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Macroscopic theory of heavy-ion fusion reactions
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We have studied the heavy-ion fusion reactions by a macroscopic model which was proposed by
Bertsch several years ago. It employed the Newtonian dynamics and was constructed in such a way
that the essential features of time-dependent Hartree-Fock results could be reproduced. We have
applied the model to fusion of light heavy-ion systems leading to the same compound nucleus ' Ni.
It is shown that the model, being incorporated with the angular-momentum-dependent extra-push
energy of Swiatecki, can account well for the fusion cross sections up to very high energies where
cross section decreases as energy increases, and that the main reason for the decrease is the opening
of the low angular momentum window.
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The excitation functions of heavy-ion fusion reactions
at the incident center-of-mass energies (E, ) higher than
the Coulomb barrier show an interesting shape. As E,
increases, the fusion cross section monotonically in-
creases until the energy becomes about twice the
Coulomb barrier height (region I), and then suddenly the
fusion cross section becomes more or less constant (re-
gion II). There are some experimental data' indicating
another energy region where the fusion cross section de-
creases as E, gets even higher (region III). The fusion
cross section in region I, where it exhausts most of the to-
tal reaction cross section, is fairly well understood, but it
still remains unclear what determines the characteristic
shape of the fusion cross section in regions II and III, al-
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though there has been done a number of theoretical stud-
ies in these energy regions. ' It has been a while since
time-dependent Hartree-Fock (TDHF) theory was ap-
plied to fusion reaction and predicted the low-angular-
momentum (l) window at the energies in regions II and
III. Experimental examinations were made at the ener-
gies in region II, but a firm conclusion on the existence of
a low-I window could not be reached.

Several years ago, Bertsch proposed a macroscopic
model for heavy-ion collisions. It employed the
Newtonian dynamics for the relative coordinate of the
centers of mass of two colliding nuclei (the only one vari-
able necessary in the model), and it was constructed in
such a way that practically all the essential features of
TDHF results could be reproduced. The macroscopic
forces used in the equations of motion were expressed in
terms of the neck radius, which in turri evolves in a simi-
lar way as that of TDHF calculations. The model, which
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FIG. 1. The fusion excitation function of the Si+ Si sys-
tem. The fusion cross section is calculated by the neck model
(dashed curve) and by the neck model incorporated with the
angular-momentum-dependent extra-push energy (solid curve).
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FIG. 2. Same as Fig. 1 but for the Mg+ S system.
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FIG. 3. Same as Fig. 1 but for the ' 0+ Ca system.

we will call the "neck" model hereafter, was tested later
by Bonasera, Bertsch, and El-Sayed against the results of
TDHF theory. Their results have also shown the low-I
window of fusion for light heavy-ion systems such as

Ne+ Ne and Si+ Si. However, the data at higher
energies were not available at the time, and no decisive
conclusion on the existence of the low-l window could be
drawn. In this work, we want to analyze the recent
fusion data, especially in regions II and III, by means of
the neck model.

We consider the fusion reactions of Si+ Si,
S+ Mg, and ' 0+ Ca, which lead to the same com-

pound nucleus Ni. In Figs. 1, 2, and 3, the recent ex-
perimental data for Si+ Si, S+ Mg, and ' 0+ Ca
obtained by Rosner et al. , ' Hinnefeld et al. , and Vigdor
et ar. ,

" respectively, are plotted together with the al-
ready existing data taken by others. '

The results of the neck model calculations are shown in
Figs. l, 2, and 3 by the dashed curves. The calculations
were done in the same way as described in Ref. 8. The
neck model calculations agree quite well with the data in
region I. In addition, the characteristic shape of the
fusion cross section in regions II and III is also repro-
duced, although the calculated cross sections overesti-
mate the data.

The results obtained by the neck model can be under-
stood more clearly in the fusion contour diagram where
E, is plotted versus the impact parameter. The dashed
curves in Fig. 4 are the fusion contour obtained from the
neck model for the Si+ Si system, and it is the same as
Fig. 7 of Ref. 8, since we have used the same model pa-
rameters. The sharp cuto6' model lets us calculate the
fusion cross section at each energy as

where b „and b;„are, respectively, the maximum and
I

FIG. 4. The fusion co'ntour diagram for the 'Si+ 'Si system.
The contour is calculated by the neck model (dashed curve) and
by the neck model incorporated with the angular-momentum-
dependent extra-push energy (solid curve).

minimum impact parameters where the fusion takes
place. The neck model prediction of the fusion cross sec-
tion in region I in Pig. l is determined by the contact line
in Fig. 4, which corresponds to the maximum impact pa-
rameter with which the approaching nuclei touch each
other. This continues until the scission starts, and then
region II begins, resulting in the saturation of the fusion
cross section. Along the scission line, the nuclear force
just balances the centrifugal and Coulomb repulsion, and
the neck barely holds the nuclei from being separated.
The sudden decrease in the fusion cross section when re-
gion III starts is caused by the neck snapping which
opens the low-I window in the fusion contour diagram.
In this region, the extremely large tensile strength of nu-
clear matter results in sudden breakage of the neck.

The neck model predictions of the fusion cross section,
however, deviate from the data significantly as the energy
becomes larger in all the three cases of Figs. 1, 2, and 3.
The calculated region II occurs at much higher energy
than the experimental one, and the calculated cross sec-
tions overestimate the measured ones by a large amount.

The overestimation of the fusion cross section at high
energies is a common feature in various theoretical mod-
els. Such a problem was successfully accounted for by
an extra-push energy which Swiatecki recently intro-
duced into his potential model of colliding heavy ions. '

The extra-push energy is expressed in terms of the
efFective asymmetry parameter (Z /A), tr defined in Ref.
13 as

(z'/A), =4z,z, /[A,'"w,'"(g,'"+w,'")] .

Here Z's and A's refer to the atomic number and mass
number of the colliding nuclei, respectively. Then the
extra-push energy which is dependent on the angular
momentum transfer /, E„(l), is given by

0 for (Z'/a), yl) &(Z'/W)', ","
E„(I)= '

&o~go[(Z2/g), Q/) —(Z2/g)'h~]2 for (Z~/g) g/) ) (Z /g)'"'
where

(3)
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7]0=76xlo A I Ap (A I +A~ ) /(At+Ay) (4)

(Z /A) s(l)=(Z /2) 95.86f ( + )/[ ( ) ]

In this study, we want to incorporate the effect of the
angular-momentum-dependent extra-push energy with
the neck model. It is done by taking E, +E„(l)instead
of E, in our neck model calculations, and by treating it
as an effective center-of-mass energy. In our calculations,
ao and (Z /3) tr' in Eq. (3) are adjusted for each system,
and the adopted values are listed in Table I. The quantity
f in Eq. (5) represents the final angular momentum frac-
tion. It is also taken as a parameter in the present calcu-
lation, and the adopted values are also listed in Table I.

The results of new calculations are shown by the solid
curves in Figs. 1, 2, and 3. They fit very nicely the data
points throughout regions I, II, and III except at the two
highest energies of the most asymmetric system of
' 0+ Ca. However, for these data points there is an ex-
perimental indication showing a possibility of the contri-
bution from incomplete fusion to the fusion cross sec-
tion. ' After including the extra-push energy, only the
scission line, the solid 1ine in Fig. 4, is changed appreci-
ably and all other lines remain more or less the same, and
we still have the low-l window intact. We can see from
the new contour that the upper boundary of the fusion
cross sections is reduced. This reduction of the contribu-
tion to fusion from the high-l components comes from
the extra push. Incidently, Swiatecki's extra-push ener-
gy,

' which is necessary even at the zero impact parame-
ter for the systems with a large asymmetric parameter
(Z /A), tr, was taken care of adequately by the original
neck model, as can be seen from Fig. 8 of Ref. 8.

Another reason that the fusion cross sections in region
III are well reproduced is that the low-l window is
opened at high energies. It contrasts quite sharply with
most other models that fit the data in region III, in that
they limit only the higher components of the angular
momentum or the maximum impact parameter. Howev-
er, our good fit to the data alone may not be taken as con-
crete evidence for the existence of the low-l window, con-
sidering the number of parameters used in the extra-push
energy, even though the adopted parameters are reason-
able compared to other studies.

TABLE I. Parameters adopted in the calculations in evaluat-
ing the extra-push energy given by Eq. (3) of the text.

In the sharp cuto8' approximation from which Eq. (1)
follows, each partial wave less than L,„and larger than
L;„contributes to the fusion cross section by

o I
=n.h' (2l + 1)/2pE

where p is the reduced mass of the system. Then the
average of l, which has participated in the fusion, be-

(1)=2L,„[l+(L;„/L,„) /(1+L;„/L, „)]/3 .

(7)

The second term in the right-hand side of Eq. (7) shows
how much (I ) deviates from the case when there is no
low-I cut. The deviation becomes about 17% when
L;„/L,„=0.5, and about 30% when L;„/L,„=0.7,
which corresponds to F., = 180 MeV in our Si+ Si
fusion contour diagram. Therefore, it might be possible
to test the existence of the low-l window by measuring
the spin distributions of the fused system at high energies
in region III.

In surnrnary, we have applied the neck model, which is
a macroscopic model that mimics the dynamics of the
TDHF theory, to fusion reaction of light heavy-ion sys-
tems leading to the same compound nucleus Ni. The
neck model is incorporated with the l-dependent extra-
push energy, and it is demonstrated that the neck model
can account for the fusion cross section very successfully
up to very high energies in region III. The main reason
that the decrease in the fusion cross section with increas-
ing E, is well reproduced in region III is the opening
of the low-l window which was also predicted by TDHF
calculations. And the results may be counterchecked by
measuring, for instance, the spin distributions of the
fused systems at the energies in region III. Through the
present study, it seems to us that the neck model can not
only be applied to a variety of interesting phenomena of
the heavy-ion systems where the TDHF calculations are
not feasible due to computational difficulties, but also can
provide macroscopic concepts for future development of
microscopic theories.
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