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Cross sections and polarizations for the (m+, E+) hypernuclear production reaction are newly for-
mulated in the correct full scheme based on both the elementary spin-nonflip f and the spin-flip g
amplitudes, avoiding thus previous approximations and oversimplifications. Importance of this
novel formulation is demonstrated for ' C, ' 0, Si, and ' Fe targets. Particular states indeed ac-
quire both large cross sections and large. polarizations, which has an important bearing on experi-
mental projects.

I. INTRODUCTION

The (m+, K+) reaction has proved to be a powerful
and selective method to produce hypernuclear states with
a surface nucleon hole and a A hyperon in a series of or-
bits [inc}uding even the deepest (Os)A] in light-to-heavy
hypernuclei. ' The characteristics of the (sr+, K+) re-
action are, in this regard, complementary to the in-Aight
(K, sr ) reaction which preferentially excites substitu-
tional states.

The (m. +,K+) reaction has been so far applied to sin-
gles experiments only, while the (K,n)reac. tion was
used for coincidence experiments by measuring the decay
particles (y or weak-decay rr, p and n). "' When applied
to coincidence experiments, a remarkable advantage of
the (m+, K+) process would be its ability to yield large
polarization in the produced hypernucleus, which is, in
turn, very useful in the successive coincidence experi-
ment. The elementary process m. p~K A (and, there-
fore, a+n ~K+A also) is experimentally known to give a
large positive polarization for A hyperon at p —1 GeV/ c
(Ref. 10) which is in the optimal momentum range for A-
hypernuclear production.

The hypernuclear polarization was studied theoretical-
ly for the first time in Refs. 11 and 12, but the actual cal-
culation there was limited to polarization of the orbital
angular momenta, which arises from the absorptions of
the incoming and outgoing meson s in the medium
without any spin-Aip interaction introduced. Recently
the elementary m p —+K A data were reanalyzed' on the
basis of the previous works, ' so that the spin-nonflip f
and spin-Aip g amplitudes became available even in a con-
venient form of tabulated numbers. As expected from
the large elementary polarization, the g amplitudes are
significantly large.

The aim of this paper is first to reformulate the polar-
ization of hypernucleus produced in the (rr+, K+) reac-
tion in terms of all elementary amplitudes (without

neglecting spin-Qip terms g, which leads to nontrivial in-
terference effects in both cross section and polarization),
distorted meson waves and nuclear (hypernuclear) wave
functions. Secondly, the polarizations are calculated for
some interesting targets (' C, ' Q, Si, Fe) and final hy-
pernuclear states. An attractive feature is the kinemati-
cal constraint on the hypernuclear polarization due to the
particular quantum numbers carried by the initial and
final states. Equally interesting is the interplay between
the two sources of the polarization, namely, the f-g in-
terference and the meson absorptions in the medium.

In this exploratory study, we adopt a simple (but
reasonably working) model of A-particle N-hole
configurations, distortions are treated in the eikonal ap-
proximation, no Fermi motion averaging is attempted
and the continuum inAuence is neglected here. These
simplifications are commonly adopted and should not
mask or significantly change the effects, demonstration of
which is aimed at here. Also, the distinction should be
kept in mind between definitions of the A-hyperon polar-
ization in the elementary process and in the many-body
hypernuclear one. In the latter, the A-hyperon polariza-
tion (changed as compared to the elementary process) is
superimposed on that of the nuclear core and a genuine
hypernuclear effect results.

Section II is devoted to the presentation of general ex-
pressions for the cross section and polarization. In Sec.
III, the calculated results are shown and discussed. Con-
cluding remarks are given in Sec. IV.

II. CROSS SECTIONS AND POLARIZATION

We consider a (n.+,K+ ) reaction on a nuclear target,

m++ "Z (J; )~K++~Z (JI),
with J; and J& denoting the spins of the target nucleus
and the final hypernucleus, respectively. The differential
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do (2~)'pxE Ex EH
(Bt,b)=y

d Ql b p [px(EH +EK ) p EKCOSBhb]

y= —', 389.4 [pb/sr (GeV/c) ], (2)

cross section in the laboratory (lab. ) frame is expressed as where 0&,b is the laboratory angle for the K+ meson, and
p's and E's are momenta and energies in the A-body (nu-
clear target) laboratory frame, respectively. (EH is that
for the hypernucleus AZ. ) The factor y should be there
when the unit GeV/c is used for momenta and the ampli-
tudes given in Ref. 13 are employed. The squared lab.
T-matrix element averaged over angular momentum pro-
jections,

~ T,'f ~, is given in the "frozen-nucleon" approxi-
mation by

TIf'b ~'= y R (if:,Mf ),
M~

A 2

R(if Mf)= g (JfMf ~ f d ry' '(px, r)*g'+'(P;r) g U (k)5(r —rk) k[f +ig(okn)]~JM;)
i k=1

t

(3)

(4)

where g denotes the meson distorted wave and U is an operator converting a neutron into a A hyperon. An abbrevia-
tion [J]=2J+1 is used throughout. The factor k accounts for the lab. -c.m. transformation in the two-body (nucleon-
target) frame and is given by

2(e +eiv)+(mA+miv)+Ex+E„+A+ m A 'Eiv +miv E~+m~

where e's are the energies in the two-body c.m. frame,
and p's and E's represent, differently from those explicit
in Eqs. (3) and (4), the momenta and energies in the two-
body lab. frame. The c.m. amplitudes f (spin-nonflip)
and g (spin-flip) are functions of the incident m momen-
tum and the angle of the outgoing K+, and are given in
Ref. 13 in numerical form. n is a unit vector perpendicu-
lar to the reaction plane. Very small kinematical mixing
of f and g amplitudes, when going to the A-body frame,
is discussed elsewhere and it is neglected here.

In the following we use two different orthogonal frames
called S, and S2.

[Sij: zi=q, yi=[P.XPK]/~P Xpx~=n

= g &4m.[k]i"jk (p„,p~, B;r) Yk (r) .
km

(10)

In the limit of plane waves, y*y tends to e' " and j& to
Jk(&r)5 p in the S, frame. Since evaluation of jk is
easier in the S, frame, we make transformation from
[Sz j to [S, j in the course of kinematical reduction of
Eq. (4). The transformation is

The polarization measures the extent of population asym-
metry with respect to the reaction plane. Note that the
B~,b dependences are implicit in P (if;Mf ) and P(if ).

The product of the meson distorted waves is expanded
in partial waves:

X (p 'r) X (p 'r)

IS2 j: z2 ——n, y2 q, x,=y, X——z, . (7)

R (if;Mf )
P(if;Mf )= in IS2j,R I

& ff
where M& is quantized perpendicularly to the reaction
plane. Physical meaning of P(if;Mf ) is lucid. In terms
of this magnetic subspace population P(if;Mf ), the po-
larization of the hypernuclear state

~ Jf ) is defined as

P(lf ) g MfP(lf Mf )/Jf
M~

(9)

Here we define the magnetic subspace population
P(if;Mf ) in the Sz frame by using R (if;Mf ) of Eq. (4)

770 2'2'2 (12)

Equation (4) for R (if,Mf ) consists of three terms:

R('f M )=A, [/f/ pf ( fMf)+/g/ p ( f M ')

+2Im[fg*p (if;Mf )] j .

The explicit expressions of these three "reduced effective
numbers" p(if;Mf) are given in the Appendix. Corre-

spondingly,
~

T',f ~
of Eq. (3) is also expressed as a sum of
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three contributions:

IT'I'I'=~'Ilfl'N (if)+ Igl'N"(if)

+2 Im[fg *Nag(if)]I, (14)

number" which has been used often.
In a special case where the target nucleus has spin zero

(J;=0) and the produced hypernuclear state is character-
ized by a particle-hole configuration

N(if)= gp(if;Mt) .
M~

(15)

The X's here are generalizations of the "eft'ective neutron
I

[N 'A]J—:[(nNtN JN ) '(~AtAj A )]J

the expressions of p(if;M&) are further reduced:

p (lN 'A]J,'M)=[jA][jN](jA ,'jN ,'—IJO—)'&—(—) (JMJ MIK—O)B~~~ (tA+tN+ J=even),
K

g ( —) '(Jm, J —m, lKq)i'"d(K q)8(Jm )g(Jm )*
m

) m2

p ([N 'A]J,'M) = —6[tA][tN][jA][j N][J] g ( —) (JMJ MIK0—)Bp,

(17)

(18)

BP= & ( ) (J mJmIKO) & & (JmJ mlpo)(ki mkzmlpo)
krak~ pp

X (k 1 mkz m lp'0) W'( JJk, kz, p 1) tN —' jN tN —' jN

k] 1 J k~ 1 J
xQ[k, ][k,]( —)

' 'i ' '(t ot, olk, o)(t„ot,olk, o)

( ) (ki m i kz mz lp q)' d (p q)/21(k
1
m

1 )8(kzmz )

m)m~

p '([N 'A];M)=v'6[t l[t ][j ]Ij ][J](—)
' '(j —,'j —

—,'IJ0)

(19)

x(t„ot,olJo) t —,
' j„g(—

) (JMJ MIKO)B&~'—,

J 1 J
Bp= g( —

) +J'&[p](poloIKO)W(JJKI;pJ) g ( —
) '(Jmi J—mzlpq)i'"d(p, q)~(Jmi)~(Jmz)*

m&m2

where P(km) is the radial matrix element defined by

8(km) = (P„,&...(&)l jlq~(p~ px- ~)', &)I l&„„1„,(&) )s,

8(k —m)=( —) 8(km) .

(21)

(22)

(23)

As can be seen in Eqs. (16), (18), and (20), Bz „,„con-
tribute to the effective neutron number Eq. (15) (hence, to
the cross section) but not to the polarization Eq. (9),
while BK=,dd only to the polarization.

III. RESULTS AND DISCUSSION

It may be instructive to consider first the no-distortion
[plane-wave (PW)] limit where d"(km)=d(ko)5 0. Then
it is readily seen in Eqs. (17), (19), and (21) that BP=,dd,
Bg~=,dd and BP „,„vanish. This is as expected because
without meson-distortion-originated polarization only
fg* combination contributes to the polarization. In this
connection, the polarization in the elementary

n ~AK reaction is given by

2 Im[fg*]
lfl'+ lgl'

For some typical [N 'A]J states we obtain

ppw(1 —1 ] )

—4 Im[fg *]
LP3/2N 1/2A J= i 4lfl

pw —1 2 Im[fg ]
( [P 1/2N 1/2A ]1= 1 Ifi +lg

—6 Im[fg*]
4lfl'+3lgl' '

@pw(, -1,
)

6Iml:fg*]
IP1/2NP3/2A ]J=2+.

(25)

(26)

(27)
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It is noticed that P =0 holds for all substitutional
[(lj) '(lj)]J configurations and for all unnatural parity
states (namely, for all other than the above four). Note
also that P is independent of the nuclear matrix ele-
ment 8 of Eq. (22) and only depends on the f and g am-
plitudes in the manner pertinent to the kinematical
specification of the state.

In Table I, we illustrate the angular dependence of the
polarization P in the (sr+, K+) reaction at p =1.04
GeV/c. Rejecting the large P~" values in the elementa-
ry process, the polarizations in the four states shown
exceed 50% already at 0]»= 15'—20'.

To see explicitly the interplay of the two diff'erent ori-
gins of polarization (spin versus orbital angular momen-
tum, or, f ginterfe-rence versus meson absorption), we
give algebraic expressions for the polarizations

P( [p 3/2XS 1/ZA ] —)

1.0

D

fg
~ o

O
CL

PW

P([p &/~zan&/zw]J

which are pertinent to the ground states of & C and z 0,
respectively, produced in the (zr+, K ) reaction

-1.0
0 5 10 15 20 25

el {deg)

LPjN 1/2AiJ=1 PPwPA (29)

where P are given in Eq. (25) for j=
—,
' and in Eq. (26)

for j=
—,', and P" is defined by

—2i/21m[+(0)" cP( 1 ) ]
I+«) I'+2la(»I'

which is independent of j. Here d'(m) is 8(lm) of Eq.
(22).

The physical origin of P lies in the meson absorption
or, more precisely, diff'erence of the net absorption be-
tween near-side and far-side passing mesons. En fact, Eq.
(30) was already obtained in Ref. 11. Figure 1 shows the
calculated P against 9&,b. (P shown is that for ~C, but
it changes for AO only slightly. ) P" is negative except at
very small angles. This can be understood in terms of the
fact that near-side going mesons, which transfer an angu-
lar momentum to the —n direction, are less absorbed
than the others, and consequently the component with
M(0 is more populated than that with M )0. The

FIG. 1. Polarizations in the [p,~z&s~/z~], state of AC
and the [p, ~zzs, /zA] state of ~O produced in the (zr+, K+)
reaction at p =1.04 GeV/c. The labels P%', A, and FULL
denote, respectively, the plane-wave (no distortion) limit P of
Eqs. (25) and (26), the absorption-originated (distorted wave) P
of Eq. (30), and the full polarization of Eq. (29).

slightly positive values of P at small O„b are due to the
fact that absorption of the incoming m+ is stronger than
that of the outgoing K+."' The latter mechanism is
also effective to make P" small up to 6)„„-15'through
destructive interference in the near-side —far-side eff'ect
mentioned above. Anyway, the above two examples con-
trast the different origins which additively (destructively)
work to make the polarization larger (smaller).

In obtaining the w+ and K+ distorted waves, we have
employed the eikonal approximation together with the
absorptive potentials given in terms of the empirical aver-
aged zr+N and K+N reaction cross sections. (For exam-
ple, o. +&=41 mb and oz+&=14 mb at p„=104

TABLE I. The calculated polarization P (L9„b) in the plane-wave (no distortion) limit for the
(zr+, X+) reaction at p =1.04 GeV/c. The four configurations [X 'A]J are labeled by the corre-
sponding equation numbers (2S)—(28 ). [(GeV/c) ]: (2S ) = [p 3/zs] /z ], (26)= [p, ~'zs, /z ]
(27) =[pz/ui/z], + (2g)=[p ~/u3/z 1,+.

lab Igl' Im[fg ] pelem

0
50

10
15
20
25
30

1.063
1.028
0.932
0.794
0.640
0.493
0.370

0
0.033
0.116
0.214
0.299
0.352
0.365

0
0.169
0.301
0.378
0.402
0.386
0.344

0
0.31
0.57
0.75
0.86
0.91
0.93

0
—0.16
—0.31
—0.45
—0.56
—0.66
—0.75

0
0.31
0.57
0.75
0.86
0.91
0.93

0
—0.23
—0.44
—0.60
—0.70
—0.77
—0.80

0
0.23
0.44
0.60
0.70
0.77
0.80
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GeV/c. ) The A and nucleon single-particle wave func-
tions have been obtained by solving Skyrme Hartree-
Fock (HF) equation with SIII N% (Ref. 14) and Rayet
No. 13 AX (Ref. 15) interactions.

The calculated cross sections and polarizations are
displayed in Fig. 2 for ' C (m+, K+)A C and in Fig. 3 for

Si(n+, E+ )z Si, where only configurations with the least
bound neutron hole are shown.

Concerning ~C of Fig. 2, the unnatural parity states
(2,3+) grow up to —1 pb/sr at Ht»=10 —15', where
the natural parity states (1,2+) already fall down to
around 5 pb/sr. This non-negligible appearance of the
unnatural parity states rejects the importance and mag-
nitude of the spin-Hip amplitude g relative to the spin-
nonfhp amplitude f at momentum p = 1.04 GeV/c.
Note that the obtained cross sections reasonably agree
with the experiment ' which shows two peaks corre-
sponding to the [p 3/2+s ] /2A ] and [p 3/2+p A ]
configurations. The polarizations of the
[p3/2~ f/2p]~, — and [p3/2+p]/2A] states are nega-—

2

tive and as large as 50% at 8&,b=10 —15' where the cross
sections are still appreciable. The polarizations of the un-
natural parity states are generally very small.

In Fig. 3, only natural parity states of & Si are shown,
divided into three blocks corresponding to three major A
shells (actually three observed peaks ). Again very large
polarizations are predicted. The [d~zzzl, ]1 states

~ &h max

acquire both large cross section and large polarization. A

20-
L
M
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bC

C(7l, K ) C p =1.04 GeV/c

/
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jI
/I
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FIT&. 2. The calculated cross sections and polarizations for
the states of AC, [p3/'2~$//pA]~

~

—
~
— [p3/2+p3/QA]J o+~+~+3+,

I I

and [p3/QJ4p]/2p] + + produced in the (rr+, K ) reaction atJ=[ 2

p = 1.04 CieV/c.
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FIG. 3. The calculated cross sections and polarizations for the natural parity states of h Si with a (d5/2) neutron hole and a
(s ] /2 p 3/2 f /2 d5 /2 3 /p ) A particle produced in the ( ~+,E ) reaction at p = 1 .04 GeV /c. The J

&
and J2 stand for j, A and j A, re-

spectively.
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nice feature is that polarizations of the states belonging to
the same block are all of the same sign. This keeps polar-
ization significant, even when those states cannot be
separated in energy as is the case with the present experi-
mental resolution.

Among unnatural parity states, the [ds/z~p3/p~]
and [d 5/zzd~/2~] + states are the only two that attain

the cross sections as large as —1 pb/sr at O~,b=10' —l5,
while their polarizations are very small (just less than
2%).

Figure 4 displays another example: ~Fe, where the
[f7/'2+lj ]1 and [f7/2+1, ]I states are grouped into

the left and right halves, respectively, and only those with
natural parity J „are shown. Comparing the left- and
right-hand figures, we see a clear difference in the behav-
ior of d cr /d Q„b and 8 of these two combinations. For a
serie»f ~t~t~~ with A i»J/2 pj/p d3/2 and f, /2, the
cross sections increase in this order, while the polariza-
tions are all comparably large. Qn the other hand, anoth-
er series of states with A in p3/2 d5/2 and f7/2 shows
nonuniform behavior. Here again the selectivity of the
(m+, K+ ) reaction, which preferentially populates the
former type of states, is compatible with production of
significant polarization.

Figures 5 and 6 show the dependence of the cross sec-
tion and polarization on the incident pion momentum p
for the elementary process m. + n ~AK+ and the

A C( [p 3/pp s, /p~ ] —) state production, respectively.

There, a wide range of the momentum p is considered,

since the elementary cross section, which has a prom-
inent peak at p„=1.04 GeV/c, starts to rise again at
p —1.8 GeV/c, as seen in Fig. 5.

By comparing the upper halves of Figs. 5 and 6, one
can see that the hypernuclear production cross sections
at very forward angles (8&,b-0') are relatively enhanced
with increasing incident momentum p . [The 8&,b=0
cross-section ratio

de dO

dQ (p = 1.04 GeV/c) (p„=2.4 GeV/c)
dQ

is —1.5 in the elementary process, while -0.5 in the hy-
pernuclear production. ] This is due to smaller transfer
momenta and therefore larger sticking probabilities with
increasing p„. On the other hand, the hypernuclear pro-
duction cross section at higher p drops very fast with

the angle 0&,b, because large momenta even at small

scattering angles yield sizable transfer momenta.
Suppose more than 50% polarization is needed, one

has to go, with p &1.3 GeV/c beams, up to 8&,b-15',
where the cross section is less than 3 p,b/sr. If beams
with p =1.3 —1.6 GeV/c are used, 8„b=10 is enough
for 50% polarization but again with the cross section less
than 3 pb/sr. A choice of p =1.6—1.9 GeV/c and

8&,b=5' gives 5 —9 pb/sr for cross section and 50—70%
for polarization. Of course, the actual choice of the p„
and O„b depends severely on the instrumental limitation.

860

20

56
p,

Fe Lf7/2N i( p, j
fr~A

3/2 A

20

56
&Fe f7~2N &&g J
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-t-I i%

soo -': '':,»
':ly

400;
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~ ----.... r

~ ~ ~ ~

0 0~O
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I
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0
1.0 1.2

t I I I t t

1.4 1.6 1.8 2.0 2.2 2.4
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FIG. 4. The calculated cross sections and polarizations for
the natural-parity high-spin states of A Fe with a (f7/2) neutron

hole. p = 1.04 CieV/c.

FIG. 5. The incident-pion-momentum dependence of the
cross sections and polarizations at O~,b=0, 5', 10', and 15' for
the elementary ~+ n ~AK+ process.
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40
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FIG. 6. The incident-pion-momentum dependence of the
production cross sections and poIarizations at 0],„=0', 5', 10,
and 15' for the ground state of & C.

Nonetheless, the results displayed in Fig. 6 should be use-
ful for considering what is the optimal choice in the real-
istic situation.

IV. CONCLUDING REMARKS

The cross sections and polarizations for the hypernu-
clear states produced in the (m. +,K+) reaction have been
described in terms of the spin-nonflip f and spin-Hip g
amplitudes, the ~+ and K+ distorted waves, and the

parent nuclear and daughter hypernuclear wave func-
tions. No previous works have treated the g amplitude
explicitly even in evaluating the cross section only. Ta-
bulation of the amplitudes in a convenient form for prac-
tical use' has made the present calculation possible.

Of the two diferent origins of polarization, f gin--
terference (intrinsic spin orientation) and meson absorp-
tion (orbital angular momentum orientation), the former
has been found to prevail at 0&,b=10' —15' where both
cross section and polarization are significantly large for
particular hypernuclear states. This reAects, of course,
very large polarization in the elementary nX~KA pro-
cess. Reca11 that a selectivity characteristic to the
(m+, K ) reaction is the strongest population (cross sec-
tion) of the [j»j &A]J and [j &ivj&~]J config-

urations. The examples given in Sec. III show that the
same configurations also acquire large polarization,
which is important for their measurability.

The polarized hypernucleus is especially useful, when
combined with coincidence measurement of the secon-
dary decay particles. Asymmetry of weak-decay pions
provides important information on hypernuclear struc-
ture and also on pion distortion in nuclear deep interi-
or. ' The angular pattern of protons from nonmesonic
decay of polarized hypernucleus sensitively reAects the
mechanism of this two-body weak interaction in nuclear
medium. '" The polarization may be also applied to mea-
sure the magnetic moment of A hyperon in hypernuclei.
Such experiments are in fact under consideration at the
National Laboratory for High Energy Physics (KEK) in
anticipation of improvements of the beam intensity and
spectrometer systems. The present study gives theoreti-
cal basis for attempting such novel experiments.
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APPENDIX: EXPRESSIONS OF p(if;Mf )

The three p(if; Mf ) in Eq. (13) are, respectively, expressed as

p (if,Mf) — g g V [k2][k2](—)
'

&

' '8 (k, k2Jf Jf,'KJ;)(JfMf Jf Mf ~KO)—
i

krak~ K

le
l m2
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s(if.M )= g g Q[k ][k ][K ][K ]( —
)

' ' ' '
( —)

'

Jt k)k2 K(K2

X g W(K, KzJf Jf&aJ;)(JfMfJf MflKO) W(K, Kzk, k zpl)
KJJJJ

X g (K( —mKzm(tcO)(K, mKz —m~pO)(k, —mkzm~pO)(k(mkz —m~p'0)

X g (
—) '(k(m(kz m—z(p'q)i qd(p', q)& Jf )(jk [Yk Xtr]tt )(J; &s

P7l
1 m2

X& Jf~lqk .[rk X~], I~J, &S(, (A2)

p s(if;Mf)= g QQ[k, ][kz][K](—)
' '( —

)
' fi

[J'] k, k, tC

X g &fp]W(k, KJfJf, ttJ, )(JfMfJf —Mf ~tcO) W(k, kzttl)pK)( —) (p010~tc0)
KP

X g ( —) '(k, m, kz —mz~Pq)i~q~d(P, q)
m(P?2

X&Jflljk, ,[~k, X~]~IIJ &s, &Jfl(leak, 1'k, llJ &s,

where

(A3)

d(p, q)=

1/2

)(p+ ~q~ )/2 (p —
lql )'

(p +
I ql )! 2t'

0 for p +q =odd .

(p + Iql )!

p —Iql, p + Iql

2
'

2

for p +q =even,

(A4)

Symbolic expressions of matrix elements & (I ~~
& are self-explanatory.
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