PHYSICAL REVIEW C

VOLUME 40, NUMBER 1

JULY 1989

Relativistic motion of a A particle in hypernuclei
and phenomenological analysis of its binding energy

C. G. Koutroulos
Department of Theoretical Physics, University of Thessaloniki, Thessaloniki, Greece

M. E. Grypeos
Department of Theoretical Physics, University of Thessaloniki, Thessaloniki, Greece
and International Centre for Theoretical Physics, Trieste, Italy
(Received 18 April 1988)

A phenomenological analysis of the ground-state binding energy B, of a A is made based on the
Dirac equation with a rectangular scalar potential and fourth component of a vector potential of the
same radius. Analytic expressions are obtained for the small and large component of the radial
wave function and the eigenvalue equation for B, is also given. The latter leads to approximate
“semiempirical mass formulas” B, =B, ( 4) for sufficiently large values of the mass number. Esti-
mates are made of B, and also of the (average) effective mass of the A and for the depth of the
Schrédinger-equivalent potential by fitting to the experimental values of B .

I. INTRODUCTION

The states of the A particle in hypernuclei have been
treated traditionally nonrelativistically."”? One of the usu-
al problems has been the phenomenological analysis of
the ground-state binding energy B, by assuming a well of
a given shape for the A nucleus central potential and
determining the depth of the well (and possibly other pa-
rameters) by fitting to known experimental data for
BS® 1715 The value of the well depth D determined
empirically in this way has also been compared with the
value of the binding energy of the A particle in nuclear
matter as calculated from many-body calculations.!

The simplest approach is to assume a square
well>#610.14 of depth D and radius R =ry,4'”* which
leads to the well-known eigenvalue equation

Bk/Z

cotR[2u#i~ 2D —BA)]‘”:—W (D

from which B, may be computed, having determined D
and r, by means of a fitting procedure. In the above
equation the reduced mass between the A and the core
nucleus of mass number A4

m‘mA _ m

Cmtm,  1+(m/my)A!

HA4

may be used or even the A mass m (for heavier hypernu-
clei). The parameter m may be treated, however, as an
effective mass of the A as it was pointed out in Ref. 12 (in
connection with the asymptotic expression, cited below
[Eq. 2)].

For very large 4 Eq. (1) may be solved for B ,:>%1>12

(2)

This expression plays the role of an (elementary) “sem-
iempirical mass formula for B,.”'? For less heavy hyper-
nuclei other approximate expressions giving explicitly the
binding energy of the A in terms of the mass number A4
may be derived.>* !’

This study attempts to make a phenomenological
analysis of the A binding energy which is analogous to
the above-mentioned one but in which the motion of the
A is treated relativistically by means of the Dirac equa-
tion with a potential containing both an attractive (gen-
erated from scalar boson exchange) part Ug(r) and a
repulsive one Uy(r) (resulting from the time component
of vector boson exchange).'®

Relativistic approaches to nuclear many-body systems
have been considered long ago,' 2 but there has been a
revival of interest in the last 15 years (see, for example,
Refs. 24-46). There is a proliferation of papers and the
appearance in nuclear physics of novel expressions such
as “Dirac phenomenology,” “quantum hadrodynamics”
(QHD), etc.>’ Problems of both nuclear structure and nu-
clear collisions have been treated relativistically.

Relativistic approaches have also attracted interest in
the domain of hypernuclear physics.*’ ~>° On the basis of
relativistic Hartree calculations the central Hartree po-
tential as well as the spin-orbit interaction for a A in a
hypernucleus are considerably reduced in comparison
with the corresponding nucleon-nucleus ones.*’ This con-
clusion is in agreement with the phenomenological
analysis of Ref. 54. Further, relativistic treatments of A
as well as of 2 (and E) hypernuclei have been pursued
(e.g., Refs. 51-53).

It should be clear that relativistic effects are not impor-
tant in all cases. Furthermore, the developed relativistic
approaches, in spite of their success, are not free from
open questions and also progress is necessary concerning
their theoretical foundations.*’ They have provided us,
however, with useful and very promising means in inves-
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tigating a variety of nuclear and hypernuclear problems.

In the following section the formalism adopted for the
simplified phenomenological analysis described earlier in
the Introduction is summarized. In Sec. III, analytic ex-
pressions are given for the large and small components of
the radial ground-state wave function, and the energy ei-
genvalue equation is discussed under the assumption that
the potentials Ug(r) and U (r) are of rectangular shape
and have the same radius. In Sec. IV the eigenvalue
equation is solved approximately in the case of
“sufficiently large’ values of 4. This leads, as in the non-
relativistic treatment, to approximate ‘‘semiempirical
mass formulas” for the ground-state binding energy of
the A. The last section is devoted to the presentation of
the results of numerical calculations obtained by fitting
the B, obtained from the numerical solution of the eigen-
value equation to known experimental values. A compar-
ison is also made with the B, values obtained with the
various “semiempirical mass formulas.” In addition the
B, values resulting from the relativistic eigenvalue equa-
tion are compared with the corresponding nonrelativistic
ones. Estimates of the values of other quantities as, for
example, of the (average) effective mass for the A particle,
etc., are given and a summary is made.

II. THE FORMALISM

For the relativistic treatment of the motion of a A in a
hypernucleus we use the Dirac equation*”3!

[ca-p+Buc?+BUsg(r)+ Uy (HY=Ey , 3)

where a and (3 are the usual Dirac matrices, 1 the Dirac
spinor for the A, and E the total energy E=¢
+uc?=—B', +uc?. We follow mostly the notation of
Refs. 29, 31, 47, and 49.

The average local A-nucleus potential is constructed by
means of an attractive scalar relativistic single particle
potential Ug(r) and of a repulsive relativistic single parti-
cle potential Uy (r) which is the fourth component of a
vector potential.

In this section we give, following previous work on
Dirac theory, some basic equations which we shall use in
the present treatment (see Sec. III and the Appendix)
which is a simplified shell model Dirac phenomenology
for the A particle in hypernuclei

The Dirac spinors?’ may be written as

where @y, =(T;"’ ® X'In/sz) im and X;"/Sz are the Pauli spinors.
One then has the coupled radial Dirac equations for the
large G and the small components F:2>%

96 _pirin—Xaewmn, (s)
dr r
A g (n+Erp (6)
dr r

(where we have suppressed the quantum numbers nlj,
etc.) K==(j+1) for j=I17F1; D(r) and H(r) are given
by

D(r)=#[,uc2+E+U_(r)]
=%[2,uc2—Bj\+U_(r)], ™
H(r)Z#[,ucz—E—F U, (m]
=%1;[B}\+U+(r)], (®)

with
U (r)=Ug(r)xUy(r) . 9)

D (r) is closely related to m*(r) (Refs. 37 and 52)
which is an r-dependent effective mass (different from the
usual effective mass in mean-field theory).

Instead of solving Egs. (5) and (6) one could solve a
second-order equation for the function G (r) and then ob-
tain the function F (r) from Eq. (5), that is

F(r)= D Yr) . (10)

G'(r)+§c;(r)

This second-order equation for G (r) is?

D'(r)
D (r)

D'(r) K

G"(r)— G'(r)+ [— DO —D(r)-H(r)

IU+1)

r2

G(r)=0. (11

The first derivative of G in this equation may be eliminat-
ed by the transformation

Gy (r)/r g(r)=D"%r)-G(r) . (12)

¢:¢n1jm: F ,.(r)o-r/r Plim > 4) . .
nlj The equation for g (r) is then
]
g(N+ [=3D 2AND(NP+1D (D" (=D (D (& b (na (= |g(=0 . (13)
r
From this one then obtains the following Schrodinger-type equation for g (7):?°

giin— [HED 2y Ly B lg(n=0, (14)

r2 ﬁ2
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where
Vcentr(r’B'A) U+(r)+-_ #e 2[U+ +B;\][U_(r)
+iD X r)[D' (N |,
# 1
Vo (rh,B))=——
oA 2 [2pc =B\ +U_(r)]
1 dU_(r)
X=——10. (16)
r dr

Equation (14) has the same eigenvalues as those of Eq.
(11), and also the asymptotic behavior of g (r) for large r
is the same as that of G (r).>"3* In Eq. (14) both central
and spin-orbit components of the single particle potential
appear. The latter depends on dU _ /dr; V o, and V.
are energy dependent. A slightly different definition of
the central Schrodinger potential has also been used in
the literature (e.g., Refs. 30 and 31). This differs from
that of Eq. (15) in that —B’? /2uc? does not appear. This
term has been combined instead with B, in the
Schrodunger equation (14). The (modified) central poten-
tial defined in this way is Ve = Veenee +B % /2uc? and
approaches zero for r — .

III. THE GROUND-STATE RADIAL WAVE FUNCTION
AND THE ENERGY EIGENVALUE EQUATION FOR THE
A IN THE RELATIVISTIC SQUARE WELL MODEL

We assume that U and U_ are square wells with the
same radius R and with depths D, and D _, respectively,

Ui(r):-‘“—Di[l-—G(r—R)] . (17)

Us and Uy and therefore U, and U_ are, in general, not
expected to have the same radius. The use of a common
radius R however simplifies the calculations considerably.
The assumption that Ug(r) and Uy(r) differ only in
strength has also been made for the simplified model in
Ref. 31 which deals with the nucleon-nucleus optical po-

I

G(r)=Ny{[1—6(r —R)]sinyr +6(r —R)(sinnR)e

1
(2uc*—B,—D_)

F(r)=Nyc# [[1—6(r —R)]

+0(r _R)__:Ei}lﬂR_
(2uc?—B,)

where N, is determined from
[ 16¥n+Fnidr=1.

The continuity of F at R
F;,(R —0)=F_ (R +0)=F(R)

—7nolr —R)
}s
1.
7 cosnr — —-sinnr

1 | —nr—R)
+— ,
Mo™ 7, le

BX\1=D " '(r)-D'(r)’r'—[2D(r)]17'D"(r)

(15)

I

tential. Also in Ref. 30 this simplification was considered
in the nuclear case using Woods-Saxon potentials.

The expressions for G, F, and for the energy will be de-
rived for the ground state (I =0, K =—1, B, =B,) fol-
lowing the analogous treatment of the Dirac equation for
a square well potential.*®

For U_(r) of the form (17) we write g (r) as
g(r)=[1—0(r —R)1gin(r)+6(r —R)g.,(r) . (18)

The internal g,,(#) and the external g, (7) parts satisfy

gl (r+n’gn(r)=0, 0<r<R, (19)
gex(r)—nogex(r) 0, R<r<w, (20)
where
172
n= —“i(1)+—BA [1——(BA+D_)(2,ch)—I]] ,
(21)
2w 172
0= hz BA[1—B,(2uc®)™] (22)
The solutions of Egs. (19) and (20) which satisfy
8in(0)=0 and g ()=0 (23)

are easily found, as well as the corresponding functions
G,,(r) and G, (r) [see Eq. (12)] which satisfy in addition
the continuity condition

Gio(R —0)=G(R +0)=G(R) . (24)
The ﬁnal result is

0<r<ow, (25)

0<r<ow, (26)

(27)

(28)
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gives the following energy eigenvalue equation:

"o

1—{B,+D_[1+(neR) ']} (2uc?

cotnR = ——
n

1—B ,(2uc?) !

I8

(29)

Equation (29) may be written in two slightly different forms which may make the comparison with the corresponding

nonrelativistic equation more transparent. The first one is

2w 1/2 3%
cotR 7 (D —B,) =*mf, (30)
where
D= |Di |[1———; +B—A2<BA—D++D~)
2uc 2uc
=[(Dg+Dy)—(D¢—D3)2uc?) '—B,Dy(uc?) '+ B3 (2uc?) ] (31)
and
S=—{B,+D_[1+(nR) "1} (2uc®) " H[1—B,(2uc®) 117172, (32)
The quantity D corresponds to the “depth” of the Schrédinger-equivalent potential’”®"33 in Eq. (14).
The second form is )
172 172
cosR —iifziwml—Bp =—ﬁﬁ+c (33)
with
12 172 172
c=~———(DreiABA)l/2 1— 1—;;22 + - - ! — 1—2};22 (34)
2uc? |1 e R —h‘%BA

The relativistic eigenvalue equation has a similar struc-
ture as the nonrelativistic one with, however, two
differences. First the left-hand side of the relativistic ei-
genvalue equation is the same as the corresponding non-
relativistic one but instead of the usual potential depth
the energy dependent depth D, appears. It also depends
on both D, =Dg+ Dy and D_=Dg—D and the mag-
nitude of D, is mainly determined by D .. The energy
independent part of D is

2uc?

DY=D, [1— (35)

Second, the right-hand side of Eq. (1) is modified, either
by a correction factor f [Eq. (30)] or equivalently by an
additive correction C [Eq. (33)] which depend on the en-
ergy, on the radius R, and on D _; fis, however, indepen-
dent of D . That f#1 and C+O0 is mainly due to the
fact that D _ turns out to be rather large and that there-
fore terms such asD _ -(2‘11,c2)—1 are not negligible.

We end this section by pointing out that the energy ei-
genvalue equation may be derived in a different way by
integrating a second-order equation which follows from
Eq. (11). The details of this derivation, which is analo-
gous to the procedure of finding the eigenvalue equation
in Schrodinger problems with S-function potentials are

given in the Appendix. This alternative derivation pro-
vides check of the validity of the eigenvalue equation (29)
and gives also immediately an expression for the size of
the discontinuity of G’(r) at R in terms of F(R).

IV. APPROXIMATE EXPLICIT EXPRESSIONS
FOR B,, ELEMENTARY
“SEMIEMPIRICAL MASS FORMULAS”

As one can see from Eq. (29), it is not possible to obtain
an explicit expression for B, in terms of R =r, 4!/,
This can only be done in an approximate way as in the
nonrelativistic case,?”*%*17 though the eigenvalue equa-
tion is now more complicated. It is useful to keep in
mind that B, varies from a few MeV for small 4 to
around 25 MeV for large 4. Also we may expect that
D, and D _ should not differ very much from the central
values of the corresponding A-nucleus potentials known
from earlier studies.*”>> Therefore D should be around
30 MeV while D_ is several hundred MeV. D, D_ and
ro are assumed to be independent of 4 and B ,.

To derive our approximate expressions we write the ei-
genvalue equation as

7—mR =arctanx , (36)

where



[

[1—B,(2uc?) ']
x:
nof{1—[BA+D_+D _(noR) " '](2uc?) ™!}
37

We assume that x << 1 so that

This approximation corresponds to large R, i.e., large A4,
and gives

2
B‘,{”:%—[1+AD+(ZMCZ)_’]|1—— 1+2A(pue?)

This is the relativistic version of the simple nonrelativis-
tic semiempirical mass formula (2). It may be simplified
considerably if slightly less accuracy is tolerated by ex-
panding the square root and keeping only the two first
terms. This gives (by further retaining the most
significant terms)

#oar?
CISZD _—’
ATTT om*R?

(42)
D, =Ds+Dy, R=ry4'”,
where

(D,+D_) '

m*=m 1————+—2———(mc2)“1 . 43)

Thus, for sufficiently large A the variation of B, with 4
is the same, with the above approximations, as in the
nonrelativistic case for a square well of depth
D, =Dg+D, and effective mass m*. m* is the “aver-
age effective mass” in the terminology of Ref. 31. The ac-
curacy of (42) is investigated in Sec. V together with that
of the other approximate expressions. Equation (42) (an
elementary ‘“semiempirical mass formula”) may be de-
rived directly from (38) observing that x <<1 implies
B, ~D, and then using this 4 independent value to esti-
mate 7.

Another mass formula similar to (42) is obtained if the
two terms in the expansion of the square root in expres-
sion (41) are kept, without making further expansions and
retaining the leading terms. This formula, denoted by
B%¥is

D,
(14+AD, (2uc®) ™Y
_ #r’A
2u(1+AD . (2uc?)"HR? °

nas . _
By~

(44)

Improved mass formulas may be derived as in the non-
relativistic case.>»!” One simple way is the following. In-
stead of putting arctanx ~0 we keep the first term in the
expansion of the arctanx in powers of x. This leads to

#aPA

2uR?
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2uc? _
Bﬁ——%c——[1+w+(zyc2) 1B,

#rr Dy
- —— |2uc?~0, (39
2uR? A #
where
A=[1—D_Quc») 117". (40)
Solving Eq. (39) we obtain the approximation
172
-D, [1+w+(2uc2>~1]—2] ] (41)
r
i #orm?
BY=D, — , (45)
PTT ougli+(FmoR) T PR
where
g=1—(B,+D_)2uc?™! (46)
and

_ (1—{Bp+D_[1+(nR) "]} (2uc?)™")
[1—B,(2uc®)™!]

f

47)

with 7, given by (22). The quantities g, f, and 7, depend
on B, but their value in (45) may be estimated by using

an approximate expression B, for B,, as, for example,

= — Ras — p as
Bappr D+’ Bappr A Bappr—Bx .

The corresponding mass formulas will be denoted by
B(A”, B(AZ), B(A”, respectively. If the first choice for B, is
made then the ug in the denominator of (45) is just the
effective mass pu* =u[1—Dg(uc?)™']. This is the “aver-
age effective mass of the A particle” m* [expression (43)
if u=m].

Expressions (45) unlike the asymptotic one (42) contain
higher negative powers of R. If an expansion of BY is
made, in analogy with the nonrelativistic case, an expres-
sion similar to that of Walecka? is derived which contains
relativistic effects.

Further improved semiempirical mass formulas for B,
may be derived,’” but they are more complicated.

Finally it should be clear that all the “semiempirical
mass formulas for B, discussed in this section, as well
as the corresponding well-known ones in the nonrelativis-
tic case, even those which may be suitable for the com-
paratively lighter hypernuclei, are “elementary” in the
sense that they contain only a part, though the most
significant one, of a proper hypernuclear mass formula.?
They are only meant to reproduce approximately the
average trend of B, with A4 (excluding smaller 4). A
proper hypernuclear mass formula should take into ac-
count the diffuseness of the surface and contain in addi-
tionza symmetry term, a charge symmetry breaking term,
etc.
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TABLE L. The parameters D_, D, ro, m*, and D'%, together with the values of B, and D,,, for various A, obtained with the rel-
ativistic eigenvalue equation (29) with u=pu, 4 in fitting to experimental B, (see text). The corresponding nonrelativistic results are

also shown.

First set of parameters
D _ =300 MeV (fixed)

D, =30.55 MeV, D =30.77 MeV,

Second set of parameters
D_ =443 MeV (fixed),

Third set of parameters
D_=462.92 MeV
D =31 MeV (fixed)

ro=1.010 fm ro=1.022 fm ro=1.009 fm Nonrelativistic
m*=0.852 m, m*=0.788 m, m*=0.779 m, D=29.55 MeV,
D'%Y=26.44 MeV D9)=24.66 MeV D)=24.56 ro=1.033 fm
A B, MeV) D,, (MeV) B, (MeV) D,., (MeV) B, (MeV) D, (MeV) B, (nonrelativistic) (MeV)
12 11.23 27.57 11.18 26.39 10.99 26.37 12.02
16 13.68 28.00 13.62 27.00 13.46 27.01 14.38
20 15.42 28.27 15.35 27.41 15.22 27.44 16.04
32 18.62 28.77 18.56 28.15 18.48 28.21 19.03
40 19.93 28.97 19.88 28.44 19.83 28.51 20.23
90 23.69 29.53 23.70 29.24 23.73 29.36 23.64
140 25.20 29.76 25.24 29.59 25.30 29.72 24.98
208 26.28 29.92 26.35 29.83 26.44 29.96 25.93

V. NUMERICAL RESULTS AND SUMMARY

In this section we report the results of calculations us-
ing the expressions in previous sections.

Equation (29) for B, was solved using for u the re-
duced mass of the A-core system. An unweighted least-
square fit of the calculated B, to the experimental BJ®
was made. The BS® were those of })C and of heavier hy-
pernuclei as in Ref. 14. For the latter the upper limits of
BS® given in Ref. 9 which correspond to the higher mass
numbers were used. Unfortunately it has not become
possible to obtain with this set of data satisfactory results
by treating all three parameters D _, D, and r, as ad-
justable. If, however, a guess of D_ or D is made on
the basis of other treatments**>? the values of the remain-
ing parameters determined by the least-square fit are fair-
ly close to the values deduced form other studies. If D _
is chosen to be 300 MeV then the best fit values for D
and r, are D, =30.55 MeV and r,=1.01 fm. If the
choice D _ =443 MeV is made, the corresponding best-fit
values are D, =30.77 MeV and r,=1.022 fm. [Note
that our preliminary results (Ref. 58) have been obtained
with slightly different values.] The best-fit values ob-
tained by using a fixed value for D, =31 MeV are
D_=462.9 MeV r;=1.009 fm. It should be clear that
the decimal figures included in the results quoted in this
paper are not meant to indicate the expected accuracy
which should be mostly, considerably lower. They serve,
simply, to make the comparison between the results in
the various cases, more transparent.

Using the above values of D _ and D . the correspond-
ing values of m* [Eq. (43)] and of D' [Eq. (35) with
pw=m] are easily calculated. These are given in Table I
for various A4 together with the B, obtained from Eq.
(29) and also of D, obtained from (31). The nonrelativis-
tic B, values obtained with the corresponding best-fit
values (D =29.55 MeV, r;,=1.033 fm) are also given. It
is seen from Table I that the values of B, and D calcu-
lated with different sets of values are, in most cases, quite

close. Also the relativistic B, are usually quite close to
the nonrelativistic ones.

Calculations have also been made for u=m. The re-
sults are very similar to the corresponding ones of Table I
though there are some small differences for light hyper-
nuclei (the relativistic B, values and D, are a little
larger in this case).

In Table II the values C and f are given for various hy-
pernuclei, for D_=443 MeV, D, =30.77 MeV,
ro=1.022 fm obtained with p, 4. It is seen that the vari-
ation of C and f with A is stronger for the lighter hyper-
nuclei.

In Table III the B, obtained with various “mass for-
mulas” are compared with the “exact values” obtained
with Eq. (29) for D_ =443 MeV, D, =30.77 MeV, and
ro=1.022 fm (see Table I). Some of the B, are either too
small (B, B %, B'Y) or too large (B'?, BY)) for small 4
and in certain cases it was not even possible to obtain a
value for B, (because of the square root of a negative
quantity). Also the asymptotic expression B’ is fairly ac-
curate only for very large 4 (4 2 150). However B is
quite accurate even for rather small 4 (4 X 16)

It should finally be noted that the agreement of the ap-
proximate expression for B, with the “exact” one is

TABLE II. The values of C [Eq. (34)] and f [Eq. (32)] for
various A, obtained with wu,,, D_=443 MeV, D, =30.77
MeV, and r,=1.022 fm.

A C f
12 0.295 0.656
16 0.318 0.685
20 0.337 0.701
32 0.382 0.726
40 0.406 0.734
90 0.508 0.754
140 0.575 0.761
208 0.644 0.766
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TABLE IIl. B, vs A, calculated with approximate expressions B¥ [Eq. (42)],* B ¥ [Eq. (44)], BY’ [Eq. (41)], BY, i =1,2,3 [Eq.
(45)] and with the “exact expression” [Eq. (29)] (us 4, D =443 MeV, D, =30.77 MeV, r;=1.022 fm).

A B% (MeV)? B % (MeV) B (MeV) BYY (MeV) B (MeV) B (MeV) B, (“exact”) (MeV)
12 —14.35 —13.22 —13.12 10.27 — 11.18

16 —5.39 —4.62 —4.61 12.98 — 13.62

20 0.16 0.72 0.72 14.87 30.77 29.79 15.35

32 9.00 9.23 9.27 18.30 22.62 22.53 18.56

40 12.18 12.29 12.38 19.68 22.40 22.37 19.88

90 20.16 20.00 20.23 23.63 24.26 24.27 23.70

140 22.92 22.66 22.95 25.20 25.49 25.51 25.24
208 24.76 24.44 24.78 26.32 26.48 26.49 26.35

®With u, 4 instead of m in the expression for m *.

much improved, in general, if the values of the parame-
ters are chosen to be the corresponding best-fit values (see
Table IV). The best-fit values of r; obtained with B4’ and
B? differ,” however, considerably from those resulting
from the fitting of B, (“exact”) and B{\.

Further calculations were made in an effort to investi-
gate the possibility to achieve a more satisfactory fitting
procedure. For this purpose a set of experimental B,
values used in a recent investigation®® in connection with
the nonrelativistic case, was employed. This consists of
the B{P of the light hypernuclei: B, 1’C, BN, 1’0, and
328 together with a selection of the (upper limits of the)
binding energies corresponding to heavier hypernuclei,
namely, those with 4 =63, 72, 80, 93, and 103 for the
core nuclei, following a suggestion by Goyal. We have
used here the higher values of A, since we consider them
preferable in view of the better quality of the fit obtained
with them in comparison with the one obtained with the
lower values of A4 (35, 44, 52, 65, 75, respectively). It is
interesting to note that with the above-mentioned set of
experimental data it became possible to obtain meaning-
ful results by fitting either the B, (“exact”) or the BY)’
and taking all three parameters D, D_, and r, as ad-
justable. The value of D _ which is the parameter less ac-
curately determined, is (mainly when B!’ is used) larger
than the one which is to be expected (Refs. 49 and 52). In
addition, with the above set of experimental data a
weighted least-square fit leads to satisfactory results by

not including D _ among the fitting parameters but tak-
ing D _ =443 MeV. These results almost coincide with
those obtained with the corresponding unweighted fit.
The best-fit values (with p, 4) and the corresponding
values of m*, D9, B,, and D, for various A4 are
displayed in Table V in the case of two adjustable param-
eters, mentioned previously, and in the case of three ad-
justable parameters, in Table VI (where the nonrelativis-
tic results are also given). It is seen that these values are
usually quite close to the corresponding ones of Table 1.

In conclusion we summarize our main results.

In the framework of a simplified model, namely, that of
Dirac phenomenology with rectangular attractive Ug and
repulsive U}, potentials of the same radius, analytic solu-
tions are given for the A ground-state radial wave func-
tions and B,. Approximate ‘‘semiempirical mass formu-
las for B,” are derived which are valid for “sufficiently
large A” (e.g., A 216 for BY)). An interesting analogy
between the simplest, the ‘“asymptotic mass-formula”
[Eq. (42)] valid for very large A4 and the ‘“standard sem-
iempirical mass formula” (2) was obtained. This might
have been expected on the basis of the general formalism
used.” Finally the results of fitting the calculated B, ob-
tained from Eq. (29) to the experimental B,, treating D
and ry or D_ and r, as adjustable parameters, are com-
pared with the B, obtained with the approximate mass
formulas. Additional calculations were made for another
set of experimental data. In this case the values of all

TABLE 1IV. B, for approximate expressions with u, , and D_ =443 MeV and the best-fit values of D, and r, obtained from the
fit of each expression B% [Eq. (42)],* BY [Eq. (41)], BY’ [Eq. (45)] to the experimental B,. The values of B, calculated with the “ex-
act” expression [Eq. (29)] are also given.

D, =27.24 (MeV),

D, =27.28 (MeV), D, =29.59 (MeV), D, =30.77 (MeV),

ro=1.743 fm ro=1.733 fm ro=1.136 fm ro=1.022 fm
A B% (MeV)? BY (MeV) B’ (MeV) B, (“exact”) (MeV)
12 11.78 11.78 11.99 11.18
16 14.85 14.83 14.41 13.62
20 16.75 16.73 16.08 15.35
32 19.78 19.76 19.07 18.56
40 20.87 20.85 20.26 19.88
90 23.61 23.61 23.64 23.70
140 24.55 24.56 24.97 25.24
208 25.18 25.20 25.92 26.35

*With p, 4 instead of m in the expression for m *.
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TABLE V. The best-fit values of the parameters D, and r, obtained with u, 4, D _ =443 MeV, us-
ing either the “exact” eigenvalue equation or the approximate expression BY’ [Eq. (45)] in a weighted
least square fitting, using a set of ten experimental B, (see text). The corresponding values of the
effective mass m * [Eq. (43)] and of DY) [Eq. (35) with u=m] together with the binding energies and

D, [Eq. (31)] for various A are also given.

D_ =443 (fixed) MeV, D =30.63 MeV,

D_ =443 (fixed) MeV, D, =29.03 MeV,

ro=1.047 fm ro=1.147 fm
m*=0.787 m, D'Q=24.55 MeV m*=0.788 m, D'9=23.27 MeV
A B, (“exact”) (MeV) D,y (MeV) B (MeV) D,y (MeV)
12 11.62 26.37 11.75 25.16
16 14.02 26.97 14.12 25.75
20 15.72 27.38 15.76 26.14
32 18.85 28.09 18.69 26.81
40 20.13 28.38 19.87 27.07
90 23.83 29.19 23.18 27.79
140 25.31 29.50 24.48 28.07
208 26.39 29.73 25.41 28.26

three parameters D_, D, and r, were determined from
the fit.

Typical values, consistent with the present simplified
approach, of the “average effective mass” m* and of the
energy independent part of the depth D_: D'Q [Eq. (35)

rel* rel

with u=m] are m*~0.8 m and D% ~24.0 MeV. These
are in reasonable agreement with the corresponding
values deduced from other studies (e.g., Refs. 47 and 52).
The relativistic values of B, have also been compared
with those obtained with the numerical solution of the
nonrelativistic eigenvalue equation (1) by treating the
depth D of the square well and the radius parameter r as
adjustable parameters in fitting to experimental data.
The difference between the relativistic and the “corre-
sponding nonrelativistic” B, values is usually very small

as expected.
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APPENDIX

In this appendix we give an alternative derivation of
the eigenvalue equation (29). Consider

(I+1)

G"(r)—D'(r)F(r)— D(r)H(rH—l 3 G(r)=0,
r

0=r<oew (Al

which follows from the second-order equation (11) by
taking into account (10). D (r) and H (r) which appear in

TABLE VI. The best-fit values of D_, D, and r, obtained with u, 4 and using either the exact eigenvalue equation or the ap-
proximate expression B}’ [Eq. (45)] in an unweighted least square fitting using a set of ten experimental data (see text). The corre-
sponding values of the effective mass m * [Eq. (43)] and of D2 [Eq. (35) with u=m] together with the binding energies and D, [Eq.
(31)] for various A, as well as the corresponding nonrelativistic results are also given.

D_ =489.20 MeV, D, =30.57 MeV, D_
ro=1.054 fm
m*=0.767 m, D'%=23.86 MeV

m*=0.722 m, D\%=21.70 MeV

=590.15 MeV, D, =29.50 MeV,

ro=1.123 fm
D=28.97 MeV, r,=1.034 fm

A B, (“exact”) (MeV) D,., (MeV) B\l (MeV) D., (MeV) B, (Nonrelativistic) (MeV)
12 11.59 25.89 9.92 23.71 11.57
16 13.97 26.55 12.71 24.62 13.90
20 15.66 26.99 14.61 25.22 15.53
32 18.78 27.78 17.95 26.23 18.50
40 20.05 28.10 19.27 26.62 19.70
90 23.75 28.98 22.98 27.68 23.08
140 25.23 29.33 24.42 28.09 24.40
208 26.30 29.58 25.46 28.37 25.35




40 RELATIVISTIC MOTION OF A A PARTICLEIN.. .. 283

Eq. (A1) depend on U, (r), given by expression (17). We
integrate (A1) from R —€; to R —e¢,, €,>0, €,>0 and
then we take the limit for €,—0 and €,—0:

. R+e d2G(r) R+e
6111—1130 fR_El Tdr_ fR“l DUnEF(rdr
€—0
R+e
~ [, pmrm+E ) er |=0. @2
El r

The last integral does not contribute in the above limit.

Since D'(#)=(D _ /#c)8(r —R) and F (r) must be continu-
ous at R, we obtain

D_
G'(R +0)—G'(R —0)=—‘—ﬁc—F(R) .

Substituting the expressions for G’'(R +0),G'(R —0) de-
rived from the expressions for G (r) (this must be continu-
ous) and of F(R) [F(R +0)] by means of relation (10),
we obtain

(A3)

1
Mo+ —

+ncotyR =
Mo+ 7 cotn R

(A4)

2uc*—B,

from which Eq. (29) follows.
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