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for the 12 runs on the g.s.-4.4-MeV separation is
then 1.5 keV and for the 8 runs on the g.s.-V.6-
MeV separation is 2.5 keV.

In conclusion, the result of the present measure-
ment of the excitation energy of the second excited
state of "C is in excellent agreement with two oth-
er recent measurements where other techniques

have been employed. The excitation energy so de-
termined reduces the theoretical reaction rate of
stellar helium burning by a factor of =3. The en-
ergy of the first excited state of "C as determined
by the present charged-particle technique differs
from the best y-ray measurements by slightly
more than the combined uncertainties.

)Work supported by the National Science Foundation
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Expressions are developed for the virtual photon spectrum and for the bremsstrahlung
cross section, using the distorted-wave method for relativistic electrons in a Coulomb field.
Evaluation of the matrix elements is made in terms of generalized hypergeometric functions,
and some numerical results are given for electrons of energy 10 and 100 MeV. Significant
enhancement of the virtual radiation spectrum is found to result from the use of distorted
waves as opposed to plane waves. Calculations of the contributions of E1, M1, E2, and E3
radiation to the bremsstrahlung cross section, d 0/dvdQ, are also made; enhancement, simi-
lar to that observed with the virtual spectrum, is found in this case also.

I. INTRODUCTION

Inelastic scattering of high-energy electrons has
been the subject of extensive analysis in the plane-
wave Born approximation (for a comprehensive re-
view see Ref. 1). Although this treatment enjoys
a most attractive feature, namely, the mathemat-
ical simplicity of its results, it is known that
plane-wave analysis introduces considerable error
when used for scattering from nuclei with large
atomic numbers, at least in the calculation of angu-
lar distributions. 2 For such nuclei a distorted-
wave treatment, using Dirac-Coulomb wave func-

tions for the basis states of the electron, is more
effective. Such a calculation can be a laborious
task, the chief difficulty being the evaluation of
the radial part of the electron matrix element,
which requires extensive numerical integration.
In some circumstances, particularly for high-
angular-momentum components, the electron
wave function has no appreciable amplitude in the
region near the origin, which is occupied by the
nucleus. It is then a reasonable approximation to
suppose that the electron is moving in the field of
a point charge, which opens up the possibility of
expressing the matrix elements in some analytic
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form. A closed form for the radial integrals was
first obtained for the case where the perturbation
is an instantaneous Coulomb interaction. ' Later
results' have taken into account retardation ex-
plicitly, but in order to achieve a simple form,
the electron mass was neglected; this is a com-
mon approximation in high-energy electron scat-
tering calculations, and introduces only small
errors in the differential cross section. Here,
however, we will consider processes for which
the amplitude, at least in the plane-wave Born
approximation, ' is logarithmically divergent in the
limit m, -0. Since the reason for this seems to be
the loss of vital kinematical restrictions placed on
the system by the finite electron mass, we antici-
pate that it will be necessary to retain a nonvanish-
ing electron mass in the distorted-wave calculation
also. Accordingly, we have developed expressions
for the radial integrals with none of the former re-
strictions', these results are presented in the
Appendix.

We use these expressions to consider two cal-
culations which are closely related. The first is
the cross section for electron-nucleus excitation
integrated over all electron scattering angles;
this is the subject of Sec. II. By relating this
process to the cross section for the corresponding
photoexcitation cross section (o ), a virtual radia-
tion spectrum' ' can be synthesized; that is, the
total inelastic electron scattering cross section
(a,) is expressed in a form similar to the yield in
photoexcitation experiments:

In Eq. (I), &u is the energy transfered to the nu-

cleus, E is the incident electron energy, and
N(E, &u) is a spectral function, called the virtual
photon spectrum. One can study the photoabsorp-
tion cross section experimentally by means of in-
elastic electron scattering, in the same way as is
done with an ordinary source of y rays (usually
bremsstrahlung). Since this involves measuring
o,(E) for a sequence of values of E and unfolding'
the integral in Eq. (I), a detailed knowledge of the
function N(E, ~) is important. The theoretical
evaluation of this spectrum is particularly criti-
cal in the case of virtual photons, since, unlike a
spectrum of reaI radiation, it is not directly mea-
surable.

The second process we consider in Sec. III; this
is the energy loss by real radiation (bremsstrah-
lung) for electrons scattering from a nucleus
which is not excited in the process. The object is
to calculate the cross section, differential in the
electron scattering angle and energy loss, which
accounts for much of the background in electron

scattering experiments. In the distorted-wave
method, the cross section develops naturally in
the form of a sum of contributions from different
orders of multipole radiation. The possibility that
such a calculation could be carried out in practice
has received comment from Bethe and Maximon, "
who concluded that it is "virtually impossible. "
Thus forewarned, we have restricted our numeri-
cal results to the contribution of the first electric
multipoles, the magnetic terms being found to be
negligible in the range considered. Whereas it is
certainly necessary to calculate many multipole
contributions to attain convergence under all condi-
tions, we do not consider that a full calculation by
this method is necessarily impossible.

The use of distorted waves enables one to adopt
an especially simple point of view in which the two

processes, real and virtual radiation, appear as
complementary. Consider the Green function for
the propagation of a photon of energy co, written
as a multipole decomposition; the vector part (for
which the Green function is a dyadic} is

G(r, r', &u) = 4wie g j ~ (mr&)
L, Af,

L'=L, L& y

The photon originates at the electron and propa-
gates either inward, to be detected at the origin
by causing a nuclear transition (virtual radiation},
or outward, to be detected at infinity (real radia-
tion). The electron coordinate is therefore identi-
fied with r) (the greater of r and r') in the first
case and with r& (the lesser of r and r') in the
second case. Since the radial functions are simp-
ly related,

j~(err) = Reh~ (~r),

the electron matrix elements are also related,
and the major difference lies in the method of de-
tection. The nucleus will select, at a given ener-
gy, only a few (often only one or two) multipole
components from the radiation field —those which
excite allowed transitions. The virtual radiation
spectrum is thus most usefully presented in a
form decomposed into separate multipole contri-
butions. The spectrum of real radiation can also
be written in this manner, but no practical detec-
tor selects such states on the basis of angular mo-
mentum; instead the linear momentum of the emit-
ted photon may be detected, or, as we shall assume
in this paper, no observation of the photon is made
at all. In either case a sum over all multipole con-
tributions must be performed to produce a quanti-
ty which corresponds to a physical measurement.
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II. VIRTUAL RADIATION

At the conclusion of the previous section we

made the assumption that, in virtual radiation,
the photon always originates at a point farther
from the origin than its point of detection; this
denies any significant effect from the electron
wave function's penetration of the target nucleus.
Such an approximation would be intolerable if the
angular distribution of the scattered electrons
were to be considered, but the integrated cross
section derives almost entirely from the first
peak of the angular distribution, and, consequent-
ly, is far less sensitive to the finite extent of the
nucleus.

Once the no-penetration approximation has been
accepted, the nuclear matrix elements entering
the problem are just those which arise in the ab-
sorption of real radiation. Let

~
1} and ~2) denote

the initial and final nuclear states (we consistent-
ly use the labels 1 and 2 to distinguish quantities
in the initial and final states}, and let J„be the
nuclear current operator, then write

A( ')=fd'ra(r', r) J„( ),

is transformed to the least-singular gauge A in
which

no divergences occur. " The electromagnetic in-
teraction then contains, for a 2~-pole electric
transition, a vector component in which L'= L —1,
and a scalar part. The interaction Hamiltonian
perturbing the electron is then specifically

2L+1JJ(EL)=4 QJJ' „( )fd'

ah',",(~r)],(r) Y. . .(r)

For a magnetic transition there is only the vector
part with L'= L, and this is unchanged by the
gauge transformation:

I(';, '
( ) fd'r(((J, ( )(J=) d, ( )

and

In Eqs. (3) and (4) NJ „and Mz, „are the trans-
verse electric and magnetic Hansen solutions, "
respectively:

(3)

(4)

(8)
Equations (7) and (8) require the electron charge
density p, and current density j, decomposed into
spherical harmonics. If we consider a transition
between electron angular momentum eigenstates
( K, p, ,) and

~ K, p,), the matrix elements required,
when expressed in terms of the wave function
given in the Appendix, are

L+ 1 1/2

Nz, dd((dr) = j~,(ar)Yz, I,(r)

MJ „((dr) =j ~((d)r)Y~ ~(r) . (6)

Difficulties arise with the electron matrix ele-
ments in proceeding to the limit of no penetration,
because the region of integration then includes the
origin where the j=-,' angular momentum solutions
are mildly divergent (a peculiarity of the solutions
of the Dirac equation in a Coulomb field —see
Appendix}. Divergences in the electron matrix
elements can be removed by a technique used in
the calculation of internal-conversion coeffi-
cients. ""For a given value of L, the radial func-
tion h", ((dr), appearing in Eq. (1), which diverges
most strongly at the origin will have L'=L+1.
The component L'=L+1 can be removed, how-
ever, by a gauge transformation. If the vector po-
tential evaluated at the position of the electron r',

Using the forms given for g(„' in Eq. (A3), and sub-
stituting in Eqs. (7) and (8), the angular integra-
tion over dQ„can be performed explicitly, render-
ing H(AL} in the common form

H(AI ) = 41U(d)+8lfg JJS()()IJ Jd(KJJ p JJ K2J p2)RJ (KJJ K~) .

(9}
In Eq. (9), (). is a label which may be E or M for

electric or magnetic, S(X) is a projection operator
which retains only those terms satisfying the selec-
tion rule that l, +12+L must be an even integer for
electric transitions and an odd integer for magnet-
ic transitions, I~ „is a factor which comes from
the angular integral

~J.. JJ( Jr P Jr «2r P2}

+1/2 2g1+ 1
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and R is the remaining radial integral over the

electron wave functions:

R } „L, ,}=( Hd
L, +1

x iz'I", (cur)(f, g„—g, f, )

- h'"(~r)(f. f. +g. g. ), (11)

(g)g q Kl+ K
}& & 2} [L(L+ I)]1/2

xh"'(~r)(f. g. +g. f. ). (12)

By expanding the spherical Hankel function in the
finite series

L+ I
)= — ~~ { } 2-

M I'(n)I'(L+ 2 —n)
n=1

and using the explicit expressions for f„and g„
given in the Appendix, the integrals in Eqs. (11)
and (12) are reduced to sums of the basic integral

I(l, m, n) = drr&i'}'2 "e "}F,(y}+ l —1+ i}i};2y, + 1; 2ip, r),F,(y, +2 —m —iq, ; 2y, + 1;-2ip,r},
0

(13)

where A=i(p, —p, —~). The series solution to the integral of Eq. (13) is given in the Appendix. The ex-
pression for the radial integral R' ' in terms of I(l, m, n) is given below:

L+ l

R («» L, », ) = U» g { } { }
i" (2u) "[A '((» (2}a,*a2*I(1,1,n) +A }{-(»-)2)a,a2I(2, 2, n)

n=l

sA '($» -$2)a,*a,l(1, 2, n) sA' }(-$„$,)a,a,*I(2, 1,n)].
(14)

The upper sign in Eq. (14}is for electric transitions and the lower sign for magnetic transitions. The sub-
sidiary quantities used in the equation are

(2p, P}(2p,)"e"""""11'(y,+ iri, )1'(y, + in, ) 1

p, p, I'(2y, + l)I'(2y2 + 1)

a, =(y+iri, )e", . ],. =(E, -m, )/p„,

(~} L '"I {«,—»,)(t, +(,) L —n+1
11 2 L+1 (

} 2 2 1 L L+n 1 }
1

We now have all expressions in Eq. (9) in calcu-
lable form, and the final step is to find the cross
section.

Suppose that the nucleus undergoes a transition
from the ground state to one of a set of final states
distinguished by some set of quantum numbers

(q, 'I, and the density of such states at excitation
energy &u is p„(u, [q,.j). The contribution to the
cross section for photoexcitation by transitions of
multipole character (l}.L} is

(15)

where P is the reduced transition probability de-
fined by

l+
1

Since the matrix element for electron-nucleus ex-

citation [Eq. (9)] also contains the factor %'~ '„, it
is clear that the combination of factors found in
Eq. (15) will also occur in the electron cross sec-
tion for the corresponding process, which thus
takes the form

a,(E,) = —[Qo' }(L,}d)N }(E,(u)].
0 ),L

(16)

A simpler form of Eq. (16), given in Eq. (1),
applies when only one multipole order (usually
electric dipole} contributes significantly to the
cross section. Otherwise it is necessary to take
into account the fact that virtual radiation differs
from a beam of real radiation, not only in the en-
ergy distribution, but also in having a different
mixture of multipole orders. Explicit evaluation
of the electron cross section is routi. ne, and the
details are not given here; the expression found
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for light ) is

a ~P (E, +m, )(E, +m, )ru'

x Q S(X)(2j,+1)(2j,+1)
K ~K2

x ~C(j„j„L;--,', —,')R (v„L, e,)[',
(17}

N ~'(E (u) = limN„~'(E„u)).1t
n

n (18)

An example of the behavior of N„as n increases
is shown in Fig. 1; also shown is the same func-
tion when the mass of the electron is set equal to
zero. Notice that the contributions from small
angular momenta are not significantly changed by
the approximation of a massless electron (which
may explain why the approximation is acceptable
for angular distributions), but that ultimately the
series diverges like a harmonic series, unless
the finite mass of the electron is included. To
find the limit of the sequence (18) we use a stan-

where it is understood that E2 =E, —co, p,. is the
electron momentum corresponding to energy E„
and n is the fine-structure constant.

In numerical calculations it is first necessary
to investigate the convergence of the infinite sum
over electron partial waves in Eq. (17). When one
of the two quantum numbers ~ is fixed (say «,),
the sum over the other is restricted to (2L+ 1)
terms by the selection rules; expression (17) is
therefore an unrestricted sum over one variable
only. Suppose we restrict the sum to values of
1~, ~

~ n and call the partial sum thus obtained N„,
so that Eq. (17) is formally rewritten

dard numerical technique (the epsilon algorithm, "
incorporated in the IBM scientific subroutine TEAS)
so that the error in N is nominally less than 0.1$&.

Since we are able, at the expense of computer
time, to calculate indefinitely many terms in the
sequence, this procedure has been verified in a
few specific instances.

Since we are primarily interested in the effect
on the function N "~ of including distortion of the
electron wave functions, we have concentrated on
the calculation of N(XL) as a function of &u for dif-
ferent values of the target charge Z, in compari-
son with the plane-wave Born approximation. ' The
latter result is actually independent of Z, and
should be obtainable from the present formulation
by taking the limit of no distortion, Z-0. We can-
not set: Z =0 precisely, because expression (14) be-
comes indeterminate; however, for Z= I, the re-
sult of the present calculation lies within 1.5% of
the plane-wave result (which is interesting pri-
marily as a check of our calculation}. We then con-
sider the effect of setting Z= 50, and Z = 92 (this
number is chosen, since the results could be of
value in the study of uranium photofission). The
results for the three multipole orders El, Ml,
and E2 are shown in Figs. (2)-(4); the initial elec-
tron energy chosen is E,= 10 MeV, and the photon
energy ~ ranges from I to 9 MeV. In every case
the effect of the distortion is an enhancement of
the spectrum, but the degree of enhancement de-
pends in a complicated manner on the photon ener-
gy and multipolarity. In comparing hydrogen as a
target with uranium, the El spectrum is increased
100%%u() for large values of ~ but hardly at all for
small values. By contrast, the MI spectrum is
boosted by a factor 20 over a large range of co.

O.OI 4- Ei = 10 Mev
me =O

O. OI 2-

O.OI 0-
3
& 0.00e-

Lal

0.006-

0.004-

0.002-

0 a s i g t a a l g s s i » s

0 5 10 l5 20 25 30 35

n~
FIG. 1. Convergence of the partial-wave sum N„[Eq. {18)]for E1 virtual radiation with E& ——10 MeV, cu = 5 MeV, shown

as a discrete function of n. Note that convergence is not obtained with a vanishing electron mass (upper staircase); the
limit shown for the lower staircase was obtained using the limit projection method TEAS.
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FIG. 2. Virtual photon spectrum for E1 radiation from
a 10-MeV electron scattering from a nucleus of charge
Z. The curves for Z =1 and the plane-wave (P.%.) anal-
ysis are indistinguishable.

FIG. 3. Virtual photon spectrum for M1 radiation.
Conditions are the same as for Fig. 2.

We can find no simple way of summarizing these
results, and it is not easy to predict the effect of
the changed spectrum on the unfolding procedure
whereby o„ is obtained from the function o,(E).
We feel, however, that we are justified in saying
that the distortion cannot be ignored.

IO

III. BREMSSTRAHLUNG CROSS SECTION

In this section we consider the process in which
energy loss of the electron is due to bremsstrah-
lung and not nuclear excitation. The cross section
is evaluated as a function of the scattering angle,
the initial and final electron energies, and the
target charge. It is convenient to treat the field
for real radiation in the solenoidal gauge, for
which

V A=O, and /=0,
and hence expand the vector potential in terms of
the transverse Hansen solutions:

I /2g(, )= Q (
' [,'(EL, ,M, )N; „( )

4J

CIi
ial

IO

IO-2

IO' [ [ [ t [ I I I [

0 I 2 3 4 5 6 7 8 9
(u {MeV)

L, Af, ur

+ n (M1, ,M, &u)M~ „(&ur)+H.c.]. (19)
FIG. 4. Virtual photon spectrum for E2 radiation.

Conditions are the same as for Fig. 2.
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In Eq. (19), a (AL, M, (2)) is the creation operator
for a photon with multipole character AL, projec-
tion I, and energy (d; R is the radius of the sphere
of normalization. The amplitude for emission of
one photon with quantum numbers ~L, M, v is thus

B(1L,M, ) f=d-B;''"(P )„

x(0)a(~L, M, &u)j, A) 0}g2')(p„r),

(20)

where ) 0} denotes the photon vacuum, and 4,'2 de-
note the initial and final electron wave functions.

Since the experimental situation envisaged is
one in which the angular distribution and energies
of the scattered electrons are measured, 4", and

4, ' are modified plane waves, i.e. , solutions of
the equation of motion in a Coulomb field which
behave asymptotically as ingoing states [denoted
by (+)J or outgoing states [denoted by (-)] of defi-
nite linear momentum P and spin projection m.
When written in terms of the spherical solutions,

d()d Z (dQd ) (21)

where

EE' 'P+V' g III(u„M, ~)l'
dQdCO 87T pi

After explicit evaluation of the vacuum expectation
value in Eq. (20) and integration over the angular
coordinates, the scattering amplitude may be ex-
pressed in terms of radial integra. ls (il '(K„L, K, ),

these are
1/2

gm(&)r X 4
+~e ~ ~t(hK+ 21' /2)

Kjl

"C(l .j-P™',m)I' ™(P)0".( jd, r),
where V is the normalization volume and the elec-
tron quantum numbers E, p, I~:, l, j, p, , and m

acquire suffixes 1 or 2 to distinguish initial from
final quantities. As long as no observation is
made of the photons produced, the different radia-
tive multipole orders (AL) contribute incoherently
to the cross section, i.e.,

which are given explicitly below:

+ ' ' [err jL,((dr) —Lj i(()r)](Lf„g„+g„f, )

(22)

The contribution of the general multipole to the cross section is then found to be

(
() I )

=[2a( EL+m}(E, m+} j/)P, ) P ) g S(X}ex+i[5„+5,+(l, —l, +2j, +l)v/2] JY, L
"

B(PB)dQd~
m m Af1 1 2

1 2 1 /2

x[(2l, + 1)(2j,+ 1)]' 'C(l, —,'j» 0, m, )C(L, 2j» m, —M m» m,)-
xC(j,j,L; --„,)C(j,Lj, ; -„--M}6t" ( )LK, K,))'. (23)

(24)

The electric multipole contribution is somewhat different, but assumes the general form of Eq. (14):
I.+2

(n (KL, L K2} = Re ULBQ ( ) ( 3 )
i" (2(L)) "[B(t„(~)a,*a2BI(1, 1, n) + B(-$„-$2)a,a2I(2, 1, n)

fan= I

In Eq. (23), S(a) is the projection operator defined in the previous section and 5, is the phase shift (see
Appendix). To calculate the radial integrals of Eqs. (22), we substitute h(i2)((dr) for j L((dr) and take the real
part (all other factors in the integral are real). With this substitution we can again express the radial in-
tegrals in terms of I(l, m, n). The magnetic multipole part is particularly simple, for comparison of Eq.
(12) for R("), and Eq (22} for l.IL("), immediately yields

I(» = Res(") .

where

+ B(t'» -(2)a2*a,I(12 2, n) + B( $» $2)a, a*i(22 1,n)]-
- 1/2

B((„1)=( 2( —1)(L 1)(1 —1 ) ~ ( — ) (L 1) (1 1 ) (25)
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(26)

The expression for the cross section, Eq. (23), reduces to a form comparable to Eq. (17) for virtual
radiation if the integral over the electron angular distribution is performed; then all sums over magnetic
quantum numbers can be carried out explicitly to yield

( 2Q (Ey+sl& E2+m S A. 2j, + 1 2 j2+ 1 C j jj2L; -z, z N
2 K/K2

We have made no numerical calculation of this
expression, since it is unrealistic to determine
it experimentally.

For high-energy electrons, a large number of
multipole orders will contribute to the sum in Eq.
(21). In numerical calculations we examined only
the contributions up to L = 3 in an attempt to de-
cide whether the distorted-wave method could be
in serious disagreement with the plane-wave ap-
proach of Ref. 5. Since the approximation of
plane waves should be best in the limit of high in-
cident energy and a target of low atomic number,
we first examine the case Ey 100 MeV, and Z =1.
For a fixed energy loss (50%), the predicted angu-
lar distribution of scattered electrons is shown in
Fig. 5. Since we calculated only a partial sum,
and since all terms in the sum (21) are positive,
we note that it is consistent that the sum of the
first three electric multipoles is less than plane-
wave result (magnetic multipole contributions are
found to be negligible). Increasing the target
charge to Z = 50, as in Fig. 6, shows that the
terms we have calculated increase more rapidly
than the Z' dependence of the plane-wave Born-

I

approximation result; at backward angles the par-
tial sum actually exceeds plane-wave Born-approxi-
mation result. At a lower energy, E, =10 MeV,
the result for Z=1, Fig. 7, is again compatible
with the plane-wave result, except in the backward
direction. With Z = 50, the plane-wave Born-ap-
proximation result is very obviously too small
(Fig. 6). The error in the plane-wave solution has
been estimated to be of the same order of magni-
tude as in large-angle Coulomb scattering, ' or
about 2n sin-,'6; the present results seem to be in
agreement with this but indicate further that the
correction is always positive, and is energy de-
pendent.

In the results presented thus far the electron
energy loss has been held constant at 50/&, we
now investigate the cross section as a function of
energy loss, holding the scattering angle constant
(in this case 60'). The results are shown in Fig.
9 for the case of little distortion (Z = 1), and Fig.
10 for Z= 50. Again it is noted that the distorted-
wave sum is compatible with the plane-wave result
for low Z, but increases more rapidly than Z',
particularly when the energy loss is small.

(0-52

io '5
20

t

40
I

60
I

80 IOO

e (DEGREEs}

)20
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l40 t60

FIG. 5. Angular distribution for radiative scattering of electrons calculated for incident energy 100 MeV, final energy50 MeV. Energy loss is due to radiation only and not nuclear excitation. Curves labeled E1, E1+E2, etc. , show theeffect of adding contributions to different multipole orders of radiation. Since the target charge Z =1, the plane-wave(P.%V.) result should be a good estimate of the limit obtainable when all orders are included.
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FIG. 6. Angular distribution for electrons calculated for the same condition as Fig. 5, but with Z =50.

In view of the remarks of Sec. I, it would be in-
teresting to establish the behavior of this cross
section in the limit of vanishing electron mass.
The contribution of each multipole order [Eq. (23}]
does not diverge if this approximation is made; in
fact, it results in only a small correction in the
cases discussed here. If the amplitude is indeed
divergent in this limit, we can only suppose that

the sum over all orders [Eq. (21}] would not be
convergent, but we are unable to establish this.

We have considered the possibility of including
transitions of arbitrarily high multipole order.
For a given pair of values of Ky and z„ there is,
of course, only a finite number of values of L,

possible. Moreover, the integrals of the type
f(l, m, n}, needed to calculate all of these contri-
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FIG. 7. Angular distribution for radiative scattering of electrons calculated for incident energy 10 MeV, final energy
5 MeV, and target charge Z = 1. Approximations in the plane-wave (P.W.) calculation may render it inaccurate at large
angles.



REAL AND VIR 7 UAL RADIATION. . . i04i

0-aeIO

40

IO
3'a

Cy

b
CV

IO '8—

20 40 60 BO IOO I20 l40 I60

e {DEGREES}

FIG. 8. Angular distribution for electrons calculated for the same conditions as Fig. 7, but with Z = 50.

butions, are related by recurrence formulas, with
the result that the calculation is not quite as for-
midable as it might appear.

where

0 0)Qt=
Og

0
P 0

APPENDIX

[o. p+ pm + V(r)] g = Ep, (Al }

The Dirac equation is separable in spherical
polar coordinates for any central potential V(x).
We write the time-independent equation in the rep-
resentation"

a L —1 0
0 o L+1 (A2)

which commutes with the Hamiltonian. Two sub-

and o, , i=1, 2, 3 are the Pauli spin matrices, I,
is the 2x2 unit matrix. The angular momentum
eigenstates of the electron are conventionally dis-
tinguished by the eigenvalues (x) of the operator

N
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FIG. 9. Radiative energy loss calculated for electrons
scattered through a fixed angle (8=60'). The incident
energy is 10 MeV and the distortion (Z =1) should be
negligible.

~ (Mev)

FIG. 10. Radiative energy loss calculated as in
Fig. 9 but with Z = 50.
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sidiary quantities j and l are used:

j(K) = IKI-2
and

l(K) =K for w &0,

l(K)=K —1 for K&0.

In the text the dependence of j and 1 on & is gen-
erally not shown explicitly, and must be under-
stood. The solutions of Eq. (Al), which are si-
multaneously eigenfunctions of E, have the form

g„(r) y~

if, ( )r, 2,

where the spin-angle functions are

g", = gc(1 2'j; iL
-—T, r)F", '(r)lt,'„.

( ImxI [(y+iq)e io~- d~-
l Ite

For the Coulomb potential, I/(r) = uZ/-r, the (real)
radial functions f„and g, are given by"

-(E-m, )/p (prP-'»""'IF(y+in)
I

r(2y+ 1)

For i Kl = 1, the functions defined in Eq (.A3) are
not strictly regular at the origin, because the
leading power of r is negative [y —1= --,'(uZ}') .
This divergence is the cause of the problem (see
Sec. II) encountered in the limit of a point nucleus.

The electron charge and current densities de-
fined by

p(r}

j(r) =4.', u0". ,',
may be resolved into multipole components as
follows. Let

~
~

~
j(r) YL L (r)dA„=IL K(K1, +1K2, Q2) j,, L (r),

where

2j, +1= (-1)'1' ' ' C( j,j,L; ,', ,')--—4z

x,F,(y+ 1+ i/I; 2y+ 1; 2ipr)],
Then

C( jlL 221 l 11 $ l 2} '

where
(A3}

PL, ~K, fK~+A"K,gK2

p (E2 m 2)1/2

y = [K' —(uz)'] '",
q =uZE/p,

; ~ K —Euzm /pe" =e '" -v&/&0.
]/ + 2TI

The phase shift of this solution is

5, = —Ar g[I'(y + i/i) + ip —y 1//2 +
l K

l m/2] ~ (A4)

JL, L [L(L + I)] 1/2 frig 2 gK1+K2

, = m [L(2L+ 1)] ' [L(f, g„—g, f, )

+(K —K }(f g +g. f. }]

jL L+, = i[(2L + 1)(L + 1)] '/ [(L + 1)(f g —g„ f, )

+(K, —K,)(f, g, +g„ f, )].

Using the expansion of the spherical Hankel function, as noted in the text, and the expressions (A3) for
the radial functions, the multipole matrix elements readily reduce to sums of integrals of the type

I(l, m, n) = drr&1''/2 "e' ' 2 2'/, F,(y, + I —1+i/l» 2y, +1;2ip, r),F,(y, +2 —m —i/i2; 2y, + I;-2ip, r).
0

(A5)

An integral of this form is formally related to one of Appell's double hypergeometric series";

l drr 'e ",F,(a, ; b, ; k,r),F,(a, ;b, ;k,r}=I'(u)h "F, u, a»a„b„b„~,~
0

(A6)

Unfortunately, the series representation for this function does not converge for the values of the variables
needed in (A5), namely, lal« lk, l &ik, l. By using the techniques of analytic continuation, however, we
find that it is possible to express the integral in terms of three double hypergeometric series which do
conver ge:
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E,(n, a„a,b„b„x,y)

=1' " (-y) Q, n, 1 —b, +a, a„l—a, +u, b, —,—

+I' " " ' '
Q, a„1—b +a„a +a, —n, 1 —a+a, b +a, —~, —b b, n —a, a +a —n :x

ag) Q
& bp —a2& by + a2 —(x

' y'~
1 1+1 " " ' (-x) '&(-y) '2E, a„a„1 —b, +a»1 —b, +a» 1+a,+a, —o. , —,—
x y

(A7)

All series in Eq. (A7) are convergent when
( ~x~ —~y ~ (

&1." The function E, is one of the double series of
order two investigated by Appell:

(a), (b) (c),(d)
Ep(a b c d 8 x y)= Q I ~, xy

(e/) c, .m.
l, m=O

The remaining functions Q, and Q, are double hypergeometrie series Of order three, with no pedigree that
we know of:

(a)„(b)„(c),
Q, (a, b, c, d, e, x, y)= Q (

')' (')', ', x'y
l, m=O

(a) ((b}i(c) (Qa( ab, c, ,de, ,x )y= Q (d} (e) [ [~f x™
l, m=O
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