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Neutrino opacities are analyzed in terms of correlation functions for density, spin density, isospin
density, and spin-isospin density operators. In a long-wavelength limit appropriate to the scattering
of thermal neutrinos in most situations relevant to the supernova, the opacities coming from the
neutral current interaction are given in terms of susceptibilities, Bp;/Bp, where p; are the various
densities and pj the associated chemical potentials. These susceptibilities are calculated in the
framework of a Skyrme interaction, one which has been used in calculations of the hot equation of
state, supplemented by spin-dependent terms from other sources. There is a large reduction in the
Gamow-Teller part of the cross sections in all of the domains of temperature, proton fraction, and
density which were studied. Effects of the screened Coulomb force also cause a large reduction in

the opacity arising from the Fermi interaction of the neutrino with protons, in some domains of
density and temperature.

I. INTRODUCTION

In the interior of the supernova core, or in a hot, newly
formed neutron star, the neutrinos, which play a key role
in the dynamics, deleptonization, and early cooling of the
object, have a free path much less than the size of the
core. The opacities and the transport processes which
govern the diffusion of neutrinos out of the core have
been the subject of a number of papers in the last few
years. ' " Nonetheless, the results are incomplete in two
respects.

(1) The teatment of Fermi statistics for nucleons has
been haphazard, and has been largely limited to con-
sideration of cases in which particular species are com-
pletely degenerate or completely nondegenerate. The
conditions that prevail, at different positions and in
different eras, imply that from none to all three of the
species, neutrons, protons, neutrinos, will be degenerate.
(Electrons will be degenerate under almost all cir-
cumstances. ) The degenerate and the nondegenerate lim-
its are always more approachable analytically; but the
reality is that much of the action will be in a domain
which is transitional, for one species or another.

(2) There has been minimal attention to the eff'ects of
interactions on opacities, except for the work of Iwamoto
and Pethick, ' which addresses the degenerate case only,
in the framework of Landau Fermi-liquid theory. In
much of the density domain in which the neutrino opaci-
ty is needed, the strong interactions between nucleons are
important. In addition, the neutrino wavelength will gen-
erally be greater than the interparticle spacing, so that
coherent effects can be important.

The present paper is devoted to a systematization of
the calculations of those opacities which derive from the
neutral current interactions of neutrinos with nucleons,
in the domains in which the neutrino wavelength is of the

order of, or greater than, the internucleon spacing. We
shall consider only neutrinos of energy no more than
around 3k~T, i.e., energies in the thermal range. But,
subject to these limitations, we present a systematic
theory which includes the effects of coherence, nuclear
interactions, and Fermi statistics. The results cannot be
applied to the diffusion of electron neutrinos, in the early
deleptonization era at least, both because of the high en-
ergies of the electron neutrinos involved in this case, and
because of the importance of the charged current interac-
tions. The results are applicable to the heat transfer by
mu and tau neutrinos, and antineutrinos, on all time
scales. Our approach is similar to that of Iwamoto and
Pethick, as it applies to conditions of nucleon degenera-
cy, but it also can be applied to the nondegenerate case.
Results will be given for nondegenerate and transitional
regions of temperature and density in which the effects of
interactions are still important.

In principle, the nuclear physics for the opacities could
be worked out as accurately as the equation of state for
hot matter which is used in building the star. In fact, in
the long-wavelength limit many of the effects of the
strong interactions are expressible in terms of thermo-
dynamic quantities, such as the compressibility, the iso-
spin polarizability, etc. What follows can be motivated
from the following observations about scattering of neu-
trinos from a gas of neutrons, taking into account, in this
example, only the Fermi part of the neutral current in-
teraction:

(a) The diff'erential cross section per unit volume for a
neutrino of energy E passing through this medium to
make a transition with three momentum transfer,

Iql = lp —p',
I
=2E (1 cosi)»

is given by

Q2 fd'pA g & t lp(q) lf & &f lp( —q) It &V dcos8 V f th. av.
5(Ef E; E+E', ), — —
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p(q)= f e''i "p(x)d I . (1.2)

Here p(x) is the density operator for neutrons and G is
the appropriate weak interaction strength for neutrino
neutron interactions. The thermal average is to be taken
over the states ~i ) of the hot nuclear medium. We note
that the energy transfer to the nuclear matter will be of
the order q p/2M «E, where p is a typical nucleon
momentum. Therefore the energy delta function can be
written approximately as 5(E„—E„)and taken out from
under the sum in (1.1), giving

d(7
d cosO

G E
po(1+cos8)S(q),8~

(1.3)

where S(q), the static structure function, is defined as

-1 Tr I [exp —P(H —p»]p(q) p( —q) I

Tr[exp —P(H —pX) ]
=(p, X V) '(p(q)p( —q) & (1.4)

and po is the average nucleon density, and P=T ' (we
take k~ =1}.

(b) In the case in which the neutrons form a nonin-
teracting Fermi gas, the structure function has the famil-
iar representation in terms of the neutron Fermi distribu-
tion, n (p),

S(q)=po ' f n(p)[1 n(p +q—)] .
d p

(2n)
(1.5)

When q & (the interparticle spacing) ', the expansion of
S(q) in powers of q should converge rapidly. We retain
only the first two terms. At low temperatures S can be
expanded in powers of T as well. We obtain

3~q~ (1.6)q

where M is the mass of the nucleon and kz is the nucleon
Fermi momentum.

Thermal neutrinos have energy, and therefore typical
momentum transfers q, of order T, so that the relative
importance of the two terms on the right-hand side of
(1.6) will be determined by the ratios of the coefficients.
For a neutrino of energy as high as 3T, the second term
dominates (because the nucleons are nonrelativistic).

(c) The second term on the right-hand side of (1.6),
which takes into account the effects of nonzero tempera-
ture when q vanishes, is exactly the classical result for the
average thermal density fluctuations of a Quid, ' when we
reexpress the coe%cient of T in terms of the thermo-
dynarnic quantities obtained from the equation of state of
a free Fermi gas,

where V is the volume, the subscript th. av. indicates
thermal average,

2
Q(p')yo(1 —y, )u(p ) (4E E' )

spin

and

where F(po, T) is the free-energy density and Kz the iso-
thermal bulk modulus, Ez- =Bp /Bpo.

(d) The result (1.7) for the long-wavelength fluctua-
tions, in terms of the compressibility, is a general one,
true for all temperatures, valid in both quantum and clas-
sical cases, and in the presence of interactions. ' The fact
that the corrections for finite q are relatively unimportant
in the scattering of thermal neutrinos, for the special case
of noninteracting nucleons in the limit of high-nucleon
degeneracy, suggests that the q =0 limit for S(q) will be
adequate for the treatment of thermal neutrinos under all
conditions. Certainly this approximation becomes better,
rather than worse, as the temperature is raised, or the nu-
cleon density lowered, so that the system becomes less de-
generate.

In the present paper we shall take advantage of the
dominance of the classical terms to examine neutrino
opacities in domains of density and temperature in which
degeneracy ranges from none to complete. In addition to
the Auctuations of neutron density which determined the
Fermi part of the scattering rate in the above example,
we shall need to consider the isospin fluctuations in a
medium of protons and neutrons; the spin fluctuations, in
the presence of spin-dependent forces, in order to deal
with the Gamow-Teller (GT) matrix elements; and the
spin-isospin fluctuations as well.

II. THEORY OF MULTICOMPONENT FLUCTUATIONS

We take the density of free energy, F, to be a function
of the separate densities for the species, p; (in our case
taken to be p, n, each with spin up and spin down), and
the temperature. The chemical potentials of each species
are determined by the solutions to

BF
~pi

=PI (2.1)

a'F
~p~ ~pj z-

(2.3)

The average of 5p;5p. in this distribution is given by

lim(p, (q)p ( —q)}=T(A '); XV, (2.4}
q~0

where we have omitted the 5 symbols applied to the p's,
which are redundant for q&0, in the case of a uniform
medium. The coefficients (A ), are expressible in
terms of the derivatives of the densities with respect to
the chemical potentials

The probability distribution of long-wavelength Quctua-
tions is given by'

Prob. (5p)
=JVexp —(2X V) 'P g A,"+ 5P, (q)5p ( —q)

1&J q

(2.2)

where JV is a normalizing factor, and

lim S(q) =po
' T

$2F
O

(1.7)
Bp.

BpJ.
(2.5)
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The same result is established quantum mechanically, by
direct difFerentiation of (p; ) with respect to the chemical
potentials,

&p;(0)p, (0)& —&p;(0) &&p, (0) &, =P ' (p, (o) &

Bp~

Bp.=P XV, (2.6)
Bp~

where

Trp;(0)exp —P H gp;p—;(0)

(p, (o) &=

w= '

y (p, f[M(p, i)[''
f, spin

= W(Fermi)+ 8'(GT),
where

th. av.

%'e shall take the nucleons to be nonrelativistic, and
make the quasielastic approximation for the neutrino en-
ergies E =E'. The squared matrix element for scatter-
ing from the nuclear medium, summed over states of the
medium, using closure, averaged over a thermal ensemble
of initial states and summed over neutrino spins, is then
given by

etc.

Tr exp —P H —g p;p;(0)
l 8'(Fermi)=32G E,(1+cos0)( a (p„p„) +b (p p )

+2ab (p„p~ ) ) (3.2)

III. WEAK INTERACTION REACTION RATES

In a standard model of the weak interactions the term
in the Lagrangian density which scatters neutrinos from
nucleons is'

—[4.r. (1—r 5)f.]6
2 2

3

W(GT)= ", 6 E (3——cose)g [a (p'„p'„)

+2ac (p'„p' ),
+"&p,p, &,]. (3.3)

X [ay'„r„(1 r5)y„+b—q„'r „q,+cq,'r„r5
(3.1)

Here cosO is the neutrino scattering angle, cosO
=(E q)E, —and the averages which enter are
defined by

(p„p„)~= f e'" "nt(x)n'(x) f e '~ *n t(x')n'(x')

&p'„'p~&~= f e '~ "n (x)o;n(x) f e '~"'pt(x')o p(x')
(3.4)

etc. If we make the further approximation of taking the long-wavlength limit of the correlation functions, we can then
integrate over the neutrino scattering angle to obtain

I = transitions/time

=(nxV) 'X326 E [((bp +ap„)(bp +ap„))+3((cd '+ap~„~)(cpz +ap'„'))] . (3.5)

In the last term on the right-hand side of (3.5) we have
used rotational invariance, and the small q limit, to ex-
press the spin-density correlations which enter the
Gamow-Teller terms as

where KT is the isothermal bulk modulus. It can also be
shown that

I

&(p +p)(p —p)), ,= g, P x V, (3g)p n p n q~0
&p'p'&, 0=~;,&p"'p"'&, 0 ~ (3.6)

&(p, +p. )(p, +p„)), ,=pnc, 'x V, (3.7)

Note, however, that isospin invariance of the nuclear po-
tential does not by itself provide any relation among the
correlation functions in the case of unsymmetrical nu-
clear matter. Of the six independent correlation func-
tions, for the neutral current operators, two combinations
can be determined, in the long-wavelength limit, from an
equation of state calculation. As in (1.7), the nucleon
density correlation can be determined from the compres-
sibility,

where p =p„—p, and the function g expresses the
neutron-to-proton ratio along the equilibrium path

p~ =g (p„).
The usual expressions for the cross section, e.g. , on a

single proton, may be recovered from (3.5) by making the
replacements

(p,p ) V, &p„p„) 0, &p„p & 0,
etc.

For the case of charged current reactions, which will
be discussed in a later paper, the correlation functions
which enter the cross-section formulae will be "off-
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diagonal, "viz. ,

ntpe'q" p~ne

and an extended formalism will be necessary to deal with
them, even in the long-wavelength limit.

IV. ANALYTIC MODELS

Before giving general results in the next sections, we
work out some illustrative models to see the general
effects at work. For analytic simplicity we consider a
case in which, because of low density or high tempera-
ture, Boltzmann statistics are operative for both species.

(i) As a first example, consider a nondegenerate sea of
neutrons interacting through a two-body potential,

(4.1)

Let us consider states with possible density Auctuations
in the z spin component. In the Hartree approximation
the potential energy will then be of the form

U„„,= —(p~+ p„)'+—
(p~

—p„)' .
2 p ' 2

(4.6)

For the evaluation of the Auctuation energy arising
from the nuclear eifects alone, we follow the steps of (i),
above (the only new element being that p Wp„), obtain-
ing

path =cross section X density). The modifications in the
density correlation function depend only on the spin in-
dependent part of the potential, and those of the spin-
density correlation depend only on the spin-dependent
term. Attractions give an enhancement to the correla-
tion, and repulsions give suppression. The effect of the
interaction is highest at the lowest temperature (but, of
course, the temperature must be su%ciently high for
Boltzman statistics to apply, in the above example).

(ii) As a second example, consider a system of neu-
trons and protons interacting through a combination if
isospin independent forces and a symmetry energy"
term, as well as the screened Coulomb forces on the pro-
tons:

U= —(pi+pi) +—(pt —pi) (4.2)

where the first term derives from V, and the second from
V2. (In our later numerical calculations, based on a
Skyrme interaction, exchange and Fermi statistics will be
taken into account. ) The respective densities for spin up
and for spin down are related to the chemical potentials
by

~~p 8 F =a+b+Tp
nuc ~Pp nuc

$2+ =a —b,
c)p Bp

$2+ =a +b +Tp„'
Bp

(4.7a)

(4.7b)

(4.7c)

p &

=
I exp T '[p

&

—(a +b)p &

—(a b)p & ]j—
d k

X f exp( k /2MT), —
(2~)'

pi = [expT '[pi —(a b)pt —(a +—b)pi][

d kX I exp( —k /2MT) .
(2~)'

Differentiating, we obtain

ap) =a+b+Tp)—1

Bpy

(4.3)

To this we add the Coulomb energy due to the Auctua-
tions in proton charge density. If the electron motion is
treated in the Born-Oppenheimer approximation to give
the screened potential for the protons, we can use the
standard results of a one-component plasma calculation.
Since the electrons are very degenerate, the additional
Auctuation free energy is just the fluctuation energy, '

4 2

ca„i()~b = (2 X +) ' X i ~p& (q)~p& (
—

q
q e'(q, O)

2

=(2XV) 'g 5p (q)5p (
—q) . (4.8)

q g +gTF

8/l y BPg =a —b,
Bpg Opt

apg =a+b+Tp~—1

Bpg

(4.4)

Solving for Bp;/Bu, using (2.4), introducing the com-
bination p3=p& —

p&, and setting p3=0 at the end of the
calculation, we obtain

lim[(V)p] '(p(q)p( —q)) 0=(1+2aT 'p)
q~O

(4.5)
lim[(V)p] '(p3(q)p3( —q) ) 0=(1+2bT 'p)
q~O

Note that when the interactions are turned off, we obtain
unity for the structure functions; a noninteracting Boltz-
rnan gas produces Auctuations that exactly give the re-
sults of incoherent scattering (inverse mean free

The appropriate screening wave number, qTF, is that
for a completely relativistic degenerate plasma,
qTF=4X3 m' p e . In the domains of parameters
which we shall consider, it turns out that q is often less
than qT„. Accordingly (in our illustrative example), we
take the long-wavelength limit of the Coulomb term, ob-
taining an additional term to be added to the right-hand
side of (4.7a),

BF
a 2

~p Coulomb

(4.9)

where C =4~e /qT„. Note that this addition is exactly
equivalent to adding a relativistic electron kinetic energy
correction to the energy density function; in the limit of
long-wavelength Auctuations of proton density, the neu-
tralization by electrons must be complete.

As before, we can solve for the three independent
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correlation functions. The diagonal terms are

(&xp ) '(p (q)p ( q)~„o

1+PCp +P(a +b)p—P(a b—) p p„
1+(a +b)Pp„

(&xp„) '(p„(q)p„( —q) )

(a b) p—pp„1+P(a +b)p„—1+(a +b)Pp„+PCp

(4.10)

Looking at the neutron liquid structure factor, in the
case of not-too-strong coupling we see that the inhuence
of the isoscalar force, with coupling parameter a, will be
to enhance the scattering in the case of attraction (the
case for the potentials to be considered) and to suppress
the scattering in the case of repulsion. The symmetry en-

ergy term, b, which is positive in fits to nuclei, tends to
reduce the scattering. The Coulomb effects get fed in
from the proton sector in the higher-order term. Look-
ing at the structure factor for protons, we see the effect of
the Coulomb term as a clear suppression of the proton
part of the opacity. Finally, we observe that the cross
term

'(p„(q)p ( —q) &

P(b —a)p„p~

1+P(a +b)(pp+p„)+4abP p p„
(4.11)

which vanishes in the noninteracting limit, can be quite
significant, since the parameters a and b have different
signs.

V. SKYRMK POTENTIAL

For the most realistic calculation of the correlation
functions for neutral current scattering, we use the mod-
els used in the equation of state calculations themselves.
The two main approaches to the equation of state of neu-
tron star matter have been: (1) variational calculations
beginning from two-body potentials, as carried out exten-
sively by Pandharipande and (2) Hartree calculations
using a Skyrme interaction, as in the application to a
wide variety of nuclear characteristics by Vautherin and
Brink' and the application to hot nuclear matter by Lat-
timer and Ravenhall. ' The latter theory has two essen-
tial features for our calculation of the thermal correla-
tions: it is adapted to the treatment of excited states, and
therefore calculations at finite temperature; and it is easy
to apply.

The Skyrme Hamiltonian consists of a nonlinear func-
tion of the densities and kinetic energy densities of proton
and neutron, with instructions that it is to be used in the
Hartree approximation. The design of the Hamiltonian
is such as to take into account the short-range distortions
of the true wave function, through the potential terms
which depend on the densities of kinetic energy. For nu-
clear matter the application of the Skyrme potential is
particularly simple; the wave functions are of the form of
plane waves. Since we are basing our approach on corre-
lations, it is important to emphasize the distinction be-

tween the short-range correlations in the wave function,
with a range of less than the interparticle spacing, which
are lost in the Hartree approach, and the longer range
correlations at finite temperature which are the subject of
our calculations. The model cannot be used for any
high-momentum-transfer physics, but should be as appl-
icable to the calculation of the long-wavelength thermal
fluctuations as it is to the equation of state.

Following the treatment of Ref. 19, Schrodinger equa-
tions for the single-particle wave functions for the two
species are given in terms of constant self-consistent po-
tentials

(5.1)

where

(M'„) '=M '+-,'(t, +t, )p+ ,'(t, -t, )p—„,
and

to XOU= —[p 1+
2 2

—(p„+p )(xo + —,
'

)]

(5.3)

= g VP'"'VP'"I r= r„+r~ .
k

(5.4)

The parameters in U are give& by to= —1057 MeVfm,
t& =236 MeV fm, t2 = —100 MeV fm, xz =0.288
t3 =14400 MeV fm, and A, =0.516.

In the low to moderate density regime in which we will
be working, the effective mass can be taken to be the
free-nucleon mass, without important changes in the re-
sults. The quantities p and ~ are now to be determined in
terms of the chemical potentials by Fermi integrals,
themselves dependent on the self-consistent potentials,

p; =+(y; ), r; =G(y; ), (5.5)

y;=P[V;(p, p„,r, r„)—p,. ], i =p, n, (5.6)

where

F(y;)=(2m ) (2MT) f duv'u [1+exp(u+y)]
0

G (y; ) =(2n. ) (2MT) ~ f du u [1+exp(u +y)]
0

(5.7)

(5.8)

Differentiating the density functions with respect to the
chemical potentials gives four linear equations for the
quantities Bp; /Bpj,

+ ,'(t, +t, )rp-+ ,'(t, t, -)( p„„r—+pr )

+ l t p[p.p, +~( .'p' p.p,-)] . —

Here p's are densities and ~'s are kinetic-energy densities
times a factor 2M*. That is,
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(5.9)

where we have used the relation

(5.10)

in deriving the last terms on the right-hand side. All of
the coefficients of the (Bp/Bp)'s can be calculated as func-
tions of proton and neutron density, and the system
solved for the density correlation matrix (A ') and the
correlations which enter the opacity formula, (3.5).

The treatment outlined above does not take into ac-
count the Coulomb interactions among the protons and
electrons. In Sec. IV we saw that in the long-wavelength
limit the proton density Auctuations are exactly neutral-
ized by the electron density fluctuations. In this case the
only modification called for, except for correlation energy
and other terms higher order in e, was the addition of an
electron kinetic-energy term, U, (p ), to the energy func-
tional. In the application, however, the Thomas-Fermi
(TF) screening momentum will turn out to be comparable
to the momentum transfer in a neutrino scattering, and
the long-wavelength limit therefore inapplicable to the
screening part of the problem; the nuclear phenomena
are of comfortably shorter range. We can address this
problem by going back to the finite q expression for
Coulomb fiuctuation energy, (4.8). If we follow the for-
malism through for finite q, but keeping only the q depen-
dence from (4.8), it is equivalent to making the following
replacements in (5.9):

BV BV'+,",
Bp& Bp& q +q+&

(5.11a)

(5.11b)

In our numerical calculations, we shall replace q on the
right-hand side of (5.11b) by an estimate of an average
value for momentum transfer, q =2T. This estimate
arises from the following considerations.

(1) It is a commonplace that the average energy in a
Fermi distribution of massless particles at zero chemical
potential is almost as large as 3T. But the integrals
which arise in the transport theory for neutrinos, to ob-
tain the energy Aux in response to a thermal gradient, are
not those that define an average energy. In particular,
because the neutrino cross sections go as the second
power of energy, and go in the denominator of the Aux
integral, the power of E in that integral is reduced from
three to one, and the dominance by large E's is corre-
spondingly reduced.

(2) A neutrino of energy E scattering nearly elastically
may have a momentum transfer of up to 2E. However,
because of the factor of (I+cos8) in the neutral current
scattering cross section, the median momentum transfer
in a collision is approximately E.

A shortcoming in the treatment presented so far is that
it fails to provide the corrections to the Garnow-Teller
terms. The authors of Ref. 18 did not have a reason to
consider a configuration with excess spin in one direction,
but it is necessary, in order to calculate the susceptibili-
ties, to know the energy functional to quadratic order in
the deviations of (p' ') and (p'„') from zero. In the Ap-
pendix, we go back to the local potential from which
Vautherin and Brink calculated the functional of densi-
ties which served as the "potential" in the mean-field ap-
proach, and pick up the terms which result when spin is
not neutralized. We obtain a result which has a rich
dependence on spin (and which is teetering on the brink
of a magnetic phase transition at nuclear densities). But
the result makes little contact with what is thought to be
known about the spin-dependent forces.

Instead, we use a spin-dependent term which is derived
from the Fermi-liquid parameters estimated by Backman,
Brown, and Niskanen, on the combined basis of pi and
rho meson exchange and phenomenology. The forces
arising from pi meson and rho meson exchanges have
been extensively analyzed over the years. The coupling
constants are known, and the forces are thought to sup-
ply the strongest spin-dependent components of the nu-
clear force. In the work of Ref. 20, the spin dependence,
arising largely from pi and rho effects, is embodied in a
term in the (quasiparticle) two-body interaction,

f (k, k')=rr (2M*k~) 'G'(rI r2)(o') o~), (5.12)

where the value of G is approximately 1.7, if kF and M*
are evaluated at the Fermi surface at saturation density.
It is shown in the Appendix that this translates to an ex-
pression for the energy density in terms of the nucleon
densities of

U, z,„(p)=g(pz
—p„) (5.13)

where (=350 MeV fm . In this case, as in the first exam-
ple in Sec. IV, the combinations of densities which are
spin-up —spin-down symmetrical and antisymmetrical
effectively diagonalize the problem, since spin-up and
spin-down states are equally occupied in the equilibrium
state. When the equations which are to be solved for the
16 quantities, Bp;/Bp. , are separated into symmetrical
and antisyrnmetrical parts, the symmetrical parts are as
already given in (5.9), with V standing for the spin-
independent potential only. The spin antisymmetrical
equations are of the form (5.9) also, with the densities,
p„~, replaced by p'„' with chemical potential differences,
p' „', replacing p „;and with the potentials replaced by
those derived from the term (5.13) alone (using 5.3). We
set p& p 0 after the differentiations in 5.9. The functions
F(y) and G(y) are then given by the values used in the
calculations of the Fermi correlations.

We have solved (5.9), and its analogue for the Gamow-
Teller correlations, obtaining the correlation functions
which enter the cross-section formulae (3.5). For the case
of the functions (p„p„), (p p ), (p'„'p'„'), (p' 'p' '),
which are nonvanishing in the absence of interactions, we
present the results in terms of liquid structure factors
(LSF's), S„,Sz, S~ ~, S~ ', where
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S„(0)=p„'V '(p„(q)p„( —q) )

&„"'(0)=p„'& '(p'„"(q)p'„"(—q) )

etc. The results are plotted, as functions of density, in
Figs. 1 and 2 for a variety of values of temperature and
proton ratio. The LSF's for the noninteracting case,
which differ from unity only because of Fermi statistics,
are plotted for comparison. For the case of the correla-
tion functions, (p„p~) and (p'„'p' '), which vanish for
the noninteracting case but enter the cross-section formu-
lae, we plot the dimensionless quantities

&„~(o):—(p„p~) ' '(&) '(p„(q)p~( —q) )q

&„'"—= (p„p ) '
( Ij') '(p'„"(q)p"'( —q) )

in Fig. 3.

VI. DISCUSSION

The results of this work indicate a substantial
modi6cation, due to nuclear interactions, of the correla-

tion functions which enter neutrino opacity formulae.
Most striking are the reduction in the Gamow-Teller part
of the cross sections due to repulsion in the spin-isospin
channel, and the reduction in the Fermi cross sections on
protons due to the Coulomb effects. Perhaps the particu-
larly surprising aspect of our results, at first sight, is the
persistence of significant interaction effects to densities of
2p

nuclear densities. This is the case because the impor-
tance of the interactions on the structure factor depends,
roughly speaking, on the ratio of the interaction energy
to kinetic energy, which falls off only at the rate (densi-
ty)'~, as the density decreases, for the case of the short-
range interactions, and not at all for the screened
Coulomb interactions.

We emphasize again that the methods described here
are limited to the case in which the momentum transfer
to the neutrino, q, is sufticiently small, and that this will
not be true in all of the domains important in the super-
nova problem, although it is true in some of them. How
small is "su%ciently small?" Consideration of the free
Fermi gas can be a guide. The degenerate case will be the
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more restrictive. From (1.5) and (1.6) we can verify that
(1) q (kF/3 (i.e., less than the inverse interparticle spac-
ing), and (2) kF ((M (i.e., nonrelativistic nucleons), to-
gether insure the dominance of the thermal term, the cal-
culation of which has been addressed in this paper. For
an interacting system the new length which could enter

the criterion is the correlation length. If the correlation
length were comparable to, or larger than, the interparti-
cle spacing, then the crition q & kz/3 would be question-
able for the interacting case, but, if not, we expect the
Fermi gas criterion to be applicable. For the nearly non-
degenerate case, which includes most of the temperature
and density region of our calculations, the noninteracting
limit of our results gives a structure factor of unity,
which is the correct answer for a noninteracting system
for values of q up to the region in which the single nu-
cleon form factor starts to enter. For the interacting gas
the scale of the q dependence should again be determined
by a correlation length.

We believe it is premature to try to exhibit definitive
numerical results for total opacities, because we have re-
lied too heavily on the nuclear force model of Ref. 18,
with an ad hoc modification of the spin-dependent terms,
which are necessary for calculation of Gamow-Teller
cross sections. We chose the model of Ref. 18 as the
basis for our numerical estimates because of the fact that
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it is adapted to the study of the nondegenerate case, as
well as the degenerate one, because the susceptibilities
which enter into our density correlation functions are
easily calculated in the model, and because the essential
series of papers' ' ' on the equation of state of hot dense
nuclear matter is based on this model. Other considera-
tions can undoubtedly be brought to bear on specific
terms in the -development presented here, which is why
the presentation of the results in the form of graphs of
the individual correlation functions makes the most
sense. The general formalism as presented in the present
paper can be used with any approach to the nuclear phys-
ics which is capable of describing the excitations of hot
nuclear matter.

V3 = t35(x, —x2 )5(x
&

—x3 ) . (A2)

to
(A3)

In (Al), P is the spin-exchange operator, k and k' are
relative momenta in initial and final states. The form
(5.4), which depends only on the densities and kinetic-
energy densities of the species, results from calculating
the direct and exchange energies to first order in the po-
tential. Consider, for example, the energy generated by
the term tp on the right-hand side of (Al). Since the po-
tential is zero range, the direct and exchange terms di6'er
only in sign and through the traces of spin and isospin
matrices, the result being

APPENDIX

V(k, k')=t, (1+x,P )+-tr, (k'+k')+r, k k'.
The three-body operator is

(A 1)

The Skyrme potential approach of Vautherin and
Brink' is based on zero-range two- and three-body in-
teractions, with phenomenologically determined parame-
ters. The two-body part, omitting a term which does not
contribute to infinite, constant-density matter, is given by

In Ref. 18, these results are simplified by taking equal
densities for spin up and for spin down, p' '=p'„'=0; for
our purposes we need the complete dependence. Similar-
ly, the spin-exchange operator leads to the combination

toxo
(A4)

It is only slightly more complicated to treat the three-
body interaction and the momentum-dependent terms in
the two-body interaction, in the presence of nonvanishing
p'„'and p' '. We find

Ekdependent+threebody 4( tt +t~ )pr + &( t2 tt )(p„re +p&'r&+p„1„+pz r )+,6 t3p[p (p ') —2(—pz ) —2(p'„) ]

(A5)

We comment on the connection between these forms, as used to calculate fluctuations, and the Fermi-liquid theory of
nuclear matter, as discussed in Ref. 20. For the case of degenerate and symmetrical nuclear matter, the Fermi-liquid
theory (FLT), using the Landau parameters recommended in Ref. 20, provides a way of directly determining the suscep-
tibilities, Bp;/Bp, which enter into the long-wavelength limit of the density correlation functions. We begin with the
equations which define the FLT,

and

5E= g e,''(q)5p, (q)+ —g .fJ(q, q')5p, (q)5p. (q')1

q, i z, q', i,j
(A6)

g 5p,.(q)5p. (q')f, (q, q')=n. (2M"*k~) '[p(q)p(q')F+p3 p(q)p3 p(q')F'+pp 3(q)pp 3(q')G+p3 3(q)p3 3(q')G'],
LJ

(Aj)

where F, F', G, G' are functions of cos(8) =Qt.$2, and
the density combinations are defined, in terms of the no-
tation introduced in (3.4), by

It: =p =k (3M*) '( I+Fp),
P

(A9)

P3,o Pp Pn ~

pp(3)+(3)pf pl+pTp (A8)

(3) (3)
P3, 3 Pp Pn

We have, for example, the standard result for the bulk
modulus,

where Fo is the S-wave part of the function, p is the
chemical potential for nucleon number, and p the nu-
cleon number density. The other three susceptibilities for
the case of symmetric nuclear matter can be written in
terms of Fp Gp and Gp [coming from the v, .r2, cr, oz,
and (r, r2)(o, o z) parts of the interaction, respectively].

Note, however, that the form (Aj) is based on an iso-
spin invariant amplitude, in spite of its expression in
terms of third components in isospin (the charge raising
and lowering currents are not of interest in the applica-



874 RAYMOND F. SAWYER 40

tion to neutral current phenomena). This form is not val-
id in the case of unsymmetrical matter, as is evidenced,
for example, by the nonvanishing of the correlation func-
tions, (p„p ) and (p(„'p' l), in the calculations of the
present paper. Thus we can derive Landau parameters to

I

compare with those of Ref. 20 only for the special case of
degenerate, symmetric matter.

We can calculate the S-wave Fermi-liquid parameters
from the second-order variation of the energy calculated
in the Skyrme approach,

5E =—,
' g [E(p,r) ]5p, 5p + g8

J-,

E(p, r) 5p;5r
a a

BPJ. ()1)
(A10)

where E(p, r) is the sum of the terms on the right-hand side of (A3) —(A5). In the degenerate case, we can make the re-
placement r; ~kFp, . Comparing the result with (A7), we obtain

Fo=2M*kFsr ( —„'to+ Spt3+ 8kF&t + ,'kF&2) ———0. 12, Fo =2M*k+m. 1 &o
t +D =0.64,

2
(Al 1)

Gp =2M kFm'
Xp——+ tc+D = —1.1, Gc =2M*k~sr [—,'to+D—]=—0.33,

where

kF Pt3D= (& —
& )—

8 2 1

The numerical values are for the case of k = 1.25F
The values of Fp and Fp are not in strong disagreement

with those of Ref. 20. It should be borne in mind that the
terms involving t, , t2, t3 (and D) in (Al 1) are extremely
density dependent. The interaction part of the symmetry

energy (Fo term), for example, will grow as the negative
quantity D becomes less important at lower density.
Likewise, the Gp term would become positive; there is lit-
tle significance in the fact that in the calculation of (All)
it overshot the value, —1, for which there would be a
transition to a magnetized state. And the spin-isospin pa-
rameter G' would become positive at a slightly lower den-
sity. However, as explained in Sec. V, the spin-dependent
terms of (5.13), with a strong repulsion in the spin-isospin
channel, are much better based in physics.
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