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Orbital rotational vibrations in the A = 130 mass region
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The rotational vibrations (E"=1+ states) in 16 even-even Xe, Ba, and Ce nuclei are studied in the

quasiparticle random-phase approximation with a mean field given by a deformed Woods-Saxon po-
tential and residual forces: a self-consistent quadrupole-quadrupole interaction, a spin-spin interac-

tion, and a force that restores the rotational invariance of the Hamiltonian. A shell effect is found

which is typical for this mass region: a strong orbital character of almost all low-energy (2.5-5
MeV) excitations, while the higher-energy ones are predominantly spin Hip. The comparison of
random-phase approximation M1 transition densities and (e, e ) form factors with the microscopic
realization of the two-rotor model 1+ state allow us to conclude that the strongly orbital low-energy

random-phase approximation states perform the scissor-type motion described by the two-rotor
model, but only few particles are involved in this motion.

I. INTRODUCTION

In addition to the usual beta and gamma vibrations
with K =0+ and 2+, respectively, oscillations with
E =1+ are also possible in deformed nuclei. In the sim-

ple geometrical picture of the collective model' they are
generated by a deformation change, produced by the Q2,
operator and have, therefore, the meaning of rotational
vibrations around an axis, which is perpendicular to the
symmetry axis of the nucleus. Due to the rotational in-
variance of the Hamiltonian and to the fact that one
works in the intrinsic system, such a motion is forbidden
in the isoscalar collective model, which assumes that the
neutrons and the protons move always together and can,
therefore, be described by a common isospin-independent
collective coordinate. Thus, no quadrupole-quadrupole
interaction was present in some of the first microscopic
random-phase approximation (RPA) calculations ' of
the 1+ states in deformed nuclei and the states were ob-
tained with a spin-spin interaction alone. Such an in-
teraction was used previously to generate spin-
vibrational 1+ states in the spherical nucleus Pb.
However, rotational vibrations are allowed in the collec-
tive model if one generalizes it to include isospin-
dependent coordinates in order to describe out-of-phase
neutron-proton vibrations. Due to this reason, a
quadrupole-quadrupole residual interaction, based on the
Q2& operator, was also used in microscopic calcula-
tions " to generate 1+ states. The spin-spin (SS) in-
teraction is present, together with the quadrupole-
quadrupole (QQ) interaction and an RPA approach, in a
number of works. It is also a part of the density-
dependent Landau-Migdal interaction, which was used
for the microscopic description of 1+ states as well. ' '
The numerical results, reported in the latter reference,
were obtained, however, without a spin-spin interaction.

Additional simplifying assumptions, which reduce the
order of the RPA secular equation, have been made
about the coupling constants of the SS interaction in

most of the above works. The assumption of equal
neutron-neutron, proton-proton, and neutron-proton
coupling constants [c„„=c =c„](Refs. 6 and 9) closes
the isovector channel [c(1)=c„„—c„=0]of the SS in-

teraction and one is left with the isoscalar channel only
[c(0)=c„„+c„=2c„„].The assumption of vanishing
neutron-proton interaction [c„~=0] (Ref. 3) leads formal-

ly to equal isoscalar and isovector strength constants
[c(1)=c(0)] but in fact the absence of the neutron-
proton coupling term means that this interaction is not
able to generate coherent isovector vibrations, which re-
quire a neutron-proton restoring force. The more general
case c„„=c Ac„ is considered only in Refs. 2, 7, and 8.
The latter one, as well as Ref. 6, being purely theoretical
studies, do not report any numerical results.

In the case of beta and gamma vibrations there is a
freedom in the choice of the interaction strength con-
stants, which are usually fitted to the experimental energy
of the first strongly collective vibrational state. In con-
trast, the 1+ excitations, although less collective, have a
more fundamental character, because they are closely re-
lated to the condition of rotational invariance of the
Hamiltonian. Thus, the obtained RPA phonon wave
functions have to be orthogonal to the zero-energy spuri-
ous state, ' which corresponds to isoscalar rotation of the
nucleus as a whole. As a result, no freedom is left for the
quadrupole-quadrupole interaction strengths and the re-
sulting RPA 1+ states happen to be almost purely isovec-
tor. " The very important question of restoration of the
rotational invariance, which is broken by the deformed
mean field, was ignored in a number of works. ' ' At
most, a zero-energy solution of the secular equation was
asked in some of them, which is not suScient to ensure
orthogonality of the RPA excitations with respect to the
spurious state, created by the angular momentum opera-
tor. As a result, most of the 1+ states have large spurious
isoscalar admixtures.

Results, obtained after restoration of the rotational in-
variance, were reported in Refs. 7, 9, 11, and 12. The
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method of Ref. 7 has not a general validity. It works

only with a mean field in the form of a Nilsson potential.
In this case a suitable choice of the quadrupole-
quadrupole constant allows one to express exactly the an-

gular momentum matrix elements through the quadru-
pole ones. The method does not work for a Woods-Saxon
potential. Moreover, all the three quadrupole force con-
stants have to be set equal (k„„=k =k„), which is a
particular case and closes the isovector channel. In con-
trast, a self-consistent determination of the quadrupole
strengths' '" leads to three difFerent values.

Two methods of general validity were proposed: a res-
toration of the rotational symmetry of the quasiparticle
Hamiltonian ' by commuting it with the angular
momentum or the conjugate angle operator, respectively,
and a restoration of the rotational invariance of the RPA
Hamiltonian" by orthogonalizing the phonon wave func-
tions with respect to the spurious state. Our method"
was used until now with a QQ interaction alone. We ap-

ply it here to a Hamiltonian, which contains a spin-spin
force as well and we study the rotational vibrations in the
Xe-Ba-Ce region. We were motivated for this study also
by our preliminary results for three Ba nuclei, ' which
showed the presence of low-energy rotational vibrations
with a very strong orbital character (the orbital angular
momentum matrix element is one order of magnitude
larger than the spin one). The experimental orbit-to-spin
ratio in several rare-earth nuclei and Ti is 1-4 (Ref. 16)
and only in ' Gd a large ratio (20-45) was found. '

Thus, in the present work we are particularly interested
in a possible enhancement of the orbit-to-spin ratio
through the spin-spin interaction.

In the following section we discuss our formalism and
in Sec. III we choose the constants of the spin-spin in-

I

teraction after a short review of previous works. The nu-

merical procedure, the results for M1 strength distribu-
tions, and the efFects of the spin-spin interaction are dis-
cussed in Sec. IV. Comparison with the two-rotor model,
based on Ml transition densities and (e,e') form factors,
is given in Sec. V.

II. RESTORATION OF ROTATIONAL INVARIANCE

We considered already the case of quadrupole-
quadrupole residual interaction alone in Ref. 11, where
our method for the restoration of the rotational invari-
ance of the Hamiltonian on the RPA level was formulat-
ed. Let us introduce now additionally a spin-spin interac-
tion of the form

Hss= —
—,
' g m [c(+,n)S (m, n)+c(+,p)S (m, p)

+2c (
—)S(m, n)S(m, p)],

S (m, t) =
—,
' [S+(t)—mS (t)], m =+1,
iS (t), for m =+1,

S(m, t)= '

S„(t), for m = —1,
S(m)= QS(m, t), t =n,p,

where m is a signature index, t is an isospin index, and
c(+,n), c(+,p), c( —} are the neutron-neutron, proton-
proton, and neutron-proton interaction strengths, respec-
tively. If the first two of these constants are chosen
equal, which has been always the common choice, ' ' ' '
the interaction (1) acquires the more symmetric form:

Hss =
—,
' g c (r)S (m, r)S(m, r),

m, T

S(m, r)=S(m, n)+( —1)'S(m,p), x=0, 1,

c(0)=—,'[c(+)+c(—)], c(1)=—,'[c(+)—c( —)], c(+)=c(+,n)=c(+,p),
with isoscalar (v=0) and isovector (r= 1) channels. The quasiboson representation of the spin operator has the same
quasiparticle structure as that of the angular momentum operator:"

S(m, t)= g [s(ki, mt)[A (k, mt) mA (ik, mt)]—+s(ki, mt)[A (ik, mt) mA(ik, m—t)]J,
ik

A (ik, mt)=(a aI, ma, +-. az ),—/&2, A (ik, mt)=(a&a , +mal, a, },/-&2,
(3)

s (ki, mt) = —u (k, i)(k~S(m, t) ~i ) /&2, s(ki, mt) =u (k, i)(k ~S(m, t) ~i ) /&2,

v(k, i)=u„u, u, v„, at=—rats

where T is the time-reversal operator and a are quasiparticle creation operators.
The model Hamiltonian has the form

H =Ho+Hscq+Hss+Hav

Hscg= —
—,
'

pm [k(+,n)Q (m, n)+k(+, p)Q (m,p)+2k( —)Q(m, n)Q(m, p)], (4)

Hzv =
—,
' g k(v, m)I (m)[1 (vm) —ml (vm)],

v, m
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[I(m), I (vrn')]=0 . (5)

It ensures the orthogonality of the RPA wave functions,
I

where Ho is the deformed mean field plus pairing. HscQ
is in the sense of Eq. (41) of Ref. 11 a self-consistent
quadrupole-quadrupole residual interaction and HRv is a
rotation-vibrational coupling. The strength constants of
Hsc& are determined fully microscopically" (no free pa-
rameters) from the condition of approximate restoration
of the rotational invariance and all the three of them
[k(+,n), k(+,p), k( —)] are in general different. The
condition, which is used for their determination [Eq. (41)
in Ref. 11], is not affected by the additional inclusion of
the spin-spin interaction now, since this interaction com-
mutes with the total angular momentum operator I(m).
Moreover, this condition is fulQled now in the RPA ap-
proximation due to the rotational invariance of the RPA
Hamiltonian, following from Eq. (5). The coupling con-
stants k (v, m) of the symmetry restoring interaction HRv
have the meaning of Lagrange multipliers and are deter-
mined from the additional condition

created by the phonon operators I ( vm ) (8) with respect
to the spurious state, created by the angular momentum
operator I(m). As a result, the RPA Hamiltonian be-
comes rotationally invariant and the M1 transitions are
almost purely isovector. "' The explicit form of Ho,
Q (m, t), and I(m) can be found in Ref. 11.

The quasiparticle RPA equations of motion

[H, I (vm)]= &„l (vm),

[I (vm), 1 (v'm')]=5(v, v')5(m, m'),
(6)

are solved together with the constraint (5} and the usual
ansatz" for the phonon creation operator

I (vm)= —,
' g [g„(ki,mt)A (ik, mt) $„(—ki, mt)A (ik, mt}

ik, t

+A.„(ki,mt) A t(ik, mt}

p, „(ki—, mt)A(ik, mt)] . (8)

The RPA Eqs. (5) and (6) determine the phonon ampli-
tudes (8):

g„(ki, mt)=[N(v, t)q(ki, mt) —L(v, m, t)s(ki, mt) k(v, m—)j(ki, mt)]l[E(ik) —W ],
p„(ki, mt)=m [N(v, t)q(ki, mt)+L(v, m, t)s(ki, mt)+k(v, m)j(ki, mt)]l[E(ik)+ W„],
E (ik) =E (i)+E(k),

(9)

and A, ,p, , which follow from (9) after substituting in the right-hand side (rhs) (ki)~(ki) E(i). are quasiparticle energies.
N(v, t) and L (v, m, t), t =n,p are unknown quadrupole and spin norms, respectively, which have to be determined to-
gether with the Lagrange multipliers k (v, m), i.e., a total of five unknowns. Equations (5) and (6) form a linear homo-
geneous system with respect to the above five unknowns and the RPA secular equation is obtained by asking that the
corresponding 5X5 determinant, which is given in the Appendix (Al), vanishes. The secular equation, which deter-
mines the 1+ excitation energies 8'„, has the following analytical form:

gh + W„A + W+ =0,
g =[1+8„(+,n}][1+8»(+,p)] —8»( —,n)8„(—,p),
h:[1 Bqq(+ n)][1 Bqq(+ p)] Bqq( n)Bqq( p)

A = A (n)+ A (p), A (t)=p(q, t)p(s, t)+u(q, t)u(s, t), —

D =[Bqj(+,n)Bqj(+,p) Bqj(,n)Bqj(,p)][BJ(+,n)B J(+,p) 8 (,n)8& (. ,p)]

p (q, t) =8„(+,t)[1—8„(+, t)]+8„—( , t)8„(—, t)—, —

p (s, t) =8„( +, t)[ 1 +8„( +, —t)]—8, ( , t)B„(
—, t),— —

u ( q, t) =8 ( , t) +8 ( +,t)8 (
—

, t} 8 ( , t)B—
( +—, t)—, .

u(s, t) =8, ( , t) 8, ( +, t)B„—( , t—) +8, ( ,—t)B„(+,.t),—

(10)

where the 8 sums are given by (A3). The terms with A
and D do not vanish only when both the QQ and SS in-
teractions are present in the Hamiltonian (4), otherwise
the secular equation (10) has the form g =0 for a spin-
spin interaction only, or h =0 for a quadrupole-
quadrupole interaction alone. The latter case coincides
with the secular equation of our previous work, " where
no spin-spin interaction was present.

Let us note some more particular cases, possessing

higher symmetry. When the QQ interaction constants
are chosen self-consistently, which has always been done
in our numerical calculation, reported in Secs. IV and V,
a relation takes place:"

k(+, n)k(+, p)=k ( —) .

The relations (A5) and (A6), which follow from (11),satis-
fy the secular equation (10) and it now takes the form
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gh+8' A =0,
h:1 Bqq(+ n) Bqq(+ p)

(12)

Our numerical results are obtained with this secular
equation. The same form (12) of the secular equation is
obtained if, instead of (11), the relation

c(+,n)c(+p)=c (
—} (13)

is satisfied, but now the function g takes a simpler form:

g =1+B„(+,n)+B„(+,p) . (14)

Further simplifications can be obtained if all the three
coupling constants are chosen equal. Each one of
the assumptions k =k(+,n)=k(+,p)=k( —) and
c =c(+,n)=c(+,p)=c( —) reduces the order of the
determinant (Al) by one unity and if both of them are
made, one is left with a much simpler 3X3 system. We

I

do not consider such cases here because the above as-
sumptions close the isovector channel for both the QQ
and SS interactions.

Once the excitation energy 8' is found for the v
excited pho non state from the secular equation
(10}, one can determine the five unknowns
N (v, t),L (v, m, t), k (v, m ), t =n, p from the normalization
condition (7), as explained in the Appendix [(A7) and
(AS)]. Afterwards, the RPA phonon amplitudes are
determined from (9) and one is able to calculate all the
possible physical observables, e.g., transition probabili-
ties, transition densities, etc., with the obtained RPA
wave function, using the formalism, developed in Ref. 11.

The form of the expressions for the RPA sum rules,
given there, obviously does not change. The SS interac-
tion does not contribute to the M1 quasiparticle sum
rule. The quasiparticle energy-weighted sum rule for the
E2 operator has the form

S&PFw(E2) =[Qz, [H, Q2 ]]qua =2 g e (t}Pqq(t)+2 + e(t}f(t}P (t)+ g e(t)Pqj(t) g k (v, m) g e(t)P(v, m, t)

Pqq(t)=4+ E(ik)[q (ki, mt)+q (ki, mt)],
ik

Pq„(t)=4m g [q(ki, mt)u (ki, mt)+q(ki, mt)u(ki, mt)], ( u)=( s), (j),
ik

f (t)=c(+,t)P„(t)e(t)+c( —)P„(—t)e( t), —

P(v, m, t)=4+ [F,(ki, mt)q(ki, mt)+F„(ki, mt)q(ki, mt)],
ik

e (n) =e«, e (p) =1+e«,

III. THE STRENGTH OF
THE SPIN-SPIN INTERACTION

The condition of rotational invariance, which was
used" to determine the strength constants of the
quadrupole-quadrupole force, cannot determine the con-
stants of the spin-spin force, because this latter interac-
tion is rotationally invariant. A brief review of the values
of these constants, published previously, is given in Table
I. Although it is far from complete, one can see that
quite different values are required when the spin-spin in-
teraction is used to describe different phenomena. Since
nobody reported three different SS constants, which are
allowed by our formalism, we assume from now on that

c(+,n)=c(+,p)=c(+) . (16)

After this choice, the following relations can be estab-
lished between our constants [(1) and (16)] and those from
Table I, used in Ref. 19:

c (+ }=4 Vo(+ ), (17)

where e (t) are effective charges and F„(ki,mt) are linear
combinations of the phonon amplitudes (9), defined by
(A4) of Ref. 11. The first term of S&PFw(E2) comes from
contribution of the mean-field Ho, the second one from

Hss, and the third one from HRv.

in Refs. 2, 3, 7, 8, and 20—22:

c (+ ) = 81~, c (
—) =8qK,

and in Refs. 12, 23, and 24—31:

c(k)=8NC(go+g'), N =1/V=3/(4qrroA) . (19)

Table I was prepared using the relations (17)—(19) and re-
normalizing all the quoted spin constants of the Landau-
Migdal interaction to "pionic units" ' C =392 MeV fm .

In order to compare the density-dependent Landau-
Migdal interaction with our density-independent spin-
spin interaction, we assume a constant density distribu-
tion inside a sphere with radius R =ro A ' . After in-

tegrating the spin-spin part of the Landau-Migdal in-
teraction over this volume, one obtains the following
density-independent interaction:

HiM=NC(goo. o+g'cr err r), (20)

with N given by Eq. (19). Comparison with (1) leads to
(19), which is, of course, a rough estimate.

The upper part of Table I (cases b, c, e, and f} refers to
separable spin-spin interactions of the type we use here,
while the lower part refers to the Landau-Migdal force.
Since in most approaches c (+ ) =K, /3, we list only the
mass-independent constant K, in Table I. As one can see,
this constant varies in the range 100—600 MeV. The ratio
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q =c(—)/c(+) covers the range —1.5~q ~0. This
means that the neutron-neutron and proton-proton spin-
spin interactions are repulsive, while the neutron-proton
one is attractive (let us remember that all the three corre-
sponding quadrupole forces are attractive).

The early works' ' were describing magnetic di-
pole moments and decoupling parameters of odd-mass
rare-earth nuclei. Later microscopic calculations of 1+
states ' take the values from Ref. 20. Analogous calcula-
tions adopt the isovector dependence a.= 1.5(X—Z)/2A. The spin constants of the Landau-Migdal in-
teraction, used in similar calculations' (case I), were tak-
en also from previous works, describing magnetic mo-
ments of spherical and deformed nuclei. Cases g (Ref. 24)
and h (Ref. 25) from Table I reproduce electromagnetic
transitions and g factors of nuclei from the Pb region,
while the next four works deal with nuclear matter
calculations, the first two considering mechanisms,
preventing pion condensation. These four works do not
fit the Landau-Migdal strengths to experimental data but
obtain them from 6-matrix calculations including in-
teractions, induced from isobars. The first three works

use the Brueckner-Hartree-Fock (BHF) approach. The
latter two include relativistic corrections. In spite of the
fact that the isoscalar strength go varies from —0. 12 to
+0. 15, having in view the large uncertainty of the
strengths, one can say that the results of these four fully
microscopic calculations are in a good agreement with
each other. The isovector strength g' varies in the region
0.4~g'~0. 56 and the isoscalar strength go has a much
smaller absolute value. However, in cases j (Ref. 28) and
1 (Ref. 27) the microscopically obtained ratio q is in a
better agreement with the phenomenological values of q
from g factor and decoupling parameter calculations b, c,
e, and f in Table I.

In case m (Ref. 30) the Landau-Migdal spin-spin in-
teraction strengths were fitted to experimental energies
and B(M1) values for 1+ states in Ca, Zr, Pb and
to multipole splitting energies in Bi and K. The
values, listed in Table I, are given with evaluated uncer-
tainty: g =0.04+0.08 g'=0. 84+0.08. This estimate
for go is in agreement with the microscopic values
and shows that small negative values ' are also al-
lowed. One should note, however, that the multipole

TABLE I. Review of di6'erent strength constants of the spin-spin interaction and numerical values
for A =130. c(+)=K,/A.

K,

(MeV)

236

108

c( —
)

c(+)
—0.25&q &0
—0.50(9' &0

0

go g

c(+)

1.8
1.3
0.8"

(MeV)
c( —

)

—0.5 —:0
—0.6 —: 0

for A =130 Ref.

634
543
418
190
237
203
272
380

—0.33
—0.11
—0.12
—1.54
—0.45
—1.25
—0.59
—0.91

0.49
0.56
0.42

—0.12
0.15

—0.06
0.13
0.04

0.98
0.70
0.54
0.56
0.40
0.53
0.49
0.84

4.9
4.2
3.2
1.5
1.8
1.6
2. 1

2.9

—1.6
—0.5
—0.4
—2.2
—0.8
—2.0
—1.2
—2.7

f
g
h

1

k
1

m

'The constants of the Landau-Migdal interaction are given in pionic normalization (Ref. 31): C =392
MeVfm'. K =1.1C(go+g') (MeV) with ro=1.2 fm in Eq. (19).
g factors of odd-mass nuclei with 150( A (190 (Ref. 19).

'g factors and decoupling parameters of odd-mass nuclei with 150 & A & 190 (Refs. 20—22); 1 states in
even-even rare-earth nuclei (Refs. 2, 7, and 8), calculated with the constants of Refs. 20—22.
c(+)=(0.12—0.20)%co. %e adopt here 0. 16'~ Aco=41A ' ' MeV. Only the range —0.25(q 0 is
allowed in Refs. 21 and 22.
d 130For q6 Ba74.
'c(+ ) =6(X—Z)/A (Refs. 3 and 9).
1+ states in rare-earth nuclei (Ref. 12) with constants from description of magnetic moments of spheri-

cal and deformed nuclei.
Electromagnetic transitions and g factors in Bi, "' " 'Pb (Ref. 24).

"Collective excitations and electromagnetic transitions of nuclei from the Pb region (Ref. 25).
Nuclear matter, G-matrix, Bonn potential, induced interactions, relativistic corrections (Ref. 29).

'Nuclear matter, G-matrix, Bonn potential, Brueckner-HF, relativistic corrections (Ref. 28).
"Pion condensation, nuclear matter, G-matrix, Bonn potential, BHF, first order induced interaction
(Ref. 26).
'The same as k but the induced interaction is summed to all orders (Ref. 27).

1+ states in 'Ca, Zr, Pb, multiplet splitting in -' Bi, K (Ref. 30).
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10

130B
case a

g W.13, g'M.49

10

CO Xi

I

0

case b

10

tGOB

case c
g =-0.18, g'W.M

10

130

case d

S ~ S'=0

5 10
energy E (MeV)

15

FIG. 1. Accumulated Ml strength distribution T [summed
8 (M1)I values Eq. (16) of Ref. 11]per unit energy displayed in
bins of 0.5 MeV for ' Ba. The constants of' the spin-spin in-
teraction are from case a—Tiibingen (Ref. 27) (1 in Table I), case
b—Moscow (Ref. 30) (I in Table I), case c—Jiilich (Ref. 29) (i
in Table I), case d—without spin-spin interaction.

splitting in K allows go values as large as 0.4. The
small go values in the last five rows of Table I and espe-
cially cases k (Ref. 26) and m (Ref. 30) satisfy approxi-
mately the condition (13), since ~c(+)~=~c(—

)~ for

go =0.
We calculated in QRPA the Ml strength distribution

in ' Ba with the formalism of Sec. II and different sets of
spin-spin strengths. The results, obtained with the pa-
rameters of Sec. IV, are shown in Fig. 1. Case a corre-
sponds to the Tiibingen values (1 in Table I), case b to
the Moscow values (m in table I), case c to the Jiilich re-
sults' (i in Table I), and d is the case without spin-spin
interaction. It is seen from the figure, that the three
different sets of constants of the spin-spin interaction
(cases a, b, and c) produce very similar strength distribu-
tions, especially in the low-energy region 3—6 MeV. We
adopted for our further calculations the Tubingen
values (case 1 in Table I) since their isovector-to-
isoscalar q ratio (Table I) is in a better agreement with the
phenomenological results from calculations of magnetic
moments, decoupling parameters, and electromagnetic

transitions (cases b, c, g, and h in Table I). Very similar
values are obtained also in Ref. 28 (case j in Table I).

IV. RESULTS AND DISCUSSION

The formalism, described in Sec. II, was used with a
mean field generated from a deformed axially symmetric
Woods-Saxon potential in cylindrical coordinates,
parametrized according to Ref. 33. Calculations have
been performed for 16 even-even nuclei from the A = 130
mass zone: ' ' ~Xe, ' ' Ba, and ' ' ~ce. A1
though the heavier Xe and Ba nuclei are not well de-
formed, the use of an axially symmetric mean field is still
a reasonable approximation, because no definite evidence
for a triaxial ground state is available, at least in the con-
sidered mass region.

A. The mean field parameters

The following parameters of the Woods-Saxon poten-
tial were used for all the nuclei studied: V, = —50 MeV,
Vd = —45 MeV, a„=a =0.63 fm, r 0

= l. 27 fm, r$ = l.24
fm, AD=25, DO=14, Acoo=50A ' MeV. These are the
same parameters, as in our previous work, ' except for a
slight reduction of the oscillator constant A'coo. It is
known that the results are not very sensitive to the os-
cillator strength. The above parameters are obtained by
interpolation between the A =121 and 141 mass zones of
Ref. 34, except for the spin-orbit coupling constants A,o',
which are taken from Ref. 35. The small proton spin-
orbit coupling constant is typical for microscopic calcula-
tions of 1+ states in deformed nuclei. " Values, rounded
to 0.1 MeV, were used for the BCS gap parameters of
each nucleus, which were determined by reproducing
roughly the even-odd mass differences. The quadrupole
deformation P2, rounded to 0.01, was chosen for each nu-
cleus to reproduce the experimental intrinsic quadrupole
moment, derived from the B(E2;0+, ~2i+) values.
The strengths of the quadrupole-quadrupole interaction
HscQ (4) are not free parameters but are determined mi-
croscopically from an approximate condition of restora-
tion of the rotational invariance. " The strengths of the
rotation-vibrational coupling HRv (4) are determined mi-
croscopically from the condition (5). Only the spin-spin
interaction constants (1) are free parameters, taken from
a previous work, ' as explained in Sec. III.

B. Strongly orbital low-energy states

If only quadrupole-quadrupole Hsc& and symmetry-
restoring H&v interactions are used without a spin in-
teraction, the following typical features are observed in
all the 16 nuclei studied (see, e.g. , case d for ' Ba on Fig.
2):

(i) The M 1 strength is concentrated around 5 MeV,
mostly in a single, well-pronounced peak. Only in

Xe are there two additional comparable peaks: at
4 and 6 MeV.

(ii) The lowest-energy strong 1+ states lie at 2.5-4
MeV. The first 2—3 of them (or at least 2—3 among the
lowest 5—6 strong states) have a large orbit-to-spin ratio
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R„ofthe M1 matrix element, which means that they are
predominantly orbital excitations.

(iii) At least one strong state with 8(M1)l'~ 1)tt~ is

present between 4 and 5 MeV. In some nuclei there are
two or three such states in this energy region. These are
mainly excitations with a large spin contribution to the
M 1 matrix element (~R„~ ( 1), i.e., predominantly spin-

flip transitions.
The above three main conclusions are in agreement

with our previous results for ' ' Ba. ' The strongly

orbital character of the low-lying 1+ states is a typical
feature for the A = 130 mass region and was not observed
previously in the rare-earth" and A =50 (Refs. 18 and
38) mass regions. It is determined by the mean field and
not by the residual interactions, because such states are
present in calculations with different residual interac-
tions: QQ, SS, QQ+SS, with or without the symmetry-
restoring interaction Hzv (4). The low-energy strongly
orbital states are built up from neutron quasiparticle
pairs from the shells: lh»zz, 2d3&z, 2ds&2, 3s, zz and pro-
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FIG. 2. Discrete M1 spectra for ' Ba, corresponding to the four cases of Fig. 1, together with the respective orbit-to-spin ratios
R„,defined by Eq. (19) of Ref. 11. Only states with B(M1)F )0.1pz are shown. Negative ratios R„are indicated by a dot on the top
of the bar and the absolute value is displayed.
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ton quasiparticle pairs fro 1g7/2 3d 5/2, 3s, &2. The
strong orbital character is due to the fact that most of
these pairs correspond to transitions between deformed
orbitals, belonging to the same spherical shell.

pP

126

C. Effects of the spin-spin interaction

The M1 strength distribution in ' Ba, obtained with
different spin-spin interaction constants and displayed in

Fig. 1, was already discussed in the preceding section in
connection with the choice of the interaction constants.
One can see from Fig. 1 that the inclusion of the spin-
spin interaction shifts the M1 strength up in energy,
which has to be expected from a repulsive interaction.
Moreover, the M1 strength is more uniformly distributed
over a larger energy region: 3—10 MeV. The spin-spin
interaction commutes with angular momentum opera-
tors. Thus, it can only redistribute the M1 strength but it
does not create itself any M1 strength, because it does
not contribute to the M 1 energy-weighted sum rule. The
M1 strength distribution for the Xe, Ba, and Ce nuclei
studied is displayed in Figs. 3—5. The nuclei ' ' Xe,
which are very similar to ' Xe, are not shown in order to
save space. The results were obtained with the Tubingen
spin-spin constants given in case 1 of Table I.

More information can be obtained from Fig. 2, where
the discrete low-energy (up to 8 MeV) M 1 spectrum, cor-
responding to the four cases of Fig. 1, is shown. Only
states with B (Ml )1 & 0. lpga are displayed. One can see
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FIG. 4. The same as on Fig. 3 but for Ba nuclei.

that the spin-spin interaction suppresses the strong spin-
flip transitions, which were present at 4—5 MeV with a
QQ interaction only. The spin strength is now removed
from the low-energy region to higher energies. As a re-
sult, the orbital character of the low-lying (2—5 MeV) 1+
excitations is enhanced, while the higher-lying states ac-
quire a more pronounced spin-flip nature. The spin-spin
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interaction polarizes in this way the strong 1+ excitations
[B(MI)f )O. Ipn] in two distinct groups: low-lying
states below 5 MeV, almost all of which are orbital in the
16 nuclei studied, and higher-lying states, almost all of
which are spin-flip ( ~R„~ (1). Most of the orbital states
have R„ofthe order of 10, but states with R„=100are
also present. The lowest-lying 1+ states around 3 MeV
are not very strong: The B(MI)$ value is typically
0. 1 —0.5 p~.

One can see from Fig. 2 that different spin-spin cou-
pling constants (cases a, b, and c) produce different M1
strength distribution in the higher energy (spin-flip)
group of levels. On the other hand, the excitation ener-
gies, B(M1) values, and orbit-to-spin ratios R„of the
low-energy orbital states are not much influenced by vari-
ation of the spin-spin coupling strengths. The first two
states with a typical strongly orbital character are not
much affected even if one switches off the spin-spin in-
teraction. Its main effect on these states consists in the
increase of their orbit-to-spin ratio due to a removal of
spin strength from the M1 matrix element.

Predictions for the M1 strength distribution in
}20 126Xe, 126 130Ba, and 128 134Ce were made previous-
ly using the MONSTER approach. It consists of
particle-number and spin-projected quasiparticle
configurations, obtained from an HFB mean field and a
Brueckner 6 matrix plus Bonn potential as a residual in-
teraction. The M1 strength distribution, produced by
this formalism, is centered around 4—5 MeV and is in a
qualitative agreement with our results, obtained with a
QQ interaction alone. This may be due to a weaker spin-
spin term of the Bonn potential in comparison with our
spin interaction strength. In both approaches the high-
energy 1+ states are mainly of spin-Hip character. The
main difference is in the orbit-to-spin ratio of the low-

lying states. In the MONSTER approach these states have
comparable orbital and spin contributions to the M1 ma-

I

trix element or a dominant spin one, while in our ap-
proach the orbital contribution is always much stronger
than the spin one. Possible reasons for this difference
were already discussed elsewhere. ' A microscopic reali-
zation of the Hamilton formalism in RPA and restoration
of the invariance of the Hamiltonian with respect to the
canonically conjugate angle can also hinder the spin-spin
interaction under certain conditions. Further studies in
this direction are under way.

V. COMPARISON WITH THE TWO-ROTOR MODEL

The two-rotor model assumes an out-of-phase oscilla-
tion of the neutron and proton systems as a whole, which
corresponds to a small-amplitude rotational vibration
around an axis, perpendicular to the symmetry axis of the
nucleus. Thus, in this geometrical model the whole
strength of the 1+ mode is concentrated in a single purely
collective isovector state. Although in realistic micro-
scopic calculations the rotational vibrations are frag-
mented over a broad region, the two-rotor model remains
attractive due to its simple geometrical picture. In order
to interpret geometrically our microscopic results we
need a microscopic realization of the purely collective
isovector state of the macroscopic two-rotor model.
There is no spin degree of freedom in this model. There-
fore, the rotations are generated by the orbital angular
momentum operator L. However, in a microscopic for-
malism, where spin degrees of freedom are present as
well, one has to use the total angular momentum
I =L +S. The purely collective isovector rotational
(ROT) and orbital (ORB) states are constructed micro-
scopically from the I and L operators, respectively, as
normalized isovector wave functions, which are orthogo-
nal to the spurious isoscalar rotational state (IS), generat-
ed by I:

~IS, m) = [I (m, n)+I (m, p)]~),
P

~ROT, m ) = [QP (p)/P (n)I (m, n) —QPJ(n)/P~(p)I (m, p)]~ ),1

QP,
P =P (n)+P (p), (IS,m~ROT, m') =0 for any m, m'=+1,

~ORB, m)=N[b(n}L (m, n) —b(p)L (m, p)]~),
(IS,m~ORB, m')=0 for any m, m'=+1,
N=Pt ', b(n)=P& ( J)p, b(p)=PIt(n),

Pt =PI (p)PI(n)+PI (n)PI(p),

PIJ.(t)=2+ [l(ki, mtj)(ki, mt)+l(ki, mt)j(ki, mt)], t =n,p .
ik

(21)

The sums P& and P are obtained fro. m PI (21) by the sub-
stitutions j~1 and I~j, respectively. The angular
momentum operators (21} are taken in quasiboson ap-
proximation, " which is usual for the RPA approach.
The microscopic purely co11ective isovector states ROT

and ORB (21}correspond in our case to rotation of the
deformed Woods-Saxon ground state density distribution
around an axis perpendicular to the symmetry axis of the
nucleus. In contrast to the 1+ state of the two-rotor
model, which is purely orbital and has no spin contribu-
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TABLE II. Comparison between the RPA and the purely
collective rotational ROT and orbital ORB (21) isovector vibra-

tions in ' Ba. The states RPA& and RPA2 are obtained with

QQ+ SS+RV (4) residual interactions, RPA3 is obtained
without SS interaction and corresponds to RPA2. ROT and
ORB are generated directly from the mean field 80 without us-

ing the RPA procedure of solving the secular equation.

State

RPAi
RPA2
RPA3
ROT
ORB

E
(MeV)

3.03
8.92
4.43
6.80
6.86

B(M1)f
(px)

0.27
0.52
1.67
2.35
0.49

—105.3
—0.1
—0.2
18.7

—1.9

I & state~ROT)
~

(%)

12
0
1

100
91

tion, the microscopic state ORB contains a large amount
of spin (see, e.g., the comparable orbital and spin contri-
butions to the M1 matrix element of the ORB state in
Table II). On the other hand, the strongly orbital ROT
state can be considered as being the microscopic realiza-
tion of the scissor 1+ state from the two-rotor model.
These two states are obtained from the mean field Ho (4)
and not from the RPA equations of motion (7). They are

compared in Table II to typical RPA states, obtained
with QQ+ SS+RV interactions (the first two rows):
RPA, is the lowest-lying (at about 3 MeV) strong Ml
state, which is also strongly orbital, while the strongest
M1 state RPAz lies at 8.9 MeV and it is of spin-Hip na-
ture. These two RPA states have in ' Ba the following
leading 2qp components of their wave functions:

E, =3.0 MeV

—34%nn [523]—', , [514]—',, +25%pp [420]—,', [411]—', ,

—14%nn [532]—,', [523]7, + 15%pp [422]—', , [413]—', ,

E,=8.9 MeV

35%nn [—503]-,', [514]-', ,

+28%pp [440]—2, [431]—,
'

We calculated the transverse M1 transition densities and
form factors for inelastic electron scattering, correspond-
ing to the strong RPA rotational vibrations, as well as to
the purely collective isovector states ROT and ORB (21).
The densities were obtained using the formalism of Ref.
18 and the cross sections —with the DWBA code of
Heisenberg. ' The transition densities and form factors
of the collective states ROT and ORB are very similar, as
one can see from Figs. 6 and 7. These two states overlap
91% with each other (Table II).

The RPA results show (e.g. , Figs. 6 and 7) that the
(e, e') form factors of the strongly orbital low-lying 1+
RPA states are very similar to the form factors of the
purely collective states ROT and ORB, although smaller
in magnitude. The results for ' Ba, displayed in Figs. 6
and 7, are obtained with QQ+SS+RV interactions (case
a on Fig. 1) with coupling constants from case 1 in Table
I. The DWBA (e, e') transverse M 1 transition densities

are displayed in Fig. 6 and the corresponding form fac-
tors in Fig. 7. The form factor of the low-energy state
RPA, at 3 MeV is shown on the left-hand side (lhs), while
the form factor on the rhs corresponds to the strongest
1+ state RPA2 at 8.9 MeV. Both RPA form factors (con-
tinuous lines) are compared in Fig. 7 to those of the pure-
ly collective microscopic isovector states ROT (dot-
dashed line) and ORB (dashed line). One can see from
Figs. 6 and 7 that the strongly orbital RPA state at 3
MeV is similar to the purely collective states ROT and
ORB, while the strong spin RPA2 state at 8.9 MeV is
very different from the purely collective states. Without
a spin-spin interaction the strongest M1 state moves from
8.9 to about 4.4 MeV (this is the state RPA3 in Table II),
has a larger B(M1) value, and a larger overlap with the
ROT state.

The smaller form factor of the RPA& state in compar-
ison with the collective form factor is due to the lower de-
gree of collectivity of the RPA excitation, which leads
also to a very small overlap (12%, Table II) with the
ROT wave function. Nevertheless, the similarity between
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the transition density of the purely collective state and
the orbital RPA, state shows that the low-energy RPA
excitation performs scissor-type rotational vibrations,
corresponding to the geometrical motion of the two-rotor
model. The form factor of the second low-energy RPA
state at 3.4 MeV, which is not displayed on Fig. 7, is even
more similar to the collective form factor than that of the
first RPA state. Both RPA states are strongly orbital, as
one can see from Fig. 2, case a.

Thus, the low-energy RPA states in the studied
A =130 mass region are strongly orbital and have (e, e')
form factors, which are smaller in magnitude but similar
to the form factor of the purely collective scissor state.
This means that the low-energy RPA excitations perform
rotational vibrations —the geometrical type of motion, in-
herent to the two-rotor model, but only few quasiparti-
cles are participating in this motion, awhile all the parti-
cles contribute to the purely collective scissor state.

VI. CONCLUSIONS

A quasiparticle RPA approach is used to study the iso-
vector rotational vibrations (E =1+ states) in 16 even-

even nuclei from the A =130 mass region: ' ' Xe,
Ba, and ' ' Ce. The mean field is described by

an axially symmetric deformed Woods-Saxon potential in
cylindrical coordinates. The residual interaction includes
a quadrupole-quadrupole force, a spin-spin force, and a
rotation-vibrational coupling, which restores the rota-
tional invariance of the Hamiltonian, broken by the mean
field and the QQ force. The strength constants of the SS
interaction are taken from other microscopic calcula-
tions, while the coupling constants of the remaining re-
sidual interactions are determined microscopically in our

formalism from the condition of rotational symmetry res-
toration.

In contrast to the rare-earth" and the A =50 (Ref. 18)
mass regions, a well-pronounced shell effect is found,
which is typical for the A =130 mass region: Regardless
of the residual interactions used, strongly orbital rota-
tional vibrations are present at low excitation energy
(below 5 MeV). This means that the orbital contribution
to the M1 transition matrix element is much larger than
the spin contribution. The effect is due to the fact that in
this mass region the low-energy

~
b,Q

~

= 1 transitions take
place between deformed orbitals, belonging to the same
spherical shell, and admixtures from adjacent shells are
not strong.

The inclusion of the spin-spin force moves the spin
strength from lower to higher energies. As a result:

(i) The orbital character of the low-lying (2—5 MeV) 1+
excitations is enhanced, while the higher-lying ones ac-
quire a more pronounced spin-flip nature. Almost all of
the 1+ states below 5 MeV become strongly orbital, while
almost all of the higher-lying states become predorninant-
ly spin-flip.

(ii) The strongly orbital states, having a small spin con-
tribution, are not much affected by the SS interaction,
which influences stronger states with large spin contribu-
tion (spin-flip states).

Without a spin-spin force the M1 strength distribution
is concentrated around 5 MeV, usually in a single, well-

pronounced peak. The SS interaction does not contribute
to the M1 energy-weighted sum rule. Therefore, it only
redistributes but does not create an Ml strength. When
included, this repulsive interaction shifts the M1 strength
up in energy and redistributes it more uniformly over the
3—10 MeV energy region. The results, obtained with a
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spin-spin force, must be taken with some cautiousness be-
cause its coupling constants are free parameters.

A microscopic realization of the purely collective iso-
vector rotational state of the two-rotor model is pro-
posed, which corresponds to a contrarotation of the neu-
tron and proton components of the deformed mean field.
In contrast to the macroscopic two-rotor model, where
no spin degrees are present and the collective 1+ state is
purely orbital by definition, the microscopic realization of
this geometrical motion leads to a wave function with a
small spin contribution to the M1 transition matrix ele-
ment and predominantly orbital character. A formalism
is developed, which allows us to treat microscopically the
purely collective 1+ state on an equal footing with the
RPA 1+ excitations. The M1 transition densities and
(e, e') form factors, calculated in DWBA, show that the
strongly orbital low-energy RPA excitations cannot be
identified with the purely collective isovector rotational
state, lying at about 7 MeV, since only few nucleons take
part in a given RPA excitation. Each one of these RPA
states overlaps only about 10—15% with the purely col-
lective isovector vibration. However, the low-energy
RPA states have form factors, which are similar to the
form factors of the purely collective scissor state, al-
though smaller in magnitude. The small overlap with the
purely collective state and the smaller B(I1 ) value show
that the RPA state has a lower degree of collectivity,
which can be seen also by comparing the two wave func-
tions. Nevertheless, the similarity of the form factors and
transition densities indicates that the low-energy orbital

'I

RPA excitations perform a scissor-type or rotational
vibration —the geometrical type of motion, predicted by
the two-rotor model. The form factors of the higher-
energy RPA states, which are spin-Aip excitations, do not
exhibit such a similarity with the form factor of the pure-
ly collective scissor state.

The above identification does not exclude the possibili-
ty that other RPA states perform the same kind of
geometrical motion. Only a few quasiparticle pairs take
part in a given RPA 1+ excitation. Thus, a contrarota-
tion of only a few orbitals may produce a current, which
can be very diferent from the current, corresponding to
the contrarotation of the whole ground state density, de-
scribed by the purely collective isovector rotational state.
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APPENDIX

The determinant of the RPA linear homogeneous sys-
tem of Eqs. (5 and 6) with respect to the unknowns
N(v, n), N(v, P}, L(v, m, n), L(v, m, p), and k(v, m) has
the form

1 —k(+, n}A"
—k( —)A"

qq

—k( —)A~
qq

1 —k(+,p)A~

k(+, n)W„Aq, k( —)W Aq~,

k ( —) W„Az, k (+,p)W„A&,

W Tq

W„Tq~

—c( +n)W„A~,
—c( —)W„A",

—W A"
qi

—c( —) W„A~,

—c (+,p) W„Af,

qi

1+c(+,n) A,",

c( —)A,",

A,"

c( —)At,'

1+c(+,p) At,'

Tll
S

A""+A~i
(A1)

T'=k(+, t)A' +k( —)A ', T,'=c(+, t)A,'+c( —)A, ',
where the phonon-dependent microscopic sums A„'„(t= n, p; the v index omitted) are defined in the following way:

A„'„=4+E(ik)[u (ki, mt)u (ki, mt)+u (ki, mt)u(ki, mt)]/[E (ik) —W„], for (uu)=(qq), (jj ), (ss), (sj),
ik

A„', =4+ [u(ki, mt)U(ki, mt)+u(ki, mt)U(ki, mt)]/[E (ik) —W„], for (uv)=(qs), (qj) .
ik

(A2)

The analytical form (10) of the secular equation, resulting from the above determinant equal to zero, requires to define
the following sums, used in (10):

B (+,t)=k(+, t) A' —W'„A', T(+,t)/A.
B&i(+,t)=k(+, t) A,' —A,' T (+, t)/A

B„(+,t)=c(+, t)A,', —A,' T, (+,t)/A.
B J(+ t) c(+ t)A

q
A J. T (+ t)/A

T (+,t)=k(+, t)A'+k(+, t)A ', T,(+,t)=c—(+,t)A,'+c(+,—t)A, . ',

(A3}

A,,= A,"-, + AI,', k( , t}=k(——, t)=k( —), —for t =p,
for t=n .
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One can easily check that:

T( —,t)= T(+, t)—. (A4)

In the particular case of self-consistently chosen interaction constants (11) for the QQ interaction and/or
c(+,n)c (+,p) =c ( —) for the SS interaction, the following symmetries arise:

B „( , t—)=B,(+,t)k ( —) /k (+,t),
B,„( ,—t)=B,„(+,t)c( —)/c(+, t), u =q,j,
p(q, t)=B„(+,t), u(q, t)=B„(—,t)=p(q, t)k( —)/k(+, t),
a=0,

(A5)

(A6)

and analogous relations for p (s, t) and u (s, t).
The following relations between N(v, n), N(v, p), L (v, m, n), L (v, m, p), and k (v, m) can be derived from the linear

system, whose determinant is given by (Al):

N(v p)=a(v)N(v, n), k(v, m)=k(v, m)N(v, n),
L(v, m, n) =1(n)N(v, n), L (v, m, p) =1(p)N(v, n),

a (v) = [gB„(—,n) —W/(p)] /[g [I—B„(+,p)]+ W'„G(p) I

= Ig[1 B(+,—n)]+ W,G(n)]/[gB ( —,p) —Wg (n)I,
F(t)=u (s, t)Bq, (+—, t)+p (s, t)Bq,—( —, t), —

G(t)=p(s, t}B (+,t)+u(s, t)B &( —,—t),
!(n)=[p(s,n)+a(v)u(s p)]W„/g, 1(p)=[p(s,p)a(v)+u(s, n)]W„/g,

k(v m)= [W [Aq +a(v)Aq~z] 1(n)A
~ 1(p)A~&)/A~J

(A7)

These relations allow us to determine all the norms and k (v, m) from the normalization condition (7), which has the
form

—,
' g [ W„N ( v, t ) &qq + W,L ( v, m, t ) A,", + W„k 2( v, m ) A J

t

+2k(v, m)L (v, m, t) W, A'J' N(v, t)L—(v, m, t) A", —k(v, m)N(v, t) g"
j
= I,

1
for (uu ) = (qq), (jj),(ss), (sj ), (AS)

A"=
Q ( W&„'„), for (uu) =(qs), (qj),

where the sums A„'„are defined by (A2). Using the relations (A7) one can eliminate all the unknowns from (AS) but
N(v, m), which will be determined therefore from this equation. Once N(v, n) is obtained from (AS}, the remaining
four unknowns N(v, p), L (v, m, n), L (v, m, p), and k(v, m) are found from (A7).
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