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Coriolis coupling in the rotational bands of deformed odd-odd nuclei
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Evidence is presented for the existence of odd-even staggering in E rotational bands (with
X )0) of odd-qdd nuclei in the rare-earth and actinide regions. Coriolis-coupling calculations have
been carried out for rotational bands in ' 'Tm, "Lu, ' Ta, and ' 'Re. With these calculations, we

are able to reproduce the odd-even staggering observed in these nuclei. In particular, the unusually

strong staggering observed in the K =2+ and 4 bands of '"Re can be understood. Unusual
features in the wave functions of some bands reAect the importance of couplings due to terms other
than Coriolis in the Hamiltonian.

I. INTRODUCTION

It is now well recognized that the Coriolis force plays
an important role in inAuencing the structure of de-
formed nuclei both at low and high spins. Although
many Coriolis band-mixing calculations have been car-
ried out in the past for rotational bands in odd-odd nu-
clei, these calculations have been limited in scope and
have usually attempted to mix only two or three known
bands. In fact, it has generally been thought' that odd-
odd nuclei should have more exact rotational energy sys-
tematics because of the experimentally observed large
moments of inertia and decreased pairing. However, re-
cent high-spin data for the K =2+ and 4 bands in ' Re
exhibit a high degree of distortion. This focused our at-
tention on questions of the degree and the extent to
which Coriolis distortion is present in rotational bands of
odd-odd nuclei. An examination of the experimental
data revealed that practically all K —= ~k~

—k„~ bands
exhibit an odd-even staggering. In a preliminary report,
we explained this odd-even shift for bands with K & 0 in
terms of Coriolis coupling of rotational bands. In the
present paper we report the detailed results of our calcu-
lations and show why the K bands exhibit greater
staggering than do the K+ bands. We show that the
magnitude of the staggering is a function of the quasipar-
ticle matrix elements of the Nilsson orbitals occupied by
the unpaired nucleons. We also identify three basic
mechanisms responsible for staggering and the cases
where they might apply. We find clear evidence for the
effects of second and higher orders of Coriolis coupling.
An important aspect of the present work is that we try to
do a complete Coriolis-coupling calculation, thus includ-
ing both the known and the important unknown bands.

II. EMPIRICAL DATA QN ODD-EVEN STAGGERING

In Figs. 1 and 2 we summarize the empirical evidence
for odd-even staggering in rotational bands of nuclei in
the rare-earth and the actinide regions, respectively. In

these figures, we plot the ratio b,E(I~I —l )i2I vs 2I
for all the K =

~k~
—k„~ bands where experimental data

are available except for K=O bands, which are known to
be staggered as a consequence of the residual neutron-
proton interaction. Although one expects linear behavior
in such a plot if a rotational band behaves according to
the usual I (I+ l) formula, all but two of the bands in Fig.
1 exhibit an odd-even staggering or perturbation in the
sequence of effective values for the rotational parameter.
It can be seen that the magnitude of the staggering is
quite variable, ranging from strong Auctuations to only a
minor effect. The effect is greatest in the case of one of
the K =1+ bands in ' Eu, where the 1+ level has been
pushed above the 2+ level. Certain other bands exhibit
no detectable staggering, e.g. , the K =3+ band of ' Ho
and one of the K =2 bands in ' Ta. %'e have not in-
cluded in our discussion the strong odd-even effect ob-
served in the highly aligned bands of many odd-odd nu-
clei and explicitly labeled as ( h» /z )~(i,3/p )„mixed
bands. 4

In contrast, only one of the nine K+ =
~
k +k„~ bands

in the rare-earth region for which data are available
shows any odd-even staggering. The exception, a
K+=5 band in ' Ho, behaves in a manner indicating
that it might be an (h»/z )~(i,3/p )„mixed band similar to
those observed in ' Ho and ' Ho. If this is the case, the
odd-even staggering can be understood. In making this
survey, we have excluded K+ = 1 bands that arise from a
coupling of a k~ =

—,
' proton and a k„=—,

' neutron. In this

case, since the K+ bands are directly coupled to K =0
bands, they obviously will show an odd-even effect.

Fewer rotational bands have been characterized in the
odd-odd nuclei of the actinide region. The K bands are
summarized in Fig. 2. Included in the figure are
Gallagher-Moszkowski (G-M) doublets with K =2
and K+,= 3 for Am and 4 Am. We conclude that
K bands in the actinide region are also likely to show
odd-even staggering. As for the staggering observed in
the K+ bands, it can be shown to be the direct result of
an odd-even shift present in the K bands under the spe-
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cial situation where one of the odd particles occupies a
k =

—,
' state.

Thus, out of the 43 K band where staggering is ob-
served, 25 are K= 1 bands and the rest are K=2, 3, and 4
bands. The origin of the odd-even staggering in the K=1
bands can immediately be traced to direct Coriolis cou-
pling with the Newby-shifted K=O bands. Therefore, it
seems likely that the staggering in the K=2, 3, and 4
bands is due to higher order Coriolis coupling with the
K=O bands. However, as we shall show, at least two ad-
ditional mechanisms may be operative.

III. THE MODEL AND THE METHODOLOGY
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In our calculations, we have used a two-quasi-particle
plus rotor model (TQPRM) for the description of the
low-lying energy spectra of deformed odd-odd nuclei.
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FIG. 2. Plots of AE(I~I —1)/2I vs 2I for actinide nuclei.
The data in this figure were taken from Ref. 17 and the follow-
ing references: Np (Refs. 37, 38), 24OAm (R'ef. 39), Am (Ref.
39), and Am (Refs. 39, 40). Note that two of the plots corre-
spond to K+ bands, one each in Am and "2Am.
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The intrinsic part is given by a deformed, axially-
symmetric average field H,„(such as in the Nilsson mod-
el); a short-range residual interaction H „, (pairing); a
long-range residual interaction H„b, which is responsible
for the vibrational degree of freedom; and a short-range
neutron-proton interaction V„, so that we have
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FIG. 1. Plots of bE(I~I —1)l2I vs 2I' for K = ~k~
—k„~

bands. Note that the scale is different in four plots of this
figure. The data in this figure were taken from Ref. 17 and the
following references: "Eu (Refs. 18 19) leoTb (Ref. 20), ' Hp
(Ref. 21), ' Hp (Refs. 20, 21), ' Ho (Refs. 20, 22), ' Tm (Refs.
23—25), ' Lu (Refs. 26—29), ' Lu (Refs. 30, 31), "Ta (Refs. 32,
33), "Re (Refs. 2, 34), and ' 'Re (Refs. 35, 36).

2

H„.= 2&(j„+j. +j,j.'»
2

H;„„= [(j~—j~, )+(J'„—j„,)] .

(4b)

(4c)

In Eq. (3), I; and j; (i =1,2,3) represent the components
of total and intrinsic angular momentum, respectively.
is the moment of inertia with respect to the rotation axis.
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We assume that the even-even core is always in its vibra-
tional ground state and, thus, neglect the long-range re-
sidual term H„b, . The intrinsic angular momentum is

given by the sum of the angular momentum of the odd-
proton and the odd-neutron (j=j„+j ). The operators

~i —&~2~ J Ji —V2~ Jn 2n) —Vn2~ and Jp Jpi —Vp2+ ' —= +'' ' —+='„+ '„'—=' +
are the usual shifting operators.

The set of basis eigenvectors corresponds to the eigen-
functions of H,„+H~„,+ (R /2 J )(I —I3 ) and may be
written in the form of the symmetrized product of
Wigner functions D~z and the intrinsic wave functions
IKa& as

K+=(n„+n, ) and K =In~ —n„l . (6)

IKa~=-+ ) = p, n, ) Ip„n„),
IKa~ = —

&
=

I pp+n„& Ip„+n„&,

(7a)

(7b)

The n-p residual interaction V, splits the energy of this
doublet —the so-called G-M splitting. We thus obtain
two rotational bands for each two-quasi-particle
configuration, the separation between the two bands be-
ing the G-M splitting energy. We use the symbol o. =+
to denote the two types of bands E+-. We can now write
intrinsic wave functions IKao ) in terms of the quasipar-
ticle wave function lpn ), as follows: for KWO,

IIMKa &
= 25+1

16m (1+5~O)

&&[D' IK~&+( —1)'+~D' &;IK~&],

for K=O,

IK=o, =-)= -[lp n)lp„—n&
1

—
( 1) lp,

—n&lp. n&] . (7c)

where the index e characterizes the configuration
(a=p„p~) of the odd neutron and the odd proton such
that (H„+H „,)IKa) =(ep„+ep )IKa) and where sp„
and cp are the quasiparticle neutron and proton energies
of the respective quasiparticle states p„and p . K is the
projection of the intrinsic angular momentum onto the
symmetry axis such that j3IKa) =KIKu) and coincides
with the projection of total angular momentum in the
case of an axially symmetric rotor. 8; is the operator
representing rotation around the second intrinsic axis.

A rotational band can be built upon each intrinsic state
IKa). As a consequence of the symmetry of the average
field, the projections Q„and 0 of the single quasiparti-
cle angular momenta on the symmetry axis can couple in
either parallel or antiparallel fashion. This gives rise to
the Gallagher-Moszkowski doublets.

We also employ the usual approximation wherein the
n-p residual interaction is treated in the first-order pertur-
bation theory, thus neglecting all the nondiagonal matrix
elements of V„. We may point out that the effect of non-

diagonal n-p residual interactions has recently been stud-
ied and may play a role in some cases. Even so, we can
neglect these as they do not affect the outcome of our
study, which mainly considers the effects of Coriolis cou-
pling.

We may now write the matrix of the total Hamiltoni-
an, Eq. (1), in an appropriate set of basis functions given

by (5). We shall discuss the choice of the basis later on.
We point out that this includes all of the two-quasi-
particle configurations lying near the Fermi energy which
are supposedly important in Coriolis mixing. To facili-
tate the writing of the Hamiltonian matrix, we further
define the following quantities:

Q ~ =Ep„+sp + &p n;p„n„l v„ lp n;p„n„) + &Ka+ IH;„„IKa+),
=ep„+Ep +&p n;p„—n„l V„ lp

—n;p„—n„)+&K~ IH;„„IKa——)

c.=&p, n, ;p„n„lv„„lp, —n, ;p„n„& .—

(8a)

(8b)

Here E may be called band energies and C is the Newby term. We must point out that our definition of C differs
from the quantity E& of Ref. 6 by a phase factor of parity and by a sign from the quantity B of Ref. 8. The diagonal
matrix elements of H;„„have been absorbed in E which we will treat as a parameter. The term H;„„will also have
nondiagonal matrix elements with the selection rules 4E =AA =40,, =0 so that the intrinsic state of one of the parti-
cles must remain unchanged. In our calculations, we neglect these nondiagonal contributions.

In terms of these definitions the matrix elements of the total Hamiltonian can be expressed as

& IMKa, cr
I HI IMK'a'cr ' )

=5«,5 .5 ~ E + [I(I+1)—K ]+5xo5 (
—1) 'C

2

2

+5«5. ( 1)'+' &p,
—
nlrb,+Ip—, n&&p„nIJ„+—p„n)5„», —

22

+5«5.+5. + & [&p,n, lj,+Ip,'n,'&&p'. n'. IJ. Ip. n. &5„„
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+ &p,'n,' j,+ Ip, n, & & p„n„ Ij„+Ip'. n.' &5„„„5„„,]
2

+5 ~5 [(p~n~IJ~+Ippn~)(p„n„jl„+lp'„—Q'„)5n n ~Pn )/25n

+&p.n. lJ' lp'-n'&&p'"'IJ'lp " »n ~ +isn»,"i/»
2

+5--5-+, [&p.n. IJu+Ip'Q'&&p Q IJ+lp' "'&sn n +isn. .»25n i/2

+&p„n, lJ~+Ip,
' n,'—&&p.n. lj.+lp'. n'. &5„„+,sn, l/25n „,1

+5&os. 5. [—
& p, nl j,+ Ip,'n'&

& p.nl j.+ Ip'n'&sn, n+i

&P,
'—n'I J,'IP, Q & &P'. n'I J. IP.Q &sn, n+1

+( i)'+'(p, nIJ,+Ip,' n—)(p„nlJ„+Ip'„n—)5„„,5„.„,]

+&K,K' —1

g2

2S ( [(I+K')(I —K'+ 1)]'

[5-+5-+' p'"'IJ'lp. ". sn n+is sn n

+&p'. n'. Ij.+Ip„n„»„,„,s,s„„,)Qn, Qn+1 p p Q Q'

+5. s. (&p.,'n,'IJ„'Ip,
. n, —&5„„,5„, „,s, s„„,p' pnpn n n

+&p'„n'„IJ„+lp„n„)s„—, „,s„„,s
+5--5--' P'"'IJ'IP.". sn n +is sn np' p pnpn n n

+ & p'. n'. jI.'Ip.n. »„„„5 s„„.)]5
n n pppp p p

+5 I (I + 1 )—,
' [5 —5 ~ ( (p'„O'„

I
j„+

Ip„—Q )5, 5, 5,5

+( —&)'+'&p„'Q,'Ij,+Ip, —n&5, 5„„,5„„5 ~ }

+5 5 —((p Q„IJ Ip Q)5„,5 5 ~Q, Q+1 pnpn Qn Q

+(—&)"+"&p'„Q'.Ij.'Ip„n&5„, „„5, 5,, „)]]

+~K,K'+ 1

fi
2g 1 [(I—K')(I +K'+1)]'

x[5. 5. (&p, n, ,lJ,+lp,'Q,'&s„„, ,s,, s„„.
+&P n IJ+IP' n' )sn n'+i ' n n' )

((pn IJ lp n )5 /5 5 ~ 5
P' p' pnpn n n

+ & p.n. IJ.+ Ip. —n. &sn, l/25n, 1/25
p p p p

+5. 5. (&p,n, lJ.,+Ip,'n,'&5„„.

+&p.n. lj.+Ip'. n &sn n'+» 'sn n )]4-~o
n* n+ pppp p p
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+5~,,i/'I(I+1)-,'[5.+5 (&p„fl. IJ.+ Ip'. —fl &&n„,l/2~Q', 1/2~Q n'~p p

+( 1—)'+'&p, f), lg, Ip,
—& &&n, l/2~Q', 1/2~n„n'~p p' )

+( —1) +'&p„&, Ij,+Ip', &'&&n, n +'1& &n n )]'I .
P

(10)

Diagonalization of the total Hamiltonian matrix [see Eq.
(10)] for each value of the angular momentum I gives us
the energies E,h„„(I,ao ) for all the bands built on the
two-quasi-particle configuration ~Kao & present in the
basis set of eigenfunctions. The total wave functions of
these bands are thus linear combinations of (5).

In our approach we have neglected the H„;b in Eq. (2).
This term represents the long-range residual interaction
responsible for vibrations of the core and for coupling be-
tween the odd particles and the phonons of the core (po-
larization effects), see, e.g. , Refs. 9—11. Since we are in-
terested only in the low-lying two-quasi-particle states
(and the rotational bands built on them) which lie below
the collective vibrational excitation of odd-odd nuclei, we
expect the coupling of these two-quasi-particle states
with vibrational phonons to be small. Small admixtures
of phonon components in the two-quasi-particle wave
functions can at most lead to minor renormalization of
the intrinsic matrix elements of the j„—~. A similar situa-
tion is found in the particle plus rotor model of odd-A
nuclei, where it has been shown that the attenuation of
the matrix elements j„—can be explained by the inclusion
of phonon components in the intrinsic wave functions. '

We believe that a similar situation exists in odd-odd nu-
clei.

B. The single-particle Hamiltonian

For H„, we use the Nilsson model single-particle
Hamiltonian with its standard parametrization for the
rare-earth and actinide regions. ' The pairing term H „,
appears in Eq. (7)—(9) only through the quasiparticle en-
ergies c. and the renorrnalization of matrix elements of
the operators j—and V„. It has been shown that the
pairing correlations do not contribute to either the G-M
splittings or the Newby shifts. Moreover, as discussed
below, since we treat the band energies E, Eq. (7), the
Newby term, Eq. (8), and sometimes the intrinsic matrix
elements &p'0'~ j+pQ & as free parameters, the inclusion
of H „,in an exclusive manner is not necessary in our ap-
proach.

C. The fitting procedure and selection of parameters

In order to perform a Coriolis-coupling calculation in
as complete a fashion as is practical, it is often necessary
to consider the mixing of several bands representing the
various two-quasi-particle states that are interacting
strongly. Since such calculations can involve a large
number of parameters, it is most appropriate to select nu-
clei where many bands have been characterized experi-
mentally. Even then, it is often necessary to estimate the

+ [( 1) I ohio ~n„, 1/2~Q, 1/2]

where a and a„are decoupling parameters for proton
and neutron configurations, respectively.

The optimal values for all of the variable parameters
were evaluated by minimizing the g value

E,„„,(I,ao ) —E,„,(I,ao )x'= g EE,„,(I,ao )
(12)

where b, ,E„,(I, era) are the experimental errors of the
corresponding energy level. We used the MINUIT code'
to solve this least squares fit problem.

IV. RESULTS AND DISCUSSIQN

We have carried out Coriolis-coupling calculations for
foul nuclei: ' Tm, ' Lu, ' Ta, and ' Re. The first
three were chosen because there are a large amount of ex-
perimental data available for each of them. The nucleus

Re was chosen because a K =2+ and a K =4 band in
this nucleus exhibit significant amounts of staggering
which is somewhat unusual for bands with K & 1.

Generally, we have succeeded in making precise fits to
the levels of rotational bands in these nuclei, even when

energies of certain unidentified bands, e.g. , the crucial
K=O bands whose odd-even staggering can be transmit-
ted to the higher K bands through Coriolis coupling.
Therefore, we obtained estimates for the excitation ener-
gies of unidentified bands by use of a simple, semiempiri-
cal formulation" ' ' that employs the known proper-
ties (excitation energy and rotational parameter) of given
quasiparticle states in neighboring odd-A nuclei. For
unidentified bands in odd-odd nuclei, we assumed a con-
stant value 111'/22=13 keV. The calculations are per-
formed by fitting all of the experimentally known levels in
the rotational bands in question. Variable parameters in-
clude the band energies and rotational parameters for the
experimental levels. The &j

+
& matrix elements were cal-

culated using Nilsson wave functions. ' The most essen-
tial of the matrix elements were also treated as free pa-
rameters and were adjusted in the fitting procedure.
Another important class of free parameters were the
Newby shifts for the K=O bands included in the calcula-
tion. In the case where the Newby shift had not been ob-
served for the nucleus in question but had been detected
in other nuclei, the experimental value was inserted. The
Newby shift E& can be determined from the energies of
two adjacent levels in a K=O band using the expression

E~ =
—,'( —1) +'[E~(I) E~(I —1)]—
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the bands exhibit significant staggering. For E= 1 bands,
the magnitude of the observed staggering is a function of
the following factors: (1) the Nilsson orbitals occupied by
the unpaired nucleons and, hence, the magnitudes of the
(j+ ) matrix elements connecting E=O and K= 1 bands;
(2) the magnitude of the Newby shift in an interacting
K=O band which is also determined by the Nilsson orbit-
als of the unpaired nucleons; (3) the energy difFerence be-
tween interacting levels; and (4) the number of K=O
bands interacting with the %=1 band in question. For
bands with E) 1, the observed staggering has been
transmitted via mixing with bands where E=0 and E= 1.
Thus, staggering in the higher K bands is most likely to
be found among orbitals that couple strongly via Coriolis
mixing, namely those with high j values such as the
configurations arising from the h»&2, iI3/2 and j»&2
spherical orbitals. We also find that terms of the
particle-particle-coupling type can be important in some
cases and may lead to significant admixtures in the wave
functions. Since the e6'ects of rotation-particle coupling

and particle-particle coupling are explicitly included in
our calculations, we believe the parameters obtained in
the level fitting, e.g., the Cz-M splitting energies and New-
by shifts, will be more meaningful. In the following para-
graphs, we will discuss those cases where we derive
values for the Newby shift that are di6'erent from what
one might deduce directly from the experimental level en-
ergies.

A ~76/ g

In total, 56 rotational bands were included in the
Coriolis-mixing calculations for ' Lu. Of these, 16 were
experimentally determined. The calculated parameters
(band energy, rotational parameter, and Newby shift) de-
rived from the level fitting are given in Table I for the ex-
perimentally known bands and for certain K=O bands
whose energies were estimated. Also listed in Table I are
values for (j+ ) matrix elements derived from the level-
fitting calculations and their theoretical counterparts.

For ' Lu, a total of 25 experimental levels in 7

TABLE I. Theoretically calculated bandhead energies for all the known bands and all the interacting K=O bands in ' Lu are
compared with the experimental data. Also given are the parameter values E, R /2S, the Newby shift E&, and those values of (j+ )
which were adjusted. The values in the parentheses are from the experimental data (for Ez) in this or other nuclei and from the
Nilsson model (for (j+ ) ). The empirical values of the Newby shifts are taken from Ref. 16).

Configuration

Proton Neutron

Eexpt

(keV) (keV) (keV) 2g (keV)

—[404]

~ [404]

2 [404]

2 [404]
7 [404]
7 [404]
—' [402]
—' [402]
1 [541]

—', [514]

2 [514]

2 [411]

2 [411]
3 [411]
—', [523]

—,
' [523]
—', [402]
—', [404]
-', [402]
7 [404]

2 [514]
—', [514]
—', [624]

-,'[624]

~ [510]
—,'[S12]

2 [514]
—', [514]

~ [514]
—', [514]
—,'[514]

~ [514]
—', [514]

~ [514]

2 [514]
—', [514]

2 [512]

—,[633]

2 [523]
—', [503]

0—

0+

0—
0+
0—

3

0.0
240.5

198.0

404.0

662.0

641.4

390.2

563.9

639.0
342.5

485.7

727.0

838.0

0.0
240.7

198.4

404. 1

662.0

641.6

390.4

563.9

638.8

342.5

486.5

726.8

838.0

1390.7 1392.3

1057.0 1054.7

1273.0 1277.6

758.9

337.8

820.7

1133.5

—73.4

173.0
188.0
334.0
626.0
629.3

379.0
496.8

682.0

331.9
432.0

685.0

805.0

1341.2

1210.6

1295.5

800.0

464.5

900.0

1100.0

13.20

11.27

11.02

12.0
13.0
12.66

12.03

16.21

13.0

11.85

15.29

11.75

11.0
9.70

11.18

12.71

12.0

9.61

12.14

13.0

—68.9( —69)

155.9(154)

38.0( —28)

126.7(42 —75 )

80.0
—30.0( —26)

( —', [404]
f

—,'[402]/ )p = 1.00(0.47)

( 7[523]+[532]/)p =4.96{5.05)

( —[514]
~

—', [523] i )p =4.45(4. 39 )

( —", [505]~—,
' [514]~ )p =0.80(3.31)

( —', [514]@[512]~ )n = 1.20(1.16)

( 2 [514]
~ z [523] ~ )n = —1.82( 3.63 )

( 2[624]~ —[633]~ )n = 2. 19{5.57)

( —"[615]
i

—[624]
~
)n = 2.88(4. 82)
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positive-parity rotational bands were fitted in the calcula-
tions. Of these, the most important to the subject at
hand are 18 levels that are distributed evenly among a 0+
band at 1057 keV and two 1+ bands at 198 and 342 keV.
The assigned configurations for these bands are the fol-
lowing: 0+[7[523]~——,'[514]„I, the lower 1+[7[404]z
——', [624]„I, and the higher 1+

[ 92 [514]z—
—,
' [514]„I.

Three additional bands with estimated excitation en-
ergies were included in the calculation: a
0+ [ —,'[404] ——,'[633]„I band at 465 keV, a
2+ [—', [514]p ——', [523]„I band at 1700 keV, and a
2+[—2[404]z ——", [615]„I band at 2000 keV. Thus, two
sets of noninteracting bands with K=O, 1, and 2 were
identified and calculated separately, one including those
configurations with a common proton orbital, —', [404]z,
and the other with a common neutron orbital, —', [514]„.
For the purposes of the calculation, these sets were con-
sidered to be reasonably selfcontained in the sense that no
other rotational bands were expected to occur at excita-
tion energies below 2000 keV that would interact strongly
with the members of the set.

The energies for 17 of the experimental levels were
reproduced well in the calculation, particularly for those
levels in the two 1+ bands where root-mean-squared
(rms) deviations were 0.25 —0.30 keV for each band. The
levels in the 0+ band were fit with somewhat less pre-
cision. The rms deviation for the band was 1.7 keV; how-

ever, the experimental energies are also less precise than
for the 1+ bands, e.g., +(1—2) keV as compared with
(+0.1 keV for the 1+ bands. A poor fit was made to the
5+ level of the K=O band where the deviation was —16.9
keV (experimental energy = 1730 keV); this result was not
included in the calculated deviation for the band. The

13

«0

~11I
0)

~10

G 1+,198
+ 1+,342
o 1- 390

,641

20 40
2I

60
I

80 100

quality of the fit to experiment can be seen in Fig. 3
where level spacings are plotted as a function of I for
the /=1 bands of ' Lu and other nuclei. Of course, the
levels are fitted in such a way that the calculated values
are overdetermined. In this problem, there were 13 pa-
rameters that were allowed to vary; these comprised
three bandhead energies, four rotational parameters, two
Newby shifts, and four (j+ ) matrix elements. It should
be noted that certain of the (j+ ) matrix elements also
were used in the fitting of negative parity levels in ' Lu.
To the extent that this occurred, the calculation de-
scribed here is more overdetermined than indicated. Al-
though the quality of the fit obtained here is quite good
and one is able to extract values for bandhead energies

FIG. 4. The staggering plots of four K =1 bands in ' Lu
are plotted together to show the variation in the magnitude of
staggering. See the text for a full discussion.
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FICx. 3. Results of our calculations (dashed lines) are shown in comparison to the experimental data (solid lines) for the four odd-

odd nuclei, Tm, 6Lu l82Ta, an.d Re.
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and rotational parameters that have been corrected for
the effects of Coriolis mixing, of greater significance,
perhaps, are the values of the Newby shifts and (j )
matrix elements derived from the calculation (see Table
I). The Newby shift of the lower-lying 0+ band, although
not known experimentally in ' Lu, was calculated at
+127 keV, a value considerably larger than found for
this band in other odd-odd nuclei. Of the four (j+ ) ma-
trix elements, three had fitted values that were in the
range 40—60% of theoretical; the fourth was fitted at
essentially 100% of theoretical.

A comparable total number of negative-parity levels,
27, were fitted in calculations for ' Lu. Of these, the lev-
els of most interest to this discussion are the 17 levels dis-
tributed among a 0 band at 126.5 keV and two 1

bands at 390 and 641 keV. The assigned configurations
for these bands are the following: 0 ( —', [404]~—

—,'[514]„},the lower 1 I 5[402] —
—,'[514]„},and the

higher 1 t
—,'[404] —

—,
' [512]„}.Three additional bands

with estimated excitation energies were included in this
calculation: a 0 I —,'[402]~ —

—,
' [512]„}band at 800 keV, a

0 I 2 [402]z —
—,
' [523]„} band at 900 keV, and a

0 I —,'[404]~ —
—,'[503]„}band at 1100 keV. The calcula-

tions were made allowing all first-order, 5K=1, Coriolis
interactions to occur between these K=O and 1 negative-
parity bands.

The energies of 16 of the experimental levels were
reproduced fairly well in the calculation; rms deviations
were in the range 0.5 —0.8 keV for each band. An excep-
tion was the 6 level of the higher 1 band where the de-
viation was +4.4 keV (experimental energy=851. 8 keV).
This result was not included in the calculated deviation
for the band. The calculated parameters in this problem
were overdetermined; there were 13 variable parameters.
One of the (j ) matrix elements was fitted at 50% of
theoretical, while several others were either fitted or as-
sumed to be 100% of theoretical (see Table I). The ob-
served staggering in the two K=1 bands is consistent
with mixing with K=O bands whose Newby terms are
positive. Thus, mixing with the two positively shifted
K=O bands at 760 and 820 keV dominates in this prob-
lem. For the K=O band, we calculate a Newby shift
E&=+38 keV whereas this configuration is thought to

exhibit a negative Newby shift, E&= —28 keV, based
upon experimental data for the levels in ' Lu. The inter-
pretation of the experimental data is uncertain enough
that the data are considered to provide only tentative evi-
dence for the sign and value of this Newby shift.

The four K=1 bands in ' Lu are plotted together in
Fig. 4 for comparison. Remarkably, all four bands show
odd-even staggering with the same phase, arising from
mixing with positively shifted K=O bands. The two
positive-parity bands exhibit the greatest magnitude of
staggering and also have lower values for their effective
rotational parameters. The behavior of these bands can
be understood in terms of their strong interactions with
higher-lying 0+ bands, for the band at 198 keV through
Coriolis mixing of [ij3/2] states. As we have already
discussed, the situation for the negative-parity K= 1

bands is more complicated in that there exist several
bands with both positive and negative Newby shifts that
mix with the bands shown in Fig. 4.

While so far the emphasis in this paper has been on
Coriolis mixing of bands with EK= 1, we find that other
types of band mixing arising from)he particle-particle-
coupling (ppc) term can be important in some cases. This
is illustrated by examining the wave functions of levels in
the K=5, I 3[411]„+—,'[514]„}band at 1391 keV in

Lu (Table II). A @=4, I
—', [402] +—,'[512]„}band

mixes strongly in the wave functions; yet, it can only be
coupled indirectly to the K=5 band by way of ppc in-
teractions, as shown in the coupling diagram of Fig. 5.
Also, it is interesting to see significant coupling of a com-
ponent where DE=2, the K=3, I

—2[404]z+ z [521]„}
configuration.

B' Tm

Although a large number of rotational bands have been
identified experimentally in ' Tm, the experimental data
for this nuclide are somewhat deficient in that no infor-
mation exists on the gamma-ray transitions between lev-
els. All of the data so far were derived from particle
spectroscopy with single-nucleon transfer reactions.
Thus, the experimental level energies have uncertainties
of 1 —3 keV and the spin and parity assignments are un-
tested in terms of the experimentally determined transi-

TABLE II. The admixture of wave functions for the 1391-keV band in "Lu.

Proton Neutron I=6 I=7 I=9

~ [411]
-'- [402]

—,
' [402]

—', [402]

—,
' [404]

~ [402]
—'[402]

—,[404]

~ [404]

—', [514]
—', [514]

—,
' [523]
—', [512]
—', [51'-]

-'; [512]

—,
' [s1o]

—,
' [s1o]

—,
' [521]

0.7411

0.0046

0.0568
—0.0503

0.5758

0.0516
—0.0166
—0.3191

0.9430
—0.1247
—0.0956

0.0983
—0.0391

0.2323

0.0353
—0.276
—0.1098

0.8593
—0.1928
—0.1509

0.1252
—0.1096

0.0787
—0.0221
—0.1672
—0.1816

0.8709
—0.2809
—0.1482

0.1797

0.0066

0.2685

0.1054

0.0606
—0.0269

0.8033
—0.3676
—0.1833

0.2415
—0.0070

0.2842

0.1230

0.0339
—0.0547
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+ 7/

K=5

5/2[402] + 5/2[523]

A K=1 Coriolis

K=4

5/2[402] + 3/2 [512] }

6, K=1 Coriolis

w K=1

a K=1

K=5

{ 5/2[402] + 5/2[51 2] }

h, K=O ppc

K=5

{ 7/2[404] + 3/2 f 51 2] }

K=6

{ 5/2[402] + 7/2[514] }

h, K=1 Coriolis

ly reproduced, assuming it results from the inAuence of a
0 I 2[411]~—

—,'[512]„}band calculated to occur at 617
keV. The staggering or perturbation observed in the
3 I —',[404]z —

—,'[510]„}band does not arise so much
from any higher-order coupling to a K=0 band, but rath-
er from the coupling with its G-M partner, the
4 [ —,

' [404]z + —,
' [510]„}band. The Coriolis interaction

between these bands produces perturbations, particularly
in the I=3,4 and I=4,5 level spacings, while levels with
greater angular momentum show regular, rather linear
behavior when plotted as in Fig. 3. In the calculation of
positive-parity bands, the calculated Newby shift for the
unobserved 0+

I
7 [404]~ ——,'[633]„}band is + 130 keV, a

value similar to that calculated for this same band in the
Lu problem and also appreciably larger than found ex-

perimentally in other nuclei.
K=3

{ 5/2[402] + 1/2[51 0] }

K=3

{ 7/2 f404] - 1/2[51 0]
PPC

e

K=3

7/2[404] - 1/2[521] }

FIG. 5. The complex structure of the 1391 keV K=5 band
wave function is explained by the many couplings shown in this
figure. See the text for a full discussion.

tion multipolarities. In total, 56 bands were included in
our Coriolis-mixing calculations for Tm. The experi-
mental data are comprised of 59 levels assigned to 24 ro-
tational bands. In fitting these levels, the number of vari-
able parameters was nearly equal to the number of levels;
the problem was barely overdetermined. The fitted
values for the variable parameters are listed in Table III.
The rotational spacings of the two lowest-lying bands,
those with K =3+ and 1, are fitted adequately in the
calculation, as can be seen in Fig. 3. In our calculation, a
significantly different value for the Newby shift in the
0 [ —,

' [411]~—
—,
' [521]„}band was found as compared

with a value of 26.9 keV that can be extracted directly
from the experimental level energies. For this band, it
appears from the calculation that the most likely spin as-
signments for the levels at 226 and 238 keV are I=2 and
I=1, respectively, rather than the reverse. There are
several negative-parity bands whose levels lie in the ener-

gy range 600—1000 keV and mix together strongly.
Thus, a precise calculation of the levels in a K =1 band
assigned at 611 keV has not been attempted.

182T+

In total, 60 bands were included in the Coriolis-mixing
calculation for ' Ta. The experimental data are
comprised of 55 levels assigned to 18 rotational bands.
The different variable parameters totaled 50; all of these
are listed in Table IV. Among the negative-parity bands,
the rotational spacings were fit well, as shown in Fig. 3.
For the K=1 band, the rms deviation is 0.3 keV; for the
%=3 band, the rms deviation is 0.7 keV. The staggering
observed in the 1 +[402] ——', [512]„}band is accurate-

Slaughter et al. have identified four bands in ' Re
and have made Nilsson assignments on the basis of many
experimental and theoretical arguments. These bands
comprise, two K bands (K =2+ and K =4 ) and two
K+ bands (K =7+ and 9 ). The former both display
large odd-even staggering; the latter do not. The X =7+
(ground state) and K =2+ bands are assigned to the G-M
doublet, I

5 [402] +—', [624]„}.The K =9 band occurs
at 443.6 keV; the excitation energies of the K bands
have not been determined. Based on a calculated G-M
matrix element, the 2+ band is assumed to occur at ap-
proximately 100 keV; it is known experimentally that the
4 band lies 461.3 keV above the 2+ band.

In total, 30 rotational bands were included in the
Coriolis-mixing calculations for ' Re. There have been
24 levels identified experimentally and assigned to the
four known bands. The levels of both positive-parity
bands were fitted in our calculation, but it is the nine ex-
perimental levels of the 2+ band that are of most con-
cern. These levels were fitted in a calculation where six
quantities were varied freely (three band energies, two ro-
tational parameters, and one Newby shift), while an addi-
tional three (j+) matrix elements were permitted to
vary, but in concert with the calculati. ons made for the
three other experimental bands. Values of the variable
quantities are listed in Table V. The rotational spacings
in this band were fit well, as shown in Fig. 3. The rms de-
viation for the levels in the 2 band is 1.4 keV. The ob-
served staggering is the result of mixing with the
1+ @[402] +—', [633]„} and 0+

I —,'[402]~+—,
' [624]„}

bands. For the latter band, we calculate a Newby shift of—25 keV; this band has not been identified experimental-
ly in ' Re or other nuclei. It is of interest to note that
our calculated result is in agreement with an empirical
rule for the sign of Newby shifts in %=0 rotational bands
from pure j shells proposed by Frisk. '

The 15 levels of the negative-parity bands were also
fitted in our calculations. Of these, the nine levels in the
4 @[541] ——,'[624]„} band were of greatest interest.
These were fit in a calculation that included 12 rotational
bands, 6 each in the K++[541] +[i&3&~]„j series and
the K [ —,[541] —[iJ3/2)„} series. Three quantities (two
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band energies and one rotational parameter) were
treated as variables, while various values were inserted in
the calculation for the Newby shift in the
0 I —,'[541]z—

—,'[660]„I band. Seven different (j+ ) ma-
trix elements were also varied, but five of these were addi-
tionally constrained in the calculations for the positive-
parity bands. Although the fit to the level energies of this
4 band is quite ordinary (the rms deviation is 5.2 keV),

the odd-even staggering is faithfully reproduced (Fig. 3).
Since this phenomenon has seldom been observed in rota-
tional bands with E quantum numbers as large as 4, it is
of considerable interest to understand the origin of the
observed odd-even perturbaiions.

The experimentally observed 4 band is thought to be
the lowest-lying member of the E series,
I —,'[541] —[i]3/p]„). Among the neutron orbitals, the

TABLE III. Theoretically calculated bandhead energies for all the known bands and all the interacting K=O bands in ' Tm are
compared with the experimental data. Also given are the parameter values E, A' /22, the Newby shift E~, and those values of (j+ )
which were adjusted. The values in the parentheses are from the experimental data (for E&) in this or other nuclei and from the
Nilsson model (for (j+ ) ). The empirical values of the Newby shifts are taken from Ref. 16.

Configuration

Proton Neutron

Eexpt

(keV)
Ecaie

(keV) (keV)

E
(keV)

2 [411]
—'[411]

2 [411]

2 [411]

2 [411]

—,
' [411]

—,
' [411]

2 [411]
—' [411]

~ [411]

2 [411]
—'[411]
—'[411]

2 [411]

—,
' [411]

—,
' [411]

—,
' [s41]

—,
' [s41]
—[404]

2 [404]

2 [402]

—,
' [402]

~ [530]

~ [530]

~
7[523]

—' [633]
—', [633]

—,
' [521]

—,
' [521]

—,
' [512]
—', [512]

2 [523]

2 [523]
—[521]
—', [521]

—,
' [slo]

—,
' [510]
—' [400]

—,
' [4oo]

2 [402]

2 [402]
—', [633]

2 [633]
—', [633]
—', [633]
—,'[633]
—,
' [633]
—', [633]
—,'[633]
—', [633]

3+

3—

0—

0+

3—

0+

3—
0—

0.0
148.0

3.0

164.0

322

389

857

899

611

699

789

1057

1348

1116

1427

200

337

17

312

731

815

1389

1439

0.0
148.2

2.5

159.6

319.5

394.4

863.4

898.8

613.1

695.8

789.0
880.4

1060.2

1348.0

1116.2

1426.9

204.0
348.4

16.3

312.3

728.2

815~ 3

1401.2

1451.1

368.0

1.9

145.6
—6.5

187.9

305.1

324.2

831.0

876.0

607.3

695.9

765.8

783.3

1081.1

1337.4

1094.9

1414.0

244. 1

250.8

57.0

275.0

809.3

1321.4

1399.2

400.0

12.68

10.05

10.67

10.96

7.80

10.42

11.0
11.0
11.41

11.0
10.05

12.56.
11.67

9.0
11.68

12.76

9.06
12.30

13.0

13.0

13.0

8.10

11.40

7.04

13.0

43.5(26)

0.56

22.4( 18)

40.0(42)

32.0

( —,'[411]l—,'[411])p =
( —'[541]l —,

' [541])p =
( —,

' [541]l—,
' [530])p =

( z [530]l —,
' [530])p =

( z [402] l

—'[411])p =
( —'[521]l—'[521])n =
( —'[521]l—'[510])n =
( —'[510]l—,'[510])n =
( —,

' [400] l —,
' [400] )n =

0.72(0.96)
—1.97( —3.78)
—3.21( —2.41)
0.64(2. 56)

2.64(2. 34)
—1.98( —0.84)

1.68(2.60)

0. 10( —0.01)
—0. 19(—0. 14)

( 3 [521]l

—'[521]) n

( —,
' [521]l —,

' [510])n

( —[512]l —,
' [521] )n

( —[523]l

—[521])n

( —', [633]+[642] ) n

( —', [624] l
—', [633]) n

( —', [514]l —,
' [512])n

( ~ [514]+[523])n

—0.67( —0.23)

2.79(1.56)

3.83(3.73)

0.40( 1.29)

4.85(6. 13)

1.89(5.63)

1.30(1.17)

1.69(3.61)
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—', [624] orbital is known to occur lowest, in fact as the
ground state, in ' '%.- Also, it displays in ' 'W very
significant odd-even staggering whose amplitude in-
creases dramatically with increasing angular momentum
In ' Re odd-even staggering is the product of the Newby
shift in the X =0 I —,'[541] —

—,'[660]„I band which we
estimate to exist at 2000 keV. Since this band has
Q =Q„=—,', the observed shift between the odd- and
even-spin members of the band will include contributions
both from the usual matrix element that arises from the
residual n-p interaction and from a term of the form
(A' /22)a a„. This latter term will be rather large, 217
keV if one adopts the values given in Table V. Since the
signs of the a and a„values are the same and if one as-
sumes a nominal value of 100 keV (or less) for the matrix
element from the residual interaction, the magnitude of
the Newby shift in this band will be largest if the matrix
element has a positive sign. An interesting point is that

the phase of the odd-even staggering observed in the 4
band is opposite to that expected if the elements of the
Newby shift are positive.

An even more significant origin for the observed
staggering has been found to exist, however. This is the
odd-even staggering that occurs in the
K+

I —,'[541]~+[i,3/2]„] series of rotational bands that
also exist in ' Re. The K= 1 band in this series couples
to the K=0 band previously discussed through AK= 1

Coriolis mixing, but it is the nature of the matrix element
for this coupling that is of interest. The matrix element
takes the form

( I l—22)[I(I +1)]'~ [a +a„(—1) '] .

Thus, the Cori olis mixing has an odd-even alteration in
absolute magnitude of the matrix elements. The K
series of bands display an interesting property in that the
lower-lying members of the series are rotational bands

TABLE IV. Theoretically calculated bandhead energies for all the known bands and all the interacting K=O bands in "Ta are
compared with the experimental data. Also given are the parameter values E, A' /22, the Newby shift E&, and those values of (j+ )
which were adjusted. The values in the parentheses are from the experimental data (for E~ ) in this or other nuclei and from the
Nilsson model (for (j+ ) ). The empirical values of the Newby shifts are taken from Ref. 16.

Configuration

Proton Neutron

Eexpt

(kev) (keV) 2J
Ew

(keV )

2 [404]
—'[404]
—[404]

2 [404]
—'[404]
—[404]
—[404]

2 [404]
—[404]
—[514]

2 [S14]

-,'[s14]
—[514]
—[514]
—', [514]
—'[402]
—', [402]
-', [4o2]

2 [404]
—'[404]

2 [411]

~ [510]
—'[S10]
9 [624]
3 [512]
—'[512]
—,
' [503]
—[503)

—"[615]
—,'[514]
—'[510]
—,
' [510]
—', [624]

2 [512]

2 [512]
—", [61s]

—,
' [s lo]

—,
' [s lo]

—,[512]

~ [514]
—', [633]

—,
' [512]

0—

10—

0+
0—

10

0.0
1 14.0

592.9

173.0

270.0

584.0

777.0

402.6

1 1 16.2

16.5

150.4

652.6

250.0

397.0

5 19.8

547. 1

647.7

443.6

0.0
1 17.8

592.8

173.1

778.7

402.7

1118.1

150.0
652.0
250.1

397.9

5 19.7

546.7

647.2

1269.9

420.0
616.6

—38.1

40.3 '

584.0

1 14.5

239.2

558.0
684.3

390.5

1025.0
—43.0

104.7

535.0
208.9

323.2

477.5

625.1

432.4

1200.0
550.0
627.3

13.36

17.8

8.76

12.41

15.62

13.5

13.74

16.03

13.99

13.41

12.43

13.0

14.82

13.81

1 1.84

14.4 1

12.96

12.78

13.80

9.0
9.86

—26.5( —26 )

—70.0( —69 )

130.0( 35 —56)

9.5

( —', [404]
~

—', [402] )p = 0.64(0.48)

( ~ [514]@[523])p= 2. 16(4.40)

( z[ 1 5]~-0'[ l 5])0n = —0.20( —1.01}

( —,'[624]~ —,'[633])n = O. 2O(S. S4)

( —,'[512]~—2[510])n = —0.33( —0.33)

( —' [501]P [510])n = —1.65 ( —1.85 )

( —'[S03]@[512])n = 1.So(1.16)

( —"[615]l-',[624])n = 3 11(4 81}
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TABLE V. Theoretically calculated bandhead energies for all the known bands and all the interacting K=O bands in ' Re are
compared with the experimental data. Also given are the parameter values E, fi /2J, the Newby shift Ez, and those values of (j+ )
which were adjusted. The values in the parentheses are from the experimental data (for E&) in this or other nuclei and from the
Nilsson model (for (j+ ) ). The empirical values of the Newby shifts are taken from Ref. 16.

Configuration
Proton Neutron

+expt

(keV)
E.ai.

(keV)

E
(keV)

—,
' [402]
—[402]

2 [541]

—,
' [541]

—,
' [541]

—,
' [402]

—,
' [541]

9 [624]
-', [624]

—,'[624]

-,'[624]
29 [624]

—,'[642]

—,
' [660] 0—

(100.0)

443. 1

{561.3)

98.5

553.1

857.7

1083.5

2092.5

—74.5

84. 1

424.2

528.3

821.6

1031.9

2000.0

13.9

12.6

14.5

15.4

15.6

8.5

13.5

—25.1

—50.0

( —'[402]@[411])p = 1.40(2.38)

( —,'[404]~ —,'[402])p = 0.48(0.48)

( —'[411]
i
—'[411])p = —1.17( —1.17)

( 2 [514]I

7 [523])p = 3.35(4.40)

( z [541]
~

—'[541])p.= —2. 10( —4.60)

( 2 [660]l z [660])n = —6.72( —6.72)

( —[651]I~I[660])n= 5.65(6 65)

( —'[642]~ —,[651])n = 5.34(6.44)

( —[633]@[642])n= 3.54(6. 10)

( —,[624]+[633])n = 3.51(5.59)

with odd-even staggering of a certain phase and the
higher-lying members of the series are rotational bands
with odd-even staggering of the opposite phase. Finally,
then, the low-lying %=5 band of the K+ series interacts
with the experimentally seen %=4 band of the E series
(the matrix element here is equal in magnitude to a, or
2.1 keV). For ' Re, this interaction is dominant and is
responsible for the observed odd-even staggering. A
value of +50 keV was assumed for the residual-
interaction matrix the calculation proved to be some-
what insensitive to the value assumed.

V. CONCLUSIONS

We observe an odd-even staggering in most of the E
bands of odd-odd rare-earth and actinide nuclei. To ex-
plain the staggering, which is observed in K =1, 2, 3,
and 4 bands, we have done detailed Coriolis-mixing cal-
culations that are nearly complete in the sense that all the
important bands with either known or estimated energies
were taken into account. Successful reproduction of the
odd-even staggering in four nuclei, where calculations
were done, implies that the odd-even staggering is indeed
a result of Coriolis mixing. An analysis of the results re-
vealed that at least three mechanisms may be responsible
for the odd-even staggering. The most important of these
is mixing with Newby-shifted E=O bands, which occurs
directly in the case of E= 1 bands and through successive
6K=1 Coriolis couplings for bands with E&1, Some
perturbations in level spacings can be seen when there is
multiple band mixing with successively increasing values
of E. Finally, at much higher angular rnomenta than
considered here, the decoupling of an unpaired nucleon

and bandcrossings can contribute to staggered behavior
in rotational bands.

Also, it has become clear from our study that K
bands are more staggered than E+ bands because the
former can be coupled more directly to Newby-shifted
K=O bands. The amount of staggering may be large or
small depending on a number of factors such as Nilsson
orbitals occupied by the unpaired nucleons, the value of
(j+ ), and the closeness and the number of interacting
K=O bands.

Our calculations reveal the importance of coupling
terms other than the Coriolis term, namely those that de-
scribe particle-particle coupling in the Hamiltonian. We
find that this may lead to an admixture of configurations
in the wave functions that are coupled to the main com-
ponent in the third and the fourth order.

We can also calculate pure values of the Newby shift
(E&) and the G-M splitting energy that are free from the
Coriolis-admixture effects. These values in many cases
differ significantly from those found directly from the
data by using a diagonal expression. We consider these
values as more appropriate for comparison with theoreti-
cal calculations.
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