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Importance of nucleon-nucleon interactions in hardening nucleon spectra in heavy ion fusion
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The thermalization of the composite system created in the fusion of two heavy ions at an incident
energy of 20—30 MeV/nucleon and the emission of fast nucleons before the attainment of statistical
equilibrium are described by means of the Harp-Miller-Berne master equation approach. The in-
cident energy is transformed into excitation energy by two-body nucleon-nucleon interactions, as-
suming that the mean field readjusts itself instantaneously as the two ions fuse. Symmetric and
asymmetric systems have been investigated. The results indicate the paramount importance, in the
case of symmetric systems, of interactions between high-energy nucleons, one of which scatters to a
deep-hole state, thus producing the higher-energy particles observed experimentally.

I. INTRODUCTION

At very low relative energies the time evolution of the
dinuclear system created as two heavy ions stick together
is described by the time-dependent Hartree-Fock (TDHF)
theory' and two-body collisions are thought to be of
minor importance, being hindered by the Pauli principle.
As the relative energy of the two heavy ions increases,
the Pauli blocking becomes less effective and intranu-
cleon collisions can no longer be neglected.

A way to take into account both effects, mean-field and
nucleon-nucleon collisions, is based on a semiclassical ap-
proximation that leads to the Vlasov-Uehling-Uhlenbeck
(VUU) equation ' for a nucleon phase space distribution
function f(r, p, t ), whose evolution in time is determined
by the mean-field dynamics and by intranuclear col-
lisions. A method to improve these calculations, of semi-
classical nature, while retaining their physical assump-
tions, has been indicated by Cassing. Cassing
separates in time the action of the mean-field and of
nucleon-nucleon interactions. The mean-field interaction
is dominant before the two nuclei come in contact, and
the subsequent time evolution is ruled by nucleon-
nucleon interactions. The mean-field interaction is evalu-
ated by TDHF theory and provides an average momen-
tum space distribution f„(k,t =0) for nucleons in the
dinuclear interaction region, whose subsequent time evo-
lution depends on the nucleon-nucleon interactions and
emissions to the continuum. These two approaches take
into account, to a different degree of accuracy, the so-
called one-body dissipation mechanism, due to the
mean-field acting on the interacting ions, and the two-
body dissipation mechanism occurring Uia two-body
nucleon-nucleon interactions.

A number of calculations of nucleon spectra has also
appeared in literature considering explicitly only the
two-body interaction mechanism, ' and these are more
directly related to the calculations of preequilibrium
cross sections made in the case of light projectiles.

To reproduce the spectral distribution of the emitted
nucleons one has to consider only the momentum distri-
bution of the nucleons in the target and the projectile, the
information on the configuration space being unneces-
sary. ' In the Thomas-Fermi approximation, the den-
sity of states of the nucleons bound in a potential well
does not change appreciably for not too large variations
of the r dependence of the mean field, in the case of in-
compressible nuclear matter and volume-conserving de-
formations. ' If these conditions are approximately
satisfied during the time evolution of the dinuclear sys-
tem, its relaxation may be described by the Harp-Miller-
Berne (HMB) master equation approach, "' which al-
lows one to evaluate the time evolution of the energy dis-
tribution of the nucleons, as resulting from two-body
nucleon-nucleon interactions and from the emission of
particles into the continuum. The HMB master equa-
tions correspond to the collision term in the VUU equa-
tion ' and the Cassing theory, but it differs from them
in various respects, for instance in treating the emission
of nucleons to the continuum, introducing, to describe
this process, decay rates not explicitly considered in pre-
vious approaches.

The HMB master equations will be discussed in Sec. II
of this paper together with a new proposal to evaluate the
decay rates for nucleon-nucleon interactions, removing
the approximation of orthogonal nucleon collision
geometry used so far and taking into account linear
momentum conservation in addition to energy conserva-
tion.

The outcome of the calculation depends in an essential
way on the initial nucleon energy distribution n;(t=0)
that will be evaluated, as discussed in Sec. III, by cou-
pling the internal momentum of the projectile and the
target nucleons with the translational momentum of the
colliding ions with respect to their common center of
mass, as done by Bondorf et al. ' and Robel and
Swiatecki' in the promptly emitted particles (PEP) and
Fermi jet calculations. This procedure is essentially
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based on the hypothesis that the asymptotic momentum
distribution of the colliding nucleons is not greatly
changed by the mean-field interaction. This is found to
be approximately true for reaction times smaller than
=30 fm/c = 10 sec, when mean-field interactions
dominate, both in the case of VUU and TDHF
theory. ' ' However, at larger interaction times, TDHF
calculations show that a considerable distortion of the
momentum distribution may occur with a reduction of
low-momentum components and an enhancement of
high-momentum components. It has been suggested that
this may be of greater importance to reproduce the hard-
est part of the experimental nucleon spectra. An

analogous effect has been found also in VUU calcula-
tions. ' This argument will be considered later; here it
may be sufficient to remark that the use of the HMB mas-
ter equations is not bound to the use of the initial distri-
bution we use here.

The distribution n, (t =0), evaluated as already briefly
indicated, is characterized by holes, in addition to excited
particles, whose number and excitation energy depends
on the projectile-target mass symmetry and on the in-

cident energy. The presence of these holes allows, as the
intranucleon cascade develops, the excitation of particles
to an energy higher than that resulting from the coupling
of the internal and translational momenta. One of the
main aims of this work is to investigate quantitatively the

I

importance of this effect.
In Sec. IV we compare the theoretical predictions with

the experimental data concerning nucleon emission in
fusion and quasifusion processes of both symmetric and
asymmetric systems at incident energies between 20 and
30 MeV/nucleon. Sec. V will be devoted to the con-
clusions.

II. HMB MASTER EQUATIONS

In this theory the nucleon states are classified accord-
ing to their energy, e, and divided into bins of width Ae.
The number N; of occupied states within each bin is
equal to the product of the total number of states for that
bin, g;, times an occupation number 0~ n,- ~ 1. Nucleons
in states within bins i and j may interact and scatter to
states within bins I and m subject to the conservation of
energy and the availability of unoccupied states in l and
m. Unbound nucleons may also escape from the nucleus
with energy e,'=e; eF B;—(eF—and B; are, respectively,
the Fermi energy and the binding energy of the nucleon
in the composite nucleus) thus contributing to precom-
pound emission. The relaxation of the nucleus, described
as a two-fermion gas, is described by the master equa-
tions (written, in the following, for the proton gas, those
for the neutron gas being the same with obvious substitu-
tions):

d(ng;) g, g,

jim

jim
7T V

6(e,"+e,—e, —e' )

e,. +he/2
g;= f p (c)dc

I

3/2
Z
3/2 2CF

3/2

The decay rates for nucleon-nucleon interactions,
co;z I gIg /4e, give the probability per unit time that

where m and v stand, respectively, for the proton and the
neutron.

The emission of particles to the continuum can be ob-
tained by integrating the equations

d¹'
The total number of states within a given energy bin is
evaluated in the framework of Fermi gas model and is
given by

NN NN Uij

V g (g "g."IAE )5(6(+e, —E~ —E. )
(4)

where V is the nuclear volume. The relative velocity u;.
was set equal to

N2(e(+a~)
M

(where M is the nucleon mass) assuming perpendicular
directions of colliding particles, the most likely oc-
currence in case of nucleon-nucleon cross-section in-

two particles in a given state of the ith and the jth bin in-
teract and scatter to the Ith and the mth bin.

Assuming equiprobable all energy partitions between
final particles, HMB gave for co; I the expression
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dependent of the relative energy.
The decay rates for emission of particles into the con-

tinuum are

1IlV l

l~l
RI

where o.;„„v;.and 0 are, respectively, the inverse cross
section, the emitted nucleon velocity and the lab volume
which cancels a similar factor appearing in the expression
for g;.

Two of the approximations made in evaluating the de-
cay rates for nucleon-nucleon interaction may be easily
eliminated, namely, that of considering only perpendicu-
lar collision geometry, which is inconsistent with the as-
sumptions of energy-dependent nucleon-nucleon cross
sections, and that of considering as equiprobable any par-
tition of initial energy between the final particles provid-
ed that their total energy is conserved. In fact linear
momentum conservation leads to further restrictions on
the possible values of the energies of the particles after
scattering. In the following, the momentum of the nu-
cleons is explicitly taken into account, and the corre-
sponding energy is evaluated using the classical
momentum-energy relation.

Once the linear momenta p; and p of the colliding
particles, in the projectile-target center-of-mass system,
are given, the end points of the vectors representing the
final momenta in the same system, pI and p, must be lo-
cated on the surface of a sphere of diameter equal to the
relative momentum of the two nucleons

the condition

1j 1J 1j~ I%7

Im V
(10)

where O.
pj

and v;J are the two-nucleon interaction cross
section and relative velocity.

An often-encountered assumption in such calculations
consists in using proton-proton (neutron-neutron) and
proton-neutron cross sections, 0

&j
and 0

&j
that vary

with the inverse of the energy with a constant ratio r, be-
tween them

where 2P=p, +p and p, +p =pI +p
Assuming an isotropic angular distribution of scattered

particles in the two-nucleon center-of-mass system, the
probability, II; I, of getting final momenta in the inter-
vals ApI and Ap around the values pI and p, starting
from a pair p; and p, is equal to the ratio of the area of
the shaded annulus in Fig. 1 (given by the intersection of
the sphere of radius p, centered around the two-nucleon
center of mass, o, and the two spheres of radii pI and

pI +ApI, centered on the projectile-target center of mass,
0) to the area of the sphere of radius p. Thus,

PI API M heI

2pP 2pP

when inequality (8) is satisfied, and zero otherwise. The
decay rate for nucleon-nucleon interaction is

2p =(p; +p 2p, p cos8, )'i— .

centered around their center of mass 0, as shown in Fig.
1. Then, for any given pair of colliding nucleon momenta

p; and p. any possible final momentum pI must satisfy

and

m.m{ vv) E r
J

K 1
1J E ~ +

(1 la)

(1 lb)

where E;, is the two-nucleon relative energy. In the case
of free nucleon-nucleon cross sections, %=500 fm MeV,
while, when only the residual interaction is efFective, as it
should be within the nucleus, its value might be substan-
tially reduced. Other energy dependence s for the
nucleon-nucleon cross sections have been also pro-
posed 1 7p 1 8

The average of co;J I over all possible values of the
angle 0; between p,. and p. leads to the decay rate
co,&' I to be inserted in the master equations. Since in-
equality (8) implies that if p&

~p; or

(p & (p
2 +p 2

)
1 /2

then

PIP'm ( PIPm
~cosO; ~.

p&pj. pre
and if p, pI p~, then

(12a)

FIG. 1. In this figure is shown the sphere in momentum
space, whose surface represents the locus where are confined the
end points of vectors pr and p once p; and pj are given.

—1~cos9; ~1, (12b)

one obtains (in the case of proton-neutron interactions)
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t IBx4, 1JV
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where b e= b @i=be, B= (p; +pj )/2p pj , an. d C =cos9;,„,while

&B —C +&2B
&B —C &—2B

(13)

To avoid the singularity occurring when p; =p =pI =p, due to the inverse proportionality of the nucleon-nucleon
cross section to the relative energy, it has been assumed that IT;&(E;J)=IT;J(EO) for E;; Eo. iII,

*
i is the decay rate for

the scattering of particles in definite states of the bins i and j to bins I and m and thus corresponds to cII;J. I gig /be in
the original formulation of HMB. Equations (1) thus reduce to

d(n;g;)

jim

+ g [crim;~gi ni gmn~(1 —n; )(1—n~') rII;J"—, g; n, g'n'(1 —ni )(1—n )]
jim

where the conservation of energy and momentum, in
nucleon-nucleon scattering terms, has been already taken
into account in the calculations of co,

*
I and co;,' is yet

given by (6).
In Fig. 2, for a nucleus with mass A = 185, the crosses

give the decay rates co,~ i for a given e; (=97.5 MeV)
and difterent values of e, as a function of eI. In the eval-
uation, nucleon-nucleon cross sections as given by (lla)
and (1 lb) have been used, the bin width is 5 MeV, and the

ordinate is given in units of r, ' (ro =2.31 X 10 ) as
suggested by Harp et al."' The corresponding

V i.gig. /be of Harp et al. 1112 (solid diamonds) are
also reported for comparison.

The plateau in the co,'. i evaluated according to (13)
corresponds to i, j, and l values satisfying conditions
(12b). The increase of its ordinate as e approaches e;,
while eI is midway between their values, is due to the fact
that in these conditions there is the possibility of scatter-
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FIG. 2. Comparison of decay rates co,*,
&

(crosses) and co;, I gig /be (solid diamonds}, for given values of e; and ej, as a func-
tion of e&. These functions are defined only in correspondence to discrete values of eI. In the calculation displayed in the figure the
bin width is 5 MeV. The unit of the ordinate is 1/w„where ~, =2.31 ~ 10 is of the order of the time interval between two subse-
quent nucleon-nucleon collisions and its numerical value is that suggested by Harp, Miller, and Berne. " For 6 6'j 6( 6 =97.5
MeV the calculated value of ~,*, I is outside the range of values shown; in the units adopted it is equal to 0.126 10



2552 E. FABRICI et al. 40

ing between pairs of nucleons with relative energies ap-
proaching zero, to which corresponds an increasingly
greater cross section due to the inverse proportionality of
o.;, to the relative energy of interacting particles. The in-
crease in the value of co,z &

occurring for e; =e =
e&=e, is in fact due to the singularity already mentioned,

and the corresponding numerical value of co,*"
&

is
somewhat uncertain due to the arbitrary choice of the E,
value below which o.;j is assumed to remain constant. The
decrease of co,~ I toward the extremes of the allowed
range of e& values is a consequence of the increasingly
smaller interval of allowed coso, values [condition (12a)].

It must be remarked that the differences between the
decay rates evaluated by (13) and those based on Harp
et al. approximation reduce greatly when one uses energy
dependences for nucleon-nucleon cross sections different
from (1 la) and (1 lb), such as those suggested in Refs. (17
and 18). As in the case of co;~ I g&g /he in HMB treat-
ment, co; -

I is unchanged for exchange of i and j or I
and I, while for the exchange of the pair ij with the pair
lm:

pIpm
j lm ~m ij

p&.pg
(16)

III. INITIAL OCCUPATION NUMBER
DISTRIBUTION

HMB master equations have been used by Blann and
Remington et ah. ' for evaluating the angle-integrated
spectra of nucleons emitted in heavy ion reactions. These
authors assumed that at t =0 the available entrance chan-
nel excitation energy is partioned only among the projec-
tile nucleons, with each energy-conserving configuration
bearing equal a priori weight. Assuming constant single-
particle state densities, they thus obtain for the initial oc-
cupation number distribution n;(t =0) the following ex-
pression:

n, [(E—e;+b,e/2) ' (E—e, —b, e/—2) ' ]
n;(t =0)=

0

ite system, N; =n; g;, occupied in each bin by the projec-
tile and the target nucleons, in the case of a FJD, is
straightforward. The essential quantities entering the
calculation are (i) the translational momentum of a given
nucleon in the two ion center-of-mass system, equal to

' 1/2
~ElncpP= (18a)

for the projectile nucleons (E;„,is the projectile energy in
the lab system and 3 and Az the mass numbers of, re-
spectively, the projectile and the target) and to

1/2
2E;„,

(18b)pt =

and, finally, the number of occupied states within each
bin, is obtained by integration

e,. +be/2
N, = J de I N(e, 6)d8 . (20)

I

The occupation numbers are n, =N, /g;, where g;, refer-
ring to the composite system, are given by (3) [(with
Z=Z +ZT or N=Np+Nr)].

The values of n;(t =0) calculated for neutrons in the
case of (a) 600 MeV Ne ions incident upon ' Ho, and

for the target nucleons, and (ii) the Fermi momentum pF.
With reference to Fig. 3(a), to each nucleon momentum

p we associate a density of occupied states p(p) that is
equal to the Fermi density of the projectile when the end
point of p falls within the region P, equal to the Fermi
density of the target when it falls within the region '7,
equal to the sum of the two when it falls in the region
where the two Fermi spheres superimpose, and zero oth-
erwise. By a transformation to the variables e and I9,

(e =
~ p ~

/2M and 8 is the angle between p and the direc-
tion of the translational momenta p, and p, ) one obtains
a density of occupied states N(e, 8):

N(e, 8)ded9=2mp(p)p dp sin8dO,

(17)
where E is the excitation energy and n, is equal to the
mass number of the projectile, A .

This initial distribution, which does not consider the
presence of holes and includes very excited particles, is
basically different from that resulting from TDHF calcu-
lations or from the Fermi jet distribution (FJD) calculat-
ed by coupling translational and internal mornenta.

As the two fragments approach one another, to form a
composite system, the FJD, which represents the momen-
tum distribution before reactions take place, is modified
by the action of the mean field acting between the two
fragments and by the effect of the nucleon-nucleon col-
lisions. We assume that the mean field has a minor effect
in modifying the momentum distribution of single parti-
cles, and we account for the nucleon-nucleon interactions
by means of the HMB master equations starting with the
FJD for t =0.

The calculation of the number of states of the compos-

FIG. 3. (a) Momentum-space representation of the Fermi
spheres for projectile (P) and target (T) nucleons. The centres
of the two spheres are displaced from the centre 0 of the sphere
corresponding to the composite system, by, respectively, p~ and

p, ; (b) Fermi sphere for the composite system (in the ground
state).
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to 30 MeV/nucleon, and by Rosch et al. (see also
Lassen ), in the case of reactions induced by 20
MeV/nucleon Ar ions on" Ca. These spectra are simi-
lar in appearance to those of neutrons emitted in reac-
tions induced by light projectiles and the low energy eva-
porative component may easily be separated from the
harder component due to preequilibrium emissions.

In the case of reactions induced by ' C and Ne the
experimental multiplicity distributions in the center-of-
mass (c.m. ) system have been obtained from the double
differential multiplicities, measured in the lab system, by
fitting the hardest parts of each of them with the function

M(E, O)= A(8)Ee (21)

FIG. 4. Occupation number distribution of neutron states of
the composite nucleus, at the beginning of the deexcitation cas-
cade, in the case of 600 MeV Ne ions on ' 'Ho (dashed line)
and 800 MeV Ar on Ca (full line). Neutrons with energy in

excess of, respectively, the dashed and the full arrow are in the
continuum. The dotted line gives the occupation number distri-
bution for a zero temperature Fermi gas.

(b) 800 MeV" Ar ions on Ca, are shown in Fig. 4. The
calculations are made using a value of 40 MeV for the
Fermi energy of projectile, target and composite nucleus,
assuming a central collision and also that the Coulomb
potential energy of the two ions is converted back into
translational kinetic energy as they fuse. The hypothesis
of purely central collisions, to describe fusion and quasi-
fusion processes is common to other theoretical ap-
proaches like the ones discussed by Iwamoto and Blann,
but is different from that made in other works (see, for in-
stance, Randrup and Vandenbosch' and Leray et al. )

where a dynamical theory of the fusion process is
developed to evaluate the trajectories of the colliding
ions; however, in the case we will consider, the deAection
of the fusing ions, in a purely Coulomb field, before their
volumes start to overlap, is at most a few degrees.

Figures 3(a) and 3(b) (which refers to the composite nu-
cleus in its ground state) and Fig. 4 show that the initial
occupation number distribution, evaluated in this way, is
characterized by the presence of excited particles and an
equal number of holes with respect to the ground-state
distribution. The presence of deep hole states thus makes
it possible, contrary to what happens in processes in-
duced by a light particle, for a highly excited particle to
gain energy by scattering the collision partner to a hole
state, and thus, in the early states of the intranucleon col-
lision cascade, the time-dependent occupation number
distribution may contain particles more energetic than
those contained in the initial distribution with a conse-
quent hardening of the emitted particle spectrum.

IV. COMPARISON OF THEORETICAL PREDICTIONS
WITH THE EXPERIMENTAL DATA

The theory outlined in Secs. II and III has been used to
analyze the neutron multiplicity distributions measured
in coincidence with an evaporation residue by Holub
et al. ' and Hilscher et al. , in reactions induced on

Ho by Ne and ' C ions with energy varying from 20

and then transforming to the c.m. system of the two col-
liding ions, using for A(0) and T(0), at unmeasured an-
gles, values obtained by linear interpolation. We did not
extrapolate the measured distributions to energies greater
than 85 MeV, where most of the measured distributions
stop. After transformation to the c.m. system, an in-
tegration over the emission angle is made to obtain the
angle integrated multiplicity distributions.

In the case of the reactions induced by "Ar ions on
Ca, the c.m. multiplicity distribution was taken from

Lassen.
The experimental data are compared with the theoreti-

cal predictions obtained solving the master equations (15)
with the initial conditions outlined in the preceding Sec-
tion. In all calculations, a value of 40 MeV was used for
the Fermi energy of the projectile, target and composite
nucleus, and in evaluating the decay rates for emission of
particles into the continuum, semiclassical expressions
have been used for simplicity for the inverse neutron and
proton cross sections:

(22)

with C„and f3 as given by Dostrovsky et al. and

Cb
(23)

Ep

where Cb is the proton Coulomb barrier. The values
chosen for R,„and R, C were, in each case, those that
reproduced correctly the values of the inverse cross sec-
tions calculated by the optical model at an energy of
about 2Q 3Q MeV.

The coefficient K appearing in 11(a) and 11(b) was the
only free parameter in the calculations. For it, values of
500, 250, and 125 fm MeV were used corresponding re-
spectively to free nucleon-nucleon cross sections and
cross sections scaled by factors 2 and 4 with respect to
the free cross section values. In all calculations the ener-

gy E, below which the nucleon-nucleon cross section is
assumed to be constant was taken to be 1.25 MeV and for
r the value r =0.333 was assumed.

The system of differential equations (15) was integrated
by the method of Kutta-Merson that represents a
modification of the fourth order Runge-Kutta procedure
and provides a technique for automatic interval adjust-
ment. The energy bin interval was in all cases 4 MeV.
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FICx. 5. Angle integrated c.m. multiplicity distributions of
preequilibrium neutrons for the reactions indicated. The exper-
imental results are given by the full dots, the theoretical expec-
tations by the dotted, dashed and full lines. See the text for fur-
ther details.

In all cases considered the accretion of the hardest part
of nucleon spectra was found to be complete after a time
T= 10 sec since the beginning of nucleon-nucleon in-
teractions, while the emitted nucleon yield in the lowest
energy region (corresponding to e„~35 MeV) was found
to increase up to the longest times we considered,
=2&10 ' sec.

In Fig. 5 the comparison between the experimental and
calculated neutron multiplicities are shown for the very
asymmetric systems C+Ho and Ne+Ho. In all cases the
master equations were integrated up to T=5 10 sec
and folded with a Gaussian resolution function having a
F%'HM equal to the energy resolution of the experimen-
tal distributions.

The dotted, dashed, and full lines correspond to the use
of nucleon-nucleon cross sections equal to, respectively,
the free values and values scaled by factors 2 and 4. The
comparison is on an absolute scale. The spectrum calcu-
lated using a scaling factor 4 closely resembles that ob-
tained by means of a generalization of the exciton model
recently discussed which consists in neglecting the hole
excitations and in considering simply the excited particles
that, in the case of very asymmetric systems, like those
here considered, are essentially the projectile nucleons.
This strict correspondence demonstrates that for asym-
metric systems like those here considered (asymmetry pa-
rameter y= A~/AT ~0. 13) the eÃect of interaction be-
tween excited nucleons in the presence of deep holes is of
negligible importance. Indeed, a hardening of the nu-
cleon spectrum due to nucleon-nucleon interactions
occurs, as shown in Fig. 6, where, in the case of the in-
teraction of 600 MeV Ne ions on ' Ho, the energy dis-
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FIG. 6. Comparison, in the case of the interaction of 600
MeV Ne ions with ' Ho, of the energy distribution of neu-

trons resulting from the translational and internal momentum
coupling (full line histogram) with the emitted neutron multipli-
city distribution evaluated at a time T=SX 10 sec (dashed
line hystogram}. This distribution extends also beyond 100
Me V, decreasing exponentially.

tributions of neutrons resulting from the translational
and internal momentum coupling (full line histogram) is
compared with the emitted neutron multiplicity distribu-
tion evaluated at a time T=5 X 10 sec (dashed line
histogram). One finds neutrons with energy in excess of
the kinematical limit [EK =(p~~+pF ) /2m„—(eF+8 )

=80 MeV], but their yield is so small that they are barely
detectable. However, one should remark that in the case
of very asymmetric systems the interactions leading to
the highest energy nucleons involve two projectile nu-

cleons moving in the forward direction. One should ex-
pect, for these collisions, decay rates larger than those
evaluated assuming completely random directions of col-
liding nucleons, as in (13). This would be a consequence
of the use of interaction cross sections inversely propor-
tional to the relative energy and to the reduction in the
available final phase space. Thus, a more approximate
calculation (which would involve the evaluation of the
time dependent momentum distribution instead of the en-

ergy distribution only) would presumably lead, in the case
of asymmetric systems, to spectra harder than those re-
ported here.

Basically different is the result we find when we consid-
er a symmetric system (y= 1) such as Ar+ Ca at 800
MeV. In this case, the maximum neutron energy at the
beginning of the nucleon-nucleon interaction cascade,
corresponding to the kinematical limit, is only =20.3
MeV, an energy considerably smaller than that to which
the experimental neutron spectrum extends. Also consid-
ering the smearing due to the low-energy resolution
affecting these data, one cannot bring the calculations in
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FIG. 7. Comparison of the neutron spectrum from the in-
teraction of 800 MeV Ar ions with Ca (Ref. 25) (thick full
line) with the spectra calculated using free nucleon-nucleon
cross sections (thin full line) and cross sections scaled, respec-
tively, by a factor 2 (dashed line) and 4 (dotted line).

agreement with the data in the absence of a considerable
hardening of the spectrum due to subsequent nucleon col-
lisions. The comparison in Fig. 7 of the experimental
neutron spectrum, reported by Lassen, (thick full line)
with the ones calculated using free nucleon-nucleon cross
sections (thin full line) and cross sections scaled, respec-
tively, by a factor 2 (dashed line) and 4 (dotted line)
shows that this hardening occurs. In all cases the master
equations have been integrated up to T=12.10 sec.
As in previous cases the comparison is on an absolute
scale without any normalization and the calculated spec-
tra have been smeared using a Gaussian resolution func-
tion. The calculated spectra are in excellent agreement
with the measured spectrum thus showing that nucleon-
nucleon interactions have considerably hardened the neu-
tron energy distribution at the beginning of the nucleon-
nucleon interaction cascade.

The importance of nucleon-nucleon interactions is also
indicated by the dependence of the calculated neutron
yield on the scaling factor multiplying the free nucleon-
nucleon cross section. In this case a larger nucleon-
nucleon cross section results in an increased yield of
high-energy neutrons. An increase of the interaction
cross section increases the probability of producing high
energy nucleons in nucleon-nucleon interactions. At the
same time, the probability of their emission into the con-
tinuum decreases. The emitted nucleon yield depends on
both these two opposite tendencies and the observed in-
crease in the yield of the emitted neutrons for a larger
nucleon-nucleon cross section demonstrates that the first
effect is predominant.

10
20 40 60 80

E (MeV}
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120

FIG. 8. Calculated proton spectra ( T=2 X 10 sec) follow-
ing the interaction of ( 3) S and AI (y =0.84), (8) S and
"Ni (y =.55), (C)' S and "Sn (y =0.27), (D)"S, and

Au (y =0.16). The energy of the incident S ion beam is, in
all cases, equal to 679 MeV, and free nucleon-nucleon cross sec-
tions have been used in the calculation. The arrows indicate, in
each case, the highest possible energy of protons at the begin-
ning of the interaction cascade resulting from the kinematical
coupling of the translational and internal momentum of either
the projectile or the target.

In the case of the very asymmetric systems previously
considered the amount of high-energy nucleons at the be-
ginning of the interaction cascade was too small to pro-
duce any significant yield of high-energy nucleons as a re-
sult of the nucleon-nucleon interactions and, in practice,
the second effect is the only one operating. Thus, an in-
crease of the nucleon-nucleon cross section reduced the
yield of the high-energy neutrons.

In Fig. 8 are shown, for systems of different symmetry
[(A ) S+ Al (y=. 84, full line), (B) S+ Ni (y=. S5,
dotted and dashed line), (C ) S+ ' Sn(y =.27, dotted
line), (D ) S+' Au (y =.16, dashed line)], the calculat-
ed spectra of preequilibrium protons at a time
=2 X 10 sec. The energy of the incident 8 ion beam
is in all cases equal to 679 MeV and, in the calculation,
free nucleon-nucleon cross sections have been used. The
arrows indicate, in each case, the highest energy of the
protons at the beginning of the interaction cascade result-
ing from the kinematical coupling of the translational
and internal momentum. The importance of the
nucleon-nucleon interaction is shown by the fact that, in
spite of the considerably different initial energy distribu-
tions the emitted particle spectra are very similar and, if
there is a difference, the softest spectrum corresponds to
the hardest initial distribution. In case (D) one may iden-
tify two components of the calculated spectrum, one cor-
responding to the particles emitted immediately, without
any interaction, that ends at the energy corresponding to
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the arrow (D ), and one of protons that acquired energy
in at least one previous nucleon-nucleon interaction. The
two contributions are barely observable in the case of

Sn, and cannot be separated in all the other cases.
The hardening of the nucleon spectrum obviously de-

pends on the probability of interaction of two particles of
sufBcient initial energy which is proportional to the prod-
uct of the corresponding number of occupied states
n, g, n g and the number of available deep holes where
one of the two particles may scatter, which is proportion-
al to (1 n—&)g&. The comparison, in Fig. 4, of the initial
occupation number distributions corresponding to
Ne+ Ho and Ar+ Ca shows that the probability of a
nucleon-nucleon interaction producing nucleons with en-
ergy greater than that of the interacting nucleons may be
orders of magnitudes greater in the symmetric case.

All the calculations discussed in this section have been
also repeated using the nucleon-nucleon cross section
suggested by Cassing. ' In all the cases the results were
found to diAer very slightly, from a quantitative point of
view, from those obtained by using the free nucleon-
nucleon cross sections.

V. CONCLUSIONS

The calculations presented in this work suggest that
the nucleon-nucleon interactions may lead to a consider-
able hardening of the primary nucleon spectrum when
the asymmetry parameter y ~ 0. 13. To obtain this result,
one must explicitly consider the possibility of interactions
between unbound nucleons in the presence of deep holes.
This may be done in the most natural way by means of
the HMB master equation approach.

The spectrum of emitted neutrons, in the case of the
symmetric system Ar+ Ca, is an excellent agreement
with the experimental one though the neutrons initiat-

ing the equilibration cascade have a much softer initial
energy distribution.

In case of very asymmetric systems, like ' C+' Ho or
2ONe+ &6sHo, the density of occupied continuum states at
the beginning of the interaction cascade is too small to al-
low the nucleon-nucleon interactions to produce a notice-
able e6'ect. In this case the absolute multiplicity is
correctly reproduced but the neutron spectra appear too
soft. This may be an indication that higher-order
momentum components in the primary spectrum should
be considered. As mentioned in Sec. I, the semiclassical
procedure we adopt to evaluate the primary nucleon en-
ergy distribution is only a first-order approximation and a
more realistic quantum-mechanical approach should be
used as suggested by Cassing. ' The result we obtain
seems, however, to imply that the primary nucleon ener-

gy distribution we use is not dramatically softer than that
necessary to obtain a satisfactory reproduction of the
data in the case of very asymmetric systems.

We did not make a best fit parameter search; in fact the
only parameter we varied was the factor scaling the free
nucleon-nucleon cross sections and the results we obtain
(even taking into account the dependence of this con-
clusion on the set of parameters we adopt) seem to indi-
cate that the nucleon-nucleon cross-section should be
somewhat reduced with respect to the free ones. Howev-
er, any definite conclusion concerning this point should
be deferred to a more extensive analysis of the experimen-
tal data than that here presented.
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