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There has been a long-standing problem in the coupled mNN-NN theory concerning its apparent
failure in reproducing the tensor polarization T2O in the elastic md scattering at medium energies. A
mechanism recently proposed by Jennings to solve this problem is examined. It is then found that it
comes from the positive-energy pole in one of the nucleon propagators in the exchange impulse dia-
gram within the covariant picture which is usually overlooked when devising the spectator on-
mass-shell approximation, and that it does not lead to the claimed near cancellation of the Pauli ex-
change contribution, but is important to be included. The inclusion of this contribution is shown to
considerably improve in reproducing the pion-deuteron spin observables including T20, particularly
above the delta resonance energy.

I. INTRODUCTION

The purpose of this paper is to study various spin ob-
servables in the elastic pion-deuteron scattering predicted
by the coupled ~NN-NN model in comparison with re-
cent data. Of particular interest is the tensor analyzing
power T20 (or its laboratory frame counterpart tz~~ )

which has been quite controversial up to now regarding
different model predictions as well as their confrontation
with recent data.

Several years ago the coupled m NN-NN equations
(hereafter referred to as PNE) were developed in order to
describe the following processes in a unified manner

NN

-d
mNN

This required an extension of the pure three-body (or
two-body) scattering equation to be coupled to the two-
body (three-body) states consistently, giving a due respect
to unitarity, etc. The coupling between the two- and
three-body channels is accomplished by an introduction
of the pion emission and/or absorption (or tris) vertex
which is closely related to the mN P» partial wave. This
point will be discussed extensively below as it is the pivot
which the whole issue of problem and solution discussed
in the present paper turns around.

During the past few years there has been a consider-
able accumulation in the high quality experimental data
in the two-body processes:

NN
7Td

while those with three-body Anal states

d
- —+mNN

have been increasing. This situation has made it possible
to actually test the PNE model predictions. We can safe-
ly conclude that up to now the model gives, at least, a
good qualitative agreement with the data in a variety of
channels, see Garcilazo and Mizutani for a brief review.
This alone is a nontrivial attainment.

A characteristic feature of the PNE result that we have
found empirically is that the md elastic channel, which is
the interest of our present paper, appears to a very good
extent to be decoupled from the rest, except at very low
energies. Since the deuteron is quite a loosely bound sys-
tem allowing the near on-shell single scattering (impulse)
process to be the major contribution (which is then dom-
inated by the 6 resonance in the energy region of in-
terest), this consequence seems quite reasonable and the
coupling to the NN channel should stand as a small per-
turbation (this does not mean that the global coupling
NN~~d, is weak; for example there is a strong inhuence
from the ~d channel on the NN inelasticity up to
Tz ——600 MeV, see Ref. 5). Indeed, when one compared
the result of the PNE model with that of the pure three-
body calculation, the difference was rather small in major
md observables. They even share the failure of not repro-
ducing such data as large angle differential cross sections
and vector polarization it » above the b. resonance.
However, at least in one observable, the tensor polariza-
tion T2o, the PNE and the three-body model differed con-
siderably in the backward hemisphere ( 8, )90 ).
Clearly this difference must come from how the coupling
to the NN channel is incorporated. In fact the standard
three-body treatment of the m.d scattering has practically
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no XX coupling as will be clear in the discussion below.
On the experimental side the laboratory quantity t2p was
one of the first md spin observables measured (later mea-
surement of the same quantity can be found in Ref. 7)
which then was compared with the models. Surprisingly
enough, the less sophisticated pure three-body model fol-
lowed the data rather closely while the PNE result '
was off at backward angles, although it should be kept in
mind that the data points were yet rather scarce. So
there were some repeated arguments that the PNE must
be wrong and that rather the standard three-body ap-
proach should be employed for the correct description of
the md elastic process. Note that this three-body model
is applicable only to the md elastic and break-up process-
es, but not to those which start or end with the XN state.
After all this is why the PNE was called for, as men-
tioned above. So the situation was quite bothersome.
More recently, thanks to the sufficiently tensor-polarized
deuteron target, the direct measurement of T2p, together
with other md tensor polarizations, become feasible. "'
This is a drastic improvement over the measurement of
the recoil deuteron polarization t2p which always comes
out as a linear combination of T2p T2&, and T22. Here
again the global features of the data (T», rzi, and r22)
were qualitatively explained by three-body models, but
not by PNE (note that above the 6 resonance the three-
body result also deviates from those new data). Natural-
ly, the question arose as to why the "correct" PNE model
appeared to have failed in this quantity. Recently there
was an attempt to solve this problem by Jennings' '
which appeared to be successful.

In the following sections we first give a pedagogical
analysis of the problem in some detail. To some readers
in the field this might sound repetitive. But we would
like the present work to be self-contained to minimize the
shuttling back and forth among several different publica-
tions. Then we critically examine the mechanism pro-
posed by Jennings. We found that irrespective of wheth-
er his claim is totally correct or not this mechanism must
be incorporated in the PNE calculation of the md. spin ob-
servables. Some results including the correction from
this mechanism are presented, and the conclusion is
drawn at the end.

II THE T20 PROBLEM

As a first step in understanding the T2p problem let us
look into the md helicity amplitudes. Following Grein
and I.ocher' we write four independent amplitudes as
A =H++, B =H+p, C =H+, and D =Hpp, where
subscripts are the deuteron helicity in the initial and final
states. Those amplitudes are functions of energy and
scattering angle. In terms of them all the md observables
are proportional to the sum of their bilinear produces, as
shown in Appendix A. Their characteristic features, val-
id even in the simplest impulse approximation, are the
following (see Fig. 1).

(a) The dominant amplitudes are the helicity nonAip
pieces A and D, which determine the global feature of the
scattering. Both are quite large in the forward angles and
decrease fast for larger angles.

(b) The helicity Ilip amplitudes 8 and C vanish at the
very forward angle and remain small at all angles as corn-
pared with A and D.

(c) Only C and D are nonvanishing at 8, =180'. In
fact their magnitude increases slowly towards this very
backward angle.

It is then clear that among major md spin observables

T2p is the only one which is not constrained to vanish at
8, =180', so could even be large in that vicinity (here
we do not consider some of those experimental quantities
like ~22 etc. which linearly contain T»). In particular, at
very large angles

~»-—&2(ICI' —IDI') &(2ICI'+ IDI') .

So even though (i) this observable contains no interfer-
ence of two distinct helicity amplitudes and (ii) the mag-
nitude of C and D is small, the two models (standard
three-body and PNE) could give quite different T» pre-
dictions provided that the difference in the model predic-
tion b iCi = iCp~pi iC3 bod„i (or the similar quantity for
D) is of the same order as iCi (or iDi) itself (from either
or the models) at this angular range. Note that at smaller
angles, the difference of this order of magnitude may not
stand out as the dominant amplitudes are far larger. In
fact this appears exactly what one has found in the model
predictions: while iCi is less than iDi in the three-body
result, PNE makes iCi equal to or even greater than iDi
at very large angles. This is manifest in Fig. 1. As will be
discussed later, we have observed that the three-body re-
sult with and without P» is almost equiUalent. We there-
fore show the result without P» in that figure. Thus
within PNE T2p becomes even positive in some choice of
two-body input at 8, =180, while it stays large and
negative in three-body models. It is important to men-
tion, in passing, that this tendency can already be ob-
served in the lowest order (impulse) approximation.
What the recent T2p data' tell us is that for certain pion
kinetic energies T~o(180') approaches very close to the
unitary limit —&2. This means that at large angles Ci
is certainly less than iDi, thus apparently the three-body
result is favored. In the following we shall look more
closely into the origin of the difFerence in the T2p predic-
tion by those models.

As may be clear from how the original PNE was con-
structed in extending the three-body equation, ' the
difference consists in how the pion emission and absorp-
tion is implemented through the m.X P» partial wave.
Although the following argument may be familiar, ' we
would like to repeat it for clarity. Briefly, to be con-
sistent with the m.N partial wave analysis, the input P»
amplitude to the three-body equation (or PNE) must con-
sist of two parts. The (s-channel) nucleon pole term is
made up of two mNX vertices connected by the nucleon
propagator [Figs. 2(a)). This gives a repulsive contribu-
tion which is compensated by the remaining piece called
the nonpole part [Fig. 2(b)], to make the whole P& &

ampli-
tude weakly repulsive up to T""=200 MeV. From uni-
tarity and analyticity it was proven that the nonpole part
is unitary by itself while the vertices and propagators in
the pole term must have dressing by the virtual pions
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FIG. l. Moduli of the hard helicity amplitudes
~ A~, ~B~, ~C~, and ~D~ (in fm) calculated at T" =256 MeV. Curves are standard

mNN-NN theory (PNE) of Ref. 10 (full 1ine), and pure three-body result without the P» contribution (dashed line).

(a) (b)

FIG. 2. Decomposition of the mN P» amplitude into pole (a)
and nonpole (b) parts.

such that the sum of those two terms be unitary. ' For-
mally this decomposition is unique contrary to the state-
ment by Jennings. ' However, the magnitude of the pole
and nonpole terms cannot be determined unambiguously
by exploiting only the elastic ~X information (the elastic
mN data only constrain the sum of those two terms which
is, as already stated above, weakly repulsive). In this
sense the actual decomposition of this partial wave at
present appears not unique. Yet, close to the elastic
threshold, the nucleon pole position and the value of the
~NN coupling constant tightly constrain the pole term so
the ambiguity may be considered under control (for both
the pole and nonpole terms). Also it is quite possible that
the magnitude of the pole term (and thus that of the non-
pole part as well) may be large as inferred from the tree
diagram in any reasonable (effective) chiral Lagrangian
model of mesons and baryons.

In the ~NN system this Pii amplitude serves as one of
the two-body input elements driving the multiple scatter-
ing (or successive binary collisions) among the pion and
two nucleons. So, at first sight, it may be natural to think
that only the total (viz. the pole and nonpole terms in
combination) P„amplitude should always appear in the
multiple scattering series. The consequence of this is of
course the standard three-body treatment where no pole
and nonpole separation is needed. However, in the pres-
ence of a spectator nucleon, the propagating nucleon
found in the Pi i pole term must respect the Pauli princi-
ple. Therefore the P» amplitude in the mNN system
must be modified due to the proper antisymmetrization of
the two nucleons. This modification is correctly imple-
mented in PNE, which then allows the simultaneous
description of reactions like NN~m. d, NN~XlV, etc. To
understand this point more clearly we consider the im-
pulse md term through the mN P» wave. This is ap-
propriate as our present discussion is confined within the
md elastic process. The contribution is depicted in Fig. 3.
In the three-body model only diagrams (a) (pole contri-
bution) and (b) (nonpole contribution) enter which, in
combination, give very small contribution as anticipated
from the small P&& amplitude. In fact, together with the
dominant P33 wave input, the P» contribution in this
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(a'") or

(b)(1 .

5

FIG. 3. The impulse contribution to the m.d scattering
through the P» wave. Diagram (a): pole contribution; dia-
gram tb): nonpole contribution, ' diagram (a'"): exchange term
to (a). The same notations are used in the text for the ampli-
tudes corresponding to these diagrams. In the case of relativis-
tic o6'-mass-shell description, the nucleon propagators are num-
bered from 1 to 8.

(a'")I
I
= —(a)I I [p«]+(a)i i[fb] . (2)

In the above expressions l and l' are the initial and
final orbital angular momenta, and [per] and [fb] signify
the parts which go through Pauli permitted and-forbid-
den NN states, respectively. For certain n.d J states the
Pauli-permitted part of (a) vanishes, while for some other
J the corresponding Pauli-forbidden part becomes zero.
Then the total impulse contribution through the P» in
partial wave J reads

2(a), , [per]+ (b). . . (3)

form is almost negligible. For this reason the results of
three-body calculations with and without P» are almost
identical. Now in the PNE description there is an addi-
tional term (a'") [see Fig. 3], which is the Pauli exchange
counterpart to diagram (a) with a negative sign. Qualita-
tively, when ignoring the spin complication, amplitude
(a) is forward dominated in its angular dependence and
thus its Pauli exchange counterpart (a'") is backward
dominated as a consequence. By an explicit calculation
of (a) and (a'") we have found that this tendency: ~(a'")

~

equals the mirror image of ~(a)~ with respect to
0, =90', holds approximately upon introducing the
spin degrees of freedom. In our present context this may
quite well cause the difference in ~C~ and ~D~ by the two
models, as discussed above.

Upon partial wave decomposition one finds for a given
J combination of total angular momentum and parity

(a )&.
&

= (a)I I [per]+ ( a) I I [fb], (1)

and

This point may be more easily understood by looking
into Table I where the first few md partial waves and the
NN partial waves that couple to them are listed. Also in-
dicated in the table is whether those NN waves are either
Pauli allowed or forbidden. Then from this table it is
clear within PNE that in the impulse md scattering
through the ~N P» wave every natural parity state and
even-J unnatural parity states (except for 0 ) get the con-
tribution as in Eq. (3), whereas the odd-J unnatural parity
states receive the contribution as in Eq. (4) where no cou-
pling to the NN channel is effective due to Pauli blocking.
To see this, we have explicitly calculated the partial wave
contributions from diagrams (a) and (a'") as found in
Table II (first through fourth columns). In either case the
contribution could be quite different from the three-body
result,

(a), ,[per]+(a), , [fbj+(b)& &

which should be quite small.
The next step is to compare the two sets of md partial

waves produced by three-body and PNE models once in-
corporating other mN partial wave contributions and to
iterate the multiple scattering series to all orders. A typi-
cal result valid in the 5 resonance region is shown in
Table III. Since the major partial waves fJ
(J=2+,3, 1 ) are so much dominated by the
(Nb, )l=0, 1 states, they do not show much sensitivity to
the different treatment of the P» wave [note that the cor-
responding N rrN(Pi& )—states for these ~d partial waves
are in relative l=2,3, 1 states, respectively]. As for
f1+ i z+ &

and nondiagonal f&+ i J+ i, more sensitivity to
the P& &

treatment is observed due to the reduction in the
modulus of the amplitude caused by the higher ~d orbital
angular Inomentum barrier. The most striking difference
is clearly observed in the 0+ amplitude. Here the NA is
only in /=2 state while the N mN(P») is —in 1=0.
However, the inhuence of this partial wave on various ob-
servables is not strong as it only appears in helicity ampli-
tude D with a geometrical factor J+1 (see Appendix A
for the relations between the helicity amplitudes and the

TABLE I. m.d partial waves state and the corresponding NN waves which couple to them.

0
1+
2
3+

S
1

1

no
1

1

1

~d state

L
1

0,2

1,3

2,4

no
1

2
3

S
0
1

0
1

0
1

0
1

1

1

1

XN state

L
0
1

1

2
2
3
3
1

0,2
1,3
2,4

State
'S,
PI

lp
3D

'D2
3Q

3p

P -I'
3 3D3- G

Pauli

Allowed
Allowed
Forbidden
Forbidden
Allowed
Allowed
Forbidden

Forbidden
Allowed
Forbidden
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TABLE II. md partial wave t matrix t&~
= tI I from diagrams (a), (a'"), and (c) at T" =142 MeV. Deuteron used has only 8-wave

component. In the four columns marked + the nucleon self-energy by the virtual emission of a single pion is included for the inter-
mediate states, and a monopole mNN vertex with a cutoff mass of 800 MeV/c is used in calculating this self-energy. The normaliza-
tion of the partial wave amplitudes is the same as in Ref. 10. Notice the degree of cancellation here.

*Re(a}

190.80
51.99
0.00

131.40
51.99
12.58
0.00

32.57
12.58
3.43
0.00
7.62
3.43
1.01
0.00
2.04
1.01

*Im(a)

—49.52
—11.59

0.00
—33.99
—11.59
—2.93

0.00
—7.28
—2.93
—0.82

0.00
—1.78
—0.82
—0.24

0.00
—0.49
—0.24

*Re(—a'")

190.80
17.33
49.02

—131.40
—17.33
—2.52

—12.33
32.57
2.52
0.49
3.40

—7.62
—0.49
—0.11
—1.00

2.04
0.11

*Im( —a'" }

—49.52
—3.86

—10.93
33.99
3.86
0.59
2.87

—7.28
—5.86
—0.12
—0.81

1.78
0.12
0.03
0.24

—0.49
—0.03

Re{—a'")

372.90
32.73
92.59

—256.60
—32.73
—4.80

—23.52
61.56
4.80
0.94
6.54

—14.6
—0.94
—0.22
—1.93

3.94
0.22

Im( —a'")

—4.24
—0.05
—0.13

2.84
0.05
0.01
0.04

—0.09
—0.01

0.00
0.00
0.02
0.00
0.00
0.00
0.00
0.00

—326.20
—30.38
—85.91
225.30

30.38
4.71

23.09
—57.32
—4.71
—0.94
—6.53
14.30
0.94
0.22
1.95

—3.94
—0.22

partial wave amplitudes fI &). There is also a very clear
manifestation of the different P&& treatment in 1+ wave
since the contribution from the P» pole part, which is in
(NN)1=0, is completely Pauli blocked in PNE. This
leaves a strong attractive piece due to the nonpole part.
As stated earlier this blocking occurs in all odd-J un-
natural parity waves, but the difference between PNE and
the three-body becomes smaller rapidly with increasing J.
According to the formulas in Appendix A, these unnatur-

al parity amplitudes contribute only to helicity ampli-
tudes A and C, but at large angles only C is relevant. So
one might expect that this difference should be rejected
in C and that one could find the key to the solution in the
T20 problem. With this in mind we have replaced all un-

natural parity partial wave amplitudes in the PNE model
by those from the three-body model. The result is a no-
ticeable decrease in ~C~ at backward angles. This has
been achieved to a good extent by the 1+ amplitude but

TABLE III. ~d partial wave amplitudes at T" =142 MeV from the PNE model of Ref. 10 and the
pure three-body result without the ~N P» input.

No P)i

0
1

1

1

1

1

2
2
2
2
2
3
3
3
3
3

4
4
4
4

1

0
0
1

2
2
1

1

2
3
3
2
2
3
4
4
3
3

5

330.35
6.64

—46.45
—253.23
—46.45
—85.87

—537.37
8.97

—144.49
8.97

—9.26
—328.24

17.67
—87.71

17.67
—6.29

—86.03
1.37

—12.12
1.37

—0.98

—224.52
—552.16
—64.39

—756.60
—64.39

—151.86
—1408.10

18.64
—254.62

18.64
—37.82

—381.96
16.83

—93.12
16.83

—14.14
—98.35

2.53
—23.38

2.53
—4.42

—85.71
—36.36
—82.40

—274. 16
—82.40
—18.22

—750.77
21.61

—231.58
21.61

—9.82
—344.00

10.56
—60.96

10.56
—3.28

—86.33
2.79

—15.77
2.79

—0.96

—182.28
—544.96
—90.39

—501.56
—90.39
—77.52

—1450.00
43.84

—276.72
43.84

—27.28
—379.63

13.95
—76.47

13.95
—9.42

—97.36
3.21

—22.80
3.21

—3.29
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that alone is by no means sum. cient: a certain coherence
due to several of those waves seems to be needed. As for
T2o this change in C is still insu%cient to bring it down to
sufFiciently negative value, within the PNE. To find a sa-
tisfactory T2o at large angles it is necessary to have large
~D~ relative to ~C~. For the reason stated above this can-
not be done by the change in the unnatural parity partial
waves alone. By numerical experiment we have found
that all the 1, 2+, 3 large and sma11 partial waves in
the PNE model also must be replaced by their three-body
counterpart.

The conclusion concerning this matter is that in one
way or another the issue appears to be related to the
treatment of the Pauli principle. The real trouble is that
the model with "an apparently proper consideration" of
the Pauli principle is inferior to the one without it. So
there appeared some rumor that some people even ques-
tioned the effectiveness of the Pauli principle for off-shell
nucleons. But what is then the real origin of this ap-
parent suppression of the Pauli principle?

III. STUDY IN THE JENNINGS MECHANISM

Recently in an attempt to resolve the above-mentioned
problem Jennings proposed an interesting idea' which
apparently did not require any exotic ingredient like the
violation of Pauli principle by off-shell nucleons as re-
ferred to above. His arguments is that in the time-
ordered formalism, the diagram (c) shown in Fig. 4 large-
ly cancels the diagram (a'") of Fig. 3, thus effectively lift-
ing up the Pauli principle (Jennings introduced this dia-
gram as the Pauli exchange counterpart of the diagram
shown in Fig. 5, which is predominantly in mX P33 wave
in the presence of the nucleon spectator).

Later, within a simplified model, Jennings and Rinat'
demonstrated that the addition of this extra diagram to
the md amplitude obtained from the PNE did restore the
agreement with the experimental T20 while giving very
slight change to the remaining observables. They expect-
ed that the near cancellation could as well take place in
higher order but that, hopefully, these higher order con-
tributions might be small. This remains a mere conjec-
ture. Clearly, this extra contribution (c) involves an ex-
plicit four (m~NN) particle state so it does not seem to be
generated either in the conventional three-body (nNN) or.
PNE model. Thus these authors concluded that the T20
trouble is just a manifestation of the shortcoming of the
coupled nNN NN (PNE) theory-

In view of its potential importance in the nXX problem
in general we have reexamined the claims of Jennings and
Rinat. The conclusion we have reached is presented
below.

FIG. 4. The diagram (c) suggested by Jennings. The vertical
line is to indicate that the intermediate state has four particles.

FICr. 5. The u-channel nucleon pole term in the presence of a
spectator nucleon. The Jennings term originally proposed (Fig.
4) is just the Pauli exchange partner of this term.

(i) Cancellation W.e shall first examine the claim of
the near cancellation between diagrams (a'") and (c).
Within the time-ordered theory as discussed by Jennings
it is clear that diagram (c) gives a purely real contribu-
tion, whereas (a'") is complex as the intermediate NN
state is above its elastic threshold whenever the incoming
~d state is physical. So already at this stage one knows
thai their exact cancellation is impossible. Jennings ap-
pears to have disregarded the imaginary part. So the
question is twofold: (1) if the imaginary part of (a'") is
quite small, and (2) if the real part of (a'") and (c) nearly
cancel. This has been tested and we found the same con-
clusion as Jennings as long as no consideration of the nu-
cleon self-energy is given (See Table II, fifth and seventh
columns). However, in the 5 resonance region the self-
energy effect becomes important (this is related to the un-
itarity of the ~N P» amplit-ude). And with the inclusion
of this effect the imaginary part of (a'") becomes of the
same order of magnitude as its rea1 part, and the near
cancellation of Re[(a'")] and (c) is now gone (third and
seventh columns in Table II). Note that when calculating
the nucleon self-energy we only considered the virtual
emission of a pion that is the only relevant process at the
energies of our present interest. Also we employed a
monopole cutoff of 800 MeV/c at the m.NN vertex which
gives a somewhat conservative but reasonable estimate of
the self-energy effect. Our conclusion is that although
the near cance11ation cannot be expected, we should still
include diagram (c) as its magnitude is of the same order
as that of (a'") and it tends to compensate Re[(a'")],
thus partially reducing the Pauli eff'ect due to (a'").

(ii) Need to go beyond mNN state? If diagram (c) real-
ly is the major solution to the T2o problem for PNE, that
should be an indication that PNE is insufticient in that it
does not accommodate explicit four-body mmXN inter-
mediate states, as remarked by Jennings and Rinat. '

Then a legitimate question to ask may be if there is any
model which goes beyond PNE by incorporating the
mmXN states. There is, in fact, a candidate for that: a set
of coupled equations for the md%-XX system developed
by Stelbovics and Stingl. ' The equations were derived in
the standard time-ordered formalism by exploiting a sim-
ple model field theory containing only the two nucleons
and pions. The only allowed interaction was the m.XX
vertex for the pion emission and absorption, and for the
system of nucleons the maximum number of pions was
restricted to two by the projection method. A peculiar
feature of this model is that it contains disconnected in-
teractions X and 7 as driving terms, as shown in Fig. 6.
Clearly, diagram Y generates (c) as the lowest order con-
tribution to the elastic ~d process. Furthermore, the
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FIG. 6. Disconnected driving terms in the ~XX equations of
Ref. 17.

equations do formally reduce to PNE on disregarding in-
teraction Y, as has been demonstrated by Afnan and Stel-
bovics. ' So at first glance this appears to be the right
model to watch. However, there are several serious
drawbacks which make this model unattractive for fur-
ther pursuit. First, in spite of the very simplifying as-
sumption the equations are quite complicated and it ap-
pears to be very difticult to make it more realistic by, for
example, implementing the XX heavy meson exchange
interactions. Second, even if this is technically solved
there still are problems which the iterations of Y together
with other interactions generate: (i) the vrXX vertices and
nucleon self-energy terms cannot be consistently renor-
malized in the presence of the spectator nucleon, see Fig.
7 for example, and (ii) some noniterative NX interactions
by pion exchanges are already incorporated efFectively in
terms of meson and vertex cutofF parameters in the
adopted XX potential model. This will cause a double
counting problem.

Yet there is one positive outcome from having looked
at this model: as stated above some portions of the
iterates containing interaction Y are to be attributed to
the vertex dressing, nucleon self-energy, and noniterative
pion exchange NN potentials which must be regarded as
being already taken into account at the level of choosing
the input to the equations. In fact the iterates belonging
to this class of contributions are quite large. What this
implies is that in the correct theory the contribution from
Y higher than (c) may not be very important.

The failure of the Stingl-Stelbovics model, especially
from the consistency point of view, stems from the time-
ordered formulation which the model is based upon. It is
clear that within a covariant formalism such a problem
should not occur. Once adopting the covariant picture,
the immediate consequence is that in terms of Feynman
diagrams (a'") and (c) come out of a single diagram. So
it is reasonable to guess that the mmXX four-particle
states in the context of Jennings may naturally be taken
care of when the covariance is preserved in PNE, see
third paper in Ref. 1 for a covariant derivation of PNE.
Then the T2o problem may no longer come up. At this
point we should be reminded that to the best of our
knowledge all the relaIiuistic three-body or PNE models

to date have adopted the so-called spectator on sh-ell ap-
proximation. This reduces the four-dimensional integral
to that of three and eventually makes the form of the
equations very close to that of the nonrelativistic time-
ordered theory. Although part of the raison d' etre of this
approximation originated from avoiding the abnormal
solution to the two-body relativistic bound state equa-
tion' as well as to have a correct one-body limit when
one of the particles gets infinitely heavy, its adaptation
to scattering problems is largely dictated by practicality:
a four-dimensional three-body scattering equation is im-
possible to handle. However, in our present context we
have felt it necessary to reexamine its relevance.

Since our present interest is to study the Jennings
mechanism, we shall concentrate on diagrams (a) and
(a'") within the covariant picture. We now reinterpret
Fig. 3 within that context. There the closed boxes
represent off-shell nucleon propagator s along which
four-dimensional momentum integrations are to be done.
External lines represent on-shell particles. We then num-
ber the nucleon propagators as 1—8 [1~4 for (a) and
(5~8 for (a'")] as in Fig. 3. To make the argument sim-
ple and transparent we simply state the result while
somewhat more quantitative discussion is relegated to
Appendix B. Now we perform a Cauchy integration in
the energy variable, closing the contour in the lower half
complex plane. For diagram (a) only propagator 1 gives
the positive-energy pole contribution inside the closed
contour, while the remaining contribution comes from
the negative-energy poles and is thus suppressed. The
spectator on-mass-shell approximation is just to take this
positive-energy contribution. We remark again that this
approximation parallels the time-ordered approach.
With diagram (a'") the situation is difFerent. In fact it
admits two positive-energy poles. The first one is from
propagator 5 and is the exchange counterpart of the
(spectator on-mass-shell) contribution to (a) just men-
tioned above. So this part has been included in the PNE,
causing the T20 problem. The second, on the other hand,
is from propagator 8 and has never been considered be-
fore; this has simply been overlooked due to the very
spectator on-mass-shell picture. We stress that there is
no reason to believe that this latter contribution is of
minor importance as compared with the first one. A
close look at this term has revealed that it is what Jen-
nings advocated to include in the ~d amplitude: diagram
(c). Its origin is therefore not outside the coupled PNE.
Our suspicion regarding the inappropriate treatment of
the Pauli principle in PNE has thus turned out to be
right: the Pauli exchange term was incomplete. Howev-
er, we must keep in mind that this does not give any
preference to the standard three-body approach over the
PNE method concerning the description of the elastic md

process, since the former disregards completely the Pauli
principle.

N IV. md OBSERVABLES

FICx. 7. Typical processes in the m.XX equations of Ref. 17
that cannot be consistently renormalized.

Upon identifying the origin and potential importance
of the so-far-missing contribution originally proposed by
Jennings, we shall try to include it in our PNE calcula-
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tion of the md observables. Ideally, one solves the covari-
ant PNE equations (the last paper in Ref. 1) which natu-
rally include this kind of contributions to all orders. But
this seems impossible. So one may calculate the leading
order correction covariantly in a way discussed in the
preceding section. What has not been taken into account
in that discussion is the structure of the vertices and nu-
cleon self-energy. For an actual calculation this certainly
has to be taken into account. Reliable covariant models
for the vertices, in our opinion, do not seem to be avail-
able yet. In such a circumstance we cannot be very ambi-
tious but are obliged to stay rather modest. We thus cal-
culate diagram (c) in a time-ordered model and add it to
the m.d amplitude from the PNE model. We could have
added the second term in Eq. (B14) in Appendix B but
have chosen not to do so in the present work in view of
what has been just mentioned above. Basically, this is the
strategy adopted by Jennings and Rinat. ' Our first ob-
jective is to check if their finding can be qualitatively
reproduced. The second objective is to study the effect of

the additional diagram not only in T2p but also in other
m.d spin observables. Our inputs are different from those
in Ref. 14. The first such difference is in the md% vertex:
a simple static vertex without cutoff factor was adopted.
This should be plausible as the pion is on shell. We actu-
ally reached this conclusion after employing several ver-
tices with different but reasonable cutoffs. There is one
sophistication over the model of Jennings and Rinat: we
have taken into account the D-state component of the
deuteron. At first sight this state did not look important.
But a close examination has revealed that without it dia-
gram (c) gives no contribution to 8 helicity amplitude
[equivalently this comes from the vanishing (c) contribu-
tion to ~d spin amplitude M+& + &

]. This has an impor-
tant consequence in some of the spin observables as they
are proportional to the real or imaginary part of the in-
terference between B and combination of the other helici-
ty amplitudes, see Appendix A.

The spin amplitude in the md c.m. system correspond-
ing to the analytic expression of diagram (c) reads

2

Sm +co&co p

4" (k+q/2)(o .p)(o q)%~ (k —p/2)
—co +E —Ez[k+(p+q)/2] —Ez[k —(p+q)/2]

Here the total c.m. energy is co +E„=coq+Eq",f is the
~XX coupling constant, p the pion mass, E~ is the nu-
cleon energy in the intermediate states, and %M is the
deuteron wave function with spin projection M. The fac-
tor —3 in the numerator comes from the isospin recou-
pling. The normalization of the t matrix is such that

1 1, +
COp

with ~f~~ being the differential cross section for the
deuteron spin transition M —+M' by the pion scattering.

The results are presented in Figs. 8—10 for T" =142,
256, and 294 MeV, respectively, together with the recent
data"' on polarizations Tpp 72& 722 etc. Also included
are the "data" for T2, and T22. They were deduced from
the T2p, ~2, , and ~2z data with appropriate error bars
(note that rz, and F22 are linear combinations of T2;,
i=0, 1,2). There are four different theoretical curves in
the figures. They correspond to our PNE result without
the (c) correction (dotted line), PNE plus the correction
with an S-wave deuteron (dashed line), PNE plus the
correction with S+D deuteron (calculated from the
Ernst-Shakin-Thaler approximation to the Paris poten-
tial ') (solid line), and the result of the pure three-body
model without the ~N P» input (dash-dotted line). Also
plotted in Fig. 11 are the moduli of the helicity ampli-
tudes ~C~ and ~D~ at 256 and 294 MeV in comparison
with the result of the recent amplitude analysis.

One immediately finds that at 142 MeV the effect of
the correction to PNE is not very noticeable and so the
improvement is just insufhcient: a disappointment. This
is rather different from what Jennings and Rinat found, '

to which we shall come back later. On the other hand,

I

one observes a considerable improvement in various spin
observables at the two higher energies, including do. /d Q,
it&&, etc. which have been so hard to improve so far. In
particular, a remarkable improvement in Tzp is note-
worthy: one observes a wild difference between the pure
PNE and the corrected ones.

Remembering the simplicity of our model input for (c)
it is safe to conclude that the success we have witnessed
above is an indication that basically our procedure for
correcting the original PNE is in the right direction. Yet
what remains bothersome is the result of 142 MeV that
cannot really be viewed as a success. There are a couple
of points to be investigated regarding this subject matter.
First, we have found that as a function of the pion energy
the improvement becomes better the higher the energy,
above the 6 resonance. From a somewhat different
viewpoint this may be restated as follows: the 6 domi-
nance is manifest in the J"=2+, 1=I'=1 partial wave
which becomes less and less important above the reso-
nance energy relative to J =0+,1,1+ partial waves
which diagram (c) affects most. On the other hand the
energy dependence of (c) is quite smooth. This gives us
some hint as to which direction the model may be im-
proved. For example, the next order process correspond-
ing to diagram (c) (see Fig. 12) which proceeds through
the formation of a b, before (or after) may bring in a
reasonable energy dependence to solve the problem below
the resonance. Second, apparently Jennings and Rinat
had no problem in attaining a qualitative agreement with
the T2p data at 142 MeV. Their result at 256 MeV ap-
pears to be fine, too. So does this mean that there is a
better model? It may be useful at this point to briefly re-
view this model. The background PNE amplitudes were
taken from Flinders and Rehovoth. The Flinders PNE
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is a model which reproduces various observables in md

elastic, md-NN, and NN-NN reasonably. Apart from a
somewhat poor agreement with the data in md elastic
differential cross section at T""=142MeV, a problem is
that the splitting of the P& &

pole and nonpole terms is not
unitary (the AN vertex is real). This eventually makes
the absolute values of the pole and nonpole terms re-
duced, the consequence of which is the reduction of the
T20 at large angles to become negative. In fact when this
nonunitary decomposition was corrected, the resulting
T2o became positive, just like what our model sho~s.
Regarding the Rehovoth amplitude, again the key point
is the PI &

model adopted. It implements a unitary
decomposition of the pole and nonpole terms. But its

prediction for the nd N-N cross section is about 30—40%
lower than the data. This indicates that the contribution
from (a) and (a'") is reduced to end up with negative Tzo
at backward angles. When combined with the (c) correc-
tion both models thus have produced reasonable Tzo at
142 MeV. Therefore one cannot conclude that the
Jennings-Rinat model is better than the present one.
Since the Flinders PNE model amplitudes were available,
we adopted them in combination with our (c) contribu-
tion, see Figs. 13 and 14. Indeed, the 142-MeV T20 came
out nicely. When compared with our result some observ-
ables like T2z are rather similar above the resonance en-
ergy. However, it&&, after correction, gets completely
deteriorated while the same quantity in our result has im-
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FIG. S. ~d spin observables at T""=142 MeV. The curves are standard m.NX-XX theory (PNE) of Ref. 10 (dotted line), PNE+(c)
correction with S-wave deuteron (dashed line), PNE+{c) correction with S +D deuteron (fu11 line). Here, the full line and dashed

line are identical. The dashed-dotted line is the three-body result without the P» contribution. Data are from Refs. 10 and re er-

ences cited therein. The di6'erential cross section (o ) is in mb/sr.
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proved regarding the shape, in particular, around
8, =60'—100'. It appears to us that those two quite dis-
tinct results are in part related to B helicity amplitude.
In fact, when combined with (c) the Flinders model has
produced very small ~B~ at around 8, =90, which
makes it

& &
small in that angular range. The reason

behind this is that the Flinders B amplitude has indeed a
rather small modulus. In this respect it is worth pointing
out that the deuteron D state plays an important role in
the correction contribution, as evidenced in it» and to a
lesser extent in T2p of Figs. 9, 10, and 14.

What we have just discussed above indicates that there
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lk

~ I I T I I I I I I ~ I ' ~ ~ I
'
~ ~ I I

)01

)00 0.0 t

10 '

I I l I 'I' I I I t I ~ l I t I

T20
aa l I s I I I l » I I s ) I I

TZO(iob}

00 0.0

—0.4

—0.8 —0.8

—1.2

I I I I I l ~ I l ' ' I ' ' I

2I

i I I I I I l I I 1 I l ~ I I I I

0.0 7 0.0

—04 —04

—08

0.8
I I I I I I I I I I I I I l ~ I s a I i i I s a I a a I i I l a s

0.4

0.0

—0.8
I I I I I I ' I I I

—0.8
J k I ' I I 1 I I I I I I ' I I I

30 60 90 120 150 I80 0 30 60 9O 120 150 180

8 c- (deg)
FIG. 9. md spin observables at T" =256 MeV. Same legend as in Fig. 8 (full and dashed lines are identical for o).
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still are some degrees of arbitrariness in the choice of the
P» input. This, however, may be narrowed down by im-
proving the PNE model prediction in other channels.
There is hope for this as data are increasing in, for exam-
ple, the spin observables in the NN~nNN (see, for ex-
ample, Ref. 23).

V. CONCLUSION

Although the model we have adopted for numerical
calculation is rather simple, we may safely conclude that
we have basically understood the mechanism to improve
the description of the ~d spin observables, T~o in particu-
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~ I ~ I I I I I 0 T I T ~ I I r I
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FIG. 10. md spin observables at T" =294 MeV. Same legend as in Fig. 8 (full and dashed lines are identical for o.).
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lar, in leading order. The mechanism originates from the
so-far-neglected contribution from the Pauli exchange
process to the covariant md impulse term through the mN

P&I state. In a time-ordered theory this contribution is
exactly what Jennings proposed to be included in the
PNE md amplitude. So no exotic mechanism like the
violation of the Pauli principle needs to be invoked. On
the other hand, to make sure that this really is the answer
it will be necessary to shape up our theoretical tools for a
more complete description of the md process. In the con-
text of a time-ordered picture, the optimal choice of the
P i ] input is vital, as discussed towards the end of the
preceding section. Within this picture many higher order

Lkk kkk
J~WWWWW

J/

FIG. 12. The next order process corresponding to diagram
(c).

iterates involving the correction mechanism appear to be
already included in the original PNE. So we expect the
higher order corrections to be small. A typical next or-
der correction that may be somewhat important is indi-
cated by Fig. 12.

Desirably, one would want to perform a more complete
calculation within a covariant formulation. As for the
lowest order correction one needs to calculate (a'"). For
this a reliable model for the mNN and dNN vertex func-
tions for which both nucleons are oA' mass shell is in-
dispensable. This is a tough requirement, but some at-
tempts seem to be planned so there is some hope for this
direction. The corresponding higher order eAect is
quite hard to assess since the kind of analysis done in Sec.
III (and Appendix 8) is very difficult to perform when the
external particle lines are off' shell. We simply hope that
our expectation based upon the time-ordered picture may
apply to this case as well.

To this end, there are a couple of remarks that need to
be addressed. The first point concerns the inAuence of
the correction term (c) in other coupled channels. By ob-
serving the diagrammatic expansion of the amplitudes for
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those reactions one finds immediately that this correction
does not enter either in the lowest or second order terms.
Since the process in the energy range of our interest are
dominated by the 6 resonance, one sees no reason that its
effect is substantial. The second point is that by intro-
ducing a parametrized direct (or t-channel) N b. in-terac-
tion in the lowest order into the md amplitude from the
standard three-body calculation Ferreira and Dosch im-
proved the md observables considerably. It will be in-
teresting to perform this analysis with the PNE ampli-
tudes corrected for diagram (c) to see what the corre-
sponding N-b, interaction parameters look like.
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APPENDIX A

The partial wave expansion of the md helicity ampli-
tudes H& i, where A, (A.') = +,0, —denotes the initial
(final) deuteron helicity (+ 1,0,—1), is

H&&(0, $)=e '~ g V(21+1)(2I'+1)(lllO~ JA, )

X (1A,'l'Oi JA, ')fi id i„i (0) (Al)
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FIG. 13. m'd spin observables at T" = 142 MeV. Same legend as in Fig. 8, but the PNE model is from Flinders, Ref. 2. The results
without the P» contribution are not shown here.
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where the partial wave amplitudes are defined as

2ISJ

2ik

Here, k is the pion c.m. momentum and 5(l', I) is the
Kronecker symbol.

By parity and time reversal invariance there are four

independent amplitudes:
3 =H++=H
8=H =H = —H = —H+0 0- 0+ —0

C =H+ =H

C=HOO .

(A3)
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FICi. 15. The kinematical situation corresponding to diagram

(a) of Fig. 3.
2
3

The explicit forms of these amplitudes in terms of the
partial wave amplitudes are

~ =-,' X I(J+1)f~ 1,~ 1-+Jf—1+1,I+1+(2J+1)fir
J+1

+2[J(J+1)]' fI 1,J+1 ld i —1(~)

I' 2 I [2J(J+ 1)]' (f1+1 J+1

++ f~ —»+1I"i,o(~)
(A4)

C= —,
' Q I(J+1)fg i J i —+Jfs+1,J+1 —(2J+l)fqJ

J~1
+2[J(J+1)]' fj i &+1 jd i 1(&),

D = g I Jf~ 1~ 1+(J+1)fr+1g+1

FIG. 16. The position in the complex-k plane of the poles of
the nucleon propagators of Fig, 15.

varjant PNE. As stated in Sec. III we simplify the prob-
lem by using S-wave ~X% and XXd vertices which are of
zero range (point vertex) together with the assumption
that all the particles involved are scalars. Also the nu-
cleon propagators are taken as undressed. These simpli6-
cations do not alter the conclusion that we want to draw.

First we consider the process corresponding to dia-
gram (a). We choose the m.d c.m. frame and the corre-
sponding kinematical situation is depicted in Fig. I5
where the four on-shell four-momenta are

—2[J(J+1)]' fJ, s+, ldoo(~) .

The c.m. differential cross section is

=—'x x=2I/1I +4IBI +2IcI +IDI (A5)
with

P, =(co,p), P2 =(D, —p),
P, =(co,q), Pg =(D, —q),

(81)

The Anal state vector and tensor observables are j.n the
Madison convention:

—
( 2+ 2)1/2 —

( 2+ 2)1/2

( 2+M2)1/2 ( 2+M2)1/2
(82)

it „=i/6 Im[8 '( /1 —C +D)]IX,
T2o =&2(

I
~ I'+

I
cI' —I&I'—ID I')/'&,

T2, =i/6«[8*(A —C+D)]/X,

T22 =&3[2«( ~ *C)—I&I2]&& .

APPENDIX 8

(A6)

where p = IpI = IqI =q, and p and Md are the pion and
deuteron rest masses. The total c.m. energy is therefore
8' =co+D.

The loop momenta are

k, =(ko, k), k2=( W —ko, —k),
k3 =k2 P, =(D ——ko, —k —p),
k4=k2 P3=(D —ko, ——k —q) .

Here we shall explain in somewhat more detail how di-
agram (c) (or the Jennings term) comes about in the co-

I

The amplitude corresponding to the figure is proportional
to the following integral:

1

(k3 —m +is)(k, —m +is)(kz —m +i@)(k~—m +i@)
(84)

1—: k =+(Ek i@), —2—: k =W+(E ie)—
3—:ko=D+(E„+ ie), —

4—: ko =D + (E„+ i e), —
(85)

where m is the nucleon mass, and g and U are the md%
and XXd vertices, respectively. Each nucleon propagator
admits one positive- and one negative-energy pole. They
are identified as j—

(j= 1—4) and their locations are

where Ek+ = [m + (k+p) ]'/ . Here i e specifies
whether a specific pole in consideration is in the upper or
lower half complex-k plane. The situation is shown in

Fig. I6.
In Fig. 16, the arrows indicate the motion of the poles

with increasing I
I I. Strictly speaking the poles in propa-

gators 3 and 4 are nonmonotonic functions until
I
k I

be-
comes sufficiently large as compared with IpI or IqI.

The integral in ko may be augmented by a half circle
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with an infinite radius either in the upper or lower half
plane which gives the identical result with the original in-
tegral. By anticipating the result which, in the limit,
reduces to the nonrelativistic situation, we choose to
close the contour in the lower half plane. Then the in-
tegral gets contributions from four poles: 1+, 2, 3
and 4 of which only 1+ is the positive-energy pole. The
contributions from the remaining negative-energy poles
are small and can therefore be neglected. The so-called
spectator on-shell approximation is just to retain the resi-
due of this positive-energy pole. Clearly nucleon 1 is the
spectator put on mass shell in the presence of the mX in-
teracting through the P&& pole term. Then the integral I
above becomes

I= im—I g*(P„k)g, , gg(P4, k),dk
(W Eg) —EI, —

k5 =(ko, k), k6=( W —ko, —k),
k7 =P2 —k, =(D —ko, —p —k),
ks =P3 —k, =(co—ko, q —k) .

(B10)

The amplitude corresponding to this diagram involves
an integration over ko and k just like the expression for I
above. The integrand is basically a product of four nu-
cleon propagators:

this way the dominance of the positive-energy pole con-
tribution is always maintained.

Now we shall study the covariant process correspond-
ing to diagram (a'"). This is depicted in Fig. 17 below.
The notations are almost the same as those defined above
except for those loop momenta k5, k6, k7, and k8 defined
as

with k = ( Eg k ) and where

(B6)
k2 —m2+ie (j =5~8) . (B1 1)

g(P2, k ) =
(P2 —k ) —m

(B7)
Just as before the poles corresponding to the four-

nucleon propagators are identified as

may be identified as the deuteron wave function. The en-
ergy denominator is

5— k =+(E& ie), —6—: ko= W+(Eq ie)—,
7—: ko=D+(EI, + ie) 7— (B12)

( W EI, )
—El—, = ( W 2Eq ) W,—

so finally

8' —2EI,

(B8)

(B9)

8—: ko =co+(El,
q

i E) . —

The above notations are the same as the previous ones
except that

E —[~2+ (k q)2]1/2

The pole positions are illustrated in Fig. 18.
With some simple algebra it is easy to show that (i)

poles 6 and 7 may coincide in which case their resi-
dues cancel exactly, and (ii) 5+ and 6+ may pinch the in-
tegration contour, but that no other coincidence of poles
can be expected. Upon closing the ko integration in the
lower half plane one picks up two positive-energy pole
contributions. The first one is due to 5+ which, one can
show easily, corresponds to (a'") calculated within the
time-ordered picture, and is the Pauli exchange term to
the contribution I evaluated above within the spectator
on-shell approximation. Needless to say, this obtains the
energy denominator 8' —2EI, . Now the contribution
from the second positive-energy pole 8 has no counter-
part in the previous diagram (a). Upon taking the resi-
due at this pole we find that the contribution to the am-

k6P) p4

I&7/7

P2 P3
k5

FIG. I7. The kinematical situation for the covariant process
corresponding to diagram (a'") of Fig. 3.

which is essentially the contribution from diagram (a) in
the main text in the time-ordered approach.

A few remarks may be due concerning some small de-
tails of the above calculation.

(i) Before the k integration is done the ratio of
negative-energy 2 pole contribution to that from the
positive-energy 1+ pole is roughly ( W' 2EI, )I( W'—
+2E& ). In a calculation with realistic deuteron and n NX
vertices the contribution from large values of ~k is
suppressed particularly by the deuteron vertex and the k
integration is dominated by the contribution from the
value around ~k~ —

~p~ or ~q~. Then the ratio becomes
—(D+co 2E )l(D+co+—2E ). For the values of ~p~ of
our interest, md scattering in the b resonance region, this
ratio is not far from col(2D +co), and is quite small.

(ii) It can be shown that Et, )D E&+z, and EI, —
)D —EI, +, so no pinching singularity occurs due to 1+
and 3+, or 1+ and 4+.

(iii) On the contrary 1 and 2 pinch the ko integra-
tion contour, which eventually gives the energy denomi-
nator ( W' 2EI, ), corresp—onding to the two-nucleon elas-
tic unitarity cut.

(iv) For the forward scattering, p=q, 3 and 4 poles
coincide and their residue contributions cancel exactly.
Even for the nonforward scattering those contributions
tend to compensate each other making the negative-
energy pole contributions even smaller.

(v) For certain values of k, 2 and 3 (or 4 ) poles
coincide. Here again their residues cancel each other. In
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Ji
Im(kp) ~~ 2E~+I D —~—Ek -q —Ek+,

Re (kp) D —~—Ek-q+Ek+I,
(814)

FIG. 18. The position in the complex-k plane of the poles of
the nucleon propagators of Fig. 17.

plitude is proportional to

J= im—I f*(P2,k)g
dk

X gg(P~, k ), (813)1

Ek q)' E—k+I-—
where k = (D E„~,——k).

The energy denominator in the above expression which
comes from propagator 7 may be decomposed into two
parts:

1 1

2EI+I (~—~, ~, E~ q
—EI—+p—)

'

where co& =co& =co.
Then the contribution to the t matrix from the pole 8+

becomes

(815)

J= dkg*g 1 (816)8' —cop
—o) —Ek —Ek+

Now it is easy to find that this corresponds to the dia-
gram (c) in the tisane-ordered picture.

We have thus demonstrated that the covariant PNE
naturally contains the diagram (c), suggested by Jen-
nings.

The first term in the bracket is the 8+ residue contain-
ing the positive-energy part of the propagator 7 while the
second term combines with the negative-energy part of
the propagator. The latter gives a smaller contribution
relative to the first one. When we drop this latter term
and use the on-shell condition O'=D +m the first term
becomes
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