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We propose a model for a relativistic many-body system at finite temperature in the framework of
thermo field dynamics, which is a real-time formalism of finite-temperature field theory. Our model

contains the scalar (o.) and the vector (co) mesons as well as the Dirac nucleon. The full propagator
and self-energy for each particle are presented in terms of spectral representations. The Feynman

rules for a perturbation expansion are shown. They are applied to the study of collective modes in

hot and dense matter within the random-phase approximation. The dispersion relations of the lon-

gitudinal and transverse co11ective modes in the meson branch are calculated. We also estimate the

effective meson mass which is defined as the energy needed to create one meson at rest in extreme

matter. The effects of vacuum fluctuations are also examined. They contribute a fair amount to the

collective modes through the effective nucleon mass.

I. INTRODUCTION

It is very interesting to investigate matter under ex-
treme conditions. In future experiments of very energetic
heavy-ion collisions, very hot and dense hadronic matter
and/or quark droplets will be produced and give us much
information about new phases of matter. ' We can also
obtain a lot of knowledge of superdense matter by de-
tailed observations of astronomical phenomena such as
neutron stars, cooling of supernovas, etc.

The investigation of matter with densities greater than
a few times normal nuclear density and/or at tempera-
tures beyond about 100 MeV should be based on a reli-
able relativistic model instead of a static potential ap-
proach in the conventional nonrelativistic many-body
theory. It is required in such a relativistic model that the
properties of normal nuclear matter at zero temperature
be well reproduced, and that the explicit mesonic and
(anti) nucleonic degrees of freedom can be easily handled.
Walecka's relativistic field theory for hadronic matter
does satisfy such requirements, and hence it can be used
to study properties of extreme matter. His model (the
relativistic cr-co model) contains neutral scalar cr mesons
and neutral vector co mesons: they are responsible for the
observed short-range repulsive and long-range attractive
force between two nucleons in the static limit. Recently
this model has been applied to various fields of nuclear
physics with great success.

In this paper, we extend Walecka's theory at zero tem-
perature to the one at finite temperature using the frame-
work of thermo field dynamics (TFD), and study collec-
tive modes in hot and dense hadronic matter. The
Hartree-Pock calculation of such a system is also per-
formed and wi11 be reported elsewhere.

TFD is a real-time formalism of the statistical field
theory first proposed by Leplae, Mancini, and Umezawa
in 1974 and then settled by Takahashi and Umezawa. It
is very powerful for describing many-body systems at
finite temperature. ' Since the Hilbert space is doubled

in TFD, each field operator has two independent com-
ponents as the thermal doublet. Correspondingly, the
Green's functions, self-energies, etc. are expressed by the
thermal matrices. By virtue of the extension of the Hil-
bert space, one can avoid some troubles which appear in
a naive real-time formalism. " Moreover, because the
Gell-Mann-Low formula and the Wick's theorem for the
perturbation expansion are available in TFD, the usual
perturbation theory at zero temperature can be extended
quite naturally to finite temperature.

This paper is organized as follows. In Sec. II we re-
view thermo Geld dynamics and show an example of the
scalar field in order to illustrate the content of TFD.

In Sec. III the relativistic o.-co model at Gnite tempera-
ture in TFD is summarized. We present the Feynman
rules for the perturbation theory and the spectral repre-
sentations for the full propagator and proper self-energy
of each field. The propagator and self-energy are given in
terms of the thermal 2X2 matrices and can be expressed
in quite simple forms when we introduce the matrices
Utt(po) and U~(po) for boson and fermion fields respec-
tively, where po is the energy of a particle. These two
matrices characterize the canonical transformations ap-
pearing in TFD. One can immediately see that our mod-
el is a natural extension of the o.-co model of Walecka:
the correspondence between the two is easily found.

In Sec. IV the collective modes in hot (up to a few hun-
dred MeV) and dense (up to about 2 times normal nuclear
density) matter are studied within the random-phase ap-
proximation (RPA). The formal expression of collective
modes is presented in terms of spectral functions. In the
calculations, we use the Dirac nucleon propagator ob-
tained by the relativistic Hartree approximation which
includes the effects of vacuum fluctuations (VF). ' Then
the results are compared with those obtained by using the
free propagator in order to illustrate the role of the
effective nucleon mass. We study the dispersion relations
of the longitudinal and transverse collective modes which
approach the mode of meson propagation in the limit of
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low temperature and density. The temperature and den-
sity dependence of such modes is reported. Next, we ex-
amine the effects of temperature and density on the
meson masses in extreme matter. In experiments of ener-
getic heavy-ion collisions, the detection of a change of the
invariant meson mass may be a key to finding exotic
matter. We define an effective meson mass as the energy
needed to create one meson at rest. In the framework of
the RPA, we have found a considerable change of meson
masses. The effects of VF corrections are also examined.
They fairly contribute to the collective modes through
the effective mass of the Dirac nucleon given by the rela-
tivistic Hartree calculation.

In Sec. V, we summarize our results and give some re-
marks on the present model.

A (x)
A(x)

A (0)
&P x —iP x

A (0) (2.10)

for V A C Vl and VA E 8', where X„ is the fermion num-
ber of 3, ' and

1 for bosonic 3,
0 i for fermionic 3 . (2.12)

This implies that the total Lagrangian density should be
defined by J =X—X. (v) The thermal state condi-
tion' '

A(t, x)lo(p) & =~pe " A t(t —ip/2, x)10(p) &,

(2.1 1)

II. REVIEW OF TFD

The main purpose of TFD is to express the thermal
average of an arbitrary operator 3 as the expectation
value with respect to the temperature-dependent vacuum
I0(P) &

(A &=Tr(Ae @H I' ')/Tr(e t3'0 I' ')

= (0(P) I
A I0(P) &,

(2.1)

(2.2)

where p—:1/kz T, H is the total Hamiltonian of the sys-
tem, p is the chemical potential, and 8 is the Baryon
number operator. For this purpose, the Hilbert space in
which the system is described is doubled, namely, a ficti-
tious operator set VE= I A I is introduced in addition to
the physical set Vl= [ A I. The Fock space is also dou-
bled. There is the one-to-one correspondence called the
tilde conjugation between the two sets. In TFD, the
operators and vacuum are governed by the following ax-
ioms. ' (i) The equal time (anti) commutation relations

The well-known Kubo-Martin-Schwinger (KMS) condi-
tion' is led from Eq. (2.11). (vi) The double tilde-
conjugation rule'

A=A for VAR'M. (2.13)

Now let us see heuristically why the thermal average of
A, Eq. (2.1), is equivalent to the vacuum expectation
value of A, Eq. (2.2). For definiteness and simplicity, we
consider the real scalar field P(x) with mass m. The field
P(x) and the tilde-conjugated one P(x) are assumed to be-
come their asymptotic fields P;„(x) and P;„(x) when the
interaction is switched off in the infinite past:

y(x)
P(x) P;„(x)

The fields P;„(x) and P;„(x), which obey the free-field
equation, can be expanded by plane waves

[A(t),B(t)]+=0 for VA(t)EVl, VB(t)e8. (2.3)
(2.15)

The upper sign is relevant when both operators are fer-
mionic, while the lower sign is relevant otherwise. (ii)
The tilde-conjugation rules

P0
—Q)

(AB) =A B,
(ciA+czB) =c*, A+c2B,
(At) =A t,

(2.4)

(2.5)

(2.6)

(2.16)

where co =(p +m )'~, and 0 is the volume of the sys-
tem. The creation and annihilation operators satisfy the
following commutation relations:

[i0(P) &] = I0(P) & . (2.7)

(iv) The space-time translation generated by the energy-
momentum operator P"=(H,P):

A (x)=e' '"A (0)e

A(x)=e ' "A(0)e' '

(2.8)

(2.9)

for VA, BE'M, VA, BEVl, and c„c2&C. (iii) The in-
variance of the vacuum under the tilde-conjugation

[ap, aq] = [av, a, ]=a (2.17)

a, io&=a, io&=0. (2.18)

Next, we perform the following Bogoliubov transforma-
tion, and introduce the temperature-dependent operator
and vacuum along the line of Takahashi and Umezawa:

a (p) =e ' a&e' (2.19)

and all other commutators vanish. The vacuum ~0& for
these operators is defined as

for VA, P"HVl, and VA, P "HV/. Note that the above
two equations are unified when we introduce the operator
P "=P"—P ":

a~(p)—:e ' a~e'

lO(P) & =—e-"lo&,
(2.20)

(2.21)
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where the generator 6 of the transformation is given by

6=i g 8&(a~a &
—a a ) .

P

(2.22)

'a~ cosh8~ sinh8~ a~(P)
sinh8 cosh8 a tip) (2.23)

The pair of operators in Eq. (2.23) is called the thermal
doublet. The new transformed operators satisfy the fol-
lowing commutation relations:

Here 0„ is the angle of the transformation. The Fock
space is spanned by the set of operators [a (P),a (P)]
and the vacuum ~0(p)). Note that Eqs. (2.19) and (2.20)
can be rewritten as

and all other commutators vanish. The new vacuum has
the property of

a (P) ~0(P) ) =a (P) ~0(P) ) =0 . (2.25)

1
slnh Op=

e ~ —1
(2.27)

To determine the angle parameter OP, we evaluate the
thermal average of the number operator a ~a with
respect to ~0(P) ) as

(0(P)~a@a@~0(P))=sinh 8p, (2.26)

where Eq. (2.23) has been used. Since the left-hand side
of Eq. (2.26) should give the Bose distribution function,
we choose the angle as

[a~(p), a q(p)] = [ap(p), a q(p)] =5~, (2.24) Using Eq. (2.21), we can write ~0(p) ) as

~0(p)) = g (1/cosh8~) exp(a&a ztanh8&)~0) (2.28)

= Q(1 —e ')' exp(aiba te ' )~0)
P

(2.29)

e ~ (a )(a ) ~0)n! (2.30)

n 1,n2,

exp[ P(n—, co, +nzcoz+ . )/2]~n, n2 . )CI ~n, nz . ), (2.31)

l

where, in the last line, we have numbered the states and defined

~n&nz . )8~n&n2 . )=, ,
(a, ) '(at2) ' (a t) '(a z)

' ~0) .1
~ ~ ~n i!n2!

We can now calculate the thermal average of A as

(2.32)

n&, n2

exp[ —P(n, co, +n2co2+ . )/2]exp[ P(nIc—o, +nzco2+ )/2]
I I

n&, n&

X(n, n, ~A~n', n,'. )(n, n, . . . jnIn,' . . )

exp[ p(n, co—, +n2~2+ . . )](n, n~ . ~A~n, n2 . . )

(2.33)

(2.34)

=Tr(Ae ~ )/Tr(e ~ ) . (2.35)

Note that when 0 is written in terms of asymptotic fields,
it takes the form of a free Hamiltonian. Equation (2.35)
is the expected result for the real scalar field [cf. Eq.
(2.1)]. The case of fermion or vector boson can also be
considered in a similar way.

As illustrated above, the thermal average in TFD is
given by the vacuum expectation value by virtue of the
doubled Hilbert space. As we shall see later, the pertur-
bation theory using the Feynman diagram technique is
available in TFD, ' ' and free propagators at finite tem-
perature are separated into two parts: the temperature-
independent part and the temperature-dependent part.

The renormalization at finite temperature is hence possi-
ble by using appropriate counterterms set up at zero tem-
perature. ' ' In the imaginary-time formalism of the
finite temperature field theory, one finds that the fre-
quency sum and the analytic continuation of frequency
variables are very complicated, and that the use of many
properties of operator formalism such as the dynamical
map, the Ward-Takahashi identities, etc. is quite difficult.
Moreover, one sometimes encounters the ill-defined
singularity such as [5(p —m )]" in the real-time formal-
ism of Ref. 11. We can avoid all of these difficulties when
the TFD formalism is used. ' The equivalence of TFD to
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the path ordered formalism, the C'-algebra approach,
etc. are studied in Refs. 10, 17, and 22. For further dis-
cussions on TFD, see Ref. 9.

[a,a ]+=5, 5 q,

[n, n t ]+=5„5~,

(3.7)

(3.8)

III. THE cr-a) MODEL IN TFD

In this section, we develop the o.-~ model in TFD, and
present the Feynman rules and some useful relations for
perturbative calculations. We consider that the system is
static and uniform.

and other commutators vanish, where a (a) stands for
the creation (annihilation) operator for each particle and
v denotes quantum states except for momenta. Then we
define the thermal doublet for each field as

A. Free Selds

The free fields for the Dirac nucleon (P), cr meson (P),
and co meson ( V") are expanded in terms of plane waves
as

iI'r(x) = —g [c~,u (p, s)e '~' +d, u (p, s)e'~ "] z
p, s

(3.1)

(a) x)
q(2)(x) = . tq t( )

y"'(x) y(x)y"(x)—:y(p)( )
=

y( )

'
v„"'(x) v„(x)

y(&) (+ )
p '"'= vp(2)(x) vp(x)

(3.9)

(3.10)

(3.11)

P(x)= —g (a~e '&' +a~e'~' )~Q p +2a), (p)

1 + e~(p, A, ) .

v 0 p i +2a)„(p)

X(b ie 'i' +b ie ')'") =„( ),

(3.2)

(3.3)

where t means the transposition with respect to the spi-
nor index, and a (=1 or 2) specifies a component of the
thermal doublet. The first component (a =1) is physical,
and the other is fictitious.

Now the temperature can be taken into account by the
8ogoliubov transformation which introduces the
temperature-dependent operators [a~ ((3),n z (p) ] and
the temperature-dependent unperturbed vacuum ~O, P):

where g stands for 0f d p/(2~), s specifies a spin
state of the Dirac nucleon, and X denotes a component of
the polarization vector e" for the cu meson. The ener-
gies of the nucleon and o. and co mesons are expressed by
Z =(M +p )'~, a), (p)=(m, +p )', and co„(p)=(m,
+p )' with their masses M, m„and m, . The creation
(annihilation) operators of the nucleon, antinucleon, and
o. and co mesons are c (c), d (d), a (a) and b (b), respec-
tively. Here we follow the notation of Serot and Walec-
ka. The tilde-fields are similarly expanded as follows:

Cp, s
~~
ECps

cosO+ sinO+
—sinO+ cos0+

c~, (P)

ic p, (P)

cos0 sinO

—sinO cosO

d, (P)

id, (P)

a cosh8, sinh8, a (P)

a t sinh8, cosh8, a t(p)

(3.12)

(3.13)

(3.14)

g(x) = —g [c,u *(p,s)e'~'1

p, s

+d ~,U*(p, s)e '~' ] z (3.4)

and

c osh„8si nh„8' (P)

sinh8, cosh8, b t z(p)
(3.15)

P(x)= —g (a e'~' +a e ')'
) „( ),

i, +2', (p)

(3.&)

e"(
Vp( )

1 y e (P&~ (b
' ipx

+ p, i, V 2a)U(p)

+b v, ,e-"), .(,)
.

(3.6)

a (p) ~0,p) =n (p) 0, /3) =0 . (3.16)

Pis P~S

1 nucleon
=sin O+= for

1+ P( +p) antinucleon1+e

The angles of O's are determined so as to reproduce the
thermal distribution of each particle. They are given by

Here the creation and annihilation operators follow the
usual commutation relations: and

(3.17)
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r

g, ., (p, l3)= —
&0,PI 5t

(2~)'
p, A, p, A.

1=sinh O, =
(', ) pro, (p)

( )
e ' —1

lo, p&

scalaI
for vector (3.18)

The temperature-dependent creation and annihilation
operators obey similar commutation relations to Eqs.
(3.7) and (3.8), i.e.,

G ' '(p)= UF(p())
G (p)

0
0

GO~( )
UF '(po)

P aP

(ab)

[a (/3), at, (P) j=5 .5

[ap (p), aq (p)]=5„5
(3.19)

(3.20)

Now the free propagator for each field can be written
in the form of the thermal 2X 2 matrix. ' *

where

Ub(po) =
cosO sinO

—sinO cosO
Po Po

(3.28)

(3.29)

1. Dirac nucleon propagator 6 +~ '

The Dirac nucleon propagator is defined as

1go(gb)(x1 —x2) —= &o,plTq' (x))y p"(x2)lo, p& (3.21)

g (p) =(/+M)/(p M+—i e) . (3.30)

In Eq. (3.28), the Q means that one must take the com-
plex conjugation of G except for y matrices in it. We
can find relations among the components of the thermal
2X2 matrix- Go(12) Go(21) and Go(22) Go(ii)~

ap ap an ap a/3

1f—d'p'e ' ' G ' '(p) (3.22)

where d"p—:d "p/(2m. )". The propagator can be separat-
ed into two parts, i.e., the usual Feynman part GF & (p)
and the density-dependent part GD'()'(p):

2. o meson propagator 6+' '

The free propagator

16,""'(x,—x, ) —= & o,yl Ty"(x, )y("(x, ) lo, P & (3.31)

(3.32)
gO(ab)(p) go( )(p)+gO(ab)(p)

I

where

GF".g '(p) =(p+M).,
(ab)

(3.23)
is given by

gO(ab)(p) —gO(ab)( )+g0(ab)( (3.33)

1

p —M +is

0

0

1

p —M —it-

(3.24)
g0(ab)(p )

1

p —m +ic.

' (ab)

(3.34)

s1n OpPo
X

—, sin2O
Po

—sin O
Po

with

&(PO) &( —P() )
cosO +1'p

( 1+e—x)1/2 ( 1+ x)1/2

e "/ 0(PO)
sinO (1+ x)1/2

e 8( —
p() )

x)1/2

GD('g (p) =2mi5(p M)(p—+M)
13

(ab)
—,
' sin2O

Po
(3.25)

(3.26)

(3.27)

~0( b'(p) = 2~1 5(p'—m')—
r

s1nh y
X I

~ sinh2cpPPo

with

1
cosh

e
—

lyl &2

sinh PEP
( 1

—)y()1/2

P Pl EE

(ab)
sinh2tppPp

sinh yPo

(3.35)

(3.36)

(3.37)

where x =p(pO —)(2). The 8(po) is the usual step func-
tion. Moreover, the propagator can be rewritten in a
very simple form when we use the matrix U~(pO) which
characterizes the Bogoliubov transformation for fer-
mion:

where y =ppO. If we use the matrix for boson field

'cosh' sinhyPo Po
U sinhy cosh'Po Po

(3.38)
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0
g Oa( )

UB(PO)

we can rewrite the propagator in a simple form as

(p)
gO(ab)(p ) U (p )

(ab)

(3.39)
X

2 slnh2+ppp
sinh ypo

DD'„' '(p) = —2mi5(p —m„)g„,(p)

(ab)
slnh 9 p 2 sinh2vppo 2 po

(3.45)

where

b, (p)=1/(p m—, +ic). , (3.40)

with g'„= —g„,+p~, /m„. The p~, term will not con-
tribute to physical quantities, since the vector meson cou-
ples to the conserved Baryon current. The propagator
can also be expressed as

3. co meson propagator D~@„

The free propagator

D„O(;"(x,—x, ) =—(0,pl Tv„"(x, ) &'."(,) Io,p)

~ 'p'
1 2 DO(ab) p

is given by

D 0(ab)
(p ) D 0(ab) (p) + DO(ab) (p)

where

(3.41)

(3.42)

(3.43)

D„' '(p) =g„,(p) UB(p() )
D (p)

0

(ab)
X UB(P())

where

D (p) = 1/(p m—, +i e) .

D Oe(p)

(3.46)

(3.47)

DF„' )(p)=g„,(p)

p mU +lE,

0

0

P —m„—lC

(ab)

(3.44)

ote that DO(12) DO(21) nd DO(22) DO(11)e

B. Perturbation theory in TFD

In TFD, the n-point Green's function for arbitrary
operators 0;(x) (i =1 n) can be calc—ulated by using the
Gell-Mann-Low formula'

&0(p)lTO, (x, )
. 'O, (x. )lo(p)) =

(O, Pl TO, (x, ) . 0„(x„)exp i f + de—;„,(r) lO, P)

(O, Plexp i f de;—„,(r) lo, P)
(3.48)

when the operators obey the commutation relations of the harmonic oscillator type. Here the left-hand side of Eq.
(3.48) is in the Heisenberg picture, while the right-hand side is in the interaction picture. The interaction Hamiltonian
has been denoted by H;„„and 8';„,:H;„, H;„,. — —

The total Lagrangian density of the present o.-cu model is given in terms of the thermal doublets as follows:

/=X —X

p q(a) ~

y g ~(a) q(a)+g y(a)y(a)q(a) My(a)q(a)
a =1,2

~(a))2 ) m ~(a)2 ) F(a)F(a)pv+ ) 2( y(a) )2+g~(a)
2 PW 2 s'V 4 P& U P (3.49)

=%0+X;„,, (3.50)

where g, and g, are the coupling constants, I'„' is the ki-
netic term of the 0) meson, 5X" is the counterterm for
the renormalization, and the interaction Lagrangian den-
sity X;a( 1S

p [q (a)( g Z(a)+g y(a))y(a)+ZZ(a)]
a =1,2

(3.51)
with

1 for a=1,
—1 for a =2. (3.52)

(3.53)

The I', is the ordering operator defined as

A("B")- . C(" for a =1,
(a} (a) . . . (a)P (A 8 ' C )= &(2)
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for arbitrary operators A, 8, C, etc.
The Wick's theorem is available in TFD. ' Then one

can use the perturbation theory and construct the Feyn-
man rules, which are very similar to the usual ones at
zero temperature. The rules will be summarized in a
later subsection.

C. Spectral representation for full propagators

We construct the full propagators of the Dirac nu-
cleon, o. and co mesons in the Heisenberg picture. For
the detailed derivation, see Appendix A. (Also, see Refs.
9, 14, 25, and 26.)

1. Dirac nucleon propagator 6'
&

'

G(p)
G'p'(p)= UF(po)

0
G~( )

Ua'(po)

(ab)

(3.63)

If we take

i~(po-E, )-~(po+E, )i,p'+M
2 p

(3.64)

we can obtain the free propagator from Eqs. (3.61) and
(3.63).

the propagator can be rewritten in a convenient and sim-

ple form as

The full propagator is defined as

iG''ab)(x, —x)=&0(P)IT@"( x) (()a(b( )x)IO(P)&

2 G(ab) p

(3.54)

(3.55)

2. cr meson propagator I,'b'

The full propagator is defined by

a'")(,—,) = &0(p) I
I'p"( )p("(,)lo(p) &

x2'~(ab)

(3.65)

(3.66)

y'(0)I0(p) & =.-"".a "y(0)Io(p) &, (3.56)

By using the complete set of the Dirac operators and the
thermal state condition for fermion The complete set and the thermal state condition for the

boson field give us a simple form as

we can obtain a simple representation for the propagator
in momentum space

G'a'(p)= f dwp a(w, lpl)

g (ab)(p ) g (ab)( )

p.--+ +
p.----

g(ab)(p)

where

&'"'(p, ) &' '(po)
dwp, (w, p )

p() w +le p() w is

(3.67)

where

g (ab)( )— 1

F Jo 1+ x e
—x/2

—x/2e

e x

(3.57)

(3.58)

e /2 (ab)
] 1

~a (po)=, -yrz -y(ab)

(ab)

&a (po)=, -)n(ab)

(3.68)

(3.69)

e e
—x —x/2 (ab)

g (ab)( )
1

F JO 1+ x e
—x/2

Here the spectral function p a(p) is given by'

p.a(p) =pi, (po, Ipl)(y'). a+p), (po, Ipl)(p y).a
+p2(po, I p I )&.() ~

(3.59)

(3.60)

The translational invariance, the parity conservation and
the time-reversal invariance give constraint on the form
of the spectral function. The functions p„, pi„and p2
are real. Furthermore, when we introduce

G(p)= f dw p(w Ipl)y(po w) (3.61)

with

8(w) 8( —w)
X po~w =

p() w +(s p() w EE

(3.70)

0
~*( )

Ua(po)

If we set p, in Eq. (3.70) as

p, (p)= [5(po —(o, (p)) —5(po+(o, (p))],1

2o)s p

we can obtain the free propagator from Eq. (3.71).

(3.71)

(3.72)

3. u meson propagator D„'~ '

and p, (p) is the real spectral function for the o field.
When we introduce the function A(p) as

Z(p)= f dwp, (w, lpl)y(p„w),

then b, '")(p) is given by

&(p)&' '(p)= U (p )

e(po ) &( —po )

PP W+lC PO W lE
(3.62)

For the full co meson propagator, we can find a similar
form to that of the o. meson. I'he propagator is defined
by
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iD„' '(x, —x ):—(0(P)~TV„"(X,)V' '(x )~0(P))

1 ~2 D(ab)

(3.73)

(3.74)

we can find the free propagator from Eq. (3.77) except for
the p~ term.

The D„' '(p) is written as

D„'."(p)=f dw p, „,(w, ipse)

g (ab)(p ) g(ab)(p )

po w +LE po w LK

(3.75)

D. Dyson's equations

The Dyson's equation for the Dirac field is

G(ab)(p) —Go(ab)(p)+ g Go(ac)(p)X(cd)(p)G(db)(p)

(3.79)
where p, „ is the real spectral function. Furthermore, if
D„,(p) is introduced as

D„,(p) = f &w p„„(w, ~p~ )y(po, w), (3.76)

we can rewrite

where XF (p) is the proper nucleon self-energy. We
have omitted the spinor index for simplicity. From this
equation, we can limit the general form of the self-energy
to

D(p)
D„',"(p)= U (p, )

If we set p„ in Eq. (3.76) as

0
Ua(po)

p pv

(ab)

(3.77)

X~( )
UF'(po)

r p
UF(po)

X(ab)( ) [GQ(ab)(p)] 1 [G(ab)( )]
—1

XF(p) 0 (ab)

(3.80)

p„p,(p)= — "
[&(po —o)„(p))—&(po+o)„(p))],2'�„p

(3.78)

where Eqs. (3.28) and (3.63) have been used. The XF(p) is
a complex function. We can therefore obtain the inverse
of G'"'(p) as

[G (ab)(p) ]
—1

[Go(ab)(p ) ]
—1 X(ab)(p )

p —M —XF(p)
UF(p'o) U

—1

gf
—M —X P(p)

(ab)

(3.81)

Then the following relations among four components in the thermal 2X2 matrix of self-energy can be found by using
the explicit form of U+..

and

X" '(p) =X' "(p)= i tan28 —ImX'"'(p),

X(22)(p) X(11)N(p)

ReXF (p ) =ReXF" '(p ),
ImXF(p) = ImXF"'(p) /cos28F

(3.82)

(3.83)

(3.84)

(3.85)

For the o. meson, the Dyson's equation is

g(ab)(p) QO( b)(p)a+ y +O(a )(p)cX(cd)(p)Z(dbl(p)
cd

where X,'"'(p) is the proper self-energy. This is also represented with a complex function X,(p) as

(p) 0 (ab)

X," '(p)= U2) '(p()) 0 X U1) '(p())

(3.86)

(3.87)

0
U2) '(p() )—p +m, +X,*(p)[g(ab)(p )]

—1 U
—

1(p ) 0

Here, Uz '=~U~~ with

Then the inverse of the propagator is expressed as

p —m, —X,(p) (ab)

(3.88)
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1 0
0 —1

The relations among four components in the self-energy matrix are

X," '(p) =X,' "(p)= i —tanh2((0 ImX,""(p),
X(22)( )

— X(11)a(p)

and

ReX, (p) =ReX,'"'(p),

ImX, (p) = ImX,'"'(p) lcosh2(p~

For the a) meson, the Dyson's equation is

D(ab)(p) DO(ab)(p)+ y DO(ae)(p)X(cd)(p)D(db)(p)
cd

(3.89)

(3.90)

(3.91)

(3.92)

(3.93)

0
X(ab)(p ) U 1(p )

U PX.( )
Ua'(po) (3.94)

0

where X'„' '(p) is the proper self-energy. We here abbreviate the Lorentz index for simplicity. The self-energy is given
with a complex function X„(p) as

X,(p) (ab)

[L)„','(p)] '=
U2) '(p()) 0

and the inverse of the propagator is

g(p) —X,(p) 0
U2) '(p() )—g(p)+X „'(p) „

{ab)

(3.95)

where

g„(p)= (p I, )g —+p„p—

The relations among four components in the self-energy
matrix are

X(12)( )
—X(21)( )

.GQ(Bb) p

(b) (g) p(ab)
jQ (P)

and

i tanh2jp —.ImX'„'„"(p),

X(22) (p ) X(11)a(p )

ReX„„(p)=ReX'„'„",(p),
ImX, „(p)=ImX'„'„"(p)/cosh2jp~

(3.96)

(3.97)

(3.98)

(3.99)

(b)
Orae)

j D&, lp)

p
(a) «

(C)
ib ~ ~ 4 ~ ~ & pSgbc

(b) )

Once one knows the real and imaginary parts of the
(11) component in the self-energy matrix for each parti-
cle, the other components can be immediately evaluated
by using the above relations.

(C)
g (rq)„( S'~1„

K. Feynman rules

In this subsection, we summarize the Feynman rules
for the present model. The rules for the nth order contri-
bution are as follows (see Fig. 1 and cf. Ref. 5): (1) Draw
all topologically distinct diagrams with two external
propagator lines and n vertices connected by internal
propagator lines. Do not include diagrams with com-

FIG. 1. Feynman rules. The nucleon propagator is the solid
line, the o meson propagator is the dashed line, and the co

meson propagator is the wiggly line.

1 for a=b=c,
6 0 otherwise .
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pletely disconnected pieces. (2) Assign a direction to
each line. Associate a directed four-momentum with
each line and conserve energy and momentum at each
vertex. (3) Each directed line gets a factor of (i) Xone of
the propagators b, ' ', G lB ', or D„'"'. (4) each vertex
and propagator are assigned a factor and indices of
thermal doublet as shown in Fig. 1. (5) Sum over all re-
peated indices. (6) Integrate fd q over all independent
four-momenta. (7) Include a factor of (

—1) for each
closed fermion loop. (8) Any single fermion line forming
a tadpole loop is interpreted as i Xe xp(i E, gp o)G ltl '(p)
where g~+0 at the end of calculation.

These rules are very similar to the usual ones at zero
temperature.

F. Product rules

~)~ p

(b)
FIG. 2. Product rules: (a) Fermion-fermion bubble. (b)

Fermion-boson bubble.

In the RPA or Hartree-Fock calculation, one en-

counters the Feynman diagrams shown in Fig. 2. We
therefore summarize the following formulas which are
very useful in the calculations of these diagrams. For
the detailed derivation, see Appendix B.

1. Fermion ferm-ion product: Fig. 2(a)

The following quantity [the left-hand side of Eq.
(3.100)] emerges in the diagram of the fermion bubble,
and it can be rewritten as the right-hand side:

dqp UF(pp +qo )

X(w ) o+qo)
e( + )

F Po qoU '( + )

{ab)

X UF(qo )

X(w', qo) 0
UF '(qo)X*(w', qo)

(ab)

=i UB '()lp)
0'ff ( W, W, PO )

0

0
UB '(I o)0'ff (W, W,po )

(ab)

(3.100)

where

Crff ( W, W,pp )— 1

1+ej'"-~)
1

X(w —w', (3.101)

2. Fermion boson pr-oduct: Fig. 2(b)

In the Hartree-Pock calculation, one encounters the following quantity [the left-hand side of Eq. (3.102)], and it can

be expressed as the right-hand side:

f +
"dqo UB(PO qo)

X(W~Jl o qo)

0 B po 'qoU (
—

)

{ab)

X UF(qo )

y(w', qo) 0
UF '(qo)X*(w', qo)

(ab)

=l UF(I o)
Crfb (M, W,pp )

0

0

o*(ww'p )
U'( )

{ab)

(3.102)

where

0 fb ( W, W,PO )
1

1+e '"
1 y(w+w', Po) .

1 —e
(3.103)
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IV. COLLECTIVE MODES IN EXTREME MATTER

In this section, we study collective modes ' in the
o -m model at finite temperature. The spectral representa-
tion for each propagator and the product rules are used
to describe the dielectric function which characterizes
collective modes arising from density fluctuations of nu-
clear or neutron matter. To study the propagation of the
o. and cu mesons including their mixing, we here consider
a set of ring diagrams (the RPA).

In our calculation, we use the relativistic Hartree prop-
agator of the Dirac nucleon. ' Hence, corresponding to
M and E in the previous expressions, the effective mass
M' of the nucleon and its energy E~'=(M* +p )' are
introduced. In Figs. 3(a) and 3(b), we show the effective
nucleon mass in the relativistic Hartree approximation
with VF corrections. Here the Fermi momentum pF is
defined by pi) =ypF /6m, where pi) is the Baryon density,
and y is the degeneracy factor for spin and isospin of the

Dirac nucleon, with @=2 for neutron matter and y =4
for nuclear matter. A monotonous decrease of the ratio
M* lM is found in Fig. 3(a), while a slight increase at low
temperatures and a decrease at high temperatures are ob-
served in Fig. 3(b). One can see that the ratio rapidly
reduces in the region of T =200—300 MeV.

In the following subsections (IV A—IV D), we study the
dielectric function, the density-dependent parts of polar-
ization functions, and the effects of VF corrections. Our
numerical results are found in subsections IV E and IV F.

A. Dielectric function and collective modes

It is convenient to rewrite the interaction Lagrangian
density (3.51) in the five-dimensional representation as

p (y (a)Ag (a)ry(a)+g~(a) )
a =1,2

where v. runs from 0 to 4,

1 ~ 00

y for v.=0-3,
A'= '

I for v=4, (4.2)

& 0.80—
F(a)

—g, V(:) for ~=0-3,
g,P" for r=4 . (4.3)

ISO

0.40
0 F 00 0+50 ) F 00 1 ~ 50 2 00

(4.4)

Here the mixing part M„' '(q) can be written in the form
of the thermal 2X2 matrix as

The full meson propagator in the five-dimensional rep-
resentation C','i '(q) consists of D„', '(q), b,' '(q) and the
mixing part M'"'(q), where)M and v run from 0 to 3:

D(ab)(q) M(ab)(q)
C(ab)(

M(ab)( ) g(ab)( )
~

PF (1/fm} M(q)
M„'"'(q)= U (q )

0
M .

( )
Ua(qo)

(&b)

]00mmm~ma (b)
where

(4.5)

0 ~ 80

0+60

0 ' 40

M„(q) =j dw pM„(w, ~q~)y(qo, w), (4.6)

with the real spectral function pM„(q). The free propaga-
tor in the five-dimensional representation C,(i' '(q) is then
defined by

0 ' 20
Co(ab)(q)

Do(ab)( ) 0
go(ab)( (4.7)

0 F 00
0 100 200 300 400

T (MeV}

FIG. 3. (a) Density dependence of M*. T=O MeV is the
solid line, T =100 MeV is the dotted line, T =200 MeV is the
dashed line. (b) Temperature dependence of M*. p~ =0 fm ' is
the dotted line, pF=1.42 fm ' is the solid line, pF=1.8 fm ' is
the dashed line.

C(q)
C';,"(q)= U, (q, )

0
Ua(qo)

{ab)

(4.&)

In both expressions of free and full propagators, we can
factorize out the common matrix Uz (qo ) and rewrite
them in the form of the thermal 2X2 matrix. The full
propagator becomes
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where

D(q) M(q)
M(q) b, (q)

c""'(q)= U (q )

and the free propagator is

C (q)

0
0

—c'*( ),

(4.9)

(ab)

(4.10)

H,' '(q)= U '(q )
I

Ua '(qo)

II,(q)

II~(q)

s qH. ( )
Us'(qo)

(ab)

(4.14)
(ab)

(4.15)

H *
( )

Uii '(qo )

with

C,i(q) = g„D—(q)

Z (q)
(4.11)

II(q)
II';,"(q)= U (q, ) —II *(q) Us '(qo)

] (ab)

(4.16)

(4.12)

where H,"b'(q) and H,'b'(q) are the co and o meson polar-
ab)ization functions, respectively, and H~„(q) represents

their mixing process. These polarization functions are
written in the form of the thermal 2X2 matrix with com-
plex functions II, „(q), II, (q), and HM&(q) as follows:

H„, (q) 0 (ab)

II';„",'(q) = Uii '(qo ) —H,*(q) Us '(qo)

(4.13)

Further, we can also write the proper polarization
function H', i„"'(q) in the five-dimensional form by using
the product rules [Eqs. (3.100) and (3.101)]:

II'„' I(q) IIM '(q)
(ab)

H(ab)( ) H(a&)(
'V s

where

II, (q) IIM(q)
II,&(q) = (4.17)

fhe components of Eq. (4.12) are

H", „"'(q)= ig,'f—d"p Tr[y„G' '(p)y„G'"'(p +q)],

or the components of Eq. (4.17) are

(4.18)

II," '(q)= —ig, f d"p Tr[G' '(p)G' '(p+q)], (4.19)

II'„(q)=ig,g, f d"p Tr[y„G' '(p)G' '(p +q)], (4.20)

II, & (q)=g, f d p f dw f dw'Tr[y~(w', p)y~(w, p+q)]cT ff(w, w', qo),

II, (q)=g, f d p f dw f dw'Tr[p(w', p)p(w, p+q)]crff(w, w', qo),

HM„(q)= —g, g, f d p f dw fdw'Tr[y~(w', p)p(w, p+q)]crff(w, w', qo),

(4.21)

(4.22)

(4.23)

C' '( )=C ' '(q)+ gc '"'(q)II'"'(q)C' '(q)
c6

(4.24)

In order to study the Ineson propagation in matter, we
define the following dielectric function e(q) from Eq.
(4 24).20, 29

where p is the spectral function of the Dirac propagator
Eq. (3.60). The expressions (4.21), (4.22), and (4.23) give
us the formal representation of the polarization functions
in the RPA.

The Dyson's equation for the full propagator C','i"'(q) is

given by

Poles of the full propagator or zero-points of the dielec-
tric function indicate collective modes of the system. In
general, as pointed out by Chin, one finds the meson
branch which consists of two modes, i.e., the longitudinal
and transverse modes in the timelike region and the lon-
gitudinal collective mode as zero sound in the spacelike
region. The former two modes become the free meson
propagation when the density approaches zero. The
latter mode, i.e., the zero sound, in general, may not be
observed in the system where attractive force dom-
inates

B. Real parts of density-dependent polarization functions

s(q) =det[c, ,(q)],
with

e,(q)=5, —C, (q)H~ (q) .

(4.25)

(4.26)

We give the real parts of density-dependent polariza-
tion functions by using the relativistic Hartree nucleon
propagator in Eqs. (4.18), (4.19), and (4.20). The real
parts in which at least one factor of Gi, in Eq. (3.23) is in-
cluded become finite:
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ReII""(q)—=Re[11'"' '(q}—II'"'~(q)]

9 (E*) q (E' Ip—l
cos 8)

4 —4(p
po=E*

(4.'27)

(4.28)

q' - &+«)
, y f dp p, '

[Ipl Iql (E"— q,E—'+q'l4)L, (p, q)/2
2n' Iql' o E'

(E~'—+qoE~*+q /4)L2(p, q)/2],

ReII'"'(q) =—ReIID'"'(q) =Relly� "z (q)

(4.29)

(4.30)

(4.31)~+(Ep } (p q) —q Iplz(l —cosz8}/2= —16yg, d p
2Ep q

—4(p q) po=E

g,' y &+(Ep')
, f dp p, '

I Iql'Ipl+ lql Iplq'/2 —[q'(Ep' —qo/2}'+M" lql'+q'lql'/4]L i(p;q)/4
2n Iql' o E'

[q (E~—'+qo/2) +M* Iql +q lql /4]Lz(p, q)I4],
9' (E )qE*—q(pq)

ReII~D~N(q)= —16yM~g, g, f d p 2E' q4 —4(p q)z

M'g, g„y P (E'}f dp p, [(Ep qo/2)Li(p q)+(E +qo/2)L2(p q)]

(4.32)

(4.33)

(4.34)

RelI'"'(q}=16yg f dip
&+(E,*) M" '—( ~ )'

2E* q' —4(p q}' p =~'

gz y „9'+(E~')f dp p t Ipl lql (q 4M'—)[L,—(p, q)+L2(p, q)]/8I,
2H Iql o E;

where

3'g(E)=f+(E,P)+f (E,P),

L i (p, q) =»l(2qoE*+ q'+ 2lpl Iql }/(2qoE*+q'+2lpl lql }I .

(4.35)

(4.36)

(4.37)

(4.38)

Here we only show the (11) component, which is physical, of each polarization function. The subscript D means the

density-dependent part. The current conservation gives us two independent modes, i.e., the longitudinal I. and trans-

verse T modes in the co meson propagation. One finds the relation q IIM~'+=IqlII~" in the mixing part when the

direction of q is parallel with the z axis. In Eqs. (4.29), (4.32), (4.34), and (4.36), the integrals with respect to angular

variables have been performed.

C. Imaginary parts of density-dependent po1arization functions

The density-dependent imaginary parts of polarization functions are

E' Ipl cos8—
ImII~L (q)=n'g„y fd p

' IF(E,Ep+ )[5(qo+Ep Ep+q)+5(qo E—
p +Ep+q)]-

Ep*EP*+9

+F(E', E* )[5(q +E'+E' —)+5(q E* E' )]I, — —(4.39)

2 — 1 —cos28
Imil'DT'(q)=. —g, y f d p tF(E', E~'+ )[5(qo+E' E'+ )+5(qo —E*+—E*+ )]

Ep'Ep*+0

+F(E', —E' )[5(qo+E'+E' )+5(qo —E' E' )]J, —

(4.40)
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ImIID('s"(q)= m—g, (M* q
—/4)y f d p (F(E*,E*+ )[5(q()+E* E—*+ )+5(q() E—„*+E*+ )]

1

Ep*Ep*+q

+F(E~*, E~—*+q)[5(qo+E~'+E~*+q)+5(q() E—* E*—+ )]I,

ImIID('~) (q)= —M'g, g, y f d p, , [F(E~",E*+ )(E*+E*+ )[5(qo+E* E*—+ )+5(qo E*—+E*+ )]
Ep*Ep'+q

+F(E', E*+ —)(E~* E*+ —)[5(q()+E*+E„*+ )

+5(q(, Eo E—*+ —)]I,
where

f+«»)[I &+«'—»)]+sf (E,13)[1-f (E'—,p)] for E'&0,
f+ (E P)[1 f (E'~P)]—+&f (E,P)[l f+ ( E'—»)] —for E'(0 .

(4.41)

(4.42)

(4.43)

For the meson branch, we are interested in the timelike region. Hence we consider only one g function
5(qo E) Eq+~ ) when qo —0. On the other hand, for acoustic sound, the collective mode propagates in the spaceljke
~egion. In this region, we may take account of either 5(qo E'+E—*+ ) or 5(qo+E' —E*+ ).
imaginary parts in the timelike region:

q'Y 2 +
ImIID('L)(q)= — g, f dE*[(E'—qo/2) —~q~'/4]F'(E', E*—q())l, =i,

2

ImIID('T'(q)=
' f dE'[q (E' qo/2) +—

~q~ (M* +q /4)]F(E*,E*—qo)~,
gm q'

2

ImIID('s)(q) =—,
,
(M* q /4) —f dE&*F(E&,E&*—qo) ~,

47T~q~

8m~q~

and the imaginary parts in the spacelike region:
2 2

ImllDL)(q) = —"f" dE,*[(E,*+q./2)' lql('/4][F «—* E*+qo)+F«,*+qo E,*)]l,= , (

2

ImIIDT'(q)=, , f dE*[q (E*+qo/2) /~q( +q /4+M* ][F(E*,E'+qo)+F(E'+qo, E*)]~,
8m [q~

ImIIDs'(q)= —,, (M' q l4) f —dE~*[F(E~',E~*+qo)+F(E'+qo, E&*)]~,
4m~q~

ImIID)Ir) (q)=,
, f de*(2Ep*+qo)[F(Ep*,Ep*+qo)+F(E~'+qo, E~*)]~,

Sm~q~

where

z+ = —,'(qo+~q~+1 —4M* /q ) for q ~4M*

The imaginary parts vanish in the region where the condition q 4M* is not satisfied.

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

D. Vacuum fluctuation e6ects

The effects of VF corrections in the RPA can be calculated by the method of the dimensional regularization. ' To
evaluate the effects, we add the following counterterms to the Lagrangian density:

4 a„5~(a) —(
g (g y(a))2+ y " y(a)n+ )

g (F(a) )2
2 5' p n~ 4 v pv

n=1
(4.53)

where the first two terms denote the renormalizations of the wave function and the fermion loop for the o. meson, and
the last term represents the renormalization of the wave function for the co meson. Here the coefficients a in Eq. (4.53)
are the same as those of Chin.
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The Feynman parts of polarization functions are given by

Tr[(P +M')(P +/+ M*)]
(p~ —M'i+ is)[(p +q) M—' +i &]

for the u meson and

Tr[(P+ M' )y„(P +/+M' )y„]

(4.54)

(4.55)

for the co meson. Thus we obtain
2

[3I ( —1+c,/2)+ 5+ 3 lnM ],
12m

g
2

[I (
—1+a/2)+1+1nM ],

6m

where a~+0. Consequently, we obtain the renormalized Feynman parts as

(4.56)

(4.57)

2

II ' (q)= — dx[M —x(1—x)q ]ln[(M* —x(1 x)q )/—M ] M+4—MM* 3M* +—q /6F5

2

IIF„""(q)=— (g„„q q„q, )I—dx x(1—x) ln[(M* —x(1—x)q )/M ] .

(4.58)

(4.59)

K. Dielectric function and dispersion relations

From Eq. (4.26), the dielectric tensor e,(q) is written as follows:

1+D (q)II, (q)

1 D(q)II—,"(q)
D (q)II, (q) D '(q» ~(q)

0

s,(q) =

D(q)II„{q—)
—E (q)II (q)

0

0

0

1 D(q)II „(—q)

0

1 Do(q)II", (—q) D(q)II M(—q)
—b, (q)II M(q) 1 —6 (q)II, (q)

(4.60)

Then the dielectric function s(q) given by Eq. (4.25) is

e{q)=eL (q)eT(q),

where

(4.61)

sl (q) =[1 D(q)III (q)][1——6 (q)II, (q)]

2

Iql'
D (q)h (q)[II (q)] (4.62)

sT(q) =1 D(q)IIT(q) . — (4.63)

One can study the collective modes by searching zero-
points of the above dielectric function.

In our calculation, we used the same coupling con-
stants and meson masses as those in the relativistic Har-
tree calculation of Ref. 30: g, =62. 89, g, =79.78,
m, =550 MeV, and rn„=783 MeV. In Figs. 4(a)—4(d), we
show the dispersion relation of m.eson branch in nuclear
rnatter in which relation the VF corrections are taken
into account. In the momentum transfer regions of these

figures, the polarization functions in Eq. (4.60) can be re-
placed by their real parts because q is below the thresh-
old for decay of collective modes, i.e., Eq. (4.52). Since
results for neutron matter are very similar to those for
nuclear matter, we do not show them here.

The temperature and density dependence of the disper-
sion rel'ation is shown in Figs. 4(a)-4(c). We find that the
difference between the longitudinal and transverse modes
of the co meson is very small, which in fact is quite
different from the case of photon propagation in solids.
This is due to the fact that the bare co meson mass is con-
siderably large. Higher densities yield the larger
difFerence between the two modes. The cornpapison be-
tween the results in which M* and M are used is illustrat-
ed in Fig. 4(c), where T =0 MeV and pF= 1.42 fm
(normal nuclear density). The M* largely reduces the
collective modes. In Fig. 4(d), we present the result in
which the effects of VF corrections, i.e., Eqs. (4.58) and
(4.59), are excluded. The collective modes are very large-
ly softened, namely, values of qo in each mode are pushed
down, by taking account of the VF efFects.
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F. Masses of the o and cu mesons at Anite temperature

It is very interesting to study the behavior of the mass
of mesons embedded in hot and dense matter because
measurements of the invariant meson mass will give us
important information on extreme states produced by en-
ergetic heavy-ion collisions. Using the present model,
we can discuss the o and co meson masses in hadronic
matter at finite temperature and density.

Now let us define the effective meson mass m;* (i =s or
v) as the energy of the meson at rest. In other words, the
m;* is the energy that is needed to create one correspond-

ing meson at rest in the medium. In the rest frame, the
longitudinal and transverse modes degenerate, and the
branches of the o. and co mesons completely separate each
other because the mixing parts of polarization functions
vanish. Then, the effective meson masses are obtained
from

.=q,' Irt„' —III.(q—) I .=p (4.64)
qo m„ ~q~ o qo —m,

D, (qo)l, —:q,'-m, '-II, (q)~, , =p,
qo m ~q) o,q -m,

where the real parts of polarization functions are
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FIG. 4. (a) Dispersion relations, with T =0 MeV and pF = 1.8 fm . I. is the longitudinal mode of the ~ meson, T is the transverse
mode of the co meson, and Sis the o meson mode. (b) Same as (a): T=100 MeV and pF=1.42 fm '. (c) Effects of M on dispersion
relations with T =0 MeV and p+=1.42 fm '. The results of M and M are denoted by dashed and solid lines respectively. (d)
EfFects of vacuum& fluctuation on dispersion relations with T = 100 MeV and pF =1.8 fm '. The dotted lines show the results where
the VF corrections [Eqs. (4.58) and (4.59)] are not taken into account. The solid lines represent the results with the VF corrections.
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(2E* +M* )P 2E*+qp
2

+ f dx( —,
' —x ) ln(IM'2 q20—/4+q~2/4I /M2),

RelIL(qo ) =Re[ IIDL (qO ) + IIFI. '(qO )]=Re[IIDT (qO ) + IIFT (qO )1

2 (Ee2 M+2)1/2

2y f .dE.*&+(E.*) +
2'*—

q p

(4.66)

ReII, (qo ):—Re[II1Ds'(qo ) + II~s '(qo ) ]
2 (E+2 M+2)3/2

2 y f,de'V+(E*)
M

1 —+
2E& +qp

1

2E —
qp

f dx(M* —qo/4+qox /4)ln(~M* —qo/4+qox /4~/M )—1/2

—(M —M')(M —3M*)+qo /6 (4.67)

and their imaginary parts are

lmiI, (q, ) =lmlI, (q, )

g
2

( q
2 /4 M e 2

)
1/2

(qo2+2M* )[yF(qo/2, —qo/2) —4]~, =1 for qo ~ 2M',
, 12m qp cosh2y

0 for O~qp ~2M*,

g2(q2 /4M le

2�)3/2
[ yF( qo2/,

—qo/2) —4]~, 1 for qo ~2M*,
2& qp cosh2+&Pp

(4.68)

ImII, (qo) =
0 for O~qp ~2M' . (4.69)

In Figs. 5(a)—5(j), we show the meson masses and
widths. The VF effects are taken into account. The re-
sults for nuclear matter are presented in Figs. 5(a)—5(i),
and Fig. 5(j) shows the meson masses in neutron matter.

The temperature and density dependence of the meson
masses is presented in Figs. 5(a)—5(d). Figures 5(a) and
5(c) show the density dependence: the behavior of mass
spectra at T =200 MeV in both figures differs consider-
ably from that at temperatures below 100 MeV in the low
density region. Figure 5(b) and 5(d) show the tempera-
ture dependence: we can see that both meson masses are
almost degenerate at temperatures above 200 MeV and
that some difference depending on densities exists at low
temperatures. Furthermore, one can observe the cusp
structure for the ~ meson at T =330 MeV and the shoul-
der for the o. meson at around T=300 MeV. These
characteristic structures are attributed to the threshold
effect for the decay of mesons into a nucleon and antinu-
cleon pair, namely, the imaginary parts of Eqs. (4.68) and
(4.69) emerge at these temperatures. On the other hand,
in Figs. 5(a) and 5(c), the kinematical conditions are
below the threshold: qp ~2M .

In Fig. 5(e), we show the width I; (i =s or U) of each
meson. Here we do not consider the native widths of the
o and co mesons. When I; «m;*, Eqs. (4.64) and (4.65)
can be expanded in the Taylor series about the real part
of qp, and hence one obtains, in the first order,

I, = —ImD, (qo)/(BD;(qo)/Bqo)~
qp

—nz,.
(4.70)

Here m,-* is the real part of the solution of D; =0, the real
part of which may be approximated by the solution of

ReD;(qo)~ +=0 .
qp

—m, .
(4.71)

The width of the ~ meson suddenly appears at T =330
MeV and rapidly increases, while that of the o. meson
smoothly grows at temperatures above 300 MeV. These
temperatures correspond to those at which the outstand-
ing structures have been observed in the mass spectra.
The difference between the two widths near the threshold '

points is due to that of the qp dependence between the
imaginary parts of polarization functions given by Eqs.
(4.68) and (4.69).

In Figs. 5(fl and 5(g), we show the comparison between
the results where the effective nucleon mass and the free
one have been used. Figure 5(f) gives the density depen-
dence: the meson masses vary slowly. Figure 5(g) shows
the temperature dependence: the relatively rich struc-
tures are observed. These are due to the characteristic
behavior of the effective nucleon mass presented in Figs.
3(a) and 3(b): the shallow dip for the co meson and the
rapid increase for the o. meson at temperatures around
220 MeV are attributed to the steep decrease of the
effective nucleon mass at those temperatures.
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FIG. 5. (Continued).

The effects of VF corrections calculated from Eqs.
(4.58) and (4.59) are illustrated in Figs. 5(h) and 5(i).
They largely contribute to the spectra of meson masses.
We can find from the figures that the real parts of
density-dependent polarization functions enhance the
meson masses while those of VF corrections reduce them.
We show the density dependence in Fig. 5(h) up to
pF =1.5 fm '. This is because the numerical calculation
is dificult at high densities.

Finally, in Fig. 5(j), we show the spectra of meson
masses in dense neutron matter at zero temperature. The .

spectra change very little within the region where tem-
peratures are less. than some tens of MeV. The shapes of
the mass spectra are very similar to those of Figs. 5(a)
and 5(c), but the dips in them move toward higher densi-
ties.

V. SUMMARY AND REMARKS

In the first half of this paper, we have constructed the
o.-co model at finite temperature and density in terms of
thermo field dynamics; the expressions for the Green's
functions, the Feynman rules, and some useful formulae
have been presented. In the latter half, we have studied
the dispersion relations of collective modes and the mass
spectra of the o and co mesons at rest in hot and dense
matter within the RPA. Note that the Feynman diagram
technique we used here is also applicable to calculations
of various quantities for hadronic matter at any tempera-
ture and density.

Concerning the collective modes, we found the follow-
ing for nuclear matter: (l) The dispersion relations of col-
lective modes are largely affected by the effective nucleon
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mass. The vacuum Auctuation also contributes to them
considerably. They soften the propagation of collective
modes in a medium. (2) The longitudinal and transverse
modes of the co meson in the meson branch almost degen-
erate at low densities because the bare co mass is large.
Higher densities make the difference between the two
modes larger. (3) We examined the mass spectra of the cr
and co mesons at rest in hot and dense matter. The
effective nucleon mass and the vacuum fluctuation again
play important roles in the mass spectra. At low temper-
atures and densities, the meson masses fairly depend on
them. On the other hand, the meson masses increase
monotonously at temperatures above 250 MeV. The
density-dependent parts of polarization functions make
the meson masses heavy, while the Feynman parts, i.e.,
the VF corrections, largely lighten them. From our re-
sults, we can conclude that meson mass in a hot and
dense medium sensitively refiects its properties. (4) The
behavior of the o. meson width near the threshold point is
quite different from that of the m meson width: the cr

meson width grows smoothly, while the co meson one
suddenly appears and increases rapidly. Corresponding-
ly, the characteristic threshold effect for each meson is
clearly seen in the mass spectra.

For neutron matter we found that the dispersion rela-
tions of collective modes are very similar to those of nu-
clear matter. There exists some difference between the
meson mass spectra in nuclear and neutron matter at
zero temperature, a difference which depends on density.
Both mass spectra will coincide as temperatures become
higher.

Next, we give the following remarks: (1) The present

method is applicable to the system where the degrees of
freedom of quarks and gluons are explicitly included. We
can study various properties of the quark-gluon plasma
produced in ultrarelativistic heavy-ion collisions or in. the
early universe. At very high temperatures and densities,
the present results should be compared with such studies.
(2) We will be able to study the longitudinal acoustic
sound mode, i.e., zero sound, in hot and dense matter.
Such a mode, in genera1, cannot be observed in the sys-
tern where attractive force dominates. Hence one does
not find zero sound in the normal nuclear matter at zero
temperature. However, at finite temperatures and/or
higher densities, there is a possibility to find zero sound.
At high temperatures, the polarization functions for the
o. and co mesons decouple each other, because the
effective nucleon mass becomes very small and hence the
mixing polarization function II~ correspondingly van-
ishes. Then, zero sound will appear in the sector of the co

meson. At higher densities, one will also find zero sound
because the co meson field becomes dominant as com-
pared with the cr meson field. In order to obtain a con-
clusive result of zero sound, we must do more careful
studies of the polarization functions, in which the imagi-
nary parts of polarization functions should be fully taken
into account. (3) It is necessary to extend the present
model to the chiral invariant one bemuse the chiral sym-
metry becomes more significant as the temperature be-
comes higher. For this purpose, we must consider the
most important ingredient: the m meson. It is interesting
to study the propagation and mass spectrum of the m

meson in hot and dense matter by taking account of the
chiral symmetry.

APPENDIX A: SPECTRAL REPRESENTATION FOR PROPAGATORS

In this appendix, we derive the full propagators of the Dirac nucleon, the o and ~ mesons in the spectral representa-
tion.

1. Dirac nucleon propagator

From the definition of Eq. (3.54), the full propagator is written as

iG'p (x, —x, )= (0(p) ~
T1("(x,)p ~ '(x, ) ~0(p) )

=0(x
&

—x2)(0(P) le 'f"(0)e ' ' P&"(0)e '10(P) )

—0(x 2
—x, ) (0(P) ~e 'g &"'(0)e ' ' g"(0)e ' ~0(P) ),

where P„ is the generator of the space-time translation [see Eq. (2.10)], and

Pio(P)) =O.
We use the following completeness relation:

(Al)

(A2)

(A3)

~nn', m m ')(m 'm, n'n~=1, , (A4)
ll Pl 132 722

where ~nn', m m ') means the state vector given by the operator of [c~,(p)]", [dt, (p)]", [c t, (p)], and [d &, (p)] on
the physical vacuum ~0(p) ). Then Eq. (A2) is rewritten as
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iG'p)(xi —x2)=8(xi —x2) g (0(P)~)I(&"(0)~nn', m m ')(m 'm, n'n)e ' ' ~kk', TT')
nn'mm'

kk'I1'

x (T'T, k'k~&,'"(0)~0(p) &

—8(x2 —x, ) g (0(P)(/pi)(0)~nn', m m ')(m 'm, n'n~e ' ' ~kk', Tl')
pl&i, mm

kk', Il'

x (l 'l,

k'klan'

(0) lo(p) &

=8(x' —x')ye ''" ' "' "&0(P)iy' (0)iNM)&M, N(y'"'(0)~0(P))
NM

—8(x,' —x', ) g e
'"" ' ""' ""&0(P)~g&"(0)~N,M&&M, N~Q"(0)~0(P)&,

NM

(A5)

(A6)

where we shortened the indices of (nn') and (mm') to N and M respectively, and P"~N, M) =pg~N, M) and
P "))N,M ) = —pg ~N, M ). By using the integral representation of the step function in Eq. (A6}, we obtain the propaga-
tor in momentum space

where

0' i~p( W, P ) 0'2~p( W& P )

W+~~ ~0 W ~p
(A7)

cr~, p(p)=(2n) g (0(P)ltd' )(0)(N, M)(M, N(g'p"(0)~0(P))5 (p —p +p ),

~2i:bp)(p) =(2~)' & &0(P) ly p'"(o) INM & &M, Nlil "(0)lo(P) &5'( —p —p~+p~)
NM

From the thermal state condition Eq. (2.11),we find the following relations:

(0(P)~it)' '(0)~N, M) = eP"~ e —" &0(P)~g")(0)~N, M &,

(0(P)~g'"(0) ~N, M ) = ieP" —e " (M, N ~g"'(0)(0(P)),
& o(P) ~1l "'(0)iN, M &

= —i (M, N (@"'(0)~0(P) ),
(M, N(y"'(O) ))0(P) ) = e»"e —" &M, N)y'"(0})0(P)&,

(M, N~@")(0)~0(P) ) =ieP" e " (0(P)~y'"(0) ~N, M &,

&M, NI@"'(0)lo(P) &
= &0(P)l@"'(0)IN, M & .

When we define the spectral function as

p.p(p)=—(2~}'(1+e '" ")yS'(p —p„+pM)(0(P)~y'."(0)(NM)&MNiyp'"(0)iO(P)&,

(AS)

(A9)

(A10)

(Al 1)

(A12}

(A14)

(A15)

(A16)

we can write

0 i'"p(p ) =p p(p ) A F' '(po ),
p)(p) =p.p(p)8('")(p, ) .

(A17)

(A18)

Here the matrices AF and BF are defined by Eqs. (3.58) and (3.59). We can hence obtain Eq. (3.57) from Eqs. (A7),
(A17), and (A18).

Furthermore, if we define G(p) by Eq. (3.61) and use the identities

1 8(+ }
8(w) + 8( —w)

Pp W +EC PO LU+l E, Po W + l E,
(A19)

8(+ )
1 8(+ )

8(w) ~ 8( w)

PO W '& PO W+«Po W+« (A20)
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we find

cos OpPp
G'p)(p)=G p(p)

2 sln28~5'p2 sln2I9p S].n gp

+G 4(p)
sin 0

Pp
—'sin20 cos 0
2 Pp Pp

(A21)

where 8 is defined by Eqs. (3.26) and (3.27), and the realness of p, i.e., p=p+, has been used (see also Ref. 14). Then,
Pp

from this expression, we can obtain Eq. (3.28).

2. o meson propagator

(A22)

where

The definition of the cr meson propagator is given by Eq. (3.65). When we use the completeness relation for the cr

meson, we can find the propagator in momentum space

0",)
'( w, p ) O'I ~ '( w, p )a'")(p) = dw

PO M +EE' PO M EE

0,', '(p)—:(217) y &0(P)[y"(0)[n,m &&m, n[y' '(0)[0(P) &5 (p —p„+p ), (A23)

o,'2 '(p)—= (2~) g &0(P)[P' '(0)ln, m & &m, n[P"(0)[0(P)&5 (
—p —p„+p ) . (A24)

Next, from the thermal state condition for the o. meson, the following relations are obtained:

&0(P)[y")(0)[n,m &=e " &0(P}[y")(0)[n,m &,

&0(P)[IP")(0)[n,m & =e "
& m, [nIP'"(0)[0(P) &,

& 0(P) [P' '(0) [n, m &
=

& m, n [P")(0)[0(P) &,

&m, n[p' '(0)[0(p)&=e " &m, n[p"'(0)[0(p}&

&
—, [y"'(0)[0(p) & =. " - &0(p)[y'"(0)le,

&m, n[y (0)[0(p)&=&0(p)[y ' (0)ln, m & .

By using these relations, we can write

~(ab)(p) (p) g (ab)(p )

,'"'(p) =p, (p)&'"'(po),

where the matrices Az and Ba are defined by Eqs. (3.68) and (3.69). The spectral function is

p, (p)=(2m) (1—e ') +5"(p —p„+p )[&0(P)[t'i()0)[n, m &l

(A25)

(A26)

(A28)

(A29)

(A30)

(A31)

(A32)

(A33)

Then, Eq. (3.67) is found. When we define b, (p) by Eq. (3.70) and q&~ by Eqs. (3.36) and (3.37), we obtain

cosh p 2 sinh2fppPp 2 Pp

~'")(p)=~(p), .
—,
' sinh2y sinh y~

Then, we can find the final result Eq. (3.71).

—E *(p)
2 slnh2+p cosh gpPp

sinh y —,
' sinh2@

Pp 2 ~p
(A34)

3. co meson propagator

(A35)

We can also obtain the full propagator of the cg meson defined by Eq. (3.73} in a similar manner. By using the com-
pleteness relation for the co meson, the propagator in momentum space is written as

D'P)(p) = "du
—oo Pp M +EC PO N EE
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where

o",,"„' (p)—:(2~) g (0(P)[V"(0)[n, m )(rn, n[V', '(0)[0(P))5"(p —p„+p ), (A36)

0',z„',(p)—:(2m. ) g (0(P)[V', '(0)[n, m )(m, n[V„"(0)[0(P))5 ( —p —p„+p ) . (A37)

From the thermal state condition, we find

(0(P)[V„' '(0)[n, rn ) =e " (0(P)[V„'"(0)[n,m ),
(0(P)[V„'"(0)[n,m }=e "

& m, n [V„'"(0)[0(P)&,

(O(P)[V„' '(0)[n, rn ) = (m, n [ V„'"(0)[0(P)},
& m, n[ V„' '(0)[0(P)& =e " &rn, n[ V„'"(0)[0(P)&,

(m, n[ V,"'(O) [O(P) ) =e " - (O(P) [ V„'"(O)[n, m ),
& rn, n [ V„' '(0) IO(P) &

=
& O(P) I

V„'"(O)[n, m & .

Then, we can rewrite Eqs. (A36) and (A37) as

'„;„'„(p)=p„„(p)&''(p ),
o', &„' (p) =p„„,(p)B&' '(po),

p„(p)=(2m) (1—e

where the spectral function has been defined by

') g 5 (p —p„+p )(0(P)[V„'"(0)[n,m ) (m, n[ V',"(0)[0(P)),

(A38)

(A39)

(A40)

(A41)

(A42)

(A43)

(A44)

(A45)

(A46)

and the relation p„„,=p, „=p,*„,has been used. These equations lead to Eq. (3.77).

APPENDIX B: PRODUCT RULES

Here we prove the product rules for the fermion-fermion and fermion-boson cases.

1. Fermion-fermion product

First, we note that the arguments of U~ and U~ ' in the left-hand side (l.h.s.) of Eq. (3.100) can be replaced by w and
w' as follows:

[l.h. s. of (3.100)]' '= f dqo UF(w)

X UF( w')

Using Eq. (3.62) and defining

u+(w)—: 1
+ (1+e+P(w —P))1/2

we obtain

X(w,po+qo)

X(w' qo)

UF '(w)X'(w po+q. )

0 (ab)

m, qo
UF '(w')

(ab)

(Bl)

(B2)

u (w)
[l.h. s. of (3.100)]' '= f dqc

po+qo —w+je u+ w u w

u+(w)

po+qo w le u+(w)u —(w)

u (w')
1

qo
—w'+is —u+(w')u (w')

u+(w')

qo
—w' is u+(w—')u (w')

—u+(w)u (w)

u+(w)

u+(w)u (w)

u2 (w)
—u+(w')u (w')

u+(w')

u+(w')u (w')

Q (w') (B3)
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Then, the identities

f + oo 1dx . =0,
x —a+i e x p—+i e (84)

lead to

1 1

x a—+is x —p+ie a —p+i c, (85)

[l.h. s. of (3.100)]' '= u+ (w)u (w')
l

—po+ w —w'+i E —u+ (w)u (w)u+(w')u (w')

—u+(w)u (w)u+(u)')u (w')

u (w)u+(w')

Next, we use the identity

u (w)u+ (w')l
—po+ w w'+—i E —u+(w)u (w)u+ (w')u (w')

(w)u (w)u+(w')u (w')

u+ (w)u (w')

(86)

1 1

1+e 1+e
1

1+e ~
1 1

1 —e~+~ (87)

to rewrite the (11) component of Eq. (86) as follows:

[l.h. s. of (3.100)]""=i 1

1+e '

1

1+et'['-~]

1 1

po+w w +LB 1
l ~0

1 1

Po+w w lE,
1 e t~o (88)

=i [cosh y~ off(w, w', po) —sinh y of'f(w, w', po)], (89)

where we have defined y by Eqs. (3.36) and (3.37), and crff(w, w', po) by Eq. (3.101). Other components can be calcu-Po
lated in a similar manner. These expressions lead to the simple matrix form shown in the right-hand side of Eq. (3.100).

2. Fermion-boson product

In the same way, we can prove Eq. (3.102). The arguments of Uz and U~ in the l.h.s. of Eq. (3.102) can be replaced
by w and w'. Then, defining

h+(w) =

we can find

1 e Pm/2
and ho(w) =

1 —e+-~ 1 —e~ (810)

[l.11.s. Df ( 3. 102)](' ) = h (w)u (w')
l

po w —w'+—ie ho(w)u+(w')u (w')

ho(w)u+ (w')u (w')
—h+(w)u+ (w')

The identity

1 1

1 —e" 1+e

h+ (w)u+ (w')
+ I

po —w —w' ie ho(w)u—+(w )u (w )

1 1

1+e 1+e"

ho(w)u+(w')u (w')
—h (w)u (w') (811)

(812)
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is used to rewrite Eq. (811),for example,

[1.h. s. of (3.102)]""=—i
1

1 —e ~
1

1+e '

1 1 1 1

p —w —w'+is0 1+e o 1+e@~0 I"' P —w —w' —ic. 1+ @I'0

=i [cos'8 af„(to,w', po)+sin 9~ tTf'„(w, to', po)],

(813)

(814)

where we have defined 8~ by Eqs. (3.26) and (3.27) and ofb(to, to', po) by Eq. (3.103). Then we obtain the final expres-

sion, i.e., the right-hand side of Eq. (3.102).
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