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Results of p-y directional-correlation measurements in the nonunique first-forbidden
P decay of the ground states of several odd-odd nuclei (Sb, Eu', Re, Tmivo Rb84) to
the first 2+ levels in the even-even daughter nuclei are presented. These measurements
were made as a function of the P-ray energy using a small shaped-field magnetic spectrom-
eter. The results, in combination with all other available experimental data on each P
transition, have been analyzed to obtain the nuclear matrix element parameters. The anal-
ysis is based on the theoretical expressions given by Morita and Morita using exact elec-
tron radial wave functions which include finite nuclear size corrections. In addition, we
have analyzed all available experimental data for the nonunique first-forbidden P decay of
Re" and Rb . A unique set of parameters was found for Re ~, Re'", and Tm 7 although
the set for Tm suffers from a lack of adequate experimental information. For Rb, the
matrix element sets depend on whether the shape of the P spectrum is statistical or not.
For Rb"4, five distinct sets of parameters were found which fit all available data equally
well. For both Sb 4 and Eu 5, two sets of parameters were found that fit the data equally
well; however, it is shown that a measurement of the P-circularly-polarized p correlation
as a function of energy can eliminate one set in each case. Appropriate discussions based
on nuclear models are given.

I. INTRODUCTION

There are several examples of first-forbidden
P decays which are anomalous in the sense that

they are characterized by abnormally large ft val-
ues, deviations from the normal energy depen-
dence of spectrum shapes, and anisotropic angu-
lar correlations. Such characteristics may be at-
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tributed to nuclear-structure effects which enter
into the theoretical description of the P decay
through the nuclear matrix elements. In a previ-
ous report' (hereafter referred to as 1), a, tech-
nique to extract numerical values for the nuclear
matrix elements from an analysis of P-decay ob-
servables was presented. Such a study can serve
as a useful tool in attempting to understand the
structure of the nuclear states involved. As early
as 1963 Matumoto et al.2 studied the structure of
low-lying 2' states in even-even nuclei via an anal-
ysis of the measured P-decay observables.

In this paper, we report a measurement of the
P-y directional correlations in the nonunique first-
forb idden P decay of Sb124 Eul52 Tm170 Re186

and Rb". The details of the P-y cascades for each
case are given in Sec. IV. These data, in combina-
tion with all other available experimental results,
were analyzed to obtain numerical estimates for
the relevant nuclear matrix elements. In addition,
all avai. lable data on the decay of Be"' and Rb86

were analyzed using similar techniques.
In recent years, a considerable amount of effort

has been devoted to the experimental determina-
tion of nuclear matrix elements. In fact, one or
more aspects of the P decay of the nuclei under in-
vestigation here have been studied previously. How-
ever, with the exception of Sb'2, Rb 4, and Rb
all previous analyses have been based on the theo-
retical expressions of Kotani' derived on the basis
of the Konopinski -Uhlenbeck4 approximation. In
this approximation, nuclear finite size effects and
also terms of order (aZ)' in the expansion of the
electron radial wave function are neglected. It
was shown in I that the use of Kotani expressions
may lead to incorrect matrix element values.
With the use of high-speed computers one can per-
form the analysis without resorting to restrictive
approximations. The electron radial wave func-
tions which include nuclear finite size effects and
finite de Broglie wavelength effects can be easily
computed when required in the analysis. Tables
of these wave functions are also available. '

Concurrently with the experimental work, theo-
retical calculations have been reported for all the
nuclei under investigation here. However, in
most cases these calculations were compared with
the matrix element values obtained through the use
of Kotani expressions. In addition, the matrix ele-
ment values used in the comparison had either
large error limits or there existed many different
sets of values for a single decay because of a lack
of adequate experimental information. In recent
years, many new measurements have been made
and, in addition, analysis techniques have im-
proved to a point such that a comparison of avail-
able theoretical results with matrix elements ob-

tained from new data and techniques is desirable.
To summarize, we have undertaken the present

investigation with the following objectives in mind:
(a) perform a. careful measurement of the rele-
vant P-y directional correlations; (b) obtain a con-
sistent set of matrix elements for all the nuclei
under investigation by analyzing all available ex-
perimental data with the techniques described in
1; and (c) compare the results of the analysis for
each nucleus with available theoretical results.

In Sec. II we discuss the experimental details
pertinent to the directional-correlation measure-
ments. A brief review of the general formalism
governing first-forbidden P decay and our method
of analysis is presented in Sec. III. In Sec. IV the
experimental and theoretical results and, finally,
Sec. VI contains a brief summary of the results.

II. EXPERIMENTAL PROCEDURE

The P-y directional-correlation data reported
here were obtained by measuring coincidences be-
tween the appropriate y ray detected by a conven-
tional scintillation counter and P rays in a 5g mo-
mentum range selected by a 180' shaped-field mag-
netic spectrometer. A more detailed description
of the equipment is found elsewhere. "An experi-
mental arrangement of this type eliminates the
troublesome corrections for y-y coincidences
which are often present when a scintillation spec-
trometer is used to select the P energy, but has
the disadvantage that solid angle corrections are
not straightforward. In order to reduce the un-
certainty in this respect, we have mapped the rela-
tive transmission across the 3-cm x6-cm central
defining aperture of the spectrometer by measur-
ing the contribution of the total counting rate re-
corded by the P detector from each of the eighteen
1-cmx1-cm areal elements of the defining aper-
ture. The solid angle correction is obtained by
numerical integration over this grid. Measure-
ments taken at several P energies indicate that
the correction factor is reliable to about 1% from
190 to 2500 keV. Other possible sources of sys-
tematic error discussed in Ref. 6 were found to be
negligible. Effects of competing P-y cascades (if
any) at lower P-ray energies were evaluated ex-
perimentally. The electronic setup used to record
the data has been described in detail elsewhere. '

The R184 source was obtained from the Nuclear
Science and Engineering Corporation as a carrier-
free source in the form of rubidium chloride. All
other sources were obtained from the Oak Ridge
National Laboratory. A small amount of Eu"'
(-4%) was present in the Eu'" sample used in
these measurements. All sources used were of
the order of 0.1- to 0.3 mg/cm' thick and were
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mounted in 0.25-mil Mylar backings. The Sb"'
source was prepared by liquid deposition of the
chloride which was then converted in situ to the
sulphide by exposure to H, S gas. The Tm'" was
in the form of TmCl, . The Re"' was in the form
of HReO, .

III. THEORY AND METHOD OF ANALYSIS

The theoretical expressions for the first-forbid-
den P decay given by Morita and Morita' form the
basis of our analysis. We use in the following the
notation of Kotani for the matrix element parame-
ters because it has been widely used. The corre-
spondence between the notation used by Kotani and
that used by Morita and Morita is given in I. The
expressions given by Morita and Morita for the P-
decay observables, in terms of the nuclear matrix
element parameters specialized to 3 (P)2'(y)0' and
2 (P)2'(y)0' transitions are given by Fischbeck and
Newsome' and in I,"respectively. The expres-
sions for the 1 (P)2'(y)0' transitions are as fol-
lows:

(a) shape-correction factor,

C(W) = b,x'+ b,y" + b,u'+ 2b~uy' —2b, xy'

+ 2b6xu+ b, ,

(b) p-y directional-correlation function,

e(W) =[b,x' —b,u'+ b„(2x —u+3/v 6)y'+ b»xu

+ b„x+ b„u —2b„]/C(W)

(c) P-circularly-polarized y correlation,

Pz (W, 8) = cos8[b»x' —b,p" —b„u' —b„uy'

9 & + 20" —b2x" —b22& —b2s"

+ b„(-', x —~~) (~ cos'8 —~) + b„]
x(C(W)[1+e(W)P, (cos8)])

(2)

where y'= $'y. The coefficients b, (W) contain com-
binations of the electron radial wave functions and
are listed in the Appendix. The quantity P, (cos8)
is the second-order Legendre polynomial.

(d) The y-ray angular distribution from oriented
nuclei is given by

w(8) = 1 —', B,f P (c-os8), (4)

where f, describes the orientation in the ground
state of the parent nucleus. The quantity B, de-
pends on the radiation emitted prior to the emis-
sion of the y ray and therefore contains the nuclear
matrix elements. The expression for B, used in
the present analysis is given in the Appendix.
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FIG. 1. The Sb data used in the present analysis. The solid and dashed curves through the data points represent
thebest-fit curves obtained for solution Sets I and II, respectively. The quantity P (W) was calculated using the best-7fit solutions.
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The method of analysis used here is identical to
that described in I. Briefly, the matrix element
parameters are determined by fitting all available
data in the least-squared sense to the theoretical
expressions of Morita and Morita. The program
minimizes the weighted sum of the squares

2

X =z Q„),-Q,„,
+Q exp

(5)

where Q„„refers to the value of the observable
calculated from a given set of parameters, Q,„p
is the corresponding experimental value, and

is the experimental uncertainty in Q,„. The
summation is over all the experimental quantities
being considered in a given case. In order to
avoid serious errors, the polarization and nuclear
orientation expressions are averaged over energy
by numerical integrations before comparing to ex-
perimental results. No restrictions were placed
on the magnitudes of the parameters during the
minimization procedure. In particular, the rela-
tionship between certain matrix elements based
on conserved vector current (CVC) or V -A theory
was not used because there is some doubt as to its
applicability. "

The error assignments made in the present in-
vestigation are based on the parabolic error meth-
od described in detail in I.

IV. RESULTS

In this section we present the results of both the
measurement of the P-y directional correlation and
the analysis of all available data to obtain nuclear
matrix elements.

TABLE I. Sb~~4 directional-correlation results.

A. Sb

We have measured the P-y directional correla-
tion between the outer P-ray group (2.31 MeV) and

the 603-keV E2 y ray in the decaY Sb' - Te' . A

partial decay scheme is shown in Fig. 1. The cor-
relation results are given in Table I. Our results
are in good agreement with previous measure-
ments. " '4

The correlation data presented in Table I togeth-
er with the recent shape factor measurement of
Hsue et al."and the p-circularly-polarized y cor-
relation measurements of Alexander and Steffen"
and Camp, Mann, and Bloom, "were analyzed to
obtain the nuclear matrix elements. In the analy-
sis, we have used the actual shape factor data
points rather than the analytical fit obtained by
Hsue and co-workers which is sensitive to the as-
sumed end-point energy. Canty, Davidson, and
Connor" and Nagarajan, Ravindranath, and Reddy"
have reported somewhat different analytical ex-
pressions for the shape; however, inclusion of
these measurements does not alter the results
presented here.

Inclusion of all the aforementioned data in the
search program yielded the two sets of matrix
element parameters given in Table II. The fit to
the data is shown in Fig. 1. These results are con-
siderably different from those obtained by other
authors using Kotani expressions. In addition,
they are somewhat different from those obtained
by other authors using the exact expressions, no
doubt because we have used more recent shape fac-
tor and directional-correlation data.

The energy dependence of the circular polariza-
tion predicted by both sets of matrix element pa-
rameters is given in Fig. 1. It is evident that the
ambiguity between the two sets can be eliminated
by a measurement of this energy dependence.
Numerical values for the matrix elements were ob-
tained by methods similar to those described in I
and are given in Table III. The corrected log ft val-
ues obtained for solutions I and II are 10.61 and
10.9, respectively.

W

(moc )

3.10
3.20
3.35
3.54
3.80
4.02
4.19
4.35
4.52
4.85
4.98
5.11

0.244
0.255
0.278
0.297
0.323
0.341
0.352
0.376
0.381
0.396
0.413
0.405

0.017
0.014
0.015
0.014
0.009
0.007
0.010
0.011
0.007
0.013
0.010
0.020

Dc is the error in the corresponding directional-cor-
relation coefficient q.

152

The P-y correlation measurements were made
on the outer P-ray group (1.485 MeV) and the 344-
keV E2 y ray in the decay Eu"'- Gd'". A partial
decay scheme is shown in Fig. 2. The results of
the measurements are given in Table IV. These
results are in reasonable agreement with the mea-
surements of Bhattacherjee and Mitra" and Alex-
ander and Steffen, "but are somewhat larger than
the measurements reported by Dulaney, Braden,
and Wyley, "and substantially smaller than the
measurements reported by Sunier, Debrunner,
and Scherrer 's

In addition to the correlation data mentioned
above, the shape factor measurements of Langer
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TABLE II. Matrix element parameters.

T5Ve ('v

Sb'" I
II

Eu'" I
0

Rei86 a

Rei88 b

Tm
Rb86 I c

II
III

Rb'4 I
II
III
IV
U

0.05 + 0.02
0.56 +0.03
0.08 + 0.02
0.58 + 0.03
0.001 + 0.002

—0.01 +0.01
0.02 +0.02

—0.27 + 0.15
—0.05 +0.03
—0.23 +0.15
—0.62 + 0.30
—0.17 + 0.09
—0.16 + 0.08
—0.63 +0.30
-O.ll +0.05

0.10
0.05
0.18
0.08
0.02

—0.052
0.03

—0.70
0.06

—0.73
—0.15

0.26
0.26

—0.18
0.30

~0.03
+ 0.03
+0.03
~0.03
+ 0.01
+ 0.005
~0.02
+0.20
+0.02
+ 0.20
+0.08
+ 0.12
+0.12
+0.09
~ 0.10

2.6
8.5
3.6
9.0

—0.14
0.31

—0.02
—8.0

0.04
-8.0

4.5
1.2
1.0
4.7
0.2

+ 0.4
+ 0.6
+ 0.6
+0.7
+ 0.04
+ 0.06
+0.01
+3.0
~0.01
+ 3.0
+ 2.0
+0.5
+ 0.5
+ 2.0
+0.1

0.80
1.0
0.50

—0.60
—0.14
-0.006

0.20
0.90

+ 0.50
+0.5
~ 0.30
+0.40
~0.08
~0.003
~0.10
+0.50

—8.0
—10.0
—7.0
—3.0
—0.2

0.7
2.0
7.0

+ 2.0
+ 2.0
+ 2.0
+ 1.0
+ 0.1
~0.3
+ 1.0
+ 3.0

The experimental value (Ref. 31) of the orientation parameter B) is 0.243 +0.007 whereas the value calculated with

this solution set is 0.242.
The experimental value (Ref. 31) of the orientation parameter B2 is 0.147 +0.025 whereas the value calculated with

this solution set is 0.146.
Solutions I and II were obtained with a nonstatistical shape and solution III with a statistical shape.

and Smith" a.nd the P-circularly-polarized y corre-
lation measurements of Alexander and Steffen"
and Berthier, Lombard, and Sunier" were includ-
ed in the analysis. We have used the actual shape
factor data points rather than the analytical fit re-
ported by Langer and Smith.

There is no reported analysis of the Eu using
the exact expressions prior to this investigation.
We were not able to obtain a unique solution for
Eu"'; however, all of the randomly located start-
ing points used in the search procedure converged
to one of the two sets of matrix element parame-
ters given in Table II. The curves through the
data in Fig. 2 show the fits obtained. These re-
sults are considerably different from those ob-

tained by other authors using approximate expres-
sions.

The energy dependence of the P-circularly-po-
larized y correlation predicted by both sets of ma-
trix element parameters is given in Fig. 2. It is
evident that the ambiguity between the two sets can
be eliminated by a measurement of this energy de-
pendence. Numerical values for the matrix ele-
ments are given in Table III. The corrected log ft
values obtained for solutions I and II are 12.01 and

12.27, respectively.

C R

The P-y correlation measurements were ma. de
on the inner P-ray group (939 keV) and 137-keV

I f&;,&c I

TABLE III. Matrix element values.

I f tax r/p I I f~ r&pl

Sb I
II

Eui» I
II

Rei86
Rei88
Tm'"
Rb86

II
III

Rb84

II
III
IV
V

0.02
0.014
0.004
0.003
0.60
0,18
0.11
0.3
0.4
0.3
0.8
0.6
0.6
0.8
0.7

+0.01
+ 0.005
+0.0i-0.004
+ 0.002
+0.08
+0.05
+0.02
+0.1
+0.1
+0.1
+0.3
+0.3
+0.3
~0.3
+0.3

0.002
0.020
0.0004
0.003
0.0007
0.003
0.003
0.08
0.25
0.07
0.6
0.10
0.10
0.6
0.08

+0.005
+ 0.005
+ 0.0004
~ 0.001
+0 00i
-O.OOOY

+ 0.003
+ 0.003
~0.05
~0.05
+ 0.03
+0.2
+ 0.05
+0.05
+ 0.2
+0.04

0.002
0.0007
0.0008
0.0
0.01
0.008
0.003
0.2
0.02
0.18
0.13
0.15
0.15
0.15
0.15

+ 0.001
+ 0.0007
+ 0.0004
+ 0.0007-0.0
+0.005
+0.004
+0.003
+0.1
+0.01
+ 0.08
+0.05
+0.05
+ 0.05
+ 0.05
+0.05

0.007 + 0.002
0.007 +0.002
0.003 + 0.0005
0.0004 ~ 0.0004
0.002 + 0.001
0.002 +0.001
0.0004 +0.0004
0.04 + 0.04
0.0003 +0.0003
0.03 + 0.03
0.07 + 0.04
0.010 +0.005
0.010 +0.005
0.07 +0.04
0.002 +0.002

0.2
0.4
0.14
0.6
0.08
0.003
0.16
0.6

+0.1
+0.2
~0.05
+0.3
+ 0.04
+ 0.001
+0.07
+0.4

0.03 +
0.06
0.03 +
0.04
0.002 +
0.006 +

0.03 +
0.07 +

0.02
0.06
0.02
0.02
0.001
0.003
0.01
0.04

' Solutions I and II are for nonstatistical shape and solution III for statistical shape.
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FIG. 2. The Eu' data used in the present analysis. The solid and dashed curves through the data points represent
thebest-fit curves obtained for solution Sets I and II, respectively. The quantity P&(W) was calculated using the best-
fit solutions.

TA BLE IV. Eu directional-correlation results.

2.32
2.42
2.52
2.66
2.82
2.91
2.98
3.10
3.20
3.35
3.50

0.232
0.252
0.276
0.298
0.303
0.334
0.324
0.344
0.359
0.361
0.376

0.007
0.009
0.009
0.011
0.009
0.012
0.008
0.008
0.010
0.011
0.008

Energy in units of mpc

E2 y ray in the decay Re"'-Os"'. A partial de-
cay scheme is shown in Fig. 3. The results of the
measurement are given in Table V. The possible
attenuation of the P-y correlation due to the long
lifetime of the 137-keV state is negligible as dem-
onstrated by Trudel, Habib, and Ogata (THO}."
These results are in good agreement with the mea-
surements of Dulaney et aI,."and Grenacs, Hess,
and Rohrne, "but are somewhat smaller than the
recent measurements of THO.

In addition to our correlation data, we have in-

eluded in the analysis the shape factor measure-
ments of Porter et al. ,

"the P-circularly-polar-
ized y correlation measurements of Delabaye, '
and the measurements of the angular distribution
of the 137-keV y ray from oriented Rexs6 nuclei by
Brewer and Shirley. ' Porter et al. and more re-
cently Andre and Liaud, "and Van der Werf, de
Waard, and Beekhuis~~ have reported a nonstatis-
tical shape. These three shape measurements are
in agreement. A statistical shape measurement
has been reported by THO. '

Inclusion of all the aforementioned data in the
search program, yielded only one satisfactory
matrix element solution. The values of the param-
eters are listed in Table II. The curves shown in
Fig. 3 were calculated from the parameters listed
in Table G. In addition, we have calculated the
P-circularly-polarized y correlation as a function
of energy. Figure 4 shows the y~(x;} versus x,
curves obtained for our solution using the parabol-
ic error method described in I. The curves not
only define the error limits but exhibit the symme-
try or nonsymmetry of the limits. We attempted
an analysis using a statistical shape in accordance
with the measurements of THO, but found that a
statistical shape is inconsistent with the rest of
the experimental data.
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FIG. 3. The Re 6 data used in the present analysis. The quantity P&(W) was calculated using the solution set
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D. Tm

The P-y correlation measurements were made
on the inner P-ray group (883 keV) and the 84-keV

TABLE V. Re directional-correlation results.

1.29
1.44
1.59
1.74
1.88
2.03
2.17
2.32
2.47
2.66

0.003
0.015
0.015
0.027
0.046
0.054
0.061
0.074
0.077
0.082

0.004
0.003
0.004
0.004
0.004
0.003
0.003
0.004
0.004
0.006

Energy in units of mpc

The matrix element parameters reported in Ta-
ble II are not in agreement with those of Andre
and Liaud~' who used essentially the same method
of analysis. We have no satisfactory explanation
for this discrepancy.

Numerical values for the matrix elements are
given in Table III. The corrected Iogft value is 7.7.

E2 y ray in the decay Tm" —Yb" . A partial de-
cay scheme is shown in Fig. 5. The results of the
measurement are given in Table VI. These re-
sults are in reasonable agreement with the mea-
surements of Wyiy, Braden, and Dulaney

' and
Runge. " Pfeifer and Runge" have investigated
the effects of crystal fields and chemical bonds on
the correlation due to the long lifetime of the inter-
mediate state (-10 9 sec). They have also investi-
gated the effects of internal bremstrahlung on the
correlation due to the low y-ray energy. They re-
port that for the chemical form TmCl„ the com-
bined effects from the aforementioned sources is
small. We have used TmCl, as our source mater-
ial, and therefore expect our results are not per-
turbed. Moreover, our results are in good agree-
ment with the results obtained by Runge.

In addition to our correlation data, we have in-
cluded in the analysis the shape factor measure-
ment of Van der Werf, de Waard, and Beekhuis. "
No other experimental information is available
for this transition. Runge's analysis of the avail-
able data included an additional parameter; the
third-forbidden matrix element pa ~ r)r. On the
basis of the Nilsson model, he showed that the
transition is A-forbidden and requires the inclu-
sion of the third-forbidden matrix element. His
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FIG. 4. Results of the parabolic error method study
for thebest-fit solutions to the Be and Be data (see
text for details). The curves are best-fit parabolas
through the lowest three points. These results were
used to determine the errors quoted in Tables II and III.

results indicate that the third-forbidden matrix
element is an order of magnitude larger than the
normal first-forbidden matrix elements. Recently,
Behrens and Bogdan ' have investigated this decay
theoretically and have shown that the inclusion of
third-forbidden matrix elements does not improve
their fit to experimental data. (see Sec. VC).

Because of the lack of experimental information,
we made no attempt to include the third-forbidden
matrix element in our search procedure. With
three pieces of information (including the ft va. lue)
and four parameters, the problem is already un-
derconstrained. All of the randomly located start-
ing points used in the search procedure converged
to the single set of matrix element parameters giv-
en in Table II. However, it is by no means clear
that this is a unique solution. The fit to the experi-
mental data is shown by the curves in Fig. 5. We
have also calculated the P-circularly-polarized y
correlation as a function of angle and energy using
the parameters reported in Table II (see Fig. 5).

We attempted an analysis which used the shape
factor reported by Spejewski, "but found this
shape to be inconsistent with the correlation data.

Numerical values for the matrix elements are
given in Table III. The corrected logft value is 9.0.

E. Rb

The P-y correlation measurements were made
on the inner positron group (1790 keV) and the
880-keV E2 y ray in the decay Rb"- Kr". A par-
tial decay scheme is shown in Fig. 6. The results
of the measurement are given in Table VII. These
results are in good agreement with the recent mea-
surement of de Beer et at."but are somewhat
smaller than the measurements reported by Simms
et al.4'

We have included in the analysis our directional-
correlation results together with the shape factor
measurement of Langer, Spejewski, and Wort-
man, "and the P-circularly-polarized y correla-
tion measurements of Boehm and Rogers. 4'

Because of the lack of experimental information,
we were unable to find a unique solution for Rb".
However, all randomly selected starting points of
the search procedure converged to one of the five
solution types given in Table II. The fit to the ex-
perimental data is shown in Fig. 6. We have also
calculated the P-circularly-polarized y correla-
tion as a function of energy using the parameters
reported in Table II (see Fig. 6).

The parameters listed in Table II are not in
agreement with the results reported by Simms. ~
He reports only two solution sets which are differ-
ent in sign and magnitude from any of our solu-
tions. This somewhat surprising in view of the
fact that his method of analysis is similar to ours,
the only difference being the directional-correla-
tion data used. In order to understand this dis-
crepancy, we performed an analysis using his di-
rectional-correlation data; however, the results
of this analysis were, within the error limits,
identical to those given in Table II. It is not clear
what is causing the discrepancy.

Numerical values for the matrix elements are
given in Table III. The corrected log ft value for
the four solutions ranged from 7.5 to 7.8.

F R 188

The partial decay scheme for Re'" is given in
Fig. 7. We have analyzed all available experimen-
tal data on the I (P»~)2'(y», )0' transition. The
experimental data used in the analysis are shown
in Fig. 7. The shape data were taken from the
measurements of Van der Werf, de Waard, Beek-
huis. ' The P-y directional-correlation data is
that of Grena, cs, Hess, Rohmer. ~ The P-circular-
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TABLE VI. Trn 0 directional-correlation results.

1.29
1.44
1.59
1.73
1.88
2.03
1.74
2.32
2.47

0.042
0.072
0.103
0.117
0.127
0.129
0.124
0.135
0.143

0.006
0.007
0.005
0.006
0.004
0.006
0.005
0.008
0.007

~ Energy in units of mop .

ly-polarized y correlation was taken from the mea-
surements of Gygax and Hess. 44 The orientation
data is that due to Brewer and Shirley. "

Inclusion of all the aforementioned data in the
search program yielded only one satisfactory ma-
trix element solution which is given in Table II.
Our results are in disagreement with those report-
ed by Andre and Liaud ', however, this is not sur-
prising since no polarization information was avail-
able at the time of their work. The P-circularly-
polarized y correlation as a function of energy cal-
culated on the basis of the solution set reported in
Table II is given in Fig. 7. A measurement of this
energy dependence would test the validity of our
results.

Numerical values for the matrix elements are
given in Table III. The corrected log ft value is
8.7.

G. Rb

The partial decay scheme for Rb" is given in
Fig. 8. We have analyzed all available experimen-
tal data on the 2 (P„o)2'(y,~o)0' transition. The ex-
perimental data used in the analysis are shown in
Fig. 8. The shape data were taken from the mea-
surements of Robinson and Langer" who reported
a nonstatistieal shape and also from the measure-
ments of Spejewski, "and Thompson and Casper"
who report a statistical shape. The P-y direction-
al-correlation data is that of Fischbeck and Wilkin-
son. ' The angular dependence of the circular po-
larization was taken from the measurements of
Viano et a/. 4' and the energy dependence of the po-
larization is that obtained by Kneissl. "

The a,nalysis of all the aforementioned data yield-
ed a unique solution set for a statistical shape,
and two solution sets for a nonstatistical shape.
These results are given in Table II. The fit to the
data is shown by the curves in Fig. 8. These re-
sults are in reasonable agreement with those re-
ported by Viano et a/. ,

4' but are in disagreement
with the results reported by Simms. This dis-
agreement is not surprising since we have used a
completely different data set. Simms used the po-
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V. DISCUSSION

In the following subsections we discuss in order
the 3 (p)2'(y)0'decays of Sb"'and Eu'", the I

TABLE VII. Rb directional-correlation results.

1.29
1.44
1.59
1.73
1.88
2.03
2.17
2.32

0.006
0.009
0.014
0.012
0.018
0.014
0.025
0.024

0.006
0.007
0.005
0.005
0.005
0.005
0.007
0.009

Energy in units of mpc

larization measurements of Boehm and Rogers,
whereas we used the more recent measurements
of Viano et al. The measurement of the energy
dependence of the polarization was not available
at the time of Simms work. Finally, we have used
slightly different P-y directional-correlation data.

Numerical values for the matrix elements are
given in Table III. The corrected log ft values for
solutions I, II and III are 8.5, 8.2 and 8.6, respec-
tively.

(P)2'(y)0' decays of Tm"', Re"', and Re'~, and
the 2 (P)2'(y)0' decays of Rb'~ and Rb".

Sb124

I3 &=al(~h„/, «5/, ), )+ pl(7rg, /, )3 &,

while the Te"' first 2' state is essentially

(6)

12'&= ~I(a,~P; &+ ~l(d„,P,.&+ cl(d„.g„),.&+ "

An inspection of the results in Table III shows
that all the matrix elements are reduced in magni-
tude from the single-particle estimates" and that
the rank 2 matrix element (fB;,/p) dominates the
transition. A qualitative explanation for this latter
effect has been given by Alexander and Steffen"
who showed that the basic shell model transition
is from a h»„neutron to a g, ~ proton configura-
tion which forbids the rank 1 terms but allows the
rank 2 terms. However, this forbiddeness does
not account for the small value of fB,, That an
additional cancellation is occurring in this transi-
tion is suggested by the results for Sb~' reported
in I. For Sb"', fB„/p=0.3 which is an order of
magnitude larger than the analogous Sb' ' decay.
The Sb"' 3 state is essentially
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Now the vh]g/2 ~+7/2 transition allows the rank 2

matrix element fB„/p. .Kisslinger and Wu'0 have
calculated fB&, for. this particular transition using
a pairing force between pairs of like nucleons and
a quadrupole force of equal magnitude between all
nucleon pairs. They found that there is a cancella-
tion between two major terms resulting in a value
of 0.34 for fB;,/p as compared to the shell-model
prediction of 1.5. This is still an order of magni-
tude larger than the experimental results; howev-
er, as this was an approximate calculation, the
result is encouraging. A qualitative explanation
for the additional hindrance may be as follows:

The transition amplitude between the 3 and 2'
states can be written as [see Eqs. (6) and (7)l

&3
I B;,I2'&= co&(h ig. ds&2)s-l B, l(doing. &2)2 &

+~a&(g7,P»,.)s- ~ B;,~(g. ~2)'2 &

since all other terms give zero contribution. How-
ever since P is small, hindrance can occur even
though a is large provided c is small. A qualita-
tively similar situation exists for the transition
3 - 2,' (the second 2' state). This transition is
also hindered, has large P-y directional correla-
tion" (e —-0.2), and the B„matrix element domi-

nates. A possible explanation for this is that the

(g„,)'„strength is spread over several of these
low-lying states in Te"'.

Kisslinger and Wu also obtained order-of-mag-
nitude results for the other three matrix elements
by taking into account the contribution from neigh-
boring shells. Their results together with our ex-
perimental results are compared in Table VIII.
Both of our solution sets are in reasonable agree-
ment with the predicted values. Kisslinger and
Wu have suggested additional experiments to test
the systematics of P decay in this region. The rel-
evant experiments are: (1) a study of the decay

ua 8+Sb 8- Sn —in thi. s case, they have predicted

fB,, to be five times larger than the correspond-
ing decay Sb"' —Te"', (2) a study of Sb"' and
Sb"' in order to determine the matrix elements.
The decay of Sb"6 to the 6' (1775 keV) level in
Te~' has been recently studied by means P-y cor-
relations by Gupta. " He found that e(P-y)- -0.045
+0.013 for Ez &1.3 MeV. This result, along with
other information, suggests that the Sb"' ground
state has J'=7 . He showed that the fB;, matrix
element provides the dominant contribution to the
decay and that small contributions of the rank 1
matrix elements are needed to quantitatively ex-
plain the measured e.
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g E "2

The situation for Eu'" is similar to Sb" in that
the matrix elements are considerably smaller than
single-particle estimates and the rank 2 matrix
element dominates the transition. This is partic-
ularly true for Set I listed in Table III. A qualita-
tive argument for this effect goes as follows: The
ground state of Eu' is characterized as a rotation-
al state with J'(K)=3 (3). The P transition is be-
tween this state and the first excited state of Gd'"
which is described as a J'(K) = 2'(0) state. This
is a K-forbidden transition because ~= 3 which
violates the Bohr-Mottelson model selection rule
bX «A. (where X is the rank of the matrix element).
An exactly similar situation occurs in the decay of
Eu"'. The large log ft values for these transitions
support the K assignments made here.

Bogdan and Lipnik~ have investigated Eu'" as-
suming that K is not a good quantum number and
thus describe the nuclear states as K-mixed states.
In these calculations the ground state of Eu'" is
treated as a mixture of K = 0, 1, 3 configurations
and the first excited states of Gd'" as a pure K = O

state. Under these assumptions they obtain expres-
sions for the matrix elements which have as pa-
rameters the mixing coefficients and the relative

phases of the Nilsson wave functions. Using our
Set I solutions, and the log ft va. lue they were able
to obtain the ground-state wave function for Eu"'.
The interesting thing is that these admixtures are
very small compared to the K = 3 intensity as seen
from the wave function

i
Eu' 2, 3 )=(1 —0.00978)" IK=3, 3 )

s 0.097
~
K = 1, 3 )+ 0.0145

~

K = 0, 3 ) ~

In addition, they were able to show that the con-
clusions concerning Eu'" should be valid for Eu'".
A recent analysis of all available data for the de-
cay Eu'" -Gd"' by Manthuruthil and Poirier"
yielded results simila. r to the Eu'" results. Pre-
liminary results of the analysis are presented in
Table IX. These results tend to support the con-
clusions made by Bogdan and Lipnik. Finally,
Bogdan and Lipnik were able to show that the rela-
tive dominance of f8,, is due to cancellation ef-
fects between the rank 1 terms resulting from the
configuration assumed for the Eu'" ground state.

The decay of the 3 ground state of Tb' to the
first 2' state in Dy'" is expected to be similar to
those of Eu'" and Eu'". In fact, these three transi-
tions have about the same hindrance. Recent work
of Cipolla and Steffen" indicates the similarity of
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FIG. 8. The Rb ~ data used in the present analysis. The curves through the data represent the fit for solution Set II
given in Table II; however, solution Set I gives identical results. The fit to the e(W), P (0), 'and P (8') data resultingyfrom the statistical shape solution (Set III) are identical to those presented in the figure.
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TABLE VIII. Predicted and observed values of the
Sb matrix elements.

Matrix element

I f r/pl'

I f«r!pl
I foal

Theory

~10 3

~]p 2

1p-4

Experiment

2.p x 1p-' 2.p x 1p-2

2.p x 10 7.0 x 1p

7.0x10 4 7.0x10 4

' The quantity p is the nuclear radius expressed in
natural units.

the Tb'" decay to the Eu decays in the sense of K
admixtures in the initial state, although another
experimental matrix element set allowed by their
data is at variance with this picture.

C. Tm

The log ft value of 9.3 for this transition is rath-
er large for a first-forbidden P decay, and, in
addition, the matrix elements reported in Table III
are significantly smaller than single-particle esti-
mates. Since the transition takes place between a
predominately K= 1 state (there is evidence that
the Tm"0 ground state has a small admixture of
K=0) and a K =0 state. This is not a K-forbidden
decay. Runge ' suggested an explanation based on
the A-selection rule to account for the large log ft
value. According to the Nilsson model, the ground
state of Tm'" has A = 2 while the first excited
state of Yb'" has A =0. Thus the transition corre-
sponds to ~A=2 and is A forbidden. However,
this description introduces the complication of re-
quiring inclusion of the third-forbidden matrix ele-
ments. Runge obtained values of the matrix ele-
ments by including only one third-forbidden matrix
element and invoking the relationship between fi u
and fr derived by Fujita" on the basis of CVC
theory. He found that the correction matrix ele-
ment f(a ~ r)r dominates the transition.

Bogdan et al."have also investigated Tm'" and
have shown that the Fujita relations are not valid
for Tm"' P decay. They have calculated the ma-
trix elements for Tm'" using Woods-Saxon wave
functions and assuming the ground state of Tm'"
to be a mixture of K = 1 and 0 configurations.

They have used the ratio fia/fr according to
the procedure suggested by Damgaard and Winther"
and found that the dominant matrix element is fr
in contrast to the conclusions drawn by Runge.
However, these results were in poor agreement
with experiment. Recently, Behrens and Bogdan"
refined the calculations of the Tm" observables.
They have (a) included the exact radial dependence
of the electron wave functions, (b) considered the
third-forbidden matrix elements, and (c) included
the deformed part of the Coulomb potential in the

calculations. They found that the influence of the
correction matrix element is small, but that the
inclusion of the deformed part of the Coulomb po-
tential improves agreement with experiment. The
set of values which gives best agreement with ex-
periment is:

I fr/p =0.013,
I fioxr/p I

= 0.144,
I fB; /pl=0. 132, I fiaI =0.012. With the exception
of

I Ji&z xr/pl, there is good agreement between
these results and those presented in Table III. A
measurement of the angular and energy dependence
of the polarization is desirable in order to test the
validity of the solutions presented here.

D. Re and Re

E. Rb and Rb

We treat Rb" and Rb" together since they have
similar decay characteristic, matrix element val-
ues, and theoretical descriptions. Qualitatively,
the matrix elements reported here for both nuclei

TABLE IX. Preliminary results for the Eu~54 matrix
element parameters.

T57pe $'y

0.07 + 0.04
0.42+ 0.24

0.12 +0.09
0.01 +0.04

3.3+1.4
6.8 + 3.0

We treat Re"' and Re~' together since they have
similar decay characteristics, matrix element
values, and theoretical descriptions. It is clear
from inspection of Table IG that the matrix ele-
ments are reduced in magnitude and that fB;, dom-
inates the transition for both nuclei. Since both
transitions connect states with K= 1 and K=O, the
K-selection rule is satisfied. In their initial work,
Bogdan and co-workers" calculated the matrix
elements for Re"' and Re'" using Woods-Saxon as
well as Nilsson-type wave functions and included
the ratio

I fi a/fr I
calculated according to the

procedure suggested by Damgaard and Winther. "
For both nuclei they find that fB;, is the dominant
matrix element in agreement with results present-
ed here; however, the over-all agreement is poor.
Recently Behrens and Bogdan" recalculated the
P-decay observables for the Re isotopes using
techniques similar to those described for Tm'".
The set of values for both Re&86 and Re"' which
gives best agreement with experiment is:

I fr/pl
=0.001, I ficrxr/pl=0. 176, I fB;, I pl=0. 632, I fiaI
=0.008. With the exception of

I fi&r xr/pl, there
is good agreement between these results and those
presented in Table III. This is particularly true
for Re" . Finally, Behrens and Bogdan find that
unlike Tm'" the agreement improves if one in-
cludes the correction matrix elements.



BE TA-GAMMA CORR ELA TIONS. . .

TABLE X. Rb matrix element parameters calculated
in the Wahlborn model.

Phonon energy
Scd

(MeV)

1.1
1.5
2.0

—0.02
—0.02
—0.02

—0.06
—0.05
—0.04

—0.06
—0.06
-0.05

can be understood on the basis of simple shell-
model considerations. Among all the orbitals
available in the 28-50 major shell, only f», and

9/2 can couple to a 2 state. Therefore it fol 1ows
tha. t only the transition lf„,—1g„, can contribute
to the first-forbidden P decay. However, this sit-
uation requires that only the matrix element fB;,
be nonzero. The fact that the remaining matrix
elements are nonzero requires admixtures from
the neighboring major shells. This picture is
somewhat verified by the results for both Rb"
and Rb'

Wahlborn~ has reported the results of extensive
calculations concerning the decay of Rb" and Rb"
within the framework of the shell model. He has
introduced a particle-surface interaction in order
to produce the required shell admixtures and has
succeeded in obtaining expressions for the non-
relativistic matrix element parameters, x, M,

and w. The effect of the particle-surface interac-
tion is to produce, in the 2 state, admixed com-
ponents of one phonon states (with energy Fur) cou-
pled to the normal particle configuration. The ex-
pressions for x, u, and w are functions of the pho-
non energy h~. Table X list values of the Rb" pa-
ramaters for various values of the phonon energy.
The low'er bound on the phonon energy Sco is the
energy of the 2' state in Sr". The values for solu-
tion Set II presented in Table II are in reasonably
good agreement with Wahlborn's results. The sit-
uation for Rb" is similar. Wahlborn's calcula-
tions predict that the Rb" matrix element param-
eters should be approximately a factor of five
times as large as those for Rb'6. This is roughly
what our results indicate if one uses the Rb" solu-
tion Set II; however, quantitative agreement be-
tween theory and experiment is poor. Wahlborn

The relation between the non-relativistic matrix
element fr and the relativistic matrix element
fia (the ratio

~ fia/fr~= A) has been of particular
interest. Fujita" calculated A on the basis of con-
served vector current (CVC) theory. His calcula-
tions were based on the Ahrens and Feenberg'
approximation in which all nondiagonal Coulomb
interaction matrix elements are neglected. Dam-
gaard and Winther" demonstrated that this approx-

TABLE XII. Comparison of the ratio
~ fin/f r~.

Element

Sb124

V —A

15

CVC

52+ 35

15~3

Eu152 I 35 46+ 28

16 23

Re'8'

Re188

Tm"'

b86

16

16

15

26

140-110

31 19

30+60
is

1-1+2

concludes that the 2' states of Sr" and Kr' have
a very complicated structure which cannot be un-
derstood on any simple particle or collective ba-
sis, but must follow some intermediate descrip-
tion.

Recently Kopytin and Batkin" reported extensive
results for the reduced matrix elements of the var-
ious P-decay operators for the mass region 72
~ 86, using the theory of finite Fermi systems.
The results of their calculation are presented in
Table XI. In the case of Rb", our solution Set V
is in good agreement with their results. However,
in the case of Rb", our results require a large
value of w contrary to their results. This is a sur-
prising result since their model gives good quanti-
tative agreement for all other studied nuclei in
this mass region.

F. Matrix Elements and CVC Theory

TABLE XI. Rb 4 and Rb matrix element parameters
calculated by Kopytin and Batkin. Rbs4

35+100

8+ 12-5

Matrix element
parameter Rb'4

-0.22
0.83
1.1

Rbs6

-0.003
0.04
0.04

IV

7+ 14

6+14

8+ 12-5

2'-'
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imation is not necessarily correct and, in certain
cases, is likely to result in grave errors. In fact,
the application of the ratio A as suggested in Ref.
11 has led to better agreement between experiment
and theory"' "for the nuclei Tm"', Re"', and
Re"' Recently, Fayans and Khodel" showed that
the relation A derived by Damgaard and Winther
is only correct when the interaction between quasi-
particles of the nucleus (residual force) is neglect-
ed. If this interaction is taken into account, the
results of the calculation can be changed consider-
ably. They have calculated A for Bi'" decay and
obtained different values depending upon which
model was used.

From the previous discussions, it is clear that
the theoretical prediction for the ratio A should
not be used in the analysis for matrix elements.
Instead, matrix elements should be determined
independently so that the ratios obtained from the
analysis can then be used to obtain information
about the initial and final nuclear states.

Table XII lists the ratio A obtained from the
present work for all nuclei under investigation.
For some nuclei, there is a large discrepancy be-
tween Fujita's prediction and the experimental ra-
tips. Fpr Tm', Re~, and Re' 8, Bogdan et al.
have shown that this should be expected. A correct
calculation of this ratio would be useful in order to
make a more reliable comparison with experiment.

For those cases where a large discrepancy ex-
ists between our experimental value of A and the
calculated value, we have attempted an analysis of
the available data in which the theoretical value of
the ratio A is introduced into the search procedure
as a constraint. We allowed the program to search
for solutions which satisfied the Fujita relation-
ship within 50%. In no case did we find an accept-
able solution which had a minimum y' within a fac-
tor of 5 of our best-fit P. However, in most cas-
es the major contribution to the large value of y'
came from a poor fit to the directional-correla-
tion data.

It is worth noting however that Fujita's estimate
depends on the assumption that the nuclear states
are of the shell-model type. Considering that the
intermediate 2' states in all cases investigated
here are of the collective type, the poor agree-
ment with prediction is not surprising. It is inter-
esting to note that the only experimental test of
Fujita's relation available; namely, the study of
the y decay of the analog state" of the Ce"' ground
state in Pr"', is in agreement with Fujita's esti-
mate. This result is supported by the P-decay
work"'" on Ce"'. What is clear is that the "CVC
relation" is not model independent as expected,
and that the relativistic matrix element fia should
be found from experiment.

VI. SUMMARY

Through a combined analysis of all available ex-
perimental data we have determined the first-for-
bidden P-decay matrix elements for Sb"', Eu'",
Tm'", Re"' Re'" Rb" and Rb". The analysis
yj,elded unique splutipns fpr Re ', Re', and Rb
(provided one assumes statistical shape for Rb86).

The two sets obtained for both Sb"' and Eu'" may
be resolved by a measurement of the energy de-
pendence of the P-circularily-polarized y correla-
tion. In the case of Tm"', measurement of the
polarization as a function of angle and/or energy
is required before one can confidently accept the
results presented here. A prediction of P~(&, F)
has been presented as a guide to future experi-
ments. Improvement of the present results for
Rb" requires an accurate measurement of the po-
larization as a function of energy and angle.

All results obtained from the present investiga-
tion have been compared to available model calcu-
lations. For Sb" it was found that inclusion of
pairing and quadrupole forces results in cancella-
tions which yield better agreement with experi-
ment compared to pure shell models. Our results
for Eu'" have been used to obtain the wave func-
tion for the ground state of Eu'". For the nuclei
Tm, Re, and Re calculatipns whj. ch used
Woods-Saxon-type wave functions and included the
deformed part of the Coulomb potential were in
reasonable agreement with experiment. Inclusion
of higher-order matrix elements in the calculations
did not improve the results for Tm"' but did for
Re~' and Re"'. Calculations within the framework
of the shell model with a particle-surface interac-
tion gave poor quantitative agreement with the ex-
perimental results for Rb" and Rb". However,
one important result of the calculations is that the
2' states in Kr" and Sr" were found to require a
complicated description. It was also shown that a
study of Rb" and Rb" could yield certain informa-
tion about residual interactions when information
is available from two or more neighboring nuclei.
Another example of this situation is As" and As".
It would be very useful to determine the matrix
elements for these nuclei; however, additional in-
formation is required. Such studies will provide
a more extensive evaluation of the new calcula-
tions reported by Kopytin and Batkin.

In conclusion, we would like to emphasize the
continuing need for accurate data on several P-de-
cay observables, particularly those on the energy
dependence of the P-y circular polarization, and
when feasible the angular distribution of electrons
from oriented nuclei. Such information, when
combined with a complete analysis similar to the
one reported here, may be expected to provide a
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firm basis for comparing model-dependent calcu-
lations.

1 3
b» = — (qL»+ ,L,——SN»),2v6

APPENDIX

Rationalized relativistic units h = m = c= 1 are
used. The electron and neutrino energies are de-
noted by E and q respectively and the electron mo-
mentum by p. The nuclear radius is expressed as
p =0.4285eA. '~ where a is the fine-structure con-
stant. The quantities b in Eqs. (1)-(S) are defined
as follows:

b, = —,'q'L, —-,'qN, + 2L, +M, ,

b, =L, ,

b, =
& q'L, + &qN, + &L, +M, ,

b4 3qLp +Np

3qL, -N,

Ll -Mp

b. = ~q L.+~L1
1

be = —,L ——qL12+N,

b9 7,qL12 —~L, + ~N, 2,
1

10 2 12 y

1 1 1
ll 2q 12 2 1 2 12 &

b„= (qL„+SL, —SN„),1
12

b,4 eL, ,

b„= —3qL» —sqN„+ N„+ A2 —m, ,

b16= -~1
b„= —~q A, + ~qL» —rqN„+ ~N, 2

—~A2+m, ,1 1

2 1b„= ——,qA1 —N„+ —L12,

19 3q 1 12 11 &

1 2 1 1 6b,o= —3q A, + —,qL»+ 2

3

b23 = —3q Al+qL12+ 5A2+ 3N12

18
b „=~A

b2~ = 4( h q'Ai+ kA)

The quantity B, in Eq. (4) is given by

P -P
~1+~2

'

where p, and p2 are defined in Paper I.
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