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All the data now available for the ground rotational bands of actinide even-even nuclei and of
rare-earth even-even nuclei (with bandcrossing angular momentum I, > 16) are analyzed with the
four-parameter I(I +1) expansion. The parameters obtained by the least-squares fitting definitely
deviate from the relations derived from the Harris two-parameter w? expansion, but are closer to the
relations deduced from the closed two-parameter expression by Wu and Zeng.

On the basis of consideration of symmetry, Bohr and
Mottelson pointed out! that for an axial symmetric nu-
cleus the rotational energy E is a function of I(J +1).
For small values of I, E can be expanded in powers of
I(I+1). In particular, for the ground rotational band
(GRB) of an even-even deformed nucleus

EN=AII+1)+B[II+17]?

+C[II+DP+DII+D]*+ - . (1)

Harris suggested” that E may be expanded in powers of
o? instead of I (I +1), namely

E=aw’+Bu*+yw’+8wd+ - - -, (2)
where o is the angular frequency of rotation along the x

axis. w is not a directly observed quantity, but is derived
from the observed rotational spectra according to the

canonical relation®

dE
dI

X

fio=——, I,=[I+1)?—K?]'2. 3)
From the analysis of observed rotational spectra in the
early seventies,” it is believed that the w? expansion con-
verges better than the I(f+1) expansion. Mottelson
pointed out’ that if the expansion in @’ is more rapidly
convergent than that in I(I +1), we can exploit this fact
to obtain relations between the higher coefficients in the
I(I+1) expansion. Particularly, including only two
terms in Eq. (2), i.e.,

E=aw?+Bo* 4)
implies the relations!
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TABLE 1. The 4, B, C, and D values (in keV) for the GRB’s of even actinide nuclei obtained by the

least-squares fitting.

2

Nuclei A B X10° C X% 10° D Xx10° :;; 2‘: BD3

245Cm 7.2206 —2.681 0.858 0.03 0.215 —0.003
24py 7.6529 —4.114 4911 —3.94 0.555 0.138
242py 7.4296 —3.540 3.369 —1.92 0.499 0.100
240py 7.1620 —3.957 6.954 —9.42 0.795 0.325
B¥py 7.3678 —3.670 5.747 —5.84 0.786 0.267
B6py 7.3537 —3.157 0.023 3.04 0.004 —0.218
28y 7.4298 —3.736 2.471 —0.87 0.329 0.038
Béy 7.5122 —3.920 2.575 —0.80 0.315 0.031
34y 7.2015 —4.710 4.428 —1.68 0.359 0.039
32y 7.9245 —6.372 9.025 —6.90 0.440 0.070
230y 8.6401 —9.772 20.786 —22.69 0.470 0.076
232Th 8.1138 —6.080 5.819 —2.45 0.319 0.030
20T 8.7817 —8.219 11.519 —17.73 0.374 0.045
287Th 9.6640 —17.975 60.803 —104.87 0.455 0.070
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TABLE II. The 4, B, C, and D values (in keV) for the GRB’s of even rare-earth nuclei obtained by

the least-squares fitting.

‘Nuclei 4 BX10° CX10° DX10° AcC AD

4B 24B3
178 f 15.5448 —11.844 2.752 5.28 0.076 —0.032
1761 14.7758 —14.218 23.640 —24.77 0.432 0.078
174Hf 15.1814 —17.617 23.996 —18.27 0.293 0.032
12yt 15.8490 —23.164 50.298 —60.70 0.371 0.051
10 16.7024 —37.103 102.343 —129.01 0.310 0.029
176Yp 13.7152 —6.446 0.143 2.46 0.012 —0.072
174y 12.7746 —6.337 6.639 —4.16 0.528 0.111
112yp 13.1565 —7.568 12.086 —11.66 0.694 0.194
110yh 14.0896 —11.242 24.103 —54.17 0.672 0.315
168yp 14.6797 —19.059 34.573 —37.56 0.349 0.049
166E 13.4801 —12.225 11.572 —4.83 0.261 0.020
164pr 15.3073 —17.932 47.446 —82.60 0.565 0.140
14Dy 12.2744 —8.499 11.584 —10.32 0.492 0.106
192py 13.4412 —9.875 13.486 —10.56 0.465 0.083
156Gd 14.8553 —24.998 77.901 —135.37 0.463 0.080

In Table 4-2 of Ref. 1, these relations were investigated
with the observed data for '®Er, !"®Hf, and '?Gd for
which sufficiently accurate energy measurements were
available. It is found that the relations (5) are approxi-
mately obeyed. In the past decade, the cranked shell
model (CSM) in its various versions were successfully
used for the descriptions of high-spin nuclear states.> In
the CSM formalism, the Harris two-parameter w® expan-
sion (4) and the corresponding expression for the
kinematical moment of inertia

I=Jy+ I 10 =2a+4Bw?) (6)

are widely used for the parametrization of data.

However, in most rare-earth nuclei, because of the
crossing of the GRB by the S band at I =10-12, usually
only 4-5 yrast levels (1 <10) belong to the GRB. This

Harris
r-—-———m—m———
..
L)
[ ]

e L4 hd
ion—_...__.: __________ W ﬁ_r_+~_
SS) e o P LR

<

L ] ..
®e . e oo
L]
L ]
[ ]
1 'l ° . 1 ' L e 1 a_l
160 170 180 190 200 210 220 230 240
A

FIG. 1. AC/4B%vs A plot.

clearly limits the conclusions that can be made about the
applicability of (4) to the GRB. In recent years Coulomb
excitation experiments with very heavy ion beams (e.g.,
208pp jons) on the actinide nuclei have provided abundant
information about the high-spin levels of actinide GRB’s.
Because the moments of inertia of actinide nuclei are
about twice those of the rare-earth nuclei, the two-
quasiparticle S band does not compete with the GRB un-
til much higher spins. Therefore, the yrast levels with
even spin and parity in actinide nuclei may belong to the
GRB’s with much higher spins than those in rare-earth
nuclei. In fact, the only pronounced backbending known
is in 2*Pu at I ~22; and in #3?Th, 24236238y, and >**Cm
no pronounced backbending has been observed up to
I =30 (Aiw=~270 keV). Thus, the recent data provide an
ideal opportunity to test the applicability of various for-
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mulas for rotational spectra.

In Refs. 6 and 7 the collective spectra of a well-
deformed nucleus with a small axial asymmetry
(sin?3y << 1) are investigated in the framework of Bohr
Hamiltonian. The rotational energy is expanded in
powers of sin3y and the terms of O(sin*3y) are neglect-
ed. When a suitable B separable potential is adopted, a
very simple two-parameter expression for the rotational
band is obtained, and for the GRB of an even-even nu-
cleus it reads

E(=af{[1+bI(I+1)]'?—1} . @)

It is found that such a simple formula can fit the observed
rotational spectra very well up to very high spins.® Ex-
panding Eq. (7) in powers of I (I +1), one can easily veri-
fy that

AC _ 1

4B 2’

which is quite different from the relations (5) obtained by

A’D _ 5
24B3 24

, ' (8)

F.X. XU, C.S. WU, AND J. Y. ZENG 40

Harris two-parameter expression (4).

In this paper, all the data now available for the GRB’s
of actinide even-even nuclei and of some rare-earth nuclei
(which have bandcrossing angular momentum I, > 16) are
analyzed with the four-parameter I(J +1) expansion (1).
The coefficients 4, B, C, and D obtained by the least-
squares fitting are listed in Tables I and II. The calculat-
ed energy spectra with these parameters are compared
with the observed GRB’s in Tables III and IV. The
AC/4B* vs A and A’D /24B* vs A plots are shown in
Figs. 1 and 2.

It can be seen from Tables III and IV that the four-
parameter I(I +1) expansion (1) can fit the GRB’s
(below bandcrossing) of well-deformed nuclei very well.
In most nuclei the root-mean-square deviations

172

g= I(Ecal_Eexp)i|2 9

M=

1
NS

are very small. Therefore, in contrast to the usual im-

TABLE IV. Experimental and calculated energies (in keV) of the GRB’s of even rare-earth nuclei. The calculated values corre-
spond to the four-parameter I (I +1) expansion (1). The values of 4, B, C, and D are listed in Table II.

Nuclei I=2 4 6 8 10 12 14 16 18 20 o

78Hf Exp® 93.17  306.61  632.2 1058.6 1571.0 2150.7 2777.6 3436.2

Cal 92.84  306.18 63221 1059.00 1571.05 2150.32 2777.82  3436.16 0.284
76Hf Exp® 88.36  290.19  597.08 998.1 1481.4 20340  2646.7
. Cal 88.15  290.01 597.18 998.31  1481.15  2034.11  2646.68 0.172
17“Hf Exp° 90.99  297.38  608.3 1009.6 1485.9 2020.5 2597.5 3208.9

Cal 90.46  296.77 608.26  1010.20  1486.05 2019.85 2597.87  3208.83 0.448
2Hf Exp? 9524  309.26  628.1 1037.3 1521.1 2064.6  2654.0 3277.2

Cal 9427 308.11 628.33 1038.19  1521.17 2063.73  2654.52  3277.10 0.721
°Hf Exp®  100.80  321.99  642.9 1043.3 1505.5 2016.4  2567.2 3151.6

Cal 98.90 320.00 64323 104496 1505.65 2014.77  2568.17  3151.42 0.327
76Yb Exp® 82.13  271.69  564.8 954.1 1431.2 1984.8 2602 3270

Cal 82.06 271.73  564.69 954.20  1431.23 198471  2602.05  3269.99 0.071
74%Yb Exp® 76.47  253.12  526.04 889.9 1336 1861 2457 3117 3836 4610

Cal 76.42 25301  525.83 889.29  1336.75 1861.36 2456.59  3116.68  3836.37 4609.91  0.393
2Yb Exp? 78.75  260.29  540.00  912.2 1370.1 19072 25184 3198.1

Cal 78.67  260.20  540.08 912.24  1370.03 190723 251840  3198.10 0.061
10Yb Exp® 8426 27745 573.54  963.7 1438.0 1983.8 2580.9

Cal 84.14  277.48  573.55 963.71  1437.98  1983.81  2580.90 0.049
1%Yb Exp® 87.73  286.55  585.30 970.1 1424 1936 2489 3073

Cal 87.40 28624 58537 970.03  1424.67 193522  2489.36  3072.94 0.419
6Er Exp’  80.57 264.99  545.44 911.2 1349.6 1846.6  2389.4  2968.6

Cal 80.44  264.80 545.44 911.38  1349.59  1846.47  2389.48  2968.58 0.117
I6Er Exp® 91.39  299.46 615.4 1024.6 15180  2082.7 2702.5

Cal 91.21  299.3¢  614.53  1024.60 1517.88  2082.75  2702.49 0.110
1¢Dy Exp® 73.39 24223 501.32 843.7 1261.3 1745.8 2290

Cal 73.34  242.16  501.36 843.74  1261.24  1745.82  2290.00 0.040
162Dy Exph 80.66  265.66  548.52 920.9 1374.9 1901.4 2492.4 31384 3837.0

Cal 80.29  265.98  548.08 921.33 137545 190145 2491.52  3139.00  3836.88 0.519
1%6Gd Exp' 88.97  288.18  584.71 965.1 1416.0 19244 24754

Cal 88.25  287.71  585.17 965.43 141547  1924.64  2475.36 0.449

2Reference 14.
YReference 19.
°Reference 20.
dReference 21.
“Reference 22.

fReference 23.
EReference 24.
hReference 25.
iReference 26.
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FIG. 4. (AC/4B*— A2D /24B3) vs I, plots for 2**U and

pressions, the convergence of I (I + 1) expansion is not so
bad. However, the values of the I(I +1) expansion
coefficients obtained by the least-squares fitting deviate
significantly from the relations (5) predicted by the two-
parameter Harris formula (4), but are close to the rela-
tions (8) derived from the two-parameter closed expres-
sion (7) for rotational spectra (see Tables I and II and
Figs. 1 and 2). Of course, it should be noted that the ex-
pression (7) is equivalent to an infinite series of I (] +-1)
when I<I, (the radius of convergence, =~1/V'b).°
Therefore the coefficients deduced from the finite
I(I +1) may not coincide exactly with the relation (8).
In addition, according to the relations (5), we have

AC _ A’D _
4B%? 24B3

0, (10)

but, from the relations (8), we get

249Cm

2
dc_4'p_1 an

The (AC/4B*— A’D /24B3) vs A plot is shown in Fig.
3. We can see that the observed results definitely deviate
from the Harris relation (10), but are close to the relation
(11).

Finally, the values of coefficients A4, B, C, and D, hence
(AC/4B>— A2D /24B*), depend on the number of ener-
gy levels involved in the least-squares fitting. For each of
the sets of 1=0,2,4, ..., I, (10=1I_.. = the observed
highest member below bandcrossing in the GRB), we can
obtain a set of values of 4, B, C, and D. As two typical
examples, the (AC /4B*— A2D /24B3) vs I, plots for
233U and 2*Cm are shown in Fig. 4. Also we can see that
the observed results are close to the relation (11), but do
not agree with the relation (10).
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