
572 KRANE, SITES, AND STE YE RT

~E. P. Mazets and Yu. V. Sergeenkov, Izv. Akad. Nauk

SSSR Ser. Fiz. 30, 1185 (1966) ttransl. : Bull. Akad. Sci.
USSR, Phys. Ser. 30, 1237 (1966)].

6E. Knapek, R. Simon, R. S. Raghavan, and H. J.
Korner, Phys. Letters 29B, 581 (1969}.

'V. Singh, P. N. Tandon, S. H. Devare, and H. G. De-
vare, Nucl. Phys. A131, 92 {1969).

A. Graue, J. R. Lien, S. R/yrvik, O. J. Arr/y, and

W. H. Moore, Nucl. Phys. A136, 513 {1969).
9H. Sergolle, G. Albouy, J. M. Lagrange, M. Pautrat,

N. Poffe, and J. H. Vanhorenbeeck, Nucl. Phys. A145,
351 (1970).

M. L. Narasimha Raju, V. Seshagiri Rao, and D. L.
Sastry, Phys. Rev. C 2, 566 (1970).

A. Murelius, J, Lindskog, Z. Awwad, K. G. Valivaara,
S. E. Hagglund, and J. Pihl, Nucl. Phys. A148, 433 (1970).

D. W. Cruse, K. Johansson, and E. Karlsson, Nucl.
Phys. A154, 369 (1970).

~~L. D. Wyly, J. B. Salzberg, E. T. Patronis, Jr., N. S.
Kendrick, and C. H. Braden, Phys. Rev. C 1, 2062 (1970).

L. D. Wyly, J. B. Salzberg, E. T. Patronis, Jr., N. S.
Kendrick, and C. H. Braden, Phys. Rev. C 3, 2442
(1971).

~5H. M. Perdue and R. A. Meyer, Bull. Arn. Phys. Soc.
15, 1668 (1970).

~6W. M. Roney and R. R. Borchers, Bull. Am. Phys.

Soc. 15, 1676 (1970).
lvL. S. Kisslinger and R. A. Sorensen, Rev. Mod. Phys.

35, 853 (1963).
~L. S. Kisslinger, Nucl. Phys. 78, 341 {1966).

~~R. J. Blin-Stoyle and M. A. Grace, in Handbuclz de~
Physik, edited by H. Geiger and K. Scheel (Springer-Ver-
lag, Berlin, Germany, 1957), p. 555.

S. R. de Groot, H. A. Tolhoek, and W. J. Huiskarnp,
in Alpha-, Beta-, and Gamma-Ray Spectroscopy, edited

by K. Siegbahn (North-Holland Publishing Company, Am-
sterdam, The Netherlands, 1965), p. 1199.

K. S. Krane and R. M. Steffen, Phys. Rev. C 2, 724

{1970}.
D. C. Camp and A. L. Van Lehn, Nucl. Instr. Methods

76, 192 (1969).
J. A. Barclay, W. D. Brewer, E. Matthias, and D. A.

Shirley, in HyPerfine Structure and Nuclear Radiations,
edited by E. Matthias and D. A. Shirley (North-Holland
Publishing Company, Arnsterdarn, The Netherlands,
1968), p. 902.

24J. R. Sites, H. A. Smith, and W. A. Steyert, to be pub-
lished.
2'J. R. Sites and W. A. Steyert, Nucl. Phys. A156, 19

(1970).
J. E. Templeton and D. A. Shirley, Phys. Rev. Letters

18, 240 (1967).

PHYSI CA L RE VIEW C VOLUME 4, NUMBER 2 AUGUST 1971

Fission of Heavy Nuclei at Higher Excitation Energies in a Dynamic Model*

Rainer W. Hassef
Physics Division, Oak Ridge National I.aboxatory, Oak Ridge, Tennessee 37830

{Received 28 December 1970)

The dynamic model of asymmetric fission used in calculating the mass and kinetic energy
distributions of the fragments from thermal-neutron-induced fission of 2~5U is employed here
to calculate these distributions for fission at higher excitation energies and for other heavy
nuclei at low excitation energies. The model itself is investigated with respect to the semi-
phenomenological shell correction. It is found that the mass distribution of the fragments in
the reaction 23 U(n, f}, which for thermal neutrons is strongly peaked at the heavy-fragment
mass 132, goes over into a symmetric mass distribution at a compound-nuclear temperature
of about 6 MeV.

1. INTRODUCTION

The experimental data associated with symmet-
ric fission of medium-heavy nuclei (lighter than
about radium) can be explained rather well in the
framework of a dynamic liquid-drop model'. The
classical Hamiltonian here consists of the poten-
tial energies of an incompressible liquid drop, i.e. ,
surface and Coulomb energies, and of the kinetic
energy of the irrotational flow of an ideal nonvis-
cous liquid.

After having prescribed some arbitrary family
of shapes which is passed through by the nucleus
en route to fission, the potential energy is first
made stationary to find the saddle point. The de-

formation coordinates are then transformed at the
saddle point into a normal coordinate system in
order to determine the probability of the system
having some initial condition. The equations of
motion are then solved for a limited number of
initial conditions close to the saddle point up to
the scission point. Usually one takes only 2n+1
sets of different initial conditions, with n being
the number of deformation or normal coordinates
taken into account: one set with all normal coor-
dinates and momenta vanishing, i.e., on top of the
saddle; and 2n sets with only one of the normal
coordinates or momenta having a small nonzero
value.

The smooth dependence of the Hamiltonian on
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the deformation coordinates allows one to find with

this procedure correlations between the initial con-
ditions at the saddle and the final ones at the scis-
sion point. For the n —1 normal oscillators at the
saddle point, the quantum-mechanical probability
distributions for the normal coordinates g, and the
normal velocities j; are applicable:

P(q~) ~ I

P(j~) ~ exp[- j~'(p, ~/26)] . (2)

Furthermore, one assumes the final distribu-
tions to be of the Gaussian type; thus one can
transform the initial distributions with aid of the
results of the dynamic calculations into the final
ones to obtain distributions, e.g. , of the fragment
masses and kinetic energies of motion. The ex-
perimental distributions of the kinetic energies of
the infinitely separated fragments can then be com-
pared with the theoretical ones which consist of
distributions of the kinetic energies of motion and
the Coulomb interaction energy at the scission
points.

2. THE MODEL

The dynamic model described in Sec. 1 was suc-
cessfully applied by Nix and Swiatecki' to the sym-
metric-fission process of medium-heavy nuclei,
and the experimentally known data were repro-
duced rather well. However, the model in this
form is not applicable to the asymmetric-fission
process of heavy nuclei with low excitation ener-
gies. It fails for the reason that the Hamiltonian,
and especially its potential energy owing to its in-
ternal structure, only favors symmetric nuclear
shapes, since shell effects are not taken into ac-
count. For asymmetric fission, shell effects be-
come predominant as shown with static calcula-
tions. '

P(p, ) ~exp [ q,-'(~., /ku&;) tanh(k~;/2e)]

P(j,) ~ exp [-j,'(p, , /K&u, ) tanh(h&u, !26)],

i -1. n -1 (1)

where It;, p, „Aced, are the normal stiffness, normal
effective mass, and curvature of the normal oscil-
lator of the ith mode, and 0 is the compound-nu-
clear temperature. The remaining nth mode, the
fission mode, corresponds to an inverted oscilla-
tor, and hence the distributions of Eq. (I) are not
valid. Because the fission mode (E) is unstable,
no normalizable probability distribution exists.
One assumes very slow motion in the fission direc-
tion and fixes the fission coordinate at the saddle
point, and for the fission velocity takes the classi-
cal distribution

In previous papers' we performed similar dyna-
mic calculations but with inclusion of a semiphe-
nomenological shell-energy correction in order
to calculate the asymmetric mass and kinetic en-
ergy distributions of the fragments from thermal-
neutron-induced fission of "'U. In addition, we

added the curvature energy to the liquid-drop po-
tential.

The shapes used were the so-called generalized
spheroids. In cylindrical coordinates (p, &) the
three-parameter family in dimensionless form
1 eads

p' ~[K.' —(l+l.)'][pl, l+(E+t. —K,)']. (2)

Here the deformation coordinates pp fy and
describe elongation, asymmetry, and constriction
(necking in), respectively, and have the following
features: For &,- ~ spheroids with the major and
minor semiaxes &, and &, "', respectively, form
a subfamily; f, =0 describes the configuration of
(nonspherical) tangent fragments, and &, &0 gives
configurations of two separated fragments. Half
the length of the nucleus is always p, in units of
R, =rg"~ The. asymmetry coordinate g, is zero
for reflection-symmetric shapes and has a finite
value which is related to the mass ratio for post-
scission shapes or to the reflection asymmetry
for pre-scission shapes. The quantities A. and &,
are eliminated by means of volume conservation
and fixing the center of mass.

This parametrization is suitable to describe
many kinds of shapes involved in the stages of fis-
sion with only three deformation coordinates. In

addition, we were able to continue the integration
of the equations of motion past the scission point
where the half-density radii of the fragments
touch each other and to proceed further to the
fission point where the densities of the fragments
no longer overlap (cf. Ref. 2). The scission point
and fission point lie about 1.25 fm apart, which
corresponds to about g, = -0.2. Transformation
to normal coordinates at the saddle results in two
oscillation modes, i.e. , vibration (V) and asym-
metry (4), and the unstable fission mode (E).

In considering the shell energy to be added we
needed a correction which could be written in
closed form in order to limit the computer time.
Thus it was obvious to take a modified form of
the Myers and Swiatecki4 shell correction which
was introduced to reproduce nuclear masses and
deformations. This shell energy is a wriggly func-
tion of N and Z and deformation, but has the prop-
erty of vanishing for large deformations (about at
the saddle point). We, however, wanted to relate
the asymmetric mass distribution with the frag-
ment's shells. The modification therefore con-
sisted of adding the shell energies of the two frag-
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e '~2 for pre-scission,
1 for post-scission .

(4)

Here EM~ denotes the deformation-independent
part of the Myers and Swiatecki shell energy, and

NH, ZH or X„, Zi the neutron and proton numbers
of the heavy or light fragments or clusters. The
definition of the clusters in the case of pre-scis-
sion can be found in Ref. 3. The attenuation factor
e '~2 with its attenuation parameter b, which is
studied below, is arbitrary but is chosen in this
way so that the shell energy has the properties re-
quired above.

I

fy'Etotar, VARi ANCE OF THE
kin

TOTAL KINETIC ENERGY (IVteV}

ments or clusters and multiplying them by an at-
tenuation factor which guarantees that the sum of
the shell energies of the fragments will be valid
at the scission point and for post-scission shapes
and that the approximate value of zero is achieved
at the saddle. It reads

E,hen
——

[EM&�

(NH, ZH) +EMs (N&, ZL)l

The inclusion of the shell energy did complicate
the calculations because the dependence of the po-
tential energy on the deformation coordinates is
no longer smooth as it is in the pure liquid-drop
model. It was impossible to find simple correla-
tions between the initial and final distributions
(the latter are no longer of the Gaussian type) and

we had, rather, to apply the Monte Carlo method
and solve (in general 100 times for one problem)
the equations of motion with random initial coor-
dinates.

Let k be a random integer, 0 &k &9; then the
corresponding initial normal coordinate g or the
velocity j is given according to the Monte Carlo
method by

n(a} g(k) +t coth ~+i
20

~g) (g) k(dt Sco~7j~&=y" ' coth ' j= y or /

~(~) ~or)
26

with r'"' given implicitly by the error function

erf [r~ "]= & k .

. 2
~30

f26

I/ —II

Furthermore, if F'is an average value of r "', e.g. ,
F= hg, r'"'=0.47, the average total energy in all
collective degrees of freedom is

5+@ S4)pE*=r' S~ coth "+ken coth "+0
28 2I9

(22
FRAGMENT MASS

I
&2(k&u~+Ku„) for 8«K&@;,

I
5F'8 for 8»h'~;. (7)

118
0.08

0.06

0.04 L

The scheme described here is slightly different
from the one used in the previous papers where
we dealt only with thermal-neutron fission. The
small nuclear temperatures (taken as being zero)
there limited the range of the normal coordinates
to the immediate vicinity of the saddle.

0.02
}(I), ASYMMETRY COORDINATE

I .t I l I I
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~sc, SCISSION TIME
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5, ATTENUATION PARAMETER

FIG. 1. Average scission time in units of To, absolute
value of the asymmetry coordinate, most probable heavy-
fragment mass, and average variance of the total kinetic
energy of the fragments in thermal-neutron fission of
235U as a function of the attenuation parameter. Increas-
ing b means a decreasing shell-energy strength.

3. THERMAL-NEUTRON FISSION

The attenuation parameter b in the attenuation
factor e '~2 determines the strength of the influ-
ence of the shells of the clusters on the pre-scis-
sion potential energy. The limiting cases are
b-~, i.e. , no shell energy at all and 5=0, i.e.,
the shell energy consists of the full sum of the
shell energies of the two clusters. Both cases
are unrealistic and a reasonable value should lie
in between.

Throughout the previous papers we have used
b = 1 which is here justified with the results of the
thermal-neutron fission calculations of "'U. In
Fig. 1 the average scission time and absolute val-
ue of the asymmetry coordinate at fission and the



FISSION OF HEAVY NUCLEI. . . 575

20
~O

Cl

)0

~(
30

I I

+~THEORY
EXPERIMENT

236
U

(/00 EVENTS)

20

Cl

LLJ

10

242 p

(100 EVENTS)

Wnrh n n

most probable heavy-fragment mass and variance
of the total kinetic energy are plotted vs the loga-
rithmically scaled attenuation parameter. One
can see that up to about b=1 the mean probable
heavy-fragment mass has the same value of about
129. This number is close to the doubly magic
nucleus»Sn„, which is energetically favored by
the shell energy. The average scission time and
mean probable variance of the total kinetic energy
of the fragments do not show the behavior of hav-
ing a flat plateau for small attenuation parameters.
These quantities are very sensitive to changes in

the potential energy: %'ith increasing shell-energy
strength valleys appear in the asymmetry degree
of freedom of the potential-energy surface. In
these valleys the nucleus descends more rapidly
than it does in the smooth liquid-drop surface. As
a consequence, more energy is put into the sym-
metric degrees of freedom and the final symmetric
deformation coordinates will spread more than in
the pure liquid-drop case. Since the kinetic ener-
gies of the fragments and their variances due to
the electrostatic interaction energy depend more

strongly on the geometrical shapes of the frag-
ments rather than on their mass ratios, the total
variances are enhanced. Because of the limited
number of degrees of freedom taken into account,
the variances come out to be smaller than the ex-
perimental ones.

Figure 2 shows the heavy-fragment mass distri-
butions in the fission of 2 'U and "'Pu with ther-
mal neutrons and in the spontaneous fission of
'"Cf, compared with the experimental mass-yield
curves. ' The attenuation parameter here and in
the following calculations is equal to unity. The
resulting mass distributions are also strongly
peaked close to the doubly magic heavy fragment
'»Sn, o rather than at the experimental value of
about 140. The peak stays at the same mass num-
ber when going to heavier compound nuclei (~'U,
'42pu, '"Cf) but it becomes. broader with a very
heavy-fragment tail. This effect is not observed
experimentally but is easy to explain in the frame-
work of the dynamic model. In the liquid-drop
model, heavier nuclei such as 2'2Cf have an essen-
tially lower barrier which is more flat than for nu-
clei such as ~'U. Thus the motion is slower and
the final coordinates are more spread in deforma-
tion space. Furthermore, as we know from crank-
ing-model calculations ' of the effective masses
in the kinetic energy, these are (10 to 20 times)
larger than the irrotational values used in our ki-
netic energy. Hence the influence of the kinetic
energy is underestimated and the potential energy
is overestimated. This may explain also why the
resulting scission times of 3X10 ' sec are about
10' times smaller than estimated from fission
widths. '

The averages of the kinetic energies of the frag-
ments in Fig. 3 and their variances in Fig. 4 also
reflect this discrepancy. The large kinetic ener-
gies are shifted to lighter-fragment masses, and
their variances increase more rapidly with in-
creasing compound-nuclei masses than measured.
The scattering of the theoretical points of the var-
iances in the heavy-fragment tail in the case of

Cf comes from poor statistics.
20 252 C)

(200 EVENTS ) 4. FISSION AT HIGHER EXCITATION ENERGIES
CI

)0

0
1)5 125 &35 145 &55 &65

A H, HEAVY-FRAGMENT MASS

FIG. 2. Histograms of the heavy-fragment mass dis-
tributions in thermal-neutron fission of U and Pu
and spontaneous fission of Cf. Experimental data are
taken from Ref. 5.

Similar calculations were performed for the corn-
pound nucleus 2~~V with higher excitation energies
corresponding to nuclear temperatures up to
8=7.23 MeV. Since the excitation energy E* does
not enter directly in Eqs. (5)-(7), but rather enters
implicitly through the nuclear temperature, the
dependence of the fragment's distributions on tem-
perature is studied. Conversion formulas from
& to E* will be given below.

The mass distributions of Fig. 5 show the ex-
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pected transition from asymmetry to symmetry
with higher temperatures. Simultaneously, they
become broader. These two effects are also re-
flected in the other quantities of interest which
are displayed in Fig. 6. The dependences of the
most probable heavy-fragment mass and of the
average asymmetry coordinate on the tempera-
ture are misleading because they are not only com-
posed of the decreasing asymmetry but also of the
increasing width. The decreasing asymmetry is
predominant for temperatures up to 1.5 MeV. For
higher temperatures the rapidly increasing width

of the mass distribution also causes the most-prob-
able heavy-fragment mass number to increase.

The inverse relation between scission time and
variance of the total kinetic energy is about the
same as in their dependence on the attenuation
parameter. The decrease in scission time here
comes from the higher excitation energy in the
collective degrees of freedom. The higher the
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energy is, the less the shell wriggles in the asym-
metry direction are felt from the system en route
from saddle to scission. As a consequence, the
motion becomes faster and the distributions of the
final coordinates have larger widths.

Experimentally, mass distributions of the frag-
ments from fission of actinide nuclei with light
particles are known for a wide variety of bombard-
ing energies: thermal, ' low and moderate up to
about 50 MeV, ' medium up to about 200 MeV, '
and high energies up to 28 GeV."

The mass distributions go over continuously
from an asymmetric distribution to a symmetric
one with a peak-to-valley ratio of unity reached at
between 50- and 150-MeV bombarding energy.
Simultaneously, the full width at half maximum
(FWHM) of each peak increases from about 15
amu (~'U with therma. l neutrons) to 22 amu ('~'U

with 15.5-MeV neutrons), 27 amu (~'Np with 40.5-
MeV helium ions, not yet symmetric fission), and
the total FWHM of the symmetric mass distribu-
tion stays about 55 amu for all higher energies.

In comparing the theory with experiment, the
bombarding energy has to be converted into an ex-
citation energy: The bombarding energy equals
the excitation energy above the saddle plus fission
barrier of the compound nucleus minus the binding
energy between the projectile and the target. In
fission of actinide nuclei the difference between
fission barrier and binding energy of the projec-
tile is negligible (both are on the order of 6 MeV).
Thus the excitation energy is about equal to the
bombarding energy.

The excitation energy in turn can be converted

150 ~ THEOR. b =1
0 THEOR. 6=0

EXP.

~ ~ +
II

C0
O

b

30

20

~ THEOR. 6 = 1

p THEOR. b=0
EXP. ----- j

10 - --.— --—-+

252C f

130 I

120 13Q 140 150

AH s HEAVY-FRAGMENT MASS

~ a
170

~ ii

0
120 125 30 135 140 145 150 155

AH, HEAVY- FRAGMENT MASS

FIG. 3. Distributions of the total kinetic energies of
the fragments from thermal-neutron fission of U and

~Pu and spontaneous f'ission of Cf. Experimental data
are from Ref. 5.

FIG. 4. Variances of the total kinetic energy distribu-
tions of the fragments from thermal-neutron fission of

~U and ~Pu and spontaneous fission of Cf. Experi-
mental data are from Ref. 5.



FISSION OF HEA VY NUCL EI. . .

to a nuclear temperature with the aid of the semi-
empirical formula of Lang and LeCouteur"

A
8 MeV

(8)

20

which was obtained by fitting neutron-evaporation
spectra with the Fermi-gas equation of state.
However, the Fermi-gas model does hold only un-
der the assumption that the energies in a large
number of degrees of freedom are in statistical
equilibrium. Because we took only into account
three collective degrees of freedom and no inter-
nal ones, Eq. (8) is not expected to hold accurate-
ly. On the other hand, Eq. (T), which assumes all
excitation energy to be in the collective degrees
of freedom, will overestimate the available col1.ec-
tive energy.

Especially the lower limit of E*=1.47 MeV for
zero temperature, which is fixed by the zero-
point energies of the vibration and asymmetry
oscillators at the saddle, is subject to an appre-

ciable error. It should be essentially zero for
two reasons: (i) At the saddle point, there are in-
deed more than three collective degrees of free-
dom available, and application of the statistical
Eq. (8) yields 8=0.0339 MeV for zero excitation
energy; (ii) the liquid-drop mass formula coeffi-
cients are fitted without recognizing the zero-
point energies. Thus the ground-state energy of
a nucleus corresponds to the minimum of the liq-
uid-drop potential-energy surface and the saddle-
point energy to the exact top of the saddle. This
uncertainty creates an error in the temperatures
also on the order of 1.5 MeV, and the tempera-
tures above 1.5 MeV in Figs. 5 and 6 should be
corrected by subtracting this value.

This explains why the theoretical mass distribu-
tions for temperatures up to 1.5 MeV differ only
within the limits of the statistical errors. [As a
test of whether the low number of only 100 events
yields good statistics, the average excitation ener-
gy was calculated according to (E*)= —,'(Q, (v, TI,

'
+ gI fI; ) for each temperature, and in Fig. 7 are
compared with Eq. (7) (dots vs solid line). The
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FIG. 5. Histograms of the heavy-fragment mass dis-
tributions in fission of U at higher excitation energies
as a function of the nuclear temperature.

FIG. 6. Average scission time in units of To, absolute
value of the asymmetry coordinate, most probable heavy-
fragment mass, and average variance of the total kinetic
energy of the fragments in fission of U at higher exci-
tation energies.
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5. DISCUSSION

There are two major discrepancies between the
theoretical results obtained with the dynamic mod-
el and the experimental data. (i) The most-prob-
able heavy-fragment mass in low-energy fission
comes out to be about 132 rather than 140, and (ii)
the transition from asymmetric to symmetric fis-
sion is at several hundred MeV excitation energy
rather than at about 100 MeV.

The first descrepancy is closely related to the
question of whether shell effects at the saddle, at

10

5 —~t
I

8=0.893F',:j ' 4

1

0.5
CI.

X
ILI

O.2

~ LANG AND LeCO

0.05
0.1

~r
,rr

E'=1.47 MqV

8=0
I I I I I I

0.2 0.5 1 2 5
E, EXCITATION ENERGY ABOVE

10 20 50
SADDLE (MeV)

100

FIG. 7. Correlations between the nuclear temperature
and the excitation energy above saddle according to Lang
and LeCouteur (Ref. 12), Eq. (8), and according to the
formula arrived at if one assumes all excitation energy
to be in the collective degrees of freedom Eq. (7). The
high and low energy limits of Eq. (7) are also indicated.
Dots indicate the average values of the excitation ener-
gies achieved in these calculations by 100 random initial
sets for each temperature. The compound nucleus con-
sidered is U.

excellent agreement indicates reasonable statis-
tics. j

The 6-MeV temperature needed to get a symmet-
ric mass distribution now compares with about
600-MeV excitation energy or 5.5-MeV collective
excitation energy. This is not in agreement with
experiment, but for the reasons discussed above
no better agreement was expected.

On the other hand, the theoretical total width of
50-60 amu of the symmetric mass distributions
obtained with temperatures above 6 MeV agrees
rather well with the experimental one. For such
energies, the small shell correction no longer is
felt by the system and could be omitted. Thus,
the pure liquid-drop model is a good model to
work with not only in fission of light and medium-
heavy nuclei' but also in fission of heavy nuclei
with medium and high excitation energies. The
width of the mass distribution then is entirely de-
termined by the smooth liquid-drop potential,

scission, or at both points are responsible for the
asymmetry of fission. The former assumption
can be confirmed by the calculations of Mdller and
Nilsson or Pauli, Ledergerber, and Brack. ' These
authors obtained asymmetric secondary saddles
for compound nuclei which fission asymmetrically,
and symmetric ones for symmetrically fissioning
nuclei. Furthermore, Moretto and Stella~ calcu-
lated deformation probabilities for higher excita-
tion energies in a statistical model. Their results
are that the probability that the compound nucleus
will be (symmetrically) deformed decreases with
increasing excitation energy. For about E*= 20
MeV the probability is larger for finding the nu-
cleus in its spherical state than in the deformed
ground state. Their conclusion that shell energies
are washed out with increasing excitation energy
is in agreement with calculations of Damgaard
et al. '

On the other hand, the influence of the doubly
magic nucleus '»Sn50 enters strongly by the fact
that experimentally the light sides of the heavy-
fragment mass peaks from thermal-neutron fis-
sion of 'U, "'U, "'Pu, and "'Pu are almost con-
gruent and located at A„= 132, and that the total
fragment kinetic energies are peaked at this val-
ue." For higher excitation energies not only the
mass distributions become symmetric but also
the total kinetic energy distributions. " This in-
dicates that also the fragment's shells are washed
out with excitation. Primary shells at the scis-
sion point (such as Z= 50 and fII82), however,
cannot be responsible for the most-probable heavy-
fragment mass at A„= 140. Either secondary
shells in the deformed fragments or shells in the
compound system of the two tangent fragments
with their densities and potential wells still over-
lapping may explain this phenomenon.

As a result, it is likely that shell effects at the
saddle as well as at the scission point and in be-
tween must be considered in a sound theory of
fission of heavy nuclei.

The semiphenomenological ansatz for the shell
energy in the calculations above does not allow for
shell effects at the saddle. Secondary shells in
deformed fragments are not contained in the model
either, since the parametrization of shapes em-
ployed is too restricted near the scission point
and since nuclear interaction between the frag-
ments is neglected. Due to these restrictions,
the calculated low-energy-fragment mass distri-
bution peaks at A„=132 rather than at 140 and the
low-energy total fragment kinetic energies seem
to peak at symmetry rather than at 132.

As regards the second discrepancy mentioned
above, the irrotational effective masses are most
likely responsible for the high excitation energies
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needed to obtain a symmetric mass distribution.
The use of more realistic cranking masses or al-
lowance for viscosity of the nuclear matter and/or
vorticity of the flow will enhance the internal kinet-
ic energy. (Recently, Schirmer" gave a method
to calculate the viscosity coefficients, and applied
it to nuclei with deformations of the generalized
spheroid type. ) Furthermore, the attenuation of
the shell effects with increasing excitation energy
was disregarded up to now. It could be incorpo-
rated into the model by multiplying the shell ener-
gy, Eq. (4), by the attenuation factor e 'e with
c=2 MeV ' or by making the attenuation parame-
ter b temperature dependent. Cranking masses,
viscosity, vorticity, and the attenuation of shell
effects with increasing excitation energy would

result in symmetric fragment mass distributions
at lower excitation energies.

shell effects.
There are indications that using more realistic

shell energies and effective masses and allowing
for viscosity and vorticity may result in better
quantitative agreement with experiment. However,
dynamic calculations are limited by the capacity
of the presently available electronic computers.
Although the Coulomb energies (three-fold inte-
grals) and the effective masses for deformed
shapes were calculated in advance at about 30000
grid points and recalled from magnetic tape into
the 1500 &10'-bytes memory of the Oak Ridge
I+M $60/91 computer and the equations of motion
were solved by interpolating between the grid
points, it takes about 20 min of computer time to
obtain one mass distribution of 100 events. Thus,
presently, there is no hope of performing more
complex dynamic calculations.
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The nuclear structure of the N =82 isotones Ba ~, La ~, Ce~, Pr, and Nd~ has been
studied using the single-proton-transfer reactions (He3, d) and (d, He ) on La, Ce 4, and

Pr targets. Distorted-wave analysis of the angular distributions has been used to deter-
mine angular momentum transfers and spectroscopic factors for states up to about 3-MeV
excitation. The experimental data are compared with recent shell-model calculations, and in
particular with the results of calculations using a new simplifying coupling scheme, the pseu-
do spin-orbit coupling scheme.

I. INTRODUCTION

From the point of view of the nuclear shell mod-
el there is considerable evidence that systems
with 50 and 82 nucleons form particularly stable
systems, that both N = 82 and Z = 50 are "good"
closed shells. Thus, there is reason to expect
that the properties of the low-lying states of the
M=82 isotones should be explainable in terms of
configurations of the remaining (Z —50) protons.
These excess protons should be filling, predomi-
nantly, the Igvi2 2d»„2dsi„3sit2 and 1h»» sin-
gle-particle orbits.

Proton-transfer reactions such as (He', d) and

(d, He') are particularly well suited for studying
the nature of the low-lying levels of such nuclei,
since they either add or take away a proton from
the target nucleus and thus should excite strongly
only those states, where the proton configurations
have a good overlap with those in the ground state
of the target nucleus. These reactions are selec-
tive as to the character of the state they populate,
and as a result the total number of states excited
is relatively smal&. Further, the. nature of the re-
action mechanism is sufficiently well understood

that it is possible to extract from the experimen-
tal data much of the spectroscopic information
necessary for a theoretical study of the nuclear
structure in this region of the Periodic Table.
Such information includes the energy of the states,
their spins and parities, and the intrinsic
strengths (spectroscopic factors) of the various
transitions which in turn provide information on
the occupation probabilities of the shell-model or-
bits.

In the experimental work reported here the low-
lying levels of Ba I.a ~ Cex o Pr and Nd

have been investigated by means of the (He', d) and/
or the (d, He') reaction. Additional proton-trans-
fer data are now available' on the same family of
N = 82 isotones for I"', Cs'", Pm' ', and Eu' ', as
well as some data from (n, y), P decay, (y, y') and
inelastic proton, deuteron, and n-particle scat-
tering.

A recent shell-model calculation' taking into ac-
count the complete g»„d„, configurations of the
(Z —50) protons with some excitation into the s,~„
d„, orbits has met with considerable success in
explaining the data on the positive-parity levels.
Recent calculations using qu~siparticle techniques


