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Polarization observables in deuteron photodisintegration and electrodisintegration
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A comprehensive relativistic treatment of polarization observables in deuteron photo- and elec-
trodisintegration is presented from a united standpoint. A discussion of necessary and sufficient
measurements needed for a complete determination of all transition amplitudes is given.

I. INTRODUCTION

With the construction of new electron accelerator facil-
ities, new types of experiments which can give more de-
tailed knowledge of electronuclear processes will be feasi-
ble. In particular, continuous wave (CW) machines make
it possible to do coincidence experiments and determine
exclusive cross sections. If, in addition, the polarization
of the beam, target, or outgoing ejectile is measured, it
may be possible to completely determine all of the helici-
ty amplitudes which contribute to the hadronic current,
and in this way place strong constraints on any theoreti-
cal calculations.

This prospect has aroused new interest in the formal-
ism and theory of coincidence measurements where the
polarization of one or several of the particles is mea-
sured. ' In this paper we derive the coincidence cross sec-
tion for the d (e, e'p)n reaction in the general case when
the incoming electron, deuteron target, and one outgoing
nucleon are all polarized. There are 162 observables
which describe all possible cases, and they are given as bi-
linear products of the 18 independent amplitudes which
completely describe deuteron electr odisintegration.
While some of these results have been given previously jn
nonrelativistic cases, this is the first time, to our
knowledge, that all of these observables have been de-
scribed in a fully relativistic, unified manner. The formu-
las, summarized in Tables X—XII, will be useful in subse-
quent calculations. The formulas for deuteron photo-
disintegration, y+d~p+n, which is described by only
12 independent amplitudes, are obtained as a natural by-
product of the electrodisintegration results.

Section II contains the derivation of the polarization
observables and coincidence cross section. Electrodisin-
tegration is treated in the one-photon exchange approxi-
mation as a binary collision of a virtual photon and the
deuteron target. The density matrix of the virtual photon
is described in terms of the kinematical variables of the
electron in the laboratory (lab) system, while the hadron-
ic current can be described in the center-of-mass (c.m. )

system of the outgoing nucleon pair, which is a con-
venient frame in which to present the results for the final
state, or to integrate over final-state momenta and con-

vert exclusive cross sections into inclusive cross sections.
The density matrices of the deuteron target and the
recoiling nucleons are obtained, and their properties un-
der rotations to different coordinate system worked out.
First, the structure of the results when expressed in terms
of helicity amplitudes is discussed, and then parity con-
servation is used to simplify (diagonalize) the problem. It
is found that the formulas are greatly simplified when a
new set of amplitudes is used. These amplitudes, denoted
g;, are similar to transversity amplitudes previously intro-
duced into the study of pion photoproduction ' and dis-
cussed by Moravcsik and his collaborators. Finally, the
modifications in the formulas required if it is desired to
express all variables in the lab system are discussed.

The comparative simplicity of the final results makes it
possible to discuss the design of experimental programs
of measurements which could, at least in principle, lead
to a complete determination of the 18 independent com-
plex amplitudes which describe deuteron electrodisin-
tegration. This requires the measurement of at least 35
quantities (since one overall phase can never be deter-
mined). This is discussed in some detail in Sec. III, where
one strategy for such a program is presented, and it is
shown that at least one measurement of a recoil neutron
polarization is essential for a program of complete mea-
surements. While such a program may never be carried
out, it is still of interest, for planning purposes, to see
what kinds of measurements are redundant, and which
give truly independent information. These insights can
be obtained from the results given in this paper.

This paper contains no dynamical calculations; these
are presently under way and will be published elsewhere.

II. FORMALISM

A. The cross-section —electron variables

The Feynman amplitude for the electron scattering
process in one-photon exchange approximation, depicted
in Fig. 1, is

DPvI, =e'u(k )t,u(k), &p,p, lJ.II', &
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FIG. 1. The Feynman diagram describing deuteron electro-
disintegration in the one-photon-exchange approximation.

In what follows, the electron current will be evaluated in
the lab system, and the hadron current in the c.m. system
of the outgoing pair of hadrons, with four-momentum p,
and p2. This is done in order to simplify the description
of the hadronic final state; in particular, with this choice
it will be possible to integrate easily over the solid angle
of the outgoing hadronic pair and reduce the coincidence
cross section to the inclusive cross section. To facilitate
this, the cross section is written

e 1 d k ~r ~r
4 EE'I 3 iL iE iE

Q g T (2') rrr'r

where j" and J are the electron and hadron currents,
respectively, q"=k"—k'" is the four momentum
transferred by the electron, and the photon projection
operator is Lii =

—,'trI(m +k)gi„(m +k ')8i (1+y'X)I (10)

where E and E'))m are the energies of the incoming and
outgoing electrons, MT the mass of the target, and the
electron and hadron density matrices are

p v
Dpv pv q q

Since the currents are conserved,

(2)
dp, dp2 M, M2 4(2~)

spins

X5 (p, +pz P q)J—ei„J Ei*—„. .

q„j"=0=q,J

it is customary to drop the q"q term in D" . Alterna-
tively, it is convenient to introduce the expansion

r 'r
r

(4)

where the sum is over the photon helicities A, =+ or 0,
and if the photon momentum is taken to be in the +z
direction, then in the lab system

The electron density matrix includes the possibility that
the incoming electron has spin polarization s" satisfying
s.k =0, and the hadron density matrix implicitly includes
spin projection operators as needed to describe the polar-
ization of the initial deuteron, or the polarization of the
recoil neutron or proton, or any combination of these.
The structure of S'&& will be discussed extensively
below —for now we note that it is Lorentz covariant, and
hence can be studied in the c.m. system of the outgoing
np system, and that in this system the energy-
momentum-conserving 5 function fixes four of the six in-
tegration variables, leaving only the direction of the rela-
tive momentum of the final pair p =

—,
' (p, —

p2 )

unspecified. The remainder of this part will be devoted to
reducing the electron tensor.

Carrying out the trace in Eq. (10) gives

Lii =2[ @ ei.k' ei+k elk' ei —(k k')ei'„ei.

where

q~=(v, O, O, qL )

+2ihe„peii'*ei k k'~]

=~ '+»L&. ,
(12)

and q =v —ql = —Q (0. Note that the polarization
vectors have the following properties:

q„e~~ =0,

where h is the helicity of the incoming electron, equal to
+—„and I. is separated into electron-helicity-independent
and -dependent terms, L and L, , respectively. Both
parts of L and W (see the next section) are Hermitian

r 'r 'r r

The expansion (4) is convenient because it separates the
scattering amplitude, defined in Eq. (1), into the sum of
products of separately covariant currents

The photon polarization vectors (5) satisfy the refiection
property

Mf; = —g ( —1) r (j „@~i")(J ei ) .
A, from which it follows that

(14)
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L 0 —
( 1)A.

—iL'L oe
t

g h —
( 1 )1+k.—h, 'L he

(15)

Hence there are only six independent density-matrix ele-
ments, as given in Table I. These can be readily evalu-
ated in the lab frame using the explicit forms for the po-
larization vectors given in Eq. (5). Factoring out a com-
mon factor

1.&&. =4EE'cos —,
' 0 l&&.

where 6 is the scattering angle of the electron in the lab
frame, we choose for these six matrix elements

0 0 0 0
00~ 0+ & ++ ~ + —~ 0+ ~ ++

TABLE I. Relations between the photon density matrix ele-
ments. Note that there are only six independent elements.

Unpolarized electrons

loo
lo lo+ lo l040+ 0— —0 +0

lo lQ

l+ —l *+

Incoming electron
with helicity h

l„—0
lh lb+ lh lh4

lh lho
lh lho+ — —+

Explicit forms for these matrix elements are given in
Table II. Note that they are all real. Using Eq. (9), the
relations in Table I, and the hermiticity of Wz&, gives an
intermediate result for the cross section

d o =o~ [ IooWoo+I ++( W+++W )+I+ 2ReW+ —lo+2Re(Wo+ Wo —)
s dE'dn' o 0 0 0

4mMz-

+2hl ++ ( W++ —W ) —2hl o+ 2 Re( Wo+ + Wo )l, (17)

where

a cos—,'0
2E sin —,'0

To reduce the cross section further, we study the hadron-
ic density matrix W&&. in the next section.

B. The cross-section —hadron variables

The hadronic density matrix was defined in Eq. (11). It
is explicitly Lorentz covariant, and can therefore be eval-
uated in any frame. The kinematics of the lab frame for
the entire scattering process are shown in Fig. 2. The
struck hadron (which has four-momentum p &

by conven-
tion) emerges at an angle 8, with respect to the direction
of the photon's three momentum, q, and lies in a plane
tilted with respect to the electron scattering plane by an
angle P as shown. If /%0 or rr, the exclusive process is
referred to as "out of plane. "

It is convenient to evaluate W&&. in the c.m. frame of
the outgoing hadronic pair p& and pz, and to work in a
coordinate system where p, lies in the x-z plane. The
reason for choosing to work in this coordinate system is
that it corresponds to the conventional choice for
descriptions of two-body scattering processes, and we
may therefore carry over all of the standard conventions.
The new x-z plane is referred to as the ejectile plane, and
is tilted at the angle P with respect to the electron plane
as shown in Fig. 2. The axes of this new plane are labeled
(x',y', z'). Because Whh. is covariant, it may be evalu-
ated directly in this coordinate system without the need
for special transformations.

However, one delicacy must be handled carefully. The
photon helicity vectors (5) were prepared in the lab elec-
tron scattering plane, and must be explicitly related to
helicity vectors appropriate to the c.m. ejectile scattering
plane. The transformation which carries one from the
(x,y, z) system to the (x',y', z') system is a pure boost in
the +z direction, followed by a rotation through angle

TABLE II. Explicit forms for the six independent l~q, introduced in Sec. IIA, are given in the
right-hand column. They are also related to the U s introduced by Donnelly (Ref. 1).

2

Io 1 Q
0+

0 1
l++ =—

2

2
qL

2
+tan —0

L 2
A2 +tan —0
qL

2qL

po+

W Q
00

MT qL

W Q
MT qL

8
MT

8'
MT

lo+ =—

10p++ l ++ UT

10P+ — c + — UTT

1
tan —0

2
1

lo+ =h

V'Z qL
1/2

l = tan —19 + tan —0
Q' 21

2 2 2

I
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W Q lh W
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so that if q", =(vo, O, O, qo), then

( W +qL )'~ qI Mz-
qo — qL v— (21)

The transverse helicity amplitudes are unchanged by the

boost, and eo has the same form as in Eq. (5) with qo and

vo replacing qI and v.
The rotation through P about the z axis leaves the lon-

gitudinal polarization vector unchanged, but changes the
phase of the transverse components. The transformed
polarization vectors, e+, become

FIG. 2. Diagram of the electrodisintegration process show-

ing the electron scattering plane, the ejectile plane, and the two
coordinate systems in the ejectile plane: (x',y', z') and
(x",y",z").

+i/E'+ =8 (22}

+P about the z axis. The boost is defined by the require-
ment that the three momentum of the final state with
four momentum P =p, +p2 be brought to zero. If 8'is
the invariant mass of the Anal state, then in the lab sys-
tem

where e+ are the conventional vectors defined in Eq. (5).
Hence, the overall eFect of the transformation from the
lab electron plane to the c.m. ejectile plane is to modify
8 &&. as follows:

Pg =[(W +q )',0,0, q ] (19) —iP(k —A, ') (23}

B,

( W2+ 2 )1/2

8'
0
0

qL

—
qL

0
0

( W'+q,')'"
0 0

0 0

1 0
0 1

and in the c.m. system, P," =(W, O). Hence the boost
transformation is, in matrix form,

Inverting this expression gives

S'&& =e ~ S'&&. .+ iP(A, —A, ') (24)

This phase introduces a nontrivial P dependence into the
total cross section. Substituting (24) into (17) permits us
to extract this P dependence, giving

dE'd Q' o, o~M [ IOOWop+I++( W++ + W )+I+ cos2$ 2 Re W'+ —I+ sin2$ 2 1mW'+0 O

4aM~

~0+ cosp 2 Re( Wo+ Wo ) 10+ sing 2 Im( Wo+ + Wo )

+2&&++ ( W++ —W' )—2hlo+ cosp 2 Re( Wo+ + Wo )
—2hlo+ sing 2 Im( W„'+ —Wo )] . (25)

This form of the cross section displays the exact P depen-
dence, provided any polarization vectors which enter
Wi& are defined with respect to the (x'y'z') coordinate
system.

The next step in obtaining the coincidence cross sec-
tion is to carry out the integrals in Eq. (11) in the c.m.
frame. This gives

q„'J'"=voJ' —qoJ' =0 . (28)

Hence

I

reduction is not frame independent. If used, it should be
carried out in the frame in which J is to be evaluated (the
c.m. frame). In this frame

where if ~ ~]~2 /47(

(26)
Jo =so"J„' = qo, o ~o

Q Q

Rii. =I~ g J' ei J' eq =a+Ji„.Ji.. , (27)
Q J.O

qo

W Q
M~ qI

(29)

where we use the notation J& =J'.e&. It is quite common
to use current conservation to express the longitudinal
hadronic current in terms of its J component. This

where Eq. (21) was used in the final step. If 0 appears as

a superscript, it will refer to the time component of the
current, and not the longitudinal helicity, and an extra
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factor of I/rI=[( W/MT)(Q/qL )] must accompany each
such superscript. Density matrices with these extra fac-
tors, p&&., were defined in Table II. Because this conven-
tion has become quite familiar, we will present results in
terms of these density matrices, and correct for the fac-

tors I/rl by adding factors of rI to the corresponding
structure functions (see Table III).

Combining Eq. (25), (26), and (27) and using Table II
gives us our general form for the coincidence cross sec-
tion:

d'o
d 0'dE'd Q,

0- 2
mP&

uI RI + v TR T + u TT [cos2$R TT+ sin2$R TT ](I) (II)
4m MT MT

+ v Tl [cosPRL'T'+ sinPRrT" ]+2hv TR T.+2h uTI [cosPRI z'+sinPRII TI ] . . (30)MT MT

Q' Mr1+ —1
MT M' Mx

1/2

=1+ =1.16,
2M

(31)

which gives an enhancement of approximately 16%%uo. It is
very important to treat such factors systematically and
consistently.

TABLE III. The R's used in Eq. (30) (left-hand column) are
equal to expressions involving Rzq [defined in Eq. (27)] given in
the center column, or the sums over current operators given in
the right-hand column. In the right-hand column, J+ =J' e+
but J =J' as defined in Eq. (29). Note that, because of the
metric tensor, J+ =+(1/&2)(J„+iJ~ ), which is opposite in sign
from that used in Refs. 3 and 7. Our overall results agree with
these references.

RT
(I)

RTT
(II)RTT
(I)R~T
( II )RLT

RT
( II )

(I)

Roo

R+++R
2 ReR+

—2 ImR+

2q Re{R 0+ R() )

2q Im(R()+ +Ro )

R++ —R

2g Re(R o+ +R o

2~Im(R, + —R, )

'&(iJ. I'+IJ I')

2s Re+(J+J )
—2x Imp (J+J )

2' Re+ J (Jt+ —J }

2''Imp J (J +J )

~'g(IJ+I' —IJ I')

2~ Re+ J (J++Jt )

2a'Im g Jo(J~+ —Jt )

The relationships between the R s introduced in this ex-
pression and the covariant R's of Eq. (27) are given in
Table III.

Our results agree with those previously obtained by
Walecka and Zucker. However, previous derivations of
this cross section given by Arenhovel have omitted the
factors of W/MT associated with the transformation (29),
although they are included in Ref. 2. (Note that these
factors do not occur if the hadronic current is evaluated
in the lab frame —see Sec. II H. ) Since these derivations
treated the hadronic currents nonrelativistically, and
these factors are of relativistic origin, it could be argued
that they may be neglected. We believe that even if the
currents are calculated nonrelativistically, such kinematic
factors should be regarded as part of the cross section
and should not be neglected. For light targets, such as
the deuteron, they are not small. For example, for
Q = I(GeV/c) at the quasielastic peak, wherex:—Q /2Mv= 1,

C. The cross section for polarized hadrons —general formulas

The sums over hadron spin states which appear in the
spectral functions defined in Table III must still be
specified more completely. If the hadrons are completely
unpolarized, the generic term Eq. (27) is

R,b=lr g J,Jb

A/A ]12

where we have averaged over the polarization states of
the deuteron and summed over the polarization states
of the two outgoing nucleons. In matrix form,
(A. , A,2~J, ~A, d ) is a 4X3 matrix, and (32) can be written
simply as

KR b= tr{J JbI (33)

1. Deuteron po1arization

The polarization state of the deuteron is described by a
spin-1 density matrix. As a consequence of its hermitici-
ty and the normalization condition (trace = 1), this matrix
is specified by eight real parameters. In the Cartesian
representation these are the three components of the po-
larization vector P; and five components of the (sym-
metric) polarization tensor P, In the spherical basis
they are three rank-1 and five rank-2 tensors: T,~ and
T2~. We follow the notation of Ohlsen. These quanti-
ties are defined via the (ensemble) average values of the
spin-1 operators S; and S;., where

S; =
—,
' (S;SJ+S S; ) —25;J . (35)

In the spherical basis, spanned by (g'+, go, g ) where
g+= T-(I/&2)(1, +i,0) and go=(0,0, 1), these spin-1
operators assume the following familiar form:

In general, the target or either of the two hadrons may be
polarized, and the polarization can be described using a
density matrix pD or p&. The generalized expression
which allows for this possibility is

R,b=41r trIp~J, pDJb] (34)

where the density matrices for nucleons and deuterons
are normalized to tr(p)=l. The remaining task is to de-
scribe these density matrices, and to simplify the expres-
sions.
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0 1 0 0

0 1 0 0

—1 0 1 0 0
0 —1, S,= 0 0 0
1 0 0 0 —1

(36)

The spin- 1 density matrix pD can be written in the form

pD
=

—,
' 1+—', S P+ —,

' g S, P; + ,'.S„P—„+—,'(S —Syy)(P „Pyy—)
i &j

The density matrix pa can also be expanded in terms of spherical irreducible tensor operators of rank 0, 1, and 2:

(37)

2 J
pD —

—,
' g g T*

J=0 M = —J
where

rJ~ =( —1)M

T JM=( —1) T

(38)

(39)

and the relations between the r's and S's (or T's and P's) are given in Table IV. Using these definitions, and Eqs. (35)
and (36), we can write the density matrix as

1
PD

11+V'-,' Tio+ —Tao
2

—V' —,
'

( T i i + Tz i )

—V'-,'(T fi+T fi)

1 —&ZT„

&3T,*,

—V'-,'(T ii
—T fi) (40)

—V —( Tl 1 T21) 1 V —,
'

H) po
2

where use was made of the symmetry relations (39) for TJ~. This matrix is with respect to the standard g+, go, g basis,
which is appropriate for deuteron polarizations defined with respect to the (x',y', z') coordinate system shown in Fig. 2
(where the z axis is in the direction of the three momentum carried by the photon, q).

In what follows, we will use the helicity formalism for the hadronic particles. Following the standard conventions, '

the deuteron will be taken to be particle number 2 in the initial state, and its helicity vectors are therefore obtained
from the standard gz's according to

g~ =( —1)' 'e (41)

The transformation matrix A in the spherical basis is

0 0 1

0 1 0 =At=A
1 0 0

(42)

which gives the relation

(43)

In this new, helicity basis, the density matrix pD becomes

1
PD

1
1 —V'-,' Tio+ —Tao

2
—V' —,

'
( T fi

—T z i )

+3T zz

—V' —', (T» —Tzi )

1 —&ZT„

+3Tzz

V' —', (T»+ Tz, )

V —,'(T ft+ T 21) 1+V ', Tio+ —T20—
(44)
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Rank 0 &ao= l

Rank 1
v'3

~1+)= + (S„+t'Sy )

bio= +—', ~,

Rank 2
1

(Sxx —
Syy 2sSxy )

2&3
~~+1= + —(S,+i', )XZ gZ

1
~2O—,—SzzV'2

TABLE IV. Definitions of the operators ~JM in terms of the
spin-one operators S; and S;, given in Eqs. (35) and (36). Pre-
cisely the same equations relate the Tz~ of Eq. (40) to the P; and
Pt' j ~

tron particle 2 (in the sense of Jacob and Wick), and will
define the polarizations with respect to the (x",y",z")
system shown in Fig. 2. Later on, we will use the stan-
dard notation s, n, and l to denote proton polarizations in
the x",y", and z" directions, respectively. The proton is
traveling in the +z" direction, and the neutron, in the
c.m. of the outgoing pair, in the —z" direction. In this
case the matrix in Eq. (45) is already in the correct form
to use with both the proton and neutron helicity ampli-
tudes, prouided we remember that P, =l for the proton
corresponds to polarization in the +z" direction, while

P, =I for the neutron corresponds to polarization in the
—z" direction. We will adopt this convention here. If it
is desired to express the neutron polarization directly in
terms of the (x",y",z") coordinate system, the connec-
tion is

This matrix gives the deuteron polarization observables
defined with respect to the primed coordinate system in
terms of deuteron helicity states gz, and is the one ap-d'
propriate to our calculation. Note that the relations (39)
insure that this matrix is Hermitian.

=o x&xn &—xn (46)

2. nucleon polarization

The density matrices for the outgoing nucleons, nor-
malized so trp = 1, are easily constructed from the famil-
iar spin- —,

' projection operators.

and the formulas we obtain can be converted to this con-
vention by changing P, —+ —P, and Py Py while
leaving P unchanged.

If the proton and neutron helicities states are
represented by a four-component vector V; with com-
ponents

1+P, P —iP
&~=l"+ P'= P + Px l y z

(45)

v, =i++&, v, =i+ —&,

l, =l —+&, l;=I ——
&

(47)

We will choose the proton to be particle 1, and the neu-
where the first entry is the helicity of the proton, the nu-
cleon density matrix becomes

1
px

(1+P,)(1+P,')

(1+P, )(P' +iP» )

(P +iP )( 1+P,' )

(P„+iP )(P„'+iP')

(1+P, )(P„' iP')—
(1+P, )(1 P,')—

(P +iP )(P' iP»)—
(P„+iP» )(1—P,')

(P„iP )(1+P—,')
(P iP )(P„'+iP»)—

(1—P, )(1+P,' )

(1 P, )(P„'+iP' )—

(P iP» )(P' —i—P» )

(P iP» )(1 P,' )— —

(1 P, )(P,' iP')— —

(1 P, )(1 P,')— —
(48)

where P and P' are the polarizations of the outgoing pro-
ton and neutron, respectively, defined with respect to the
(x",y",z") coordinate system for the proton, and the
(x",—y", —z") coordinate system for the neutron. This is
the density matrix we will use. Note that it is Hermitian.
We now turn to the specification of the matrix elements
of the current.

D. Polarization observables in helicity basis

For electrodisintegration, there are 36 helicity ampli-
tudes, but parity conservation can be used to express 18
of them in terms of the other 18 through the relation

=7] ( —1) " ' (A, A,„~J ~A, & (49)

where, for deuteron electrodisintegration

ri =il( —1) ' D» "=1, (50)

where g is the product of the intrinsic parities of the four
particles, and s; are the spins. (Note that Ref. 6 contains
an error;" it is assumed there that g = —1 instead of
+1.) The relation (49) follows from the transformation—in.JF =e ~P, which has the same effect as inversion in the
x-z plane. The 18 independent helicity amplitudes are la-
beled using the convention introduced by Renard et al.
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F, „=&+—,'+ —,'IJ.&+lo&, Fii, i2=&+—,'+ —,'IJ &+ —1& (51)

In matrix form this gives

F F F '
F13

7 9 11 j8

F8 F1O F12 ' F16
Jo=

F14 F1s
—F» F6
F17 F18

F —F4

F12 F10 —F8

—F7
(52)

F2 F4 F6 —F1s F14 —F13 Fs

Note that the Y parity constraints (49) take on a simple form in this matrix space. Specifically,

Y~J, Y3=i)~( —1)' ' J (53)

where gz = —1 is the intrinsic parity of the photon, and the intrinsic parities and phases of the nucleons are incorporat-
ed into Y4 and of the deuteron into Y3,

0 0 0 —1

0 0 1 0
4 Qp 9n Q ] Q Q

—1 0 0 0

0 0 1

Y3 =pa 0 —1 0
1 0 0

where g =g„=gD = 1, and Y, = 1.
It will be convenient to introduce density matrices which are even or odd under Y parity. If ca=+1, the combina-

tions

P% = ,'(px+rr Y~px —Y4»

p D
=

—,'(pD+~ Y3pD Y3)
(55)

transform like

P,N —Cx Y4JITt N Y4

P D
=c'Y3P D Y3 . (56)

It is straightforward to show, neglecting all terms which depend on the products of P;P' (because the case of both nu-
cleons polarized in the final state will not be considered in this paper), that

1 —iP' —iP 0
iP'

—+
PN 4 lp3'

0

0

iP

0

iP'

—iP
—iP„'

(57)

1
PN 4

P, +P,'

P'

P„
0

P'

P, —P,'

0

P

0
—P, +P,'

P'

0

P„
P'

—P —P'
Z Z
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and

11+ —T2o
2

p+ =—Q—', (ReT~i+i ImT„)

v'3 ReT„

Q—', (ReT2, —
& ImT, i)

1 &2Tzo

—Q 3 (ReT2i i—ImTi i )

&3 ReT„

—Q —', (ReT2i+i ImT» )

11+ —T2o
2

—Q —,'(ReTii+i ImT2i )

i &—3 ImT„

—Q—', (ReT„i—ImT2, )

—Q—', (ReT» i l—mT2& )

)&3 ImT„
—Q —', (ReT» +i Im T2& )

Q-', Tio

(58)

The new density matrices p & and p D simplify the
analysis. To see how this works, introduce new R ma-
trices constructed from these density matrices

Rah 4~'«
I p Q~g p p~b J (59)

These now have simple symmetry properties, which fol-
low from the Y parity transformations (53) and (56),

R i'=aP( 1)'+bR —i' (60)

R,b=(R,b++R,b )+(R,b +R,b+) . (61)

It is now easy to see that the observables given in Table
III fall into two classes, depending on how p ~ are paired
with p D. Amplitudes in class I are those observables
which occur as the following linear combinations:

R.,+( 1)'+'R . ,—=2(R.+, +R., ) . (62a)

These a«RL, RT, RTT, Rl T, and RLT.. (This is the o«-
gin of the superscript I.) Those in class II are the follow-
ing:

R,b
—

(
—1)'+ R g b=2(R, b +R,b+) (62b)

and the original R,b defined in Eq. (34) are linear com-
binations of the R,b~

E. Polarization observables in a hybrid basis

The density matrices given in Eqs. (57) and (58) are
even or odd under the Y parity transformation, but still
have the complexity (number of nonzero elements) of the
original density matrices. The reason for this is that
these matrices are expressed in terms of the helicity basis,
where the axis of quantization is along z, the direction of
motion. However, since only the y component of spin
does not change sign under the Y transformation (none of
the components of spin change under parity, but the rota-
tion by n around the y axis changes x ~—x and z ~—z)
it is more natural to choose the y axis attached to the par-
ticle as the basis for quantization. Amplitudes quantized
with respect to the y axis are referred to as transversity
amplitudes. The amplitudes introduced here quantize all
the hadrons with respect to the y axis, but do not treat
the photon in this fashion. For this reason, they will be
called hybrid amplitudes. They are linear combinations
of helicity amplitudes which greatly simplify the final re-
sults. 4

The density matnces (57), expressed in this hybrid
basis, have the components P, and P,' occupying the loca-
tions of P~ and P„', while P„and P' are mapped into —P,
and —P,' along the diagonal. Formally, this is accom-
plished by a rotation by n/2 abou—t t. he x axis, which
carries P, ~P„and Py ~ Pz leaving P unchanged. '

The new density matrices, which will be distinguished
from (57) and (58) by discarding the tilde, are

and are R T and the three interference terms with the su-

perscript (II). The amplitudes which are members of
each class are listed in Table V, and the nonzero observ-
ables are identified in Table VI. If an observable is in
class I, then all entries labeled II in Table VI are zero for
that observable. In particular, since the cross section for
unpolarized hadrons arises from a p&p D pairing, only
amplitudes in class I can contribute, and the familiar re-
sult that the cross section depends on only five structure
functions is obtained.

Before we present explicit formulas for the observables,
it is convenient to make further simplifications by intro-
ducing hybrid amplitudes.

Class I
pxpD or pxpD

RI
Rr

RTT
(I)

R~T
(&)

Class II
p+pD «p~pD

Rz'
(&I)RTT
(II)R~T
(II)RLT,

TABLE V. The two classes of observables which occur in
electrodisintegration. This separation is a consequence of Y
parity conservation.
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TABLE VI. The nonzero observables in each class. If the entry I occurs, this observable is zero for
observables of Class II, and conversely.

U
P
Py
P,

I
II
I
II

T10

II
I
II
I

T20

II

II

ImT) )

I
II
I
II

ReT()

II
I
II
I

ImT2)

II
I
II
I

ReT2)

I
II

II

ImT2z

II
I
II
I

ReT»

I
II
I
II

+=1
PN 4

1 —P —P'

1 —P +P'
v

1+P —P'

1+P +P'
(63)

0 P' —iP,' P„—iP, 0
P' +iP,'

P„+IP,

0

0

0

0

P —iP,
P' —iP,'

and

+ 1
PD

0 P„+iP, P ' +iP,'

1
T20 +V T.

T102

0

&»22

0

0

0

+3T22

0

11+ —T,o —Q —,
' T,o

2
(64)

' 1/2—1 3

3 2

0

(Tii+ T2i )

0

(T&, +T2, )

0

( Tl 1 T21 )

0

( T
1 I T21 )

0

1
R ( —~/2)=—X 2

1+io„ l Ox

where the T&M are obtained from Tz~ by the substitution
z~y and y~ —z (see Table VII). The transformations
which achieve these simplifications are R (

—vr/2)JOR (
—~/2)"=

0 g)5 0

gj4 0 gis
0 g„o

=Jo . (67)

The specific linear combinations which define the g's are
l OX

iv'2 —1
'

(6&)
TABLE VII. The deuteron tensor polarization densities in

the hybrid basis. The subscripts x,y, z refer to the (x',y', z')
coordinate system shown in Fig. 2.

O i&2
i&2 1

The hybrid amplitudes are related to the helicity ampli-
tudes by

To() = 1

v'3
(P —iP )X Z

T„=Q,'I', —

R„(—m. /2)J+R ( —rl/2)t=

and

gs g3 gi2

gio gs

g2 g9 g6

g4 gii

(66)
T21 (P„—iP,y )

1

v'3
1

T20= ~—Pyy2

T„= (P„—P„—2iP„, )
1

22
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given in the Appendix.
The Y parity transformations take on a very simple

form in this hybrid basis. They become

Y4=R ( vr/—2)Y~R„( rr/2—) =

(68)

Y3=R„( m. /2—)Y3R ( vr/2—) =

The simplicity of the Jo component of the current, Eq.
(67) above, follows directly from the parity transforma-
tion, and the J current is obtained from Eq. (53), which
also takes on a simple form: 0 1

S
1 0 (71)

which give the real and imaginary parts of sums over
products of two diferent currents, and three functions re-
lated to squares of each of the currents. Table IX shows
the patterns in a symbolic way.

It is also possible to reduce all the sums to only one
generic sum, which we take to be Q, JoJ, . The specific
results for the two observables which depend on this sum
are presented in Table X as real and imaginary parts of
sums over the bilinear products g g;+ &2 where i runs
from 1 to 6. The results for the moduli

~ Jo~ and
~ J, ~

can be obtained from this sum by substituting for g,*g, + j&
the combinations ~g;~ and ~g, +,2~, as shown in Table
XI. The observables involving

~ J, ~
can be obtained by

observing that the 4X4 matrix, which can be written in
2X2 block form

Y4J+ Y3= —J g1 g10 g5 maps J, into a symmetric form with g, ~g, +6

g4

This relation suggests separation of the J+ currents into
pieces even or odd under the Y transformation

0 g3 0

SJ, =

0 g9 0

g7 0 gIE

g8 0 g12

gio

(72)

gs

g2 0 g6
However, S changes the sign of P and P, in the proton
density matrices as follows:

0 g4 0

g8 0 g&2

gio

0J, =
—,'(J++J )= 0 g9

(70) 1+P
0

0

0

1 —P3'

P +ip,

(73)

TABLE VIII. The nine structure functions which enter the
cross section given in terms of the longitudinal, the symmetric
(J, ), and the antisymmetric (J, ) current operators defined in
Eq. (70}. These results can be obtained by inspection from the
second column of Table III and from Table V.

R, =i)'g ~JO~'
I

R,=2y I /J, f'+ fJ. ['I
I

I

R~PI= —41m g J,J,t
II

Rr =4Re g J,J,
II

where g J,Jb =4~ tr Ip&J, pD Jb+p~ J,pD Jb I
I

g J.Jb" =4~2tr I p~+J.pD Jbt+p~ J.pD+ Jbt)
II

RLr =4g Re g JDJ,t
I

Ri"r' =4g Im g JoJ,t
I

RL'ir" =4g Re g JoJ,t
II

RL'r"=4't) Imp JoJ
II

The structure functions of Table III, when expressed in
terms of these amplitudes, take on a beautifully simple
and symmetric form, given in Table VIII.

Examination of Table VIII shows that the nine struc-
ture functions divide into three groups of 2, each of

Sp+S p ip
X Z 0

TABLE IX. Symbolic representation of the content of the
nine observables given in Table VIII. The ith diagonal element
of the array is proportional to the square of the modulus of the
ith current component

~ J;~, and the (i,jl elements are propor-
tional to the products J;Jt. If the element is to the upper right
of the diagonal it is proportional to Re(J;Jj ); elements to the
lower left of the diagonal are proportional to Im( J;J,~).

J()

J,
J,

RL
(I)RLT
( II )RLT

(I)RLT

RT —RTT
(II)

RTT

(II)R~T,

RT
RT+RT'T'

Hence g ~ J, I can be obtained from g ~ J, ~ by substitut-
ing ~g,. +6t for ~g, ~

and changing the sign of P and P, .
This substitution and extra phase (e) is indicated in Table
XI. Finally, the four sums of type II involving a product
of a symmetric and an antisymmetric current can be han-
dled by using (72) and noting that a single S operating on
the proton polarization density matrix converts the forms
of p& into each other:
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P„+iP,
0

0
Pw I p

0

P„—iP,

1+Py
0

(74)

Hence the sums of type II have the same general struc-

ture as those of type I but with (1,P,P„,iP, )~(P, i—P„1, P—~). These observables are given in
Table XII. The structure of the results are different be-
cause of the transformations (74), but can be expressed in
terms of the same sets of amplitudes (the a f d—efined in
Table X) with the substitutions indicated.

Finally, the neutron observables can be obtained from

TABLE X. The observables which depend on the sum g, joJ, . The quantity g(p, , T, ) is given in
the table; only proton polarizations are considered here, and z"= I, y"=n, x"=s. To construct the ob-
servable it is necessary to multiply the result by the factor shown at the top of each block; for example,
RLT(P„,T20)= 3qa Re(a3 —b3). In order to determine any given product, for example, g1g», it is
necessary to measure the set of all quantities which contain this product, the three b s,
for example. The quantities break naturally into different disjoint sets which are labeled with
the same lower case letter a, b, c,d, e,f, . The reader can easily find the patterns after
a short study.

U P, PI

U

V'-,' Tio
1

T20

&3ReT22
&3ImT22

Q —,
' ReT„

2 Im T11

Q —,'ReT„
Q —,

' ImT„

Re(a3+ b3)

Re(cl +d1)
—Im(cz+ dz )

Re(a3 —b3 )

Re(c1 —d1)
—Im(cz —dz )

—Re(e, +f, )

Im(e, +f, )

—Re(e, +f3)

Im(e4+ f4)

RLT RLT,(Pj & +i ) 3 I ( j& i)
Re(a1+ b1) Re(a, —b, )

Re(az+ bz ) Re(az —bz )

—Im{e, f1
)—

—Re(e, f,)—
—Im(e3 f3)—
—Re{e4 f4)—

U

Q-,'Tio
1

T20v'P

&3ReT22
&3ImT22

Q —,'ReT„
Q —,'ImT„

', ReT„—
Q —', ImT„

Im(a1+ b1)
Im(az+ bz )

Im(a3+ b3 )

Im(c, +d, )

Re(cz+ dz )

Im(a3 b3 )

Im(c1 —d1)
Re{cz dz)

—Im(e, +f, )

—Re{e2+f2)
—Im(e, +f3)
—Re(e4+ f4)

RLT RLT (Pj s T(' ) 3
'gK A (Pj & Tt' )

Im(a, —b1)
Im(az —bz )

Re(e, —f, )

—Im(e, f,)—
Re(e, f,)—
Im{e4 f,)——

a1 g2 g14+g4 g16+g6 g18

a2 g2 g14 g 6 g18

a3 g2 g14 2g4 g16+g6 g 18

b1 g 1 g13+g3 g 15+8 5 g17

b2 g1 g13 g 5 g17

b3 g 1 g13 2g 3 g15+g5 g17

g2 g18+g 6 814
2 gz g18 g6 g14

e1 (g1+g5 ) g16+g 3 (g18+g14)
2 (g1 g5) g16+g3 (g 18 g14)

e3 (gl g5 ) g16 g 3 (g18 g14)
~4 (gl +85) g16 g3 (g18+g14)

fl ={g2+g6)"gi5+g4 {gl7+gl3)
f2 {g2 g6) g15+g4 (g17 gl3)
f3 {g2 g6) g15 g4 (gl7 g13)t
f4={g2+g6)'g i5

—g:(g17+g13)
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TABLE XI. The observables which depend on X~Jo~, X~J, ~, and X J,
~

. Again the quantity
A (P, , T; ) is given in the table. Sets of quantities which depend on moduli ~g; ~

are denoted by capital-
ized italic letters. Otherwise, the notation is as in Table X. For the observables RT+R TT, the relations
are RT (P, , T;)= —,~ A(P, , T;) with all g;~g;+6 and the phase e= —1. For RI, the relations are

RI (P, , T; ) =q a A (P;, T; ) with all g; ~g;+ & z and e = 1.

U

Q —', Tio
1

T20

&3ReTzz
&3ImT»

,' ReT„—
,'ImT„—

Q —,
' ReT„

Q —,
' ImT„

A3+B,

Re(c +d)
—Im(c +d)

e(A, —B, )

eRe(c —d)
—eIm{c —d)

P„

T RTT: T ( g~Ti) —
3 (

A)+B) e(A, —B, )

Az+Bz e( Az —Bz)

P,

—Re(a, +P, )

Im(a, —P, )

—Re(az+Pz)
Im(a, —Pz)

—eIm(a, +/3, )

—eRe(a, —P, )

—elm(a, +/3z)
—eRe(az —

/3z)

&
&

= lgz I'+ fg41'+ lg61'
~z = lgz I' —lg61'
~3 Igz I' —2Ig41'+ Ig61'

c =2gz

&g =
Igg I'+ Igz I'+ Ig~l'

&z= lg& I' —Ig51'
&z =

Igg I' —21gz I'+ Ig~
'

d =2g& gs

a, =2g,*g4+2g3 g6
o'z=2g*, g4

—2g3 g6

P, =2gz gz+2gs gg
Pz=2gz gz 2g 5 g4

TABLE XII. The observables of type II. The notation is the same as in Table X. For R& and RT'&-'

use the a's f's of Table X—with g;+, z
—+g;, g;*~g;*+6. For R~r', and RLr' use the a's f's of Tabl—e X

with g;+» unchanged, g;*~g;*+6.

P„ P,

U

Q-', Tio
1

T20

&3ReT»
&3ImT»

Q —,
' Re T„

Q —,'Imr „
Q —,'ReT„
Q —,'ImT„

—Re(e, +f, )

Im(ez+ f z)
—Re(e, +f, )

Im(e4+ f4)

RT RT (Pj Ti ) 4+ ~ (Pj& Ti

—Re(e, f,)—
Im(e, f,)—

—Re(e, f,)—
Im(e, f,)—

Re(a)+b( )

Re(az+ bz )

Re(a 3+b3 )

Re(c)+d) )

—Im{cz+dz )

Im(a, —b))
Im(a, —bz )

Im(a3 —b3 )

Im(c, —d, )

Re(cz —dz )

RTT'. RTT(P~, T;)= —4v 3 (P~, T;)

U

V'-,' Tio
1

20
2

&3ReTzz
v'3Im T»
Q —', Re T„
Q —', ImT„

Q —,'ReTz,

Q —,
' ImT„

—Im(e, +f, )

—Re(e, +f, )

—Im(e +fzz)

—Re(e~+ f4)

—Im(e, f,)—
—Re(e, —fz)
—Im(e, f,)—
—Re(e4 —f~)

Im(aj+b, )

Irn(az +bz)

Irn(a3 +b3)

Im(c, +d, )

Re(cz+ dz )

Re(a
& b& )

—Re(az —b, )

—Re(az —b3 )

—Re(c) —d) )

Im(c, —dz )
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the proton observables by noting that the matrix B

1 0 0 0
0010
0 1 0 0
0 0 0 1

(75)

transforms neutron density matrices into proton-like den-
sity matrices

1 —o. P'
z y B=

1 —o. P'
z y

1 —P'

1+P'
(76)

o P„'+o. P,'

0

0

o. P'+o. P,' P„'+iP,'
B=

P„' —iP,'

0

0 g3 0

Rs

0 g3 0

82 0 86

while its only e8'ect on the symmetric current is to inter-
change gl~g2 and gs~g6:

8 0 g12

0 g10 0
B 0 g9 0

g7 g11

g8 0 g12

0 g9 0

g10

87 0 g11

(78)

Hence, all neutron observables have a structure identical
to the corresponding proton observable except that for J,
we must interchange g1~g2 and gs~g6, for J, we inter-
change g9~g, p, and for Jp we interchange g13+ g14 and
g17 g 18

The calculation of the 18 observables which go with
each of the nine structure functions can now be done by
hand. The results have been presented in Tables X—XII.
[These results were also confirmed using the symbolic
manipulation program (SMP).] The patterns outlined
above can be readily seen in the Anal results. These
tables, together with Eq. (30) for the cross section, are the
principal results of this paper.

It may sometimes be necessary to identify a particular
observable in the tables. The structure functions will be
labeled and identified by the following expansion, given
for the pa r RLT and RzT' an examp e

B
g2 0 g

0 g4 0
s

0 g4 0

and on the antisymrnetric current it interchanges

g9 g10

RLI'T= g T;P~RI T(P, , T; ),
i,j E I

i,j CII

where

(79)

T —,U ~g3 T, T,V3ReT, &3 ImT2~, +—', ReT», Q —', ImT», Q zReT», Q 3™pi

P = [ U, P„,P„PiI,
(80)

and the nonzero terms in each sum for hybrid amplitudes
are given in Tables X—XII. In identifying specific terms,
we will suppress the U labels, and adopt other simplifying
notation as illustrated below:

RLT( U U) RLT

Rl T(P„, U) =RLT(n),

RLT( ~
m 22 ) RLT(™22

RLT ( p„,1/ 3Im T2$ ) =RLT( n, Im T/2 ) .

F. Photodisintegration cross section

The diA'erential cross section for photodisintegration
can be obtained quickly from our previous work. The
most general polarization state of a real photon can be
written as a linear combination of its two helicity states,

(82)

where ~a~ +~b~ =1. Then the differential cross section
in the c.m. system is

(83)

pote that, because classes I and II are disjoint, the sub-

scripts on R&T
' have been suppressed in the expansions

(79); the arguments of RLT(P, T, ) uniquely identify to
which expansion it belongs. This notation forces a pair-
ing of RLT and R~T", but as shown in Tables VII, IX, and
X—XII, the natural pairing is between Rz'T' and RLT„ for
example. For the special case of the amplitudes RT+RT'T'
we will sometimes use the notation RT—for the expansion
coefficients in Eq. (79).

/a/' ab*
P4'b& s

/g
/&. (84)

Using the hermiticity of 8'&&, and reducing in the c.m. as
done in Eq. (26), gives immediately

where the hadron density was defined in Eq. (11),vo is the
c.m. energy of the photon (note that vo=qo), and the
photon density matrix is
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=e' [R,+(/a/' —/b/')R, ,

i 8&o

(O)
T10 (0)

T 10—=sing ReT» +cosP
2 2 .

+2 Re(ab')Rr1'~1

+2 Im(ab ' )R r'z'], (85)

ImT„=ImT' '

ReTzz+ —Tzo ReTzz'+ —T20
6 6

(86)
where the R's are the same structure functions discussed
in the preceding sections, except that they are evaluated
at the real photon point q =0. ReT22 V 2 T20 cos2$(ReTzz' —Q—', T20 )

G. Inclusive cross sections
—sin2$(2 Re Tz1' ),

Inclusive electrodisintegration cross sections can be
readily obtained by integrating over the solid angle d 0, ,
and summing over all polarizations of the outgoing nu-
cleons. We will present formulas with and without deute-
ron polarization.

Special care must be taken with the deuteron polariza-
tion. Recall that the results given in Tables X—XII were
for deuteron polarizations defined in the ejectile plane, ro-
tated through the angle P with respect to the electron
scattering plane. When integrating over P to obtain in-
clusive cross sections, care must be taken to express the
deuteron polarizations with respect to the electron
scattering plane, which is fixed. To avoid any confusion,
the polarizations defined with respect to the electron
scattering plane will be denoted by T ' to distinguish
them from T;, the polarizations defined in the ejectile
plane.

To express the polarizations T,' ' in the ejectile plane,
we must rotate the coordinate axes through angle P about
the z axis, which is equivalent to an active rotation of the
polarization quantities T, ' through angle —P. This is
the same transformation we carried out on the virtual
photon polarization vector in Sec. IIB. However, we
have chosen to define the deuteron T; with respect to the
y axis, and this makes the transformation laws more com-
plex than that obtained in Eq. (22) for the photon. The
correct transformation laws are

T(0)
ReT» =cosP ReT» —sing101 . 10

2

2 ReTz, =sin2$(ReT1zz' —Q—,'Tz0' )+cos2$(2 ReTz', ' ),

ImT22 =cosP ImTzz' —sing ImTz, ',

ImTz, =sing ImT12z'+cosP ImT1z, ' .

m .R ~ ( Tz1 ) = —I sinO, d O,R „(Tz ) .
0

(87)

Using this notation, the most general inclusive cross sec-
tion can be obtained from Eq. (30). It becomes

These give the deuteron polarization parameters in the
ej ectile plane (those used in Tables X—XII) in terms of po-
larization parameters in the electron scattering plane.
These transformations must be used when calculating in-
clusive cross sections, where the deuteron target polariza-
tion is jzxed as we integrate over p. For exclusive mea-
surements the deuteron polarization could be oriented
with respect to the ejectile plane, in which case the re-
sults in Tables X—XII could be used directly. However, if
a number of P angles are measured simultaneously with a
fixed deuteron polarization, as would be the case with the
STAR spectrometer proposed for use at CEBAF by the
Illinois group, ' it would also be necessary to use the
transformations (86) in order to predict the correct P
dependence of the cross sections.

Using the transformations (86) is it straightforward to
carry out the P integrations analytically. The integra-
tions over 0, cannot be carried out unless the structure
functions are known; we will denote these integrations by

d3
'2

d~, dE, =~M u, [W, +P,',"W,(P„)]+u,[W,+P,',"W,(P„)]+u»(P,'„"—P,101)W„
T

+ ural [Py 'WLr(Py)+P„', 'Wlr(P„, )]+2huzP, ' 'Wr,
T

+2h
M~

urL [P» 'WI r'(P» )+P', 'WLr'(P, )] (88)
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where the deuteron polarizations TJ~ have been ex-
pressed in Cartesian form to facilitate interpretation of
the results, and the inclusive structure functions 8' are
given in terms of the R 's of Eq. (87) by

2 2
-~, w+~, w, .

MT qL qL

(9l)

8 T=A.RT,

(p ) = ——[RL(r20)+3RL(ReT22)],

WT(p„)= ——[RT(T20)+3RT(ReT22)],T zz 4

WTT [RTT(Re+22 ) R TT( +20 ) + 2R TT(Re~21 ) ]8
(89)

3A, — 1
WLT(py ) RLT( +10) RLT(Re+11 )

2

1
WLT( xz ) RLT™22)+ RLT(Im 21 )

2 2

= 3A-
WT =— —RT (ImT„),

2 2

= —3A 1
WLT'( ) RLT'( +10 )+ RLT'(R +11 )x 4

H. The cross sections and observables in lab frame

In the preceding sections, results for the hadronic
currents were presented in the c.m. frame because of the
convenience in obtaining inclusive cross sections. How-
ever, all observables are measured in the lab frame, so
that it is necessary to completely clarify the relationship
between these two frames.

A review of the derivations given in the preceding sec-
tions shows the following diA'erences between the results
presented so far (in which the electron variables are in the
lab frame and the hadron variables are in the c.m. frame)
and those in which all variables are in the lab frame.

(i) There is no boost operator Eq. (20). The primary
eAect of this is to remove the 8 /MT factors from the J
components of the current, defined in Eq. (29).

(ii) The integration in Eq. (1I) must be carried out in
the lab frame. This introduces the recoil factor discussed
below.

(iii) The polarization quantities must be transformed to
the lab frame.

The efFect of items (i) and (ii) is to introduce a recoil
factor and a modified form for the cross section. The in-
tegration over the hadronic variables gives, in place of
Eq. (26),

1—
WLT, (p~, ) = ——RI T (ImT22 )

— —RI T (ImT2, )
2

where A, =p&/MT. It has been known for some time'
that time-reversal invariance implies that WLT(P ) =0.

If the deuteron target is unpolarized, the cross section
reduces to the familiar form

W22. I1.b="&LPL«22.

where

vp] E]q cos6 i

MTp)

(92)

(93)

where

, =o~(W2+2w, tan 8/2), (90)
These changes give the following result for the cross sec-
tion, Eq. (30), in the lab:

5

r I vi RI + v TR T + 0TT [cos2$R TT+ sin2$R TT']+ vi T [cospRLT'+sinpRLT']I ~ T

+2hvTRT +2hvLT[cospRL'T', +sinpRL'T', ]I, (94)

where the structure functions R are to be evaluated in the lab frame with 2) =qL /Q. Alternatively, if we work only with
the covariant form of the longitudinal current, J.eo, the cross section can be written in the following alternative form:

d'o-

d 0'dE'd X {RL+sTRT —,'[cos2$R 'T1T1+sin—2$R 'T'T']+sLT[cospR 1L1T1+sinpR LT]4~M q

+2hsTRT +2hsLT[cospR LT', +sinpR LT,]}, (95)



40 POLARIZATION OBSERVABLES IN DEUTERON. . . 2495

—
g( 1+F2)1/2

I 1

(96)

where the R's in Eq. (95) are now covariant, and are ob-
tained from the covariant R i& of Eq. (27) by setting il = 1

in the middle column of Table III, and the s; are

sT =
—,'+g

1
sLT= — —(I+/ )'i

2

of g,.'s. This form makes it comparatively easy to study
what measurements are necessary in order to completely
and uniquely determine all the complex am. plitudes, as
will be shown below.

Consider a simple example of the electrodisintegration
of a spinless nucleus into two spinless fragments
[ He(e, e'm ) He, for example]. There are only two
independent helicity amplitudes, Jp =

l Jp l
e ' and

i/+J+ =
l J+ l

e, and only five nonvanishing structure
functions (only four of which 'are different):

where g=(qL /Q)tan —,'8. The quantity dX is

dX, =p, dQ, ,

dX ) b=pLdALP'
(97)

III. COMPLETE SEPARATIONS

A. Introduction

Complete determination of photonuclear processes has
been attempted in several different ways. We have adopt-
ed the method of Barker et al. (for criticism of other ap-
proaches see this reference). We looked for a set of new
amplitudes which made the separation obvious. The hy-
brid amplitudes presented in the preceding section ac-
complished this, just as in pion photoproduction. As we
saw in Tables X—XII the structure functions became par-
ticularly simple when expressed in terms of the g;. They
become real and imaginary parts of bilinear combinations

Hence the advantage of Eq. (95) is that it uses covariant
structure functions R, and combines the c.m. and lab re-
sults into one formula —the only difference being the
choice of d X given in Eq. (97).

Finally, we address the question of how the hadronic
spin variables are affected by the choice of frame for the
hadronic current, item (iii) above. First, note that the
boost (20) will not affect the deuteron helicity, since it is
colinear with the deuteron momentum. However, since
the momenta of the final-state nucleons are in general not
colinear with the boost, the boost will introduce a preces-
sion (a Wigner rotation) of the nucleon spins through an
angle 0 about the axis q X p, which is perpendicular to
the plane defined by the direction of the boost (q) and the
three momentum of the particle (p). This plane is just
the ejectile plane defined in Fig. 2, and hence the boost
will rotate the nucleon spins in this plane and therefore
mix the l and s components of nucleon polarization. The
amplitudes in the third and fourth columns of Tables
X—XII will mix. The sizes of these terms will be frame
dependent, but the structure of the results given in Tables
X—XII will also hold for observables in the lab system.
Hence the general conclusions of this paper (including
the discussion of Sec. III) do not depend on which frame
is used for the hadronic variables; only dynamical calcu-
lations of these quantities depend on the frame. The de-
tails of the Wigner rotation will be presented elsewhere.

We now turn to a discussion of possible programs of
complete measurements.

RT'T'=2m Re(J+J* )= —RT,
R~T'=4rtx Re(JpJ+ ),
R~~T', =4gIr Im(JpJ+ ),

(98)

but there are only three independent observables:
I Jpl I J+ Pp+ =(Pp P+). The overall (absolute) phase
is not an observable.

If we measure RL, RT, and one of the RLT, we still
cannot determine Pp+ unambiguously. For example, a
measurement of RLT will determine cosPp+, which gives

Pp+ in the first or fourth quadrant if it is positive, and in
the second or third quadrant if it is negative. A similar
ambiguity results if only RLT., which determines sinPp+,
is measured. To completely remove the ambiguity both
of the "paired" amplitudes (RLT and RLT ) must be mea-
sured. But this measurement will also give the product
l Jpl l J+ l, requiring the measurement of only one other
modulus to completely and unambiguously determine the
three independent observables. This last measurement
can be either RL or RT(= —RTT). The program requir-
ing the fewest number of measurements is therefore one
in which "paired" amplitudes, together with a few
"moduli, "are measured.

Unfortunately, measurements of "paired amplitudes"
will generally be more difficult, as they usually involve
polarization observables. The best experimental program
may well be to measure "moduli" if they are easy, and
"paired" amplitudes as needed to eliminate ambiguities.

B. Overview of separation strategies

We begin the discussion of separation strategies by see-
ing what can be learned from the "paired" observables

Tables X and XII. If all' the observables in Table X were
measured, the complex amplitudes a;, b;, c, , d;, e;, and f;
would all be determined uniquely, and hence the products
of the g's which they contain. There are 18 different
products of g's which are so determined, and these fall
into two separate classes, as shown in the two left-hand
columns of Table XIII. No product of an amplitude
from class A times an amplitude from class B is present
(and of course there are no products of the first six ampli-
tudes with each other, nor the last six with each other).
Hence, there are terms like g *, g» and g *, g, 6, but no term
»ke g ~ g ~4. From g ~ g» and g & g &6, one can determine
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TABLE XIII. Products g;*g~ which can be determined from measurements of the six observables de-
tailed in Tables X and XII. In each case, a complete set of measurements determines only the nine
pairs of products involving the upper three g 's with the lowest three g's in class A, and a similar nine
pairs of products in class B.

{R(&) R (I)
) {RT,RTT') {RLT.', R~„')

Class A
g1

gs

Class B
g2
g3
g6

Class A

g 1O

g»

Class B
g8

g12

Class A

g1O

Class B
g8

g12

g14
g1S

g18
g4
gs g6 g17

g14
g1S

g18

Ig1llg131, Ig1llg16I, p1
—

&13 and @1 $16
relative size of Ig13I and Ig16I can be deduced, and

p 13 p 16, In a similar manner the phase difference be-
tween all amplitudes in each class can be determined, but
the overall phase di6'erence between the two classes
remains undetermined. Also, two moduli cannot be
determined, which could be taken to be lg, I

and lg2I (if
these are assumed, all other moduli are fixed). Hence, of
the 23 possible observables associated with the ampli-
tudes which contribute to Table X, only 20 can be deter-
mined by the 36 possible measurements. Three cannot be
determined.

The same analysis works for the other paired ampli-
tudes (RL'T",RIT") and (RT, RT'T' ) of Table XII. The
classes of amplitudes are displayed in the four rightmost
columns of Table XIII. Note that the combination of all
of these measurements still leaves the same three observ-
ables undetermined. The two classes of amplitudes are
enlarged, but there is no mixing which would determine
the missing moduli or phase. The expanded classes are

t g 1g 4g 5g 7g 10g 11g 13g 16g 17 I

I g2g3g6g8g9g12g 14g15g18 I

(99)

Furthermore, the additional rneasurernents are less
e%cient in adding new information. If all of the products
of amplitudes from a given "paired" set were known, for
example, the measurements of the next "paired" set
would add only 12 new observables, and measurements of
the last pair would add no new information. This shows
that care must be taken to plan experimental programs
optimally.

The missing moduli, one from class A and one from
class 8, can be determined by two measurments from
Table XI. A convenient choice would be two of the un-
polarized observables RL and RT—. However, no mea-
surement involving any combination of polarized electron
beam, polarized deuteron target, or polarized recoil pro-
ton can determine the last phase. For this, at least one
measurement of neutron recoil polarization is needed.
Recall that the neutron observables are identical to the
proton observables except for the interchange of g&~g2,

g 9 g Io g '1 3~g $4 and g, 7+-+g, 8 ~ This mixes up
the classes in Eq. (99), making it possible to determine the
last relative phase. However, only measurments which

depend on this phase can be used for this purpose. It
turns out that only the observables which depend on P,'

and I'1 (e, and f, in Tabl. e X, a, , b, , c;, and d, in Table
XII, and a, and P, in Table XI) are satisfactory —the oth-
ers are not sensitive to this interchange.

Our discussion has shown that at least one neutron
recoil polarization measurement is essential to a complete
determination of the 18 deuteron electrodisintegration
hybrid amplitudes, and that this must involve measuring
P&' or P,'. If this measurement is to be made with an un-

polarized deuteron target, then the quantities must be
chosen from RI7-(s'), RLT(1'), RT(s'), RT(l'), RIT(s'),
Rl T(l'), RTT(s'), or RTT(t'), where the prime on the s or
I argument signifies a neutron polarization measurement.

We have focused on proton polarization measurements
in this section, assuming that such measurements would
be easier to carry out experimentally. One can readily
see, however, that there is a correspondence between pro-
ton and neutron polarization measurements, and the best
strategy could well be to use a number of both.

At this point a number of questions arise concerning
the "best" methods for separating the 18 amplitudes. We
believe that we have provided sufhcient detail for the
reader to work out his own preferred strategy, and will
not pursue discussion of the subject here.

IV. CONCLUSIONS

This paper analyzes the difI'erential cross section for
the process d(e, e'p)n in which the scattered electron and
the recoil proton are measured in coincidence. The cross
section can be expressed in terms of nine (unknown) ha-
dronic structure functions defined in Table III. If the ha-
dronic structure functions are expressed in terms of vari-
ables defined in the center of mass (c.m. ) of the outgoing
hadrons, the relevant formula is Eq. (30). If lab variables
are used, the expression given in Eq. (94) is appropriate.
Equation (95) gives a formula convenient in either frame.

Each of the nine structure functions can depend on the
polarization of the deuteron target, and/or the polariza-
tion of the recoil proton. If all possible combinations of
polarizations are considered, each of the nine structure
functions depend on 18 independent observables, for a to-
tal of 9X18=162 observables. The dependence of these
observables on the 18 independent complex helicity am-
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plitudes which completely describe deuteron electrodisin-
tegration is given in Tables X—XII. The 18 hybrid ampli-
tudes g, are linear combinations of the 18 helicity ampli-
tudes, given explicitly in the Appendix, or in general
terms in Eqs. (66) and (67).

Even though there are 162 observables in Tables
X—XII, it is shown in Sec. III that these are not sufhcient
to determine all of the 35 real functions implied by the
existence of the 18 complex helicity amplitudes. One
phase, relating the two classes of amplitudes given in Eq.
(99), can only be obtained by measuring the polarization
of the outgoing neutron. Dynamical calculations of these
observables are planned for future work.
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APPENDIX

The connection, Eqs. (66) and (67), between the hybrid
amplitudes g, used in this paper, and the helicity ampli-
tudes F, defined in Eq. (51) can be summarized by the
matrix relations

It is a pleasure to acknowledge helpful conversations
with T. W. Donnelly, who first interested us in this prob-

I

gl +lJ' FJ

where, for transverse amplitudes (i,j= 1—12),
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while, for longitudinal amplitudes (i,j= 13—18),
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