) (see
Sec. IV).] This hope was soon shattered. In fact, we
discovered that the partial wave amplitudes generated by
this procedure did not respect off-shell unitarity. (In this
sense our work closely parallels for the relativistic case
the work of MacFarlane and Redish for the nonrelativis-
tic NN effective T matrix.)

Further work revealed the detailed reason for the
failure of the scheme. This is explained in detail in what
follows, but let us summarize briefly. The CSB amplitude
generated by the ITS procedure in our model problem in-
volves matrix elements for virtual transitions which are
unconstrained by the usual fitting procedures. They are
thus totally unreliable. (These matrix elements involve
transitions between positive and negative energy spinors,
whereas the fitting procedure naturally includes only pos-
itive energy spinors.) Our results must also raise ques-
tions about the use of such effective NN T matrices in the
Dirac DWIA calculations.

II. THE THEORETICAL BASIS

We begin with the assumption that nucleon-nucleon
(NN) scattering can be described by the Bethe-Salpeter
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(BS) equation (in terms of 16X 16 matrices in spin space).
Its operator form* is

MO=71°+71°G°M° 2.1)

or

M=I+IGM (2.2)

Equation (2.1) applies to the case of two equal mass
(m ) particles while (2.2) applies to nucleons with their
real masses m =8m. In the ladder approximation we may
have

1=1°. 2.3)

Following Ref. 5 we introduce the following notation for
the spinors with helicity A and c.m. momentum p:

u,(p) for e=1 (positive-energy spinor),
ne(p)= v,(p) for e=—1 (negative-energy spinor).
(2.4)

The negative-energy spinors are related to the positive
energy ones via
va(p)=vsup(p), Ur(p)=u,r(plrs, 2.5)
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and Egs. (2.4) and (2.5) can be replaced by (1 is a unit ma-
trix)

U p)=[3(1+e)l —L(1—e€)yslu,(p),
(2.6)

Equation (2.2) [or Eq. (2.1)] can be brought to a form
similar to a Lippmann-Schwinger equation using the fol-
lowing procedure (see, e.g., Ref. 4):

M=W+WGM , (2.7a)
W=I1+1(G-G’w, (2.7b)
with the property
S Ui (P (—P)GTE,  (P)E;  (—p)
}‘1}‘2)‘3}”4
=g(s,p)186116€2|8€3,8€41. (2.8)

That is, G has projections only into positive-energy spi-
nors, and 1 is the unit 16 X 16 matrix and s the total ener-
gy squared. In this case Eq. (2.7a) can be replaced by the
coupled equations

Fpye, (Pp i, (P IMuy o (iU o (—P)) =T,  (pe)T;  (—Pe)Wuy  (p)us e (—P,)

+ 3 [d¥ka, . (pp)aye (—p I Wu, (Ku, [ (—k)g(s, k), (k)

[ las]

xayzl(_k)MuA]e](pz )ulzez( —-p:) -

Equation (2.9) has the merit that for positive-energy spi-
nors (€,=€,=€;=¢€,=1) it is completely decoupled and
with a proper choice of g(s,k) (satisfying the two-body
unitarity condition) can be three-dimensional (i.e., have
the appearance of a Lippmann-Schwinger equation). In
terms of the 16X 16 matrices M and W let us define the
matrix elements of the transition and potential matrices,
respectively:

(A3A4€364p | TIA A €1€,p; )
= ¢ (P )Ty, (—DfIMuty (P (=P,
(2.10)
(Ashq€s60p /| VIA AsE 160D, )
=, (P (TP IWUy (P U (—p,) . (2.11)

Then Eq. (2.9) can be cast into an equivalent (for positive
and negative energies) operator form of the Lippmann-
Schwinger equation:

T=V+VG'T . (2.12)
In a similar way one can recast Eq. (2.1) into the form

T°=v24+vOoGOPTO . (2.13)

One has to remember that the physical amplitudes are

r

defined for Eq. (2.13) if averaged mass positive-energy
spinors are taken and for Eq. (2.12) if neutron and proton
positive-energy spinors are taken. If we take matrix ele-
ments of either (2.12) or (2.13) between spinors with ei-
ther masses or energies different from those appearing in
the Green'’s function, the matrix elements are not on the
energy shell and are related to virtual transitions. This is
the case, for example, when negative-energy spinors are
applied to Eq. (2.12), then Eq. (2.9) defines them in a
unique way.

Let us consider here the small displacement from the
average mass spinors to the neutron and proton spinors.
In Appendix A we show that up to the first order in the
mass difference

n

ul(p)=ud(p)—nrvl(p), (2.14a)

ul(p)=ud(p)+nrvl(p), (2.14b)

where u”, u£, and u$ are neutron, proton, and average

mass spinors, respectively, and
n=(p/E)ém/m), E=(p*+m?*)'"*. (2.15)

Here we see that a small mass shift necessarily involves
virtual transitions.
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I1I. THE ITW APPROXIMATION

The original idea of Igbal, Thaler, and Woloshyn' was
that the approximate expression for Egs. (2.12) and (2.13)

T~T°+T%G?—G%)T° (3.1a)
or equivalently
M=M"+M%GP—G®)MP° (3.1b)

when evaluated between np states (initial and final),
would yield the whole class-IV CSB contribution due to
the nucleon mass difference (to order §m /m). Equation
(3.1) can be obtained under the following assumptions:

M°=F 1V 1P +F,y ey} +Fro.)e

(i) In Eq. (2.2) one-meson exchanges only are taken ,

and I=1"—i.e., Eq. (2.3) is satisfied ;

and (3.2)
(ii) W=1°in Eq. (2.7a) and Eq. (2.9)—i.e.,the

corrections of Eq.(2.7b) are neglected.

In a previous paper of Gersten and Thomas? (denoted
here as GT) the formal equivalence of Eq. (3.1) and the
DWBA approximation for Eq. (2.12) were proved for the
two potentials V% and (V — V).

ITW also assumed that M° can be obtained by a five-
operator fit to the five independent NN amiplitudes:*

‘2’+FAzy(5”y“ 'Riyy Y +Fp}/(5”®y‘52’ . (3.3)

Here F, F,, Ty, F 4, and F, are the five independent Fermi amplitudes for NN scattering at a given energy. Equation
(3.3) was inserted in Eq. (3.1b) and direct off-shell extrapolation was used. M was chosen in such a way that it agreed
with the physical values of Eq. (2.10) for on-shell momenta with €, =¢,=¢€;=¢€,= 1—for which the phase shift analysis
is known.

We will show that the assumption (3.3) is incorrect and should be regarded, at best, as a further approximation. Our
next efforts will be devoted to evaluations of this approximation. First we note that in Eq. (3.1) different spinors are
physical for the left-hand side and for the right-hand side, and according to Eq. (2.14) virtual transitions contribute.
Explicitly, if we apply the np spinors to both sides of Eq. (3.1), then on the right-hand side we find the matrix elements

of M° which up to the first order of 8m /m become
uj (po)a
XM°[u3 (p,)

2.(=pMOul (pug (—p)=[a; (p,)—mA03 (p)llas (—

_"7}‘1%

pf)+17k4vA (—ps)]

I(Px )][ukz( _p1)+7’)"2v9\2( —pl)]

_}\,4< }\.3)\,41

That is, M° has to be known not only when sandwiched
with positive-energy spinors (physical amplitudes) but
also when sandwiched with one negative-energy spinor
(virtual amplitudes). Therefore the assumption that M°
can be represented by Eq. (3.3) involves an arbitrary ex-
trapolation to virtual amplitudes. A different choice of
five operators in order to represent M° as in Eq. (3.3) will,
in general, lead to different results. Indeed, as we show in
Appendix B different results are obtained if instead of
(3.3) we choose the so-called five perturbative amplitudes
(with different extrapolations to virtual negative-energy
states). Therefore we see that Eq. (3.3) is only an approx-
imation and we shall examine its validity. It will turn out
that it is actually a very poor approximation. We shall
use the results of the GT paper extensively. We therefore
present the relevant ones here.

We define the six helicity amplitudes (with positive-
energy spinors)

T,=(++|Ml++); T,=(++|M—- —);

T,={+—|M|+—-); T,=(+—M|—+); (3.9

Ts=(++|M|+—); Te=(++|M—

—1p I TIAA,11p, ) + A (A, 11p | TIA A, — 11p; )

—1p;) 1. (3.4)

[
Denoting average mass spinors by

laB)o=u’(p)uj(—p) (3.6)
and physical mass spinors by

laB) =ul(pluf(—p), (3.7)

we write for the amplitudes and their partial wave projec-
tions

T,=(y8|MlaB); T (H)=(ysiM’laB) ,
T, =o(y8IMlaB); 'T,(J)=yys|M’|aB) ,
T, =(y8|MlaB)y T;(J)={(ydIM’aB),,

T, =o(y8|MlaB)y; 'Ti(N)={ydIM’IaB),,
TV =¢, ; (3.8)

here A labels the four helicities (@3y8), and J is the total
angular momentum.

If we define the symbol ¢ to mean “equal in terms of
the contributions to the class-IV CSB amplitude f to first
order in 6m /m,” then
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f=i(Ts+Tg)=iTs (3.9) 0.4
and .
Ts6(N)eT (1) + {TH(N)g L T36(J)—"T36()]} 0.2+ I
+[T%(J)—T%(J)]1g°T3,(J) . (3.10)
Here T,(J)=T,(J)—T,(J) and Ty())=T5(J))—T,(J) =
are, respectively, the singlet 77 and the uncoupled triplet @ 0
T% partial wave amplitudes. From this we recognize =
[1+g°T%())] and [1+g°T%,(J)] as the Mgller opera- €
tors which generate the appropriate distorted waves from 723
plane waves. Z 02
In this work we do not wish to calculate the whole of —
T's¢(J), which is necessary if one wants the full class-IV <38
CSB amplitude due to the n-p mass difference. Instead =
we consider the apparently academic problem of calculat- E 0L
ing the matrix elements 'T%(J) and T2(J). According
to GT [Eq. (50)] these have the form (for the J partial
waves)
-0.6
T (I)cVs6(N[1+g°T34(N], a1
"T(N)e[ 1+ T1,(N)g°T Vss(J) . ' 0 60 120 180

Our motivation in considering these unphysical ampli-
tudes is simple. Given some model for the NN force one
can readily calculate Vig(J) or 'Vss(J). Then 'T2(J) or
T (J) is easily evaluated in a semi-distorted-wave calcu-
lation. On the other hand, given an expansion for T° of
the form given in Eq. (3.3), one can directly find 'T% (or
TY) by sandwiching the Dirac operator between ap-
propriate spinors—equal (average) mass on one side and
physical masses on the other. In terms of the usual five
Fermi amplitudes of Eq. (3.3) we find

: 02
1p7om o6 —1F,—F,—1F)),

! O
(TP 'F, (3.12)
and
. 9
ingg—;;:%sinO( —IF,+F,+F,+1F,). (.13

What makes the results given in Eqgs. (3.12) and (3.13)
particularly interesting is that the particular combination
of Fermi amplitudes appearing there are directly related
to certain combinations of non-CSB helicity amplitudes,
namely

2 o) é
L (—1F +F+F,+1F)=—">—— "
mz( B TE T F 4 3F,) 1+cos® 1—cos6 ’
(3.14)
and
2
L (—1F,—F;—1iF,)
m
?3 b4 2E s
= + — . .
1+cos6 1—cos6 m sin6 (3.15)

The ¢, can be evaluated using standard NN phase
shifts.® Thus it seems as if we could use Egs.
(3.12)-(3.16) to generate pseudodata with which to com-

B m (deq)

FIG. 1. The charge symmetry breaking amplitude Im(iT'%) as
a function of the c.m. angle calculated (i) from the HM3A Bonn
potential (solid line denoted “Bonn”) in the DWBA, (ii) from
the HM3A Bonn potential bar phase shifts in the ITW approxi-
mation (dashed line denoted “ITW”), (iii) from the HM3A Bonn
potential where only pion exchange was used in the DWBA
(solid squares, denoted “OPE”).

pare the results of a given model [obtained using Eq.
(3.11)]. We discuss some of these comparisons in detail in
the next section.

IV. NUMERICAL RESULTS

In this section we examine the results of our formalism
for the HM3A Bonn potential.” On the one hand we
solve Eq. (3.11), and on the other hand the bar phase
shifts of the same potential are used to generate Egs.
(3.12) and (3.13). This will allow us to make a direct
comparison between the two results which should in prin-
ciple be identical.

We do this in two ways: (i) We compare the iT%, i’ TY,
and iT% amplitudes at 200 MeV (see Figs. 1-6), and (ii)

0.2
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— === .

~ — Bonn
?_3—0.2— . > --=-ITW
Z » OPE

@ —

o« | | ] | 1

0 60 120 180

Oc m. (deqg)
FIG. 2. Asin Fig. 1 for Re(iT%).
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FIG. 3. Asin Fig. 1 for Im(i'T%).

we also compare the partial wave expansions:
iTY = j S (27 + 1T (Nd)(6)

=£ 3 (27 +yje"Mdly(6)
4.1)
i’T(5)6=% S (27 +1)T%())d 1o (6)

=ﬁ2 (27 +1)'y e dl(6) .

Here T%(J) and 'T%(J) are the solutions of Egs. (3.11),
8,; and §, are the uncoupled triplet bar phase shifts and
singlet bar phase shifts, respectively, and the 'y,,y) pa-
rameters are real for real potentials.

Next we expand Egs. (3.14) and (3.15) in a similar ex-
pansion to Eq. (4.1).> The appropriate formulas and pro-
cedures are given in Appendix C. In Figs 1-6 we show
the real and imaginary parts of the amplitudes iT%,
i'T%, and iT2 which result from using the phase of the
Bonn potential (in the figures it is denoted ‘“Bonn’’) and
the ITW approximation of Egs. (3.14) and (3.15). In
Tables I and II the phase of the partial wave expansions

0.2

- -—a
- -

) (1072 mb"2sr™"2 )

—— Bonn
--=-1ITW
* OPE

| Il 1 | Il
0 60 120

Bc.m (deg)

0
56

-0.2-

Re (i'T

—
@
o

FIG. 4. Asin Fig. 1 for Re(i'T%).

B.m. (deg)

FIG. 5. Asin Fig. 1 for ImGT%).

of the two approaches are compared for energies 200 and
325 MeV laboratory energy.

Clearly the ITW ansatz is of variable reliability. It is
usually best at backward angles for the imaginary part of
iTss. This particular region is dominated by the pion
pole.

V. DISCUSSION AND CONCLUSIONS

The failure of the procedure for generating pseudodata
which was presented in Sec. III can be fairly easily under-
stood. Seen in the context of the rather general formula-
tion of the relativistic NN problem by Tjon and Wallace®
it is actually not very surprising. Nevertheless we feel
that this example provides a simple and therefore useful
warning of the problems implicit to some extent in all
direct reaction studies involving relativistic effective T
matrices.

The essential ingredient in deriving Eqgs. (3.12) and
(3.13) is the assumption that the operator M'?, which we
sandwich between (8| and |af), to get T, can be ex-
actly expanded in terms of five invariant amplitudes. Of
course M'? is really a 16X 16 matrix which Tjon and
Wallace® have shown to be expressible in terms of 44 in-
variant amplitudes (after invoking parity and time-

<
T 0.2
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= OPE
s | I 1 e ]
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6. m. (degq)

FIG. 6. As in Fig. 1 for Re(T%).
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TABLE I. The y, parameters and bar phases (in degrees) for laboratory kinetic energy 200 MeV in
three cases: (i) from the HM3A Bonn potential (denoted “Bonn”) in the DWBA; (ii) from the HM3A
Bonn potential bar phase shifts in the ITW approximation (denoted “ITW?); (iii) from the HM3A Bonn
potential where only pion exchange was used in the DWBA (denoted “OPE,” the bar phases are the

same as for “Bonn”).

' 12 2 & 87
J (Bonn) (ITW) (OPE) (Bonn) (ITW)
1 0.021 54 0.02078 0.01349 —20.30 —1.82
2 —0.037 51 —0.02390 —0.03570 28.59 16.28
3 0.005 06 0.005 10 0.004 72 —3.03 —0.25
4 —0.008 58 —0.007 87 —0.008 56 5.25 1.54
5 0.001 50 0.001 50 0.00149 —0.81 —0.13

"V Vs 7 §7 &’
J (Bonn) (ITW) (OPE) (Bonn) (ITW)
1 0.043 59 0.03628 0.03322 —22.62 11.38
2 —0.01159 —0.007 30 —0.01047 6.66 3.35
3 0.01443 0.01453 0.01400 —3.80 0.84
4 —0.002 72 —0.002 62 —0.002 70 0.89 0.58
5 0.004 46 0.004 48 0.004 45 —1.23 —0.31

reversal invariance). It is only the 4 X4 positive-energy
submatrix which is expressible in terms of five amplitudes
(in our case the Fermi amplitudes). When charge symme-
try is good, and we can work with average-mass spinors
u (k,L), to an excellent approximation, this 4 X4 subma-
trix is all we need. In that case the five helicity ampli-
tudes are related to the five invariant amplitudes and vice
versa.

The subtlety in our case is that when charge symmetry
is broken, by displacing m, and m, from m, it is a
different 4 X4 positive-energy submatrix that we need —
e.g., {y8/M'YaB), The positive-energy proton and
neutron spinors are in fact a linear combination of
positive- and negative-energy spinors with respect to the

average mass spinors. Indeed we have shown [see Eq.
(3.4)] that TY is entirely determined by M%(+ —,++)
and M% —+,+ +) where the + refer to the energy of
average-mass spinors. These matrix elements are com-
pletely independent of the 4 X 4 submatrix M%(+ +, + +)
which the five Fermi amplitudes were constrained to fit.
That is, the pseudodata are unconstrained by any data—
or random.

From the limited point of view of trying to test poten-
tial models, this result is a disappointment. Clearly the
procedure of ITW, while it is formally correct in some of
its stages, is unreliable in practice whenever a phenome-
nological, relativistic T matrix is used for M°. A similar
point has been made by MacFarlane and Redish!! in the

TABLE II. The y,; parameters and bar phases (in degrees) for laboratory kinetic energy 325 MeV in
three cases: (i) from the HM3A Bonn potential (denoted “Bonn”) in the DWBA; (ii) from the HM3A
Bonn potential bar phase shifts in the ITW approximation (denoted “ITW”); (iii) from the HM3A Bonn
potential where only pion exchange was used in the DWBA (denotes “OPE,” the bar phases are the
same as for “Bonn”).

) 77 7y 5§V 8%
J (Bonn) (ITW) (OPE) (Bonn) (ITW)
1 0.02737 0.023 14 0.015 50 —26.80 —17.40
2 —0.046 58 —0.026 90 —0.04336 29.46 15.25
3 0.008 15 0.007 92 0.00709 —4.34 —0.02
4 —0.01462 —0.01287 —0.01452 8.18 2.33
5 0.002 77 0.002 78 0.002 72 —1.31 —0.10
6 —0.005 38 —0.00517 —0.005 38 2.53 0.42

7 7, $7, 5’ 5’
J (Bonn) (ITW) (OPE) (Bonn) (ITW)
1 0.05007 0.038 52 0.034 36 —30.03 8.07
2 —0.01631 —0.008 52 —0.01398 8.48 0.08
3 0.02220 0.02073 0.02085 —5.26 2.18
4 —0.004 65 —0.004 29 —0.004 56 1.51 0.80
5 0.008 21 0.008 27 0.008 15 -1.77 —0.22
6 —0.00176 —0.00173 —0.00175 0.43 0.15
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context of nonrelativistic effective interactions, like that
of Love and Franey,'? which also fail to ensure off-shell
unitarity.

Of course, relativistic effective interactions have not
been constructed to study CSB. Rather they are intended
to be inserted into distorted-wave matrix elements involv-
ing bound and scattering solutions of the Dirac equation.
Our simple example makes it clear that the reliability of
such calculations could be highly variable. In particular
any Dirac distorted-wave or bound-state wave function
can be expanded in terms of a complete set of positive-
and negative-energy spinors. Thus all distorted-wave ma-
trix elements include an uncontrolled admixture of un-
reliable matrix elements.
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APPENDIX A: RELATIONS BETWEEN
SPINORS OF DIFFERENT MASSES

Let us compare the spinor of particle 4 with the spinor
of particle B. Using the orthogonality property of the
four spinors u;(p), u_,(p), v (p), and v_,(p), we can
express
J

1459
uf(p)=au{’(p)+3ufk(p)+yv;\4(p)+8vfk(p)‘ (A1)
where A is the helicity,

A( ) 1 WA Xa )
ui(p)=—/—— , (A2
A Vom W, [2PA X
m 4 is the mass of the particle 4, W, =E ,+m ,,
E =(*+m3})'? p=Ipl,
A o
Xa= |1y (Pauli spinor) , (A3)
2
4(p) 4(p) ! kX (A4)
v P)=—vYsu Ry ——————
A s \p \/zmAWA WA X}\
7 f(pluf(p)=8,; vpy(p)=—58 ,
= A A —=A A Py (AS)
i (phvi(p)=0; vy (pluf(p)=0,X,X»=0u
a8pubip)=a?—y?
and similar definitions for particle B.
From Eqgs. (A2)-(AS5) we obtain for Eq. (A1)
B=6=0,
a=ua {(pluf(p)=HW Wy—pH/V'm myW Wy,
Y=—0pPui(p)=—pMWy—W ) /V'm myW Wy

(A6)

One can check also that the overall normalization is
correct:

=W Wy —p2 P —pXWy—W )1/(m mgW Wp)

=L(W ,—p) Wy+p) W +p)Ws—p)/(m ;muW ,Wp)

=HWi—p)Wi—p2)/(m ;myW Wp)=1 (A7)
[as W2—p?=(E +m)*—p? =E*+2Em+m?*—p*=2m(E +m)=2mW]. Hence
u(p)=[HW Wy —pu(p)—pAMWy—W  Wi(p)l/V m mgW Wy . (A8B)
In the first order of the mass difference, 8m =mgz—m ,, Eq. (A8) becomes
uf(p)gump)—fis—’"vf(p) , (A9)
E m
where m =(m 4 +mp)/2, E=(p’+m?)"2. In a similar way,
vE(p)=[ LW Wy —p2 Wi (p)—pAWy—W u(p)]/V m ymy W, Wagv;ﬂp)—%%’"uf(p) , (A10)
. . f
consistent with (A4). P,= 1V 1@
APPENDIX B: PERTURBATIVE INVARIANTS i
A set of five independent amplitudes can be obtained if Py =E[7’L”'(p2 trau@l+18y,2(p, +p; bl s
the following 16 X 16 matrices are used:'° "
P3:_‘yu (P2+P4)p®7’,(12)(1’1+1’3)v’ (BI)

M°=a (s,t)P, +a,(s,1)P,
P =y(l)®,y(2)
+a;(s,1)Py+a,ls,t)P,+as(s,1)Ps | 4w e

where P5=7’(5“®7’(52) ,
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TABLE III. The o/ coefficients of Eq. (C4).

J 1 2 3 4 5 6 7 8
i
1 —0.707 11
2 0.707 11 —0.816 50
3 —0.35355 1.020 62 —0.86603
4 021213 —0.61237 121244 —0.89443
5 —0.14142 0.408 25 —0.80829 1.341 64 —0.91287
6 0.10102 —0.29161 0.57735 —0.958 31 1.434 51 —0.92582
7 —0.07576 0.218 70 —0.43301 0.718 74 —1.07588 1.504 46 —0.93541
8 0.05893 —0.170 10 0.33679 —0.55902 0.836 80 —1.17013 1.55902 —0.9428
9 —0.047 14 0.13608 —0.26943 0.44721 —0.669 44 0.936 11 —1.24722 1.6027

where p,,p,,p3,p4 are the four momenta of the incoming
and outgoing particles, respectively, and s and ¢ are the
Mandelstam invariants.

The a,, . ..,as amplitudes are the perturbative invari-
ants. In terms of Eq. (3.4) we obtain

The inverse relation is obtained by simple substitutions:

a,=F,—(u—s)F,/t

a,=4mF;/t ,
T =(np/m)sin®(—a, —ma,+isa;+2a,+as) . (B2)
L . . ay;=—4F,/t, (B4)
The perturbative invariants are related to the Fermi
amplitudes of Eq. (3.3) by a4y =F,+4m>Fy /t —(u —s)F, /1 |
F,=a,+Hu—s)a,/m ,
F,=—ma,—Yu —s)ay+a, , Fr=>1ta,/m , (B3) as=—(u—s)Fy/t+4m?*F,/t +F; .
Fy=—1ttay ,F,=u—s)a,/m +mza3+a5 . From Eqgs. (B2) and (B4) we obtain
J
T =(np /m)sin8] —F, +2F,+4m*F; /t —(s +t —u)F , /t + Fp], (BS)
which is different from Eq. (3.13).
APPENDIX C: PARTIAL WAVE EXPANSIONS
Equations (3.14) and (3.15) are
iT?ggl—AEA—lsinO[%(G)/( 1+cosf)—¢4(8)/(1—cosb)] ,
i AM (Ch
i’T°56g=zT{sin9[¢3(6)/(1+cosl9)+¢4(0)/(1—cost9)]+2E¢5(6)/M] .
The helicity amplitudes ¢3(6) and ¢,(6) have the expan-  coefficients:
sions | a{+1=— ;'ZJ—H o
$:(0)==(2J + 1)pld?,(0) , (C2) T +2)
’1’ LU DRI+
¢4(6>=;z(21+1)¢1d’_”(9), (C3) J(J+2)
21412 )
where ¢3 and ¢ are obtained directly from phase shifts.° -(—l~.—”—-a{ . Ma{ .
In order to expand Egs. (C1) in the form of Eq. (4.1) we 2i—1 2i+3
need to find the expressions of (see Table III) J+1J2—1)
; Trurn G o
sinfd7,(6)/(1+cos0)= 3 ald|y(6), (C4) : _ _
= with initial values a9=0, al=—1/V2, ai=1/V2,
2 — = J— ;
sin6d” |, (0)/(1—cosd)= 3, Ald'o(6) . (©s) = —(2/3)'7% aj=ag=0, and aj=0 for J>i. The

1=1
Using recurrence relations for the d {“(9) functions we
found the following recurrence relation for the o

i

coefficients 8/ of Eq. (CS) can be evaluated from the rela-
tion

Bl=(—1)"al . (Cn
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