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where resonance behavior is not as pronounced as
in the case described here.
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We verify the validity of the low-energy theorem for emission of soft photons in the case of
two particles which interact via an exchange potential. To lowest order in K, the photon mo-
mentum, we define the amplitude for emission from exchange currents, and show that it can-
cels part of the amplitude arising from internal nucleon lines. Comparison is made with the
definition of exchange currents made by other authors.

When photons are emitted from a system of inter-
acting nucleons, a part of the probability amplitude
for this process must be due to exchange currents.
This may be thought of as photon emission from
charged mesons exchanged between two nucleons.
Such a contribution will also be found if one treats
the N-N scattering in terms of a phenomenological
potential

(l)
with isospin dependence. V„"~ and V~s~ will be
allowed to have a general dependence on the mo-
mentum operators 2', and I', of the two nucleons.
Thus the process of N-N bremsstrahlung can
probe the inner regions of the N-N force by allow-
ing one to observe radiation coming from exchange
currents and nucleon currents.

On the other hand, . the low-energy theorem for
photons, ' based on current conservation, asserts

that for soft photons the bremsstrahlung amplitude
depends only on the on-energy-shell amplitude for
two-nucleon scattering. In particular, if the
bremsstrahlung amplitude is ( P,', P,', K

~
T

~ P„Pg,
for initial (final) proton momenta P„P, (P,', P,')
and photon momentum K, we have

and

(P,', P2, KI ~IPx, P2) =Ne M

M =A'/K+ ~'+C'+

(2)

where A' and B' depend only on the on-shell two-
body amplitude. Here e is the photon polarization,

N=-c (/2m~K, and e is the charge The low en.ergy-
theorem has been proved explicitly for static-po-
tential models, '' and generalized to the case of
momentum-dependent potentials. ~ ' However,
these discussions neglect the possibility of photon
emission from the charge-exchange effects due to
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the exchange potential v, - r, 'V~~~~, and the ampli-
tude for such processes might contribute to the 8'
term in Eq. (3), contrary to the low-energy
theorem.

We show in this paper that there must exist an
exchRnge contributlony T» to the bremsstralung
amplitude, which indeed contributes to the B' term,
and that this cancels part of the amplitude T„,
mhere T~ represents the photons emitted by the
internal nucleon lines. Thus the lom-energy theo-
rem remains true for an exchange potential.

First, to define our terms, we generate the
electromagnetic interaction, V~,'~, by making the
1 eplRCement

I,—I, ~A,.X(r,.)

in the kinetic energy part of the Hamiltonian6:

v, ' =Ac g(~; v„)A,. +o(A-).

This is just the term which would be found if we
made the replacement of Eq. (4} in the momentum
dependence of the potential, V„. Hence, Eq. (7)
is consistent mith previous treatment of mhat has
been CRlled the gauge tel m. Howevers 1Q gen-
eral, for a potential with isospin dependence as
in Eq. (1) there are additional terms arising 1n

Eq. (7}because of noncommutation of A,. and v, rm~

which must also be considered as part of the ex-
change contribution. The current is conserved if
we define V," by Eq. (7). To show this, we shall
derive the low-energy theorem for N-Ã brems-
strahlung.

The amplitude for bremsstrahlung is given by a
total T matrix,

Here A,. =-,'(1+7„), (j=1,2), and X(r,)=Ãe.e 'K

is the vector potential. A second part of the elec-
tromagnetic potential will be called V",I, and
will be associated mith photon emission from ex-
change currents. The total Hamiltonian is

&=&~+ V'".m. + V.'.m.

T —T~+ TI ~

TI TR Tx y

T; v",.' G( —E) (fz) +i(z )G,(z')v',"
r„=i(z')O, (z )V'," G( E) (iz),

(10a)

(lla)

= &0+ V~+ V'.". . + V'e".m.

where

We nom define

v'," =-xe [V„,Q]+o(A),

To motivate this definition me observe that, in
the case of a potential mith Qo isospin dependence,
Eq. ('I) becomes'

r =[1+ i(Z )G,(z )]V," [I+a,(z)i(z)]. (11c)

Here i ls the two-body' transition matrix~ Go(E)
=(E —Ho+ i&) ', and E (E') is the initial (final) two-
nucleon energy. The properties of T~, the exter-

r1ng matrixs are well known: It is the
only part that contributes to X' in Eq. (3), and its
contribution to 8' contains some off-shell behavior.
What we shall show is that the contribution of Tx
to the 8' term in Eq. (3) is just that necessary to
cancel a portion of T„which has previously not
been isolated. And if the cancellation did not oc-
cur, the lorn-energy theorem mould be violated.
Put another may, a calculation based on the exact
treatment of T~ plus T~ would be incorrect& be
cause of the violation of current conservation.

To see this me proceed to RQalyze T„by eIGploying the operRtox ldeQtlty

i(z)o, (E )[o,-'(E )Q-Qo, -'(z)]o,(z)i(z) -=Qi(z) —i(z )Q+[I.i(z )G,(z )][V„,Q][1+a,(z)iN)], (»)

which holds for any operator Q. We note that

I„=Q(P;, P, Ii(z )o,(z )~A,G,(z)i(z)
~
P„P )+o(A).

j=1 tg

In previous discussions of bremsstrahlung, + the proton and neutron have been considered as different par-
ticles, and so the projection operator A,. has not been included in Eq. (13). In these treatments we construct-
ed M„on the left side of this identity by taking Q =-g,.ir, In the present case we take Q as given in Eq. (8),
and we can verify that the left side of the identity equals M~. Thus M~ becomes equal to the matrix ele-
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ment of the right side of Eq. (12) between plane-wave two-nucleon states:

M„=M„,+ M„,+ O(ff)

with

(14)

(15a)M„,=( P,', P,'lQt(E) —t(E')Q l P„P,),
M„,=( P,', P,' I [1+t(Z')O, (S')][V„,q][1+@,(Z) t(Z)] l P„P,) .

We postpone discussion of M„,. Looking at M», we observe that it precisely cancels the corresponding
amplitude Mx; i.e.,

M~+M~~ =0.

(15b)

(16)

Here Mx is related to Tx by

( Pxs Pa I T» I pa~ Pg =Ne M»,

with T» given by Eqs. (11c) and (7). It will be observed that the terms M» and M„, occur only in the case
of neutron-proton scattering.

Using Eqs. (14) and (16), the internal scattering amplitude becomes

M~=M„+M»=M„O+O(A),

and the total amplitude can be written as

M =M»+ MI = M»+ M„o+ O(K) .

(17a)

(17b)

The fact that the off-shell terms cance1 out to order g was shown in Ref. 3, and we repeat the results here
for completeness, and to indicate how the isotopic projection operators, A, , appear. The results for M+p
can be written in terms of half-off-shell elements of t by replacing m r, in@ b'y V e '" '~l=, . Then, a
term such as ~( P,', P,' l t(E ')r, l P„P ) becomes V „(P,', P,' l t($ ', ) l P, —n, P ) l-, , We introduce the scalar
variables v, u, and A, (A&), which are, respectively, the average of the initial and final kinetic energies
in the center-of-mass system, the square of the momentum transfer, and the amount that the initial (final)
state is off the energy shell. %'e obtain1, 8t 8t 8t 8t 8t 8t 8t 8t , tM„,=-— --,'q —+mfI—+P, A + ~q —-mq —+P A -A —,'fi —+mq —-P'

m ' '8v 8u '8S ' ' '8v 8u 28' ' ' ' f 8v 8u '8Z

8t 8t , 8t- A - -', ll —-m q—- P + O(K) .f 8v 8u 8+f
Here q, = —,'(P, —P, ), fiz ——~(P,' —P,'), q=qz —q, , and the derivatives of the t functions are evaluated at v
= (q,

' y q ')/2m, u = q', and A,. = z~ = 0. The external scattering amplitude can similarly be written in the
following way':

P~I q~ K Bt Bt P~ Q~ K Bt Bt P~ Q; K Bt BtMe=, Ai t+ —+q K—+, A~ t — ~ ——Q ~ K—— t — ' —+q K—A,P", g ' 2' 8 v 8u P'„K„2' 8 v 8u I',„K„2m 8 v Bu

P~ Q, K Bt Bt 1 ~ ~
g 8t 1 8tt+ ' —-q K—A + —(P'A +P'A ', + — (P A +P A )+O(K).2 1 1 2 2 8g ~ 8g 1 1 2 2

2V p f

Thus, adding M~ and M~„we find the total ampli-
tude M depends only on the on-shell t matrix and
its on-shell derivatives, with the off-shell deriva-
tives precisely canceling out. With the inclusion
of contributions from exchange currents corre-
sponding to V@~ defined by Eq. (7), we verify that
the low-energy theorem holds. Nucleon spin has
not been included in our discussion, but can be in-
cluded in the same way as in previous derivations. '

It is of interest to compare our results with the
result recently found by Qhtsubo, Fujita, and Ta-
keda. ' These authors obtain the two-body exchange

Z S'(r) = te[QA Jr, 5-(r —r,.), V„. (r, —r, )] . (20)

This is the exchange current obtained by the usual
Siegert theorem. " From the point of view of this
paper, the exchange current will be related to the
internal scattering amplitude M, . Using Eqs. (17a)

current from the low-energy theorem as derived
from field theory' "rather than potential theory.
They show that in the static limit the exchange cur-
rent can be written in terms of the static nuclear
potential as
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and (15a), and making the Born approximation,
we find

eM~=-t'e( P,', Pa I [+Air, , V„(r,—ra)j I P„Pa&+0(It) .

Translating eM, into an equivalent current we ob-
tain Eq. (20).

In summary, we have shown how one can derive
the electromagnetic Hamiltonian arising from a

general potential which contains the exchange
force and momentum dependence. Using this Ham-
iltonian, we have derived the low-energy theorem
and the exchange current to order E . The ex-
change current is essential for conserving cur-
rent. It will be important when there is a Tg ~ T2

term in the potential, as in the one-pion-exchange
potential.
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The method of P-y-y and y-y-y angular correlation is used to determine the sign of 6 (the
amplitude mixing ratio in y-ray transitions independent of phase conventions).

If the uncertainty in the description of the sign
of 0 (=(fIII, '~illf &/&f IIziwi III &)

' the amp»tnde mix-
ing ratio of y transitions, could be eliminated, then
it could be compared with theory. The sign of 6 de-
pends on whether 6 is determined by the first or
the second y ray of the y-y cascade as reported by

Ofer' for the first time and this has been confirmed
in many cases. ' There are many cascades of three

y rays and if the middle y ray is a dipole-quadru-
pole mixture, the opposite sign of 6 is obtained by

doing angular-correlation studies of the first and

second y rays as compared with angular-correla-


