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A phenomenological two-nucleon pion-absorption T matrix is used to calculate partial rates for
absorption of negative pions from the 1s state of the He pionic atom. The T matrix depends on pa-
rameters go and g&, which describe absorption on s-wave triplet and singlet nucleon pairs, respec-
tively. The partial rates considered are those feeding n +d, n +'(np)o, p+'(nn)o, and those nnp
final states with no nucleon pairs of low relative energy. In addition, the differential rate to the nnp
final state is calculated as a function of T„and T~, observed neutron and proton kinetic energies, re-
spectively, and is compared to experimental differential rates along selected straight lines in a Dalitz
plot of event number density vs T„and T~. Two different momentum space ground-state functions
are used, both exhibiting the correct asymptotic behavior with respect to bound two-body and
three-body channels but derived from wave functions in configuration space with and without
hard-core nucleon-nucleon correlations. Agreement with a number of recent pion absorption exper-
iments can only be obtained with the wave function containing hard-core correlations and only for
small positive values of g, /go, g, /go(0. 04, much smaller than the ratio g & /go =0.30+0.15, which
is consistent with the low-energy production cross sections for p +p —+d +m+ and

p +p~p +p +m. . It is suggested that the discrepancy arises because gamma rays from pp brems-
strahlung may have contributed significantly to the measured ~ production cross sections and/or
because single nucleon processes may play a significant role in low-energy absorption on singlet nu-
cleon pairs.

I. INTRODUCTION

The He nucleus is the simplest nucleus with more
than two nucleons that can be used as a target for pions
in order to study the two-nucleon model of pion absorp-
tion. Only two distinct particle channels, nnp and nd,
can be reached by absorption of m so that kinematically
complete experiments are feasible. Its mirror nucleus,
H, can also be used in experiments, so that the isospin

properties of the absorption operator can be studied. The
He nucleus is convenient for theoretical pion-absorption

studies as well, since both initial- and final-state three-
body wave functions are available.

Ashery and Schiffer' have written a review article on
pion absorption in which they distinguish experiments
and theory dealing with pions of low energy and those
concerned with higher energy, where formation of the
(3,3) resonance is the dominating mechanism. To a large
extent absorption of pions in He pionic atoms occurs
when pions in orbital s states are absorbed on nucleon-
nucleon pairs in relative s states, so the (3,3) resonance is
unimportant. The isolation of s-wave absorption from p-
wave absorption makes the study of absorption in He
pionic atoms very attractive.

Following Brueckner's suggestion that pion absorp-
tion in nuclei occurs on deuteron pairs, Eckstein intro-
duced a phenomenological zero-range two-nucleon opera-
tor which provided for absorption of pions on spin-singlet
nucleon pairs in He as well as triplet spin pairs. The pa-
rameters for the operator were obtained from an analysis
of threshold nucleon-nucleon pion production cross sec-
tions for p +p —+d +m+ and p +p ~p +p +m . Several

other authors made refinements and extensions of this
model and applied it to He. In general, these calcula-
tions used (1) zero-range pair interactions, (2) square well
or Hulthen deuteron wave functions, and (3) completely
phenomenological Gaussian or Gunn-Irving three-body
bound-state wave functions with no strong nucleon-
nucleon correlations. The calculated quantities were,
typically, the total absorption rates to the nd and nnp
final states and the momentum spectrum of protons in
the latter channel.

The calculations of Phillips and Roig represented
significant progress toward more realistic models. Carry-
ing out the calculations in momentum space, they used
two- and three-body bound-state wave functions with
correct asymptotic behavior and consistent short-range
correlations. They also examined effective Hamiltonians
for two-nucleon absorption with the zero-range delta
function 5 (r& —rz) replaced by finite-range (albeit still
short range, a =0.6 fm) form factors of a variety of func-
tional shapes. At the time of their work there was essen-
tially one experiment with which to compare theoretical
results, that of Zaimidoraga et al. in which the relative
yields of nd, nnp, and Hy from m stopped in a He gas
target were measured.

More recently, the results from a number of stopped
pion He experiments have been published that afford the
opportunity for a more definitive study of the two-
nucleon absorption model. The new experiments include
(1) direct measurements of the total He ls width, ' ' (2)
additional measurements of the relative sizes of partial
rates, " ' (3) kinematically complete measurements' of
the nnp final state, and (4) ielative and absolute partial
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rates from the 1s orbit leading to nd, nnp, and H~ chan-
nels (and Hy by subtraction). The experiment that origi-
nally motivated this paper was a kinematically complete
one, ' in which each measured three-nucleon final-state
event was registered as a point on a Dalitz plot. The axes
of this plot are the kinetic energies of the proton and a
neutron, T and T„,respectively. The allowed kinematic
region can be divided into sectors attributable to quasi-
free absorption (QFA) on either pp or np pairs and sectors
mostly associated with final-state interactions (FSI's).
The latter are characterized by the emission of pairs of
nucleons with low relative momentum. They are analo-
gues of the two-body nd channel, whose branching ratio
was also measured following absorption of stopped pions.
The data is summarized in Table I, which is a reproduc-
tion of Table I of Ref. 13 altered by us to reflect corrected
neutron efficiencies reported' by the same experimental
group. The effect of the correction is to raise the nd
branching ratio and to lower the three-nucleon ratios.

An examination of the theoretical rates of Phillips and
Roig reveals that they can be brought into agreement
with the newer three-body experiments by allowing the
parameter g&, which fixes the strength of absorption on
singlet spin nucleon-nucleon pairs, to vary from its value
derived for p +p ~p +p +m, while keeping the value of
go, which is derived from the significantly more accurate
experiment p +p ~d +~+, fixed. This circumstance en-
couraged us to repeat the calculations of Ref. 7 and to
augment them by (1) calculating the partial rates for ab-
sorption leading to the FSI channels n '(np)o and p'(nn)o,

nnp
channel

nd channel

QFA (np~nn)
QFA (pp ~np )

FSI nn

FSI np

64.8+ 10.0
5.9+0.4
1.5+0.4

11.7+1.7
16.1+2.5

100

treated on the same footing as the nd, (2) calculating
differential partial rates as functions of T„and T for
comparison to the Dalitz plot of Ref. 13, and (3) examin-
ing the effect of much larger form-factor ranges,
0.6~a 1.8 fm, on the partial rates.

II. SUMMARY OF THE THEORY

A. Two-nucleon pion-absorption t matrix

In the two-nucleon model for S-wave pion absorption,
a pion scatters from one nucleon then propagates off shell
to the second nucleon, where it is absorbed. ' ' Using
the notation of Phillips and Roig, this process can be
modeled by a phenomenological t matrix for low-energy

production

TABLE I. Branching ratio (in percent) for post-absorption
final states of stopped m in He. This table is a reproduction of
Table I, Ref. 13 with the nd rate increased following Ref. 15,
and the three-body rates decreased accordingly.

(k pltlp'&=, ~, f(p' —p)[g, (o, +cr, )(~, r, )+g,—(o, —o, )(r, +~, )].(p' —p),2(2~)'"

where p' is the initial relative momentum of the incoming
nucleon pair, p is the final relative momentum, and k is
the momentum of the pion in the c.m. frame. The inter-
mediate state propagation of the pion is described by the
form factor f(k), which in the present work is approxi-
mated by two forms, exponential and Yukawa:

exponential: f(k ) = ( k a + 1 )

Yukawa: f(k)=(k a +1)
(2)

For physical reasons, the Yukawa form was used al-
most exclusively. Because of the large momentum
transfer involved in the process, Phillips and Roig used
rough uncertainty principle arguments to deduce that
a =(M(u. )

'~ =0.54 fm. However, the intermediate state
pion is "less" off shell than the virtual pion responsible
for the long-range part of the nucleon-nucleon force, so
a =p '=1.4 fm is perhaps more realistic. We have con-
sidered values of a in the range 0.6 fm ~ a ~ 1.8 fm.

The Rosenfeld analysis' of the energy dependence of
the various pion production cross sections has been re-
viewed and the parameters updated by Long, Sternheim,
and Silbar. For the production of pions in s waves rela-
tive to the three-body center of mass, the two reactions
and their leading energy dependences near threshold

are

p +p ~d+a+, o. =240'(pb ),
p+p~p+p+~, o. =27.6g (pb) .

(3)

In these equations, g is the maximum momentum of the
pion in the XN~ center of mass expressed in units of p,
the pion mass. The value used by Phillips and Roig for
the low-energy d+m+ parameter was the same, but they
used 25' for the p +p + vr . They quote errors of +8%
for the first cross section and +50% for the second. The
values for o(p+p~p+p+n ) differ slightly because
the authors of Ref. 20 fitted the experimental data of
Dunaitsev and Prokoshkin ' rather than that of Ref. 22,
used by Phillips and Roig. The 50% error in the m pro-
duction parameter is probably a realistic estimate because
of the difficulty in measuring the very small cross section.

The parameters in the t matrix, Eq. (1), are fixed by re-
quiring that the low-energy cross sections of Eq. (3) be
reproduced. The T matrices for the two processes (s-
state nucleons, s-state pion) are

(k/T/p, &

= f d p(00~(1M&~@d(p)(k, p~t ~p, &~ IM, & ~11&,
(4a)
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&k, p/I TIp; &

= Jd'p& III&001~', (p)*&k, plrlp; &IIM, &Ill &,

(4b)

where the spin-isospin functions for the initial and final
two-nucleon states have been introduced. The de+ pro-
duction amplitude, Eq. (4a), is proportional to go, the
@pm amplitude and Eq. (4b) to g, . Invoking charge in-

dependence, the pp final state is treated like the np. Phil-
lips and Roig considered Hulthen, soft-core and hard-
core two-nucleon correlations. In the present work only
the two extreme cases are considered, and the Hulthen
result is derived from the hard core by letting the hard-
core radius r, ~0. %'hile our calculations are carried out
in momentum space, the model wave functions for the
deuteron and singlet pp states are more simply expressed
in configuration space. In this space the two wave func-
tions are

—pd(r —r, )
(1—e " '

), r~r„ad=Ment,

=0, r~r, ,

where M is the nucleon mass, cd, the deuteron binding energy, and
/

8 —p, (r —r j(r) = [sin(pIr+5) —sin(pIr, +5)e ' ' ], r ~ r, ,
(2m ) p&r

=0, r~r, ,

(5a)

(5b)

where 6(p/) is the 'So nucleon-nucleon phase shift. The
parameters Pd and P, are fixed by the requirement that in
the zero-energy limit the wave functions yield the correct
triplet and singlet eA'ective ranges. The second function,
that of an uncharged s-wave XX pair, was not given ex-
plicitly in Ref. 7, but it satisfies the correct boundary con-
ditions at r =r, and for large r. In the limit ofpI ~0 and
the singlet scattering length a, ~ &x&, it assumes the form
of a zero-energy bound state, that is, the same form as the
right-hand side (RHS) of Eq. (5a) with ad ~0. The
values of Ijd and P, were taken from Table I, Ref. 7, for
the r, =0 and r, =0.5 fm cases. The phase shift 5(p/) in

Eq. (5b) was evaluated from the effective range expansion
for singlet np scattering with the parameters taken from
Noyes.

The parameters go and g, of the production t matrix
are given in Table II as functions of the length a, which is

I

essentially the range of the intermediate pion state. The
underlined values reproduce within 1'%%uo the values for
corresponding cases given in Tables 2 and 3 of Phillips
and Roig. The other parameter sets were not treated by
these authors. Note, that for all tabulated values of a, the
ratio g& /go ———,

' for the r, =0 functions, and g& /go- —,
'

for r, =0.5 fm.

B. Pion absorption from the 1s state

All rates depend on the square of the T matrix for a
transition from an initial nuclear ground state +; and
pion bound state 4, to a final nuclear state 4&. Since the
two-body t matrix is in momentum space and has no ex-
plicit dependence on the pion momentum,

TABLE II. Parameters go and g, in the phenomenological two-nucleon t matrix of Eq. (1) that At the
low-energy pion production cross sections. The range of the intermediate pion for both the exponential
and the Yukawa form factors is allowed to vary between 0.6 and 1.8 fm. Two types of nucleon-nucleon
correlations were used in the Anal-state deuteron and singlet pp wave functions, hard core and Hulthen
(r, ~0). The underlined entries agree with values of Ref. 7.

Range
(fm)

Form factor Hard-core deuteron and
singlet deuteron functions

Hulthen deuteron and
singlet deuteron functions

0.6
0.6
1.0
1.0
1.4
1.4
1.8
1.8

Exponential
Yukawa
Exponential
Yukawa
Exponential
Yukawa
Exponential
Yukawa

go (fm')

33.06
16.90

304.0
46.30

1921
120.4

8657
271.0

g& (fm )

11.74
5.23

137.8
14.90

1145
40.7

6802
95.6

go (fm )

9.17
1.73

93.5
6.67

560.6
19.14

2330
44 7

g, (fm)

2.35
0.46

25.40
1.73

162.6
4.97

711.0
11.70
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Tf, = J d'k& nfl y tlat „k&e,(k)
all pairs

c „(0)&qfltlq„o),
P

4&„(0)=2(Z/ap) R „(0),

where ao is the Bohr radius of the pion, Z is the nuclear
charge, and R „(0)is the ratio of the pion wave function
at the origin, including strong interaction, to the pion
Coulombic wave functio~. The S-state attraction in He
(Refs. 9 and 10) implies (Ref. 24) R i, (0)= 1.05. The nor-
malization Jd k l@(k)l =(2p) ' has been adopted in

conformity with &k'lk) =2s„5(k'—k), the normalization
of the pion momentum states.

C. 3He ground state

In all wave functions standard three-body notation is
used. Momenta are designated by p and q, which refer
to the relative momentum of the particle pair Py (aPy
cyclic permutation of 1,2,3) and to the relative momen-
tum of the particle a and the subsystem /3y, respectively,
S and T refer to the spin and isospin of a single nu-
cleon, and S&& and TI3& denote the coupled spins and iso-
spins of the Py pair. The model ground state used in this
calculation is one that (1) has the correct asymptotic lim-
its with respect to two-body and three-body channels, (2)
contains specific nucleon-nucleon correlation, and (3) has
an approximately correct rms radius as deduced from
electron scattering. The form introduced by Barbour and
Phillips and used in Ref. 7, where only the completely
space symmetric S state is retained, is

'p;=u(p q) —(IS~~=0 S3, —,'+m; & IT~~=1, T3 —,'+ —,
'

&
—IS~2=1 S3 —,'+m; & IT~p=o T3 —,'+ —,

' &)
1

2

N( )
( )

1 ~ d pa~qa

&2 =i [q + 4M(e~ —sd )]
N, (p, q )

[q +—', M(E~ s, )—]
(p + —,'q +Ms~ ) . (7b)

The two functions N„(p,q ), n =d, s are proportional to
the form factors g„(p), of separable potential approxima-
tions to the low-energy two-nucleon T matrices,

I

I of Ref. 7, both for the hard core (r, =0.5 fm) and the
Hulthen form factor (r, =0.0 fm).

h„
N„(p,q) =g„(p)

(q +v„) (8)
D. Final-state wave functions

and partial absorption rates

The form factors are obtained from the Fourier trans-
forms (FT) of the two-nucleon hound-state wave func-
tions through the relation

& „(p)~g„(p)/(p'+a'„).
The explicit form of g„is given by Eq. (Al) in the Appen-
dix. The spin-singlet, isospin-triplet system was assumed
to have a zero energy bound state so that a, =O. The
second factor in Eq. (8) has adjustable parameters for
normalization and for fitting the rms charge radius of the
He system. The parameters h„and v, are given in Table

I

The final nucleon states distinguished in the stopped
pion experiments (see Table I) are (1) the two-body nd, (2)
the quasi-two-body FSI states n'(np)p and p'(nn )p, and
(3) nnp states following QFA, where the relative energy of
no pair of nucleons is low.

Two-body and I"SI states

The wave function for the nd (FSI) channel is taken as
the product of an S-state bound (scattering) two-nucleon
wave function and a delta function representing a nonin-
teracting third particle,

1
3/2

4f — Q 53(q —qf )N„(p )lsp, s = ', sfmf ) g (Tp tti -T t IT )ITp T T —)
a= 1 T= }/2

&„(p):—@d(p), S»=1, Tt3r =0 for n+d,
@„(P)=@~y(P),S» =0, T»=1, ttt~ =0, t = —

—,
' for n+'(nP )p,

@„(p)=@~~(p),Sti =0, Tts =1, ttt = —1, t =+—,
' for p+'(nn)p,

(9)

Again, the bound-state wave function is the FT of the
RHS of Eq. (Sa), and the scattering wave function is the
FT of the RHS of Eq. (Sb). Evaluating the T matrix for
the two body and FSI states, we get

2(n +d) = (gp+3g i +2gpgi )qf IId I

3(2m)' p
(loa)

where qf is the relative momentum of the noninteracting
neutron with respect to the deuteron,

M 28' '(n+ npp) gp pftffdpf II3X2'(~)' p
(lob)
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giW"(p+'nnp)= W"(n+'npp),
2g0

(10c)

7f pf
f (10d)

The deuteron result was obtained by Phillips and Roig,
while the singlet results are new to this work. The total

I

available kinetic energy in the singlet cases is E&. The
momentum p&'".represents a qualitative upper limit on
the relative neutron-proton momentum such that an
event is attributable to the formation of a singlet np pair.
The value p&'"=0.5 fm ' was used in all cases. For fu-
ture reference, the sum of the two rates in Eq. (10b) and
(10c) is designated as W"(nnp FSI). The integrals are
n =d, s,

I.(qf ) = fd'pi fd'qi+."(Iqi+-,'qf I )[f(I-,'qi+qf +pi I )+f(I-,'qi+qf —pil &]u(pi, qi &(-,'qi+qf )

The dependence of each of the three rates in Eq. (10) on
go, g &

is easily explained. Either of the deuteron and the
singlet 'npo pairs can be formed in the final state by a
spectator proton interacting with a neutron from the np
pair on which the pion is absorbed. Both processes thus
contain go, signaling absorption on an S& pair. On the
other hand, a '(nn )p pair can be formed only from a spec-
tator neutron interacting with the neutron from the pion
absorption on the remaining 'So pp pair so that the corre-
sponding rate is proportional to g &.

The numerical evaluation of integral I„containing the
continuum wave function @,(p), proved to be very time
consuming. Singularities in the integrand were eliminat-
ed by introducing a cutoff radius R in taking the Fourier
transform of the RHS of Eq. (5b). The justification for
this simplification is that the integrand of the

I

I

configuration space integral corresponding to Eq. (11)
vanishes for large r because of the finite extents of the
He wave function and the form factor f(x ). A cutoff'ra-

dius R, conjugate to the momentum variable p, can be
chosen such that setting 4& (r)=0 for r )R changes the

Pg

integral by an arbitrarily small amount. The calculations
for both the deuteron and singlet deuteron were then car-
ried on the same basis with 4(p) being the FT of a local-
ized function in both cases [see Eq. (A2) in the Appendix
for the form of (p„(p)with the cutoff'radius R ].

Py

2. Quasifree absorption states

The QFA regions of the Dalitz plot, remote from the
low-energy nucleon pair FSI regions, were treated by tak-
ing a noninteracting final three-nucleon wave function,

+f ~ T ( 1 —1 —,
' + —,

'
I Tf —

—,
' )q f ( Tf )

3

%f ( Tf )= g [53(q —qf )5,(p —pf ) —( —1 )
"" ""5,(q —qf )5,(p +pf )]

6

(12)

XlS&, S„„,,', Sfmf &lT&——,,—=T.„,,',Tf—
Writing the total rate as an integral over the c.m. neutron and proton kinetic energies T„and T, the integrand is pro-
portional to the density of events on the Dalitz plot with T„and T along the axes.

0
W"(nnp Q'FA)= '

6
(2~ M )fdT„f dT~ I2gplK31 +gi[IKil + IK21 + IK31 (Ki+Kz) K3+K, .Kz]2(2~) p

—2gpgi(K, +K2).K3} (13)

The integrals K ( T, T„)are given by

K (T~, T„)=pff d'pf f(lp f —pl)

+f ( Ip f +pl )]u(p, q f ) (14)

From symmetry considerations we can infer that any
term under the integral sign of the RHS of Eq. (13) can
be reduced to either K

&
or K&-K2 as far as the total nnp

QFA rate is concerned. Then Eq. (13) reduces to the
form given in Ref. 7. However, the calculation of the
doubly differential rate for comparison to the Dalitz plot
requires that the expanded form of the integrand be used.

and
I

'q3f p3f M( Kf T —2T„)
(15a)

Then p & and q„&,+= 1,2, are linear combinations of the

p3& and q3I, which can be written symbolically as

The functions K ( T,T„)depend on the variables

p f 'q f and p I q I. If we choose nucleon 3 to be the
proton in the final state and nucleon 1 to be the observed
neutron, p3& and q3& are related to the observables Tp
and T„by

q3f =2MT, p3f =M(Kf 3/2'�), —
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Paf

qaf

Pf=P
CX q

(15b)

The P are 2 X 2 matrix representatives of the cyclic per-
mutation elements of the 53 group which carry the
"+=3"momenta into "a=I" and "+=2",respectively.
~K ~

is large in that region of the Dalitz plot where the
nucleon a is a low-momentum spectator to QFA on the
pair 13y. For example, K3 is large for T —+0, so it
represents ~ absorption on an np pair. Then K& and Kz
represent absorption on pp pairs and are large for either
T„=Oor T„=T~=,'E&. —Ifone assumes at any QFA
peak along the perimeter of the Dalitz plot that only one
K contributes, one gets an estimate of gi/go from the
observed strengths,

sumptions. (3) The individual calculated FSI rates
W"(n+'npo) and W"(p+'nno) can be compared to
data assuming the relative percentages of stopped pions
yielding n +d and nnp FSI states, respectively, are the
same as for pure ls absorption. (4) If it is further as-
sumed that the spectrum of particles attributed to nnp
QFA measured for stopped pions is refiective of the spec-
trum for Is absorption alone, the calculated Is differential
absorption rate to nnp QFA can be compared to the Dal-
itz plot. (An analysis of the K x-ray yields indicates
that 87+6% of the pion absorptions take place from s
states in He gas of the appropriate density. ) (5) The rate
(s ') of a process is, of course, proportional to the width
(eu) connected with the same process. Throughout the
remainder of this paper we distinguish the two by using
the symbols 8'and I, respectively.

WQF~(np ~nn ) 2g,

WQF+(pp ~np ) 2go +g, 64. 8

g
2

—=0.095 (16)
go A. 1s absorption rates to n +d and nnp FSI

or g &
/go-—0.095, much smaller than any entry in Table

II obtained from the nucleon-nucleon pion production
experiments. The qualitative result is not contradicted by
the more accurate results presented in the next section.

III. NUMERICAL RKSUI.TS

A few general remarks should be made before present-
ing in detail the numerical results of our calculations. (1)
The rates in all cases are homogeneous of second degree
in go, g, [Eqs. (10a)—(10c) and (13)]. Keeping go fixed at
values determined from relatively accurate measurement
of the p +p ~d +sr+ cross section, the rates can be treat-
ed as functions of a single variable gi /go. (2) The calcu-
lated rate W "(n +d ) and the sums of the calculated rates
W "(nnp FSI)+ W "(nnp QFA) = W "(nnp ) can be com-
pared to measured Is rates' directly without further as-

The calculated Is absorption rates leading to the nd,
the n '(np )o, and p '(nn )o final states, obtained from Eqs.
(10a)—(10c), are to be found in Table III. The rates for
values of g, /go compatible with the two-nucleon produc-
tion data, taken from Table II, as well as for g, /go=0
have been tabulated. The rates corresponding to the Yu-
kawa form factor are more stable because the exponential
form factor varies much more rapidly with the range a
for a fixed momentum. For physical reasons the Yukawa
is preferable, and all further remarks are addressed to
that case.

The calculated partial rates for W"(n+d) are com-
pared to a recently measured experimental value. By
measuring the branching ratio for absorption leading to
nd in coincidence with K x rays, Backenstoss et ah. ' have
obtained an absolute rate W"(n+d ) =0.58+0. 10X 10'
s '. Their quoted result does not include the uncertainty

TABLE III. Calculated partial rates [Eqs. (10a), (10b), and (10c)] for absorption of ls m leading to nd, n '(np )0, and p '(nn )0 final

states. The rates are calculated for both signs of x =+(g
&
/gp)', where g &

and go are taken from Table II. Experimental values of
the rates are to be found at the bottom of the table. All rates are in units of 10' s

Range
(fm)

Form factor Hard-core
function

Hulthen
function

0.6
0.6
1.0
1.0
1.4
1.4
1.8
1.8

Exponential
Yukawa
Exponential
Yukawa
Exponential
Yukawa
Exponential
Yukawa

x(0
0.31
0.34
0.52
0.37
0.84
0.41
1.29
0.44

W"(n+d)

x)0
1.14
1.25
2.03
1.34
1.98
1.51
2.21
1.63

0.34
0.41
0.50
0.45
0.67
0.47
0.85
0.50

W "(p+nn )

0.057

0.063

0.068

0.068

W"(n+nI )

0.39

0.40

0.40

0.41

x(0
0.27
0.24
0.35
0.26
0.40
0.28
0.44
0.29

8 "(n+d )

x)0
1.00
0.90
1.26
0.98
1.49
1.03
1.64
1.07

x=O

0.36
0.33
0.44
0.35
0.50
0.36
0.54
0.38

'References 10 and 15.
References 10, 13, and 15.

'References 9 and 15.

W"(n+d ) =0.58+0. 19'
8"'(n+d ) =0.75+0.24'

W'(n+ np) =0.42+0. »'
W"(p+ nn ) =0.05+0.02
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from I,",, =28+7 eV, ' but the additional 25% uncertain-
ty has been included in the experimental result quoted in
Table III. The deduced partial rate, obtained from the
larger I t t 36+7 eV, is also tabulated, but all further
comparisons are made with the smaller I „„sinceit is
more compatible with the branching ratio (radiative
capture) per absorption. The calculated rates W'(n+d)
for g, /go) 0 are inconsistent with the data, while rates
for g, /go &0 are generally allowed. Treating g, /go as an
adjustable parameter, agreement with the central experi-
mental rate can be obtained for small positive g, /go.

The calculated rates for the singlet np final state, de-
pending only on go, is in good agreement with the "ex-
perimental" rate. The latter was obtained by scaling
W'(n+d) according to FSI partial rates, expressed as
percentages listed in Table I. While some stopped pion
events have significant pion p-state contributions, there is
some evidence that the nd channel [and presumably, the
n'(np)o] has little room left for p absorption. ' From
Table I,

W "[n+ '(np )o]=(11.7/16. 1)X W "(n+0 )

2.5

+
C)

2.0

OC

I-
O

1.5

= (0.42+0. 11)X 10' s (17a)

and

W "[p+ '(nn )o]=(1.5/16. 1)X W "(n +d )

=(0.05+0.02) X 10' s (17b)
1.0 I I I I I I I I I I I

-0.5 0.0 +o.5
gi~ao

The latter rate is in excellent agreement with the calculat-
ed W "[p+'(nn )o] entered in Table III. However this is
the only piece of He data that can be well fit by fixing g,
at the value derived from the m production cross sec-
tions. Because of its small size, it is our opinion that the
rate calculated for the process in question is the least reli-

. able of all the calculated rates. The wave function of Eq.
(9) neglects final-state coupling between n+d, n+ 'npo,
and p+'nno channels, which exists physically at some
level. Coupling will, presumably, have a small effect on
the large rates, but a significant effect on the small rates.

FIG. 1. The total 1s absorption rate for stopped pions in 'He
as a function of the ratio of the parameters describing absorp-
tion on singlet and triplet spin nucleon pairs. The curves were
calculated according to Eq. (13), and are distinguished from
each other by the type of nucleon-nucleon correlation, hard
core (r, =0.5 fm) or Hulthen (r, =0.0 fm), and by the inter-
mediate state pion range a. The values of go used in this figure,
and all subsequent ones, are taken from Table II of the text. No
corrections to the pion Coulombic wave function resulting from
strong interactions have been included in the rates.

B. Total 1s absorption rate to nnp FSA

The total rates for 1s quasifree pion absorption, ap-
proximated in our calculation by transitions to free-
particle three-body states, have been calculated using Eq.
(13) and are plotted vs g, /go in Fig. 1. Two difFerent Yu-
kawa form factors, a =0.6 and 1.4 fm, have been used
with both the Hulthen and hard-core correlations. The
R i, (0)= 1.05 correction has not been included.

C. Spectrum of nnp QFA nucleons
following 1s absorption

The data to which the g& /go ratio is most sensitive are
the contour lines of the Dalitz plot for the three-body
final states. The axes of the plot are associated with the
proton kinetic energy and the kinetic energy of the ob-
served neutron. The calculated number density of events
is proportional to the integrand of Eq. (13), which can be
written as d W"(nnp QFA)/dT& dT„. We have com-

pared our theoretical results to the data by calculating
the relative rates along certain straight lines in the Dalitz
plot. In the notation of Fig. 1, Ref. 13, the lines are DB,
I'B, and EC.

The line DB runs from the point D representing quasi-
free absorption on an np pair (spectator proton at rest) to
point 8 representing quasifree absorption on the pp pair
(spectator neutron at rest). Each experimental point plot-
ted in Fig. 2 is the intersection of the line DB with a con-
tour line. The curves were calculated for a=1.4 fm,
r, =0.5 fm, and g, /go values, which either (1) fit the
two-nucleon production data or (2) yield the observed
W"(n+d) rate. The deep minima in all the curves at
T =30 MeV are due to a zero in the integral factor in K3
[Eqs. (13) and (14)]. The rate scale along the ordinate ap-
plies solely to the theoretical curves since the experimen-
tal data, being a sum of absorptions from ns and np atom-
ic states, cannot be interpreted as a simple rate. Howev-
er, the shape of the curves for all s states should be the
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FIG. 2. Theoretical 1s absorption rate density in a Dalitz
plot of three-body events as a function of T~ along a line of con-
stant T„.The point D corresponds to QFA on an np pair with
the spectator proton at rest, while point 8 represents QFA on
the pp pair with the neutron at rest. (The notation agrees with
the experimental Dalitz plot of Ref. 13). The values

g ] /gp +0.58 are determined by fitting the two-body produc-
tion data and g& r'gp =+0.099 yields the experimental I „.'b(nd ).
The normalization of the experimental points is arbitrary. The
rate densities from the integrand of Eq. 13 include the factor
1.05 as a strong interaction correction. The range of proton en-

ergies within the vertical dotted lines corresponds to a region of
the Dalitz plot, in which event rates could not be measured by
virtue of the experimental setup. The single experimental point
within this region was obtained by extrapolation of the corre-
sponding contour line into the excluded region.

same. An arbitrary normalization for the data points has
been adopted which is the same in subsequent figures.
No attempt to fold experimental resolution into the
theoretical curves has been made. Note that the quasi-
free absorption rates on a pp pair are overestimated by
more than a factor of 10 by the g, /go values, which are
derived from the two-body production data.

Figure 3 displays the rates along the same line DB for
both the hard-core and Hulthen correlations, with g& /go
adjusted to yield the experimental magnitude at point B.
Note that there is no deep minimum for the Hulthen case
and, in fact, the curve for this case is an order of magni-
tude higher than the observed rates midway between the

FIG. 3. Theoretical 1s absorption rate density along the same
kinematic locus as in Fig. 2. The values of g& /gp have been ad-
justed so that the theory yields the experimental ratio of
strength at B compared to D. The rate densities are calculated
for both hard-core (r, =0.5 fm) and Hulthen two-nucleon corre-
lations.

points D and B. That the integral factor in K3 has the
same sign at all points along the Hulthen curve is also
manifested by the fact that for this correlation the curve
for gj/go&0 tracks the data at B satisfactorily, while
with the hard-core correlation a positive ratio, g, /go )0,
is required for a good fit. The sign of the interference
term K, K3 at 8 determines the preferred sign of g, /go.

The line I"B connects the two points on the Dalitz plot
that are the centers for QFA on pp pairs. The compar-
ison of the calculated relative rates along the line with the
experimental data, Fig. 4, does not yield much additional
information. Again the g, /go values determined from
the two-nucleon analysis lead to an overestimate at the pp
QFA peaks. A positive g, /go for the hard-core correla-
tion fits the falloff of the data at the extremities of the
symmetric curve far better than a negative gI/go. The
calculated values of the rates are all too high in the center
of the range of proton energies. In this region K3 dom-
inates, which indicates that the hard-core correlation, as
may be expected, overestimates the high momentum
components of the spectator particle wave function.

The line EC connects the two points of the Dalitz plot
that represent zero relative rnornentum for an np pair, the
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FIG. 4. Theoretical 1s pion absorption rate density plotted
against T„for fixed T~ The point. s I' and B correspond to QFA
on pp pairs in He, with the spectator neutron at rest. The
curves are symmetric around the midpoint of the allowed neu-
tron energy range because of the Pauli principle constraint, with
respect to the neutron pair in the final state. The significance of
each choice of g~ /go is explained in the captions for Figs. 2 and
3. The same normalization of data points has been used.

centers of the nnp FSI regions. The approximate wave
functions used for the rates in the FSI regions are in the
three-body continuum. However, the comparison to ex-
periment has already been made by integrating the calcu-
lated partial rates over the relative np momentum bound-
ed by O~pf ~pf '"=0.5 fm ' and comparing the result
to the rates obtained by summing experimental events
within the FSI regions (see bottom of Table III). To illus-
trate the importance of FSI the nnp QFA plane wave
rates without FSI enhancement are shown in Fig. S. The
curves are given for a =1.4 fm, r, =0.5 fm. As could be
expected, all of them are at least an order of magnitude
too small in the nnp FSI regions, but all except the curve
for g& /go = —0.58 fit the data in the middle, again an in-
dication that g, /go is positive. The vertical lines show
the limits along EC corresponding to the pf "=0.5 fm
upper limit for the singlet deuteron strength in Eq. (10b).

D. Constraints on g & /go from the experimental He data

The absolute experimental W'(n+d) and W"(nnp)
rates have large uncertainties because they include the

FIG. 5. Theoretical 1s pion absorption rate density plotted
against T„for T~ =24.0 MeV. The points E and C are the two
np FSI points in the Dalitz plot, the points where T„~=0. The
rates were calculated from Eq. (13) which approximates the final
state by plane waves so no FSI is included in the calculation.
The significance of each g& /go ratio is the same as in Figs. 2 and
3. The vertical arrows represent the position of the upper limit
P '" on the integral over relative np momentum that appears inf
Eq. (10b).

25% uncertainty in I,",,. However, the ratio
I""(nd )/I " (three body), that has been determined in aab ab

~ 15branching ratio and E x-ray yield experiment, is in-
dependent of I,",,. From this experiment one obtains the
relationship

I,"b(nd )/I",'„' (three body) =0.31+0.07 .

The theoretical ratios for the hard-core and Hulthen
correlations are plotted in Figs. 6 and 7, respectively, as
functions of g, /go (the go dependence cancels). The
singlet rates in Table III have been added to the QFA
rates from Fig. 1 to get the theoretical I,'b (three body).
The experimental values and uncertainties are plotted as
horizontal lines in the figures. Other limitations on
g& /go are also represented on Figs. 6 and 7. The ranges
of g, /go that are consistent with the observed partial ab-
sorption rates W "(n+d ) are delimited by vertical dotted
lines that bracket the cross-hatched uncertainties. The
solid vertical lines with the accompaning horizontal ar-
rows show the ranges of g&/go that are acceptable in so
far as the relative heights of the pp QFA and pn QFA
peaks are concerned. The arrows are directed inwardly
because it has been assumed that the singlet/triplet NX
ratio for p-state pion absorption is of the order of 0.1, as
large or larger than the ratio for s-state absorption. The
values of g, /go that are consistent with two-nucleon pion
production are indicated on both Figs. 6 and 7, and are
not consistent with most of the He data in either case.
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FIG. 6. The plotted curve is the theoretical ratio of the 1s absorption rate to two-body (nd ) and three-body (nnp) final states. The
three-body rate is the sum of the calculated rates for nnp QFA (Fig. 1) and the total rates to the nnp FSI regions of the Dalitz plot
(Table III) ~ The experimental ratio and the error limits" are shown by the horizontal solid and dashed lines, respectively. The verti-
cal dashed lines show the limits on g, /ga that correspond to the experimental limits on l,b(nd ). The vertical solid lines marked QF
delineate the values of gl /g0, which yield theoretical ratios of absorption strength on pp relative to np pairs in agreement with experi-
ment (see Fig. 3). The short vertical arrows show the g~ /ga values fixed by the pp production cross sections. The values of g& /g0 for
which the solid curve passes through the cross-hatched area are those for which the agreement within error limits to all He data is
possible.

One concludes from these figures that when Hulthen
nucleon-nucleon correlations are used no satisfactory
value of the ratio gi/go can be found which allows a fit
to all the three-body data. On the other hand, there is a
range of acceptable values of g, /go, 0.03 &g, /go &0.21,
when the hard-core nucleon-nucleon correlations are in-
cluded in the He wave function.

IV. DISCUSSION

The absorption or production of low-energy pions in-
teracting with S-state nucleon pairs occurs predorninant-
ly on S=1, T=O nucleon pairs. The phenomenological
two-nucleon t matrix describing p+p ~d +a.+ provides
a satisfactory description of absorptions of stopped ~ on
triplet np pairs in He. In particular, the calculated par-
tial rates for m + He~n+'(np)o, proportional to the
parameter go, and the QFA rate of n. on np pairs in He,
depending primarily on g0, are in good agreement with
experiments. ' ' The experimental partial 1s rate to nd
can be accommodated by choosing g, /g0 values that are

much smaller than the ones required to fit p+p~p
+p+m . Small positive values of gl/g0 are also con-
sistent with the relative size of the Dalitz plot peaks'
from the QFA of rr on pp pairs. Our conclusion is that
all the data associated with absorption of stopped pions
in He can be accounted for within the framework of a
two-nucleon absorption model provided the nuc1ear
ground state contains strong repulsive correlations, and
the importance of absorption on singlet nucleon pairs is
suppressed compared to that indicated by two-nucleon
threshold pion production experiments. On the other
hand, there is strong experimental evidence that a direct
three-nucleon pion absorption process plays an important
role for 120-MeV pions incident on He. ' The 3N
mechanism was established through the observation of
significant cross sections for those absorption events
where final states are kinematically far from QFA or FSI
regions. However, the authors of Ref. 29 state that if the
same analysis is applied to the stopped pion-absorption
data' a 3X absorption rate of less than 10% of the total
absorption rate can be derived, which is not in disagree-
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FIG. 7. The same as Fig. 6 except all calculations were carried out with the Hulthen nucleon-nucleon correlation instead of the
hald core. No value of g& /go can be found which is consistent with all He data.

ment with our results.
There are at least two reasons that separately or in

combination may account for the inconsistency of the
two-nucleon model in the spin-singlet pair case. These
are (1) confusion of the true signal for m production with
another process, pp brernsstrahlung, in the production ex-
periments, and (2) a significant contribution of the one-
nucleon absorption amplitude to the process which may
interfere differently with the two-nucleon amplitude in
the two- and three-nucleon systems, respectively.

The two references for m. production from
p+p~p+p+m cited in this paper, Refs. 21 and 22,
were both single arm experiments, that is if only one de-
cay gamma was observed. The total cross sections ob-
tained are of the order of a few pb. For certain
geometries p-p bremsstrahlung differential cross sec-
tions ' amount to as much as 10pb /sr for FR=200
MeV. It is conceivable that many of the gamma counts
for proton energies just above the m threshold originated
from the p-p bremsstrahlung process. In any event it
would be worthwhile to make modern measurements of
the fundamental production cross section.

Koltun and Reitan' calculated the nucleon-nucleon
pion production cross sections near threshold assuming
the process is due to a sum of one- and two-nucleon am-
plitudes. The input to the one-body amplitude is the
pion-nucleon coupling constant and the two-nucleon pro-

duction amplitude requires, in addition, the two pion-
nucleon scattering lengths, with values fixed by experi-
ment. The authors found that the small single nucleon
amplitude played no role in the production or absorption
of low-energy pions on triplet spin nucleon-nucleon pairs.
However, because of the small size of the isoscalar pion-
nucleon scattering length the two-nucleon production
amplitude for singlet pairs is strongly suppressed, so that
the one-nucleon amplitude becomes comparable. Some-
what in support of (1) they calculated a p+p ~@+@+A
cross section about 40% lower than measured (still
within the experimental error bars). The relative two-
nucleon wave function for a spin-singlet pair inside He
certainly divers from the low-energy pp two-nucleon
wave function. It is plausible that the expectation value
of the sum of the one- and two-nucleon absorption ampli-
tudes results from a delicate balance of the two terms so
that singlet absorption in He is suppressed compared to
that expected from m production experiments.

In our model, the rapid fallo6' of the event rate along
line DB in the Dalitz plot (see Figs. 2 and 3) as well as the
virtually complete absence of events near its center are
the direct result of short-range nucleon-nuc1eon correla-
tions in the He ground state. At the QFA point the pair
of emitted nucleons have relative momentum p=(M„)' = 1.83 fm ' so that ground-state nucleon-
nucleon correlations at distances of the order of 0.54 fm
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can be probed. In the two-nucleon system (p +p
~d+m+) the (initial) pair momentum is fixed near this
value, whereas, absorption on a pair in He can be ob-
served for a wide range of p (1.83 fm '. The Fourier
transform of the ground-state wave function u(p, q)
changes sign as a function of p over this range, Eqs. (8)
and (Al), so that the integral K3 [Eq. (14)] can likewise
change sign as a function of the observed final momenta.
The caveat must be made that this result has been de-
rived using plane waves to represent the P, "high-
energy" nucleons in both the production and QFA ampli-
tudes. The behavior of both T-matrix elements when the
nucleon pair is represented by a realistic P, scattering
state is being investigated.

The complete understanding of absorption of low-

energy pions in He also awaits a better knowledge of the
effect of p-wave absorptions. Such knowledge will come
from the calculation of the two- and three-body spectra
following p-wave absorption and/or the production of
separate experimental Dalitz plots for s-wave and p-wave
absorptions.

APPENDIX

A. Deuteron momentum space wave function

In configuration space, the hard-core deuteron func-
tion Cd(r) is given by formula (5a). In momentum space
the hard-core deuteron function, obtained by taking
Fourier transform of the function in (5a), becomes

ed(p) =&2/7TNI3d [(2ad+ pd ) l(ad +p )

X [[cos(pr, )+(ad+added —p )sin(pr, )l(2ad+13d )p]/[(ad+Pd ) +p ]I, (A 1)

where N is the normalization constant. The factor inside the curly brackets is the form factor gd(p), determined by the
nonasymptotic behavior of the deuteron wave function.

B. Singlet deuteron momentum space wave function

In configuration space the singlet deuteron function N (r) is given by formula (Sb). Again taking Fourier transform
JJf

of that function we obtain for the singlet deuteron function in momentum space the following formula:

@,,(p) =
I [2e 'l/[(2~)'ppf ] I

X([cos[(p—pf )(R+r, )/2 —6]sin[(p —pf )(R r, )/2]/(p —pf—) I

—
I cos[(p +pf )(R +r, )l2+ 5]sin[(p +pf )(R r, ) l2] l(p +pf—) )

+[a/(P, +p )] I e ~s [P,sin(pR )+p cos(pR )]
—e ~s "c[f3,sin(pr, )+p cos(pr, )] I ), (A2)

where

a =e ~s "c sin(pfr, +5)
and R is the cutoff radius.
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