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Spatial correlation of pairing modes in nuclei at finite temperature
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We study the effect of the temperature on the spatial correlations between two nucleons, induced

by the pairing interaction. Both the Cooper pairs of superfluid nuclei as well as the low-lying pair-
ing vibrations of the normal systems are strongly affected by temperatures of the order of the pair-
ing gap, in keeping with the close origin existing between the two modes of excitation. Giant pair-
ing vibrations, namely the zero sound of nuclei associated with the change of particle number in

two, predicted to exist in both normal and superfluid systems, are not affected by temperature.

I. INTRODUCTION

The advent of heavy-ion accelerators and of Compton-
suppressed germanium detectors has allowed for -the

study of the nuclear structure at finite temperature and
angular momentum. An important question still await-
ing a simple answer is how the nucleus accommodates the
angular momentum imparted to it in both grazing and
fusion reactions. This question is closely related to the
validity of the cranked shell model, and to the role played
in nuclei by pairing correlations. In fact, the tendency
towards alignment in the rotating single-particle poten-
tial is strongly quenched by the action of pairing correla-
tions, which favor the motion of pairs of particles in
time-reversal states, and the formation of a condensate.
Pairing correlations in nuclei increase the probability,
over that predicted by the shell model, for two nucleons
moving in time-reversal orbitals to be close to each other.

These correlations are strongly affected by angular
momentum and temperature. Both effects lead to a phase
transition from the superfluid to the normal phase. ' The
properties of the phase transition are, however, strongly
modified because of the presence of large fluctuations in
particle number (cf., e.g. , Refs. 2—5 and references
therein). Also at rotational frequencies larger than the
critical frequency co„ there is still an observed favoring of
states where certain pairs of nucleons are coupled to an-
gular momentum zero, over states with other couplings.
Pairing vibrations have been found to give rise to impor-
tant renormalization of the energies and alignments for

co )co, (cf., e.g. , Refs. 7 and references therein).
While much effort has been dedicated to the study of

the progressive blocking of pairing correlations as a func-
tion of angular momentum, less has been devoted to the
behavior of pairing vibrations as a function of tempera-
ture. Information on it is necessary to be able to predict
and analyze the alignment of particles in hot rotating nu-
clei, and the limits of the cranked shell model without
correlations, in nuclei rotating at frequencies and temper-
atures beyond the critical values at which the pairing gap
collapses.

In this paper we discuss the influence of temperature in
situations where the nucleus displays a static Bardeen-
Cooper-Schrieffer (BCS) pairing gap, and in the case
where the pairing gap being zero, well-developed pairing
vibrations exist. This is done by studying the changes
with temperature suffered by the spatial correlations, im-
plied by the presence of a condensate, as well as by fluc-
tuations of the pair field. We investigate this question in
the case of both normal and superfluid systems. The two
nuclei Pb and " Sn have been chosen as paradigmatic
examples of the two phases. Calculations are presented
for both the condensate as well as for low-lying pairing
vibrations and high-lying giant pairing resonances. In
Sec. II the different quantities describing the spatial
correlations of the Cooper pairs are introduced and re-
sults are presented for the case of 2osPb. In Sec. III the
superfluid systems are discussed and numerical results
presented for the case of " Sn. The conclusions are
presented in Sec. IV.
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II. PAIR DENSITY: NORMAL SYSTEMS

A selective way to reveal the collectivity of the pairing
modes is to study the spatial correlation of nucleons mov-
ing in time-reversal state, a property which is specifically
probed in the transfer of two nucleons.

In the case of an uncorrelated s pair of nucleons and
fixing the position of one of them at a given point in the
nucleus, the probabilities to find the second close to the
first or on the opposite side of the nucleus, are equal.
Pairing correlations lead to a marked increase of the
probability for the two particles to move close to one
another. '

For two nucleons coupled to total angular momentum
I =0 and spin S=O, the spatial distribution may be
defined as

&(r& r2)= I&ps=0(r& r2)l

As an example of a normal system displaying strong
pairing correlations, we consider ' Pb, i.e., two neutrons
moving around a closed shell. The amplitudes A '~' were
obtained in the particle-particle thermal random phase
approximation (pp-RPA) making use of the standard
pairing Hamiltonian, and are given by '

1/2

(1 2—n )..

The quantities Q. are the matrix elements of the radial
form factor, QI. =jj+—,', and A'p' is a normalization con-
stant for the solution with energy W'g'. In the expres-
sion for the A'~"' the quantities Ag', W'g', and n de-
pend on the temperature T; in particular, n. is the famil-
iar thermal occupation factor for the single-particle level
with energy e -,

where

~PS =0(rl r2) =
& f~ (ri ~ i )a (r2 +2) lI S=O ~ T e —EF

]+exp
(4)

1 g A'~'R„ I (r& )R„& (r2)PI (cos8, 2)
4m . J "ii "i i

J

is the thermal average of the two-particle transfer opera-
tor. The operator a (r, o ) creates a particle at the point r
in space with spin o, a (r, cr) being the corresponding
time-reversal operator and [a a ]Is 0 the singlet com-
ponent of the monopole (I =0) Cooper pair creation
operator. The index j labels the single-particle levels,
while the quantities R „ t ( r ) are the single-particle radial

j j
wave functions. The detailed expression of the quantities
A ' ' are given case by case in what follows.

To evidence the effect of the pairing interaction, the
probability distribution associated with the correlated
pp-RPA solution at T=0 (Fig. 1, middle), is compared
with the corresponding quantity associated with the two
neutrons moving in the pure lg9I2 orbit (Fig. 1, left). In
this case the probability distribution for the second parti-
cle resembles the associated single-particle density, which
is independent of the position of the first particle. In the
correlated case the probability distribution of the second
particle is concentrated around the first particle. The
presence of components in the mixed wave function cor-
responding to orbitals with both parities breaks the sym-
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FIG. 1. Contour plot of the two-particle probability distribution for the ground state of ' Pb. The function P(r&, r2) is displayed
in the x-z plane for different fixed values of r& as a function of the position r2 of the other particle (because of the symmetry of the
problem, only half of the plane is shown). The position of the first particle on the z axis is indicated at the left-hand side of the figure.
The A,' ' coefficients have been obtained within the pp-RPA formalism, with the inclusion of the temperature (Refs. 8 and 13). The
single-particle levels have been generated in the Hartree-Fock approximation with a SK III interaction and constraining the nucleus
in a box of large radius. The strength of the pairing interaction has been fixed as to reproduce the experimental binding energy of the
ground state of ' Pb. The left-hand side refers to the uncorrelated case, corresponding to two particles moving in the 1g9/2 orbital.
The differential increment AP of each contour curve is marked at the right top of the figures. In the case of zero temperature, these
contours coincide with those displayed in Ref. 12.
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FIG. 2. Distribution of pairing strength obtained in pp-RPA for the addition [(a) and (b)] and removal modes [(c) and (d)] as a
function of the energy of the modes. In both cases both the T =0 and T= 3 MeV results are shown.

metry with respect to the center of the nucleus, strongly
inhibiting configurations where the two particles are on
the opposite sides of the nucleus. '

A similar situation applies also for the giant pairing vi-
brations expected in the high-lying part of the nuclear
spectrum. These excitations are a simple consequence of

the shell structure, and are expected to renormalize, in an
important way, the two-nucleon transfer cross section as-
sociated with the low-lying modes (cf. Ref. 9). Attempts
to detect them have been carried out (cf. Ref. 14). How-
ever, the bombarding conditions were rather marginal in
these experiments, also because giant pairing vibrations
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FIG. 3. Two-particle contour plots associated with the giant pairing vibrational state in ' Pb. In this case the corresponding pure
configuration (displayed on the left side) is the (1h»&2) . For details see the caption to Fig. 1.
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FICx. 4. Local transition densities associated with the addition modes in ' Pb. The densities are displayed in (a) and (b) for the
ground state and the giant pairing mode, respectively. In both cases the predictions of the pp-RPA calculation at zero and finite tem-
perature (T=3 MeV), solid and dashed lines, respectively, are compared with the analogous quantities associated with the uncorrelat-
ed wave functions, dashed-dotted line. For details on the pp-RPA calculation see the caption to Fig. 1.

are expected to display a sizable damping width (cf. Ref.
9).

As apparent from the distributions of pairing strength
obtained in the pp-RPA and displayed in Fig. 2(a), the
shell structure gives rise to high-lying states in ' Pb
characterized by strengths comparable with those of the
corresponding ground states. ' The strength distribu-
tion gives also indication of the degree of collectivity of
the high-lying pairing modes. It is obtained from the ma-
trix element of the two-particle creation operator be-
tween the ground state and the excited states,

higher part of the spectrum, leaving practically
unaffected both position and strength of the giant pairing
vibration associated with the addition mode. As a conse-
quence the associated two-particle correlation plots,
displayed on the right side of Fig. 3, are very similar to
those obtained at T=O. Variations with the temperature
are present in the lower part of the spectrum, which is
more sensitive to changes in the occupation factors
around the Fermi surface. The overall temperature
dependence observed here is rather similar to that found
in the case of particle-holes modes. ' There is in fact a
redistribution of the strength among the different states,
with the result of a reduction of the collectivity. The as-
sociated weakening of the pair cluster is evident by com-
paring the two last columns of Fig. 1.

In Fig. 4 we show the square of the local pair transition
density'

which in the case of pickup reactions becomes equal to
1.4-

1.2- 18

(l 2n ). —

The two-particle correlation plot is shown in Fig. 3
(middle) for the most collective high-lying state which we
can associate with the giant pairing vibration. As in the
case of the low-lying pair vibration, the effect of the col-
lectivity is clearly evidenced by the comparison with the
analogous quantity associated with the uncorrelated wave
function, displayed on the left side of Fig. 3. Note that,
owing to the details of the shell structure, no indication
for high-lying collective states is found in the strength
distribution for the removal modes, displayed in Fig. 2(c).

In Fig. 2 we also show the strength distributions ob-
tained for addition and removal modes for T= 3 MeV. In
both cases no appreciable variations are detectable in the
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FIG. 5. The pairing gap 6 as a function of the temperature
for '"Sn. The single-particle levels have been generated in the
Hartree-Fock approximation with a SK III interaction and con-
straining the nucleus in a box of large radius. For the pairing
strength the value Go =0.139 MeV has been used.
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FIG. 6. Two-particle correlation plots associated with the BCS ground state, for different values of the position of the first particle,
at zero and finite temperatures (middle and right-hand side). The left-hand side refers to the case of uncorrelated particles, which in
this case are expected to move in the Oh»~, orbital.

&as=o(r):—&)os=o(r r)

=([a (r, cr)a (r, o)]i~ o)T

where the above-mentioned effects of the temperature are
clearly displayed.

III. SUPERFLUID SYSTEMS

We consider now open-shell nuclei described within
the BCS approximation. As an example we have taken
the nucleus " Sn, which at zero temperature displays
features characteristic of the superAuid phase. The pair-
ing gap,

E=G Q Q u, u, (1 2f)), —

is the thermal quasiparticle occupation factor, Ek being
the quasiparticle energy. As shown in the figure, the
function 6( T) displays a transition from superfluid to
normal phase at a temperature T=0.7 MeV. This result
is consistent with those obtained in previous works. ' '
This estimate of critical temperature, at 3 =120, for the
collapse of the nuclear pairing gap leads to the relation

6(0)= l. 80k~ T, .

The characteristic value of b, (0)=1.26 MeV has been de-
rived considering that the Debye energy of the lowest
normal modes of a rotationally invariant nuclear core is
found to be coD =4.4 MeV (Ref. 18) and that the follow-
ing relationship holds:

/2k& Tc dx
x(0)

~
v(0)

~

is shown as a function of temperature in Fig. 5. In Eq. (8)
the quantity

=ln
2e pE coD

k, T;

E.
1+exp

T

where X(0) is the density of states per unit volume, V(0)
is the momentum space pairing potential for low momen-
tum values, and yz the Euler constant.
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FIG. 7. Distribution of strength for stripping obtained from the solutions of the two quasiparticle RPA, at zero temperature [part
(a)], for T (T, [part (b)], and for T) T, [part (c}].
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FIG. 8. Two-particle correlation plots associated with the giant pairing vibration in ' Sn, for dift'erent values of the position of the
first particle, at zero and finite temperatures (middle and right-hand side). The left-hand side refers to the case of uncorrelated parti-
cles, which in this case are expected to move in the Oh 9/2 orbital.

This relation parallels the BCS prediction, although
it should be associated with a different Debye energy
scale, being, in the case of a metallic superconductor, coD

of the order of 0.02 eV.
The phase transition results in drastic changes in the

spatial particle-particle correlation of the Cooper pairs.
The two-particle probability distribution is obtained from
Eq. (1) with

(10)

when the temperature is below the critical value T„ i.e.,
in the superQuid phase. For T) T„ i.e., in the normal
phase, the expression of the amplitudes 3' "s is the
same as in Eq. (3). The corresponding correlation plots
are displayed in the middle and on the right-hand side of
Fig. 6 for zero temperature and for a temperature just
above the critical value. While in the superfiuid phase
there is a large increase of collectivity with respect to the
pure configuration (the associated transition densities are
expected to scale approximately by a factor of the order
b, /6 —10), in the normal phase the results are practically
the same as in the case of pure configuration. This is be-

cause in open-shell nuclei like " Sn, no single-particle
gap in the nuclear spectrum exists, and thus the
difference between particles and holes is blurred.

In Fig. 7 we display the distribution of strength for
stripping processes obtained in the framework of finite
temperature two-quasiparticle RPA for pairing modes '

A' "'=(u'"' X —O'"' Y )(1 2f ) . — (11)J J J J J J

As apparent from the figure, collective states (giant pair-
ing resonances) are present in the high part of the spec-
trum. The collectivity of these states is rejected in the
associated correlation plots displayed in Fig. 8.

For T)T, the expression for the 3 ' "s is the same as
given in Eq. (3). For all values of T (T ~ 3 MeV), the col-
lectivity of the giant pairing vibration, as expected,
remains unchanged.

IV. CONCLUSIONS

The effects of temperature on the collectivity induced
by pairing interaction are clearly seen in the changes
displayed by the spatial distribution of the pair of nu-
cleons forming the associated Cooper pairs. In both nor-
mal and superAuid nuclear systems low-lying pairing vi-
brations are strongly afFected by temperatures of the or-
der of 1 —3 MeV. Giant pairing resonances, on the other
hand, remain practically unchanged as temperature is in-
creased.
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