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Knockon exchange contribution in the resonating-group study
of the nucleus-nucleus interaction
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The properties of the type-c nucleon-exchange term in a resonating-group formulation that takes
into account the clustering nature of the nuclei involved are investigated. The results indicate that
these properties are wepkly affected by the degree of clustering, and the one-exchange term makes
the dominant contribution among all class-3 exchange terms. The equivalent type-lc, or knockon,
exchange potential is found to have a characteristic range shorter than the direct potential and a
characteristic energy that has a large value around 50 MeV/nucleon.

I. INTRODUCTION

One of the most interesting and important aspects of
resonating-group investigations is the study of antisym-
metrization or nucleon-exchange effects. In a two-cluster
system that consists of clusters 3 and B with nucleon
numbers N„and N~ (N„)N~), and described, respec-
tively, by translationally-invariant shell-model functions
of the lowest configurations in harmonic-oscillator wells
having width parameters a z and u&, it has been
found' that nucleon-exchange terms are represented by
integral kernel functions and can be conveniently
classified into class-A and class-8 terms which, in the
Born approximation, yield %signer-type and Majorana-
type contributions to the internuclear interaction, respec-
tively. Additionally, it was shown that among class-3
terms the one-exchange type-c, or knockon, term (some-
times also referred to as the knockout exchange term) has
a dominant inAuence, while for class-B terms the core-
exchange type-a and type-d terms are particularly impor-
tant (see Ref. 2 for the definition of exchange types).

Recently, we have extended the consideration of ex-
change effects to the more general and practical case
where one of the nuclei involved exhibits properties of
appreciable clustering. This was not a trivial extension
and we have partially accomplished our purpose by
analyzing the exponential parts of the comparatively sim-
ple exchange-normalization, or type-a, kernel function in
a three-cluster resonating-group formulation (Ref. 5,
hereafter referred to as LT). The results indicated that
the characteristics of the important core-exchange type-a
term are considerably affected by the clustering nature of
the nuclei involved. When the degree of clustering is
strong, the equivalent local interaction potential between
the nuclei can acquire a rather long range compared to

the direct potential, but its inAuence also decreases fairly
rapidly with increasing energy.

With the completion of the above-mentioned investiga-
tion of the type-a kernel function, one can consider the
study of the basic properties of class-B terms to be essen-
tially finished. Our next task is then to examine the
characteristics of class-A terms in the general case in-
volving target clustering. For this purpose, we shall care-
fully analyze the type-c exchange term, with special em-
phasis paid on the particularly important one-exchange
term. Here again, what will be done is to derive the gen-
eral expression for the exponential part of the corre-
sponding kernel function in a three-cluster ( A, + A2)+B
resonating-group formulation where the nucleus 3 is
now considered to possess an (A, +A2) cluster struc-
ture. This derivation is quite complicated, but, fortunate-
ly, can still be accomplished by utilizing the complex-
generator-coordinate technique previously described.
Using this general expression, one can then proceed to
determine the characteristic range and characteristic en-

ergy of the corre'sponding equivalent local potential and,
thereby, learn the inffuence of target clustering on the
essential features of this particular exchange term.

In Sec. II, we give a brief description of the type-c ex-
change term and of the way in which this exchange term
is analyzed. Numerical studies with u+ Li and n+ Ne
systems as illustrative examples are presented in Sec. III.
Finally, in Sec. IV, we summarize our findings and make
some concluding remarks.

II. TYPE-c EXCHANGE TERM

For a satisfactory understanding of exchange effects, it
is necessary to examine the exchange-Hamiltonian kernel

H~(R', R")= ( [$)$2G (p)]$35(R—R')Z~HA "[A,~[/, $2G (p)]$35(R—R")Z I ),
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where 0 is the Hamiltonian operator of the system, and all other quantities appearing on the right-hand side of the
above equation are defined in Sec. II of LT. By choosing all spatial functions to have Gaussian forms multiplied by
polynomial functions, one finds that, after integrating over all nucleon coordinates, HE is given by

Hz(R', R")=g g g [P,~ exp( —A~ R' —C~ R' R"—B~ R" )+H.c.],

R'xa

4A' 8; —(C' )

&:.+a.'.—
I C.'. I

4A' 8„' —(C„' )

Depending upon whether C' is smaller or larger than
zero, these equivalent potentials will have either a Wigner
(i.e., class-A ) or a Majorana (i.e., class-B) character. Ad-
ditionally, it is also useful to define two alternative

where P„ is a polynomial in R', R'.R", and R", and x
represents the number of nucleons interchanged between
nuclei A and B. The indices q and v denote exchange
types and modes, respectively. As was explained in Ref.
2, there are four exchange types with q =a, b, c, and d in
the case considered here where all clusters are specified
by the same oscillator width parameter. From the exten-
sive investigations carried out in the two-cluster case, ' it
has been learned that the type-b term is generally of
minor significance and, thus, does not need any addition-
al attention. The type-a and type-d terms are important
for understanding the main features of class-8 contribu-
tions; they also will not be further considered, since we
feel that these features are already reasonably understood
as a result of our study reported in LT.

The type-c term is important with regard to class-A
contributions and, therefore, will be carefully examined
here. As was discussed in LT, there exist, for a fixed
value of x, many modes of nucleon exchanges among the
three clusters, with each mode specified by the index v.
In general, it is very difBcult, even with the complex-
generator-coordinate technique, to derive analytical ex-
pressions for ihe quantities A', B', and C' appearing
in the exponential factor of the kernel function. For-
tunately, however, our experience gained from the inves-
tigation described in LT indicated to us that the essential
features of the type-c exchange term can already be
learned by studying only a special mode a which is
characterized by the fact that all nucleon exchanges take
place entirely between two clusters, say, clusters 1 and 3.
For this particular mode, we have obtained the general
expressions for these three quantities, denoted now as2', B', and C' . These expressions are, however, ex-
tremely lengthy, and their meaning cannot be directly
and easily comprehended; therefore, we choose not to
show them here, but will make them available to any in-
terested reader upon request.

The next step in the analysis is to construct equivalent
local exchange potentials between nuclei 3 and B within
the framework of the Born approximation. These poten-
tials are characterized by characteristic wave numbers
k' and characteristic ranges R„', given by

characteristic quantities; these are the characteristic ener-

gy E„' defined as

RD1
(N i +Ni )[Ni N3 —(N, +Ni )A, ]y +N~Ni

N, Ni(N, +N2)Aya

where y is the clustering parameter defined by Eq. (5) of
LT and A. is given by

with o. being the common oscillator width parameter of
the three clusters. We feel that it is more appropriate to
study the behavior of R' /RD& rather than the behavior
of R; itself, because, as y becomes smaller (i.e., stronger
degree of clustering), RD, becomes larger and, thus, it is
more interesting to know whether the equivalent ex-
change potential has a range significantly different from
that of the direct potential or not.

III. NUMERICAI. STUDIES

Because of the complicated structures of A ', B', and
C, an analytical study of the characteristic quantities
k„', R„', P„', and g„' would be extremely difficult.
Thus, the procedure that we adopt to learn the systematic
features of these quantities is to perform a large number
of numerical investigations involving many different
choices of N„N2, N3, a, and y (a is chosen to have a
realistic value of 0.46 fm ). In this section, we discuss
the results obtained in the a+ Li case with
(N„N2, N3)=(4, 2, 4) and a=0.367 fm, and in the

with M being the nucleon mass and po being the reduced
nucleon number of the A+B system, and the charac-
teristic weight P defined as

=(k„' R„' )

This latter quantity (i.e., g, ) is especially useful in quali-
tatively assessing the relative importance of the nucleon-
exchange terms with respect to the quantity x; that is, for
exchange terms belonging to the same class, the one with
the largest value of g will generally be more important.

The characteristic range R ' will be compared with the
range parameter RD& of the direct interaction, obtained
by the use of a nucleon-nucleon potential that has a spa-
tial dependence exp( vr )

—and interacts between nu-
cleons in clusters 1 and 3. This range parameter has the
form
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a+ Ne case with (N„N2, N3)=(4, 16,4) and a=0.32
fm . These two illustrative cases, one with small and
the other with large nucleon-number di6'erences, typify
our findings concerning the general trends of the charac-
teristic quantities as a function of the clustering parame-
ter y.

Calculated values for R' /RD„E; /po, and P„~ in the
a+ Li and a+ Ne cases are shown in Figs. 1 and 2, re-
spectively. In these figures, the solid and dashed curves
represent, respectively, the results for class- A and class-B
contributions. Since type-c exchange terms do not dom-
inantly contribute in the class-B case, we shall concen-
trate only on the solid curves in the following discussion.

From Figs. 1 and 2, one finds that, in the whole range
of y studied (y =0.2 corresponds to an unusually strong
degree of clustering), g; has by far the largest value
when x =1. Therefore, this indicates that, even when

target clustering is present, the one-exchange type-c, or
knockon, term has the dominant inAuence among all
class-A terms. For this particular exchange term, these
two figures show additionally the following notable
features.

(i) R; /Rz, is nearly y independent. In fact, we have
found that, in the realistic range of y between 0.5 and 1,
R; /RD, has almost a constant value between 0.80 and
0.85 in every one of the large number of nuclear systems
that we have examined. This shows that the important
class-A, type-1c exchange potential generally has a range
that is significantly shorter than that of the direct poten-
tial.

(ii) The characteristic energy per nucleon E, /po is al-
most system independent and has a large value around 50
MeV/nucleon for all values of y studied here.

(iii) The rapid rise of g, in the small-y region merely
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FICs. 2. Same as Fig. 1, except that the case under consideration is a+ Ne. Values for P„with x =4 are very small and, hence,
are not shown.

FIG. 1. R„' /RD&, E; /Iuo, and g as a function of the clustering parameter y in the a+ I.i case. The solid and dashed curves
represent results for class-A and class-B exchange terms, respectively. Values for g with x =3 are very small and, hence, are not
shown.
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reAects the fact that R; increases when y decreases, and
thus has no major significance.

The above findings show that the general properties of
the type-1c exchange term depend weakly on the cluster-
ing nature of the nuclei involved. Therefore, all the con-
clusions about this term' " reached previously in the
two-cluster limiting case are valid and can be used to
guide one's thinking regarding the construction of
effective local potentials in complex nuclear systems.

Finding (i) has important implications that merit fur-
ther discussion. Since investigations in many specific nu-
clear systems have always indicated that, in the low-
energy region, class-A exchange potentials are overall at-
tractive and have an appreciable inAuence, ' it follows
that the effective internuclear potential (i.e. , the real cen-
tral part of the empirical optical-model potential) must be
somewhat shorter ranged than the direct potential. This
is a significant fact that has the unfortunate consequence
of complicating certain types of simple and appealing ex-
perimental analyses. For instance, it has often been as-
serted (see, e.g. , Refs. 9 and 10) that one can use a
folding-type approach to extract information about the
neutron distribution from scattering experiments involv-
ing strongly interacting fermion systems. From our
viewpoint, such an analysis could yield reliable results
only if one has some means to determine the approximate
magnitudes of the class- A exchange potentials at the en-

ergy under consideration.

V(R)= VD(R)+ V, (R)+ Vb(R)P (9)

IV. CONCLUSION

In this investigation, we study the properties of the
type-c nucleon-exchange term in a resonating-group for-
mulation that takes into account the clustering nature of
the nuclei involved. The results indicate that these prop-
erties are only weakly affected by the degree of clustering,
and that the one-exchange term still makes the dominant
contribution among all class-3 exchange terms.

For the equivalent type-lc, or knockon, exchange po-
tential, we find that, regardless of the degree of cluster-
ing, it has a characteristic range somewhat smaller than
the range of the direct potential and a characteristic ener-

gy that has a large value equal to about 50 MeV/nucleon.
This latter feature is especially important, since it means
that the knockon exchange contribution must always be
properly considered in all aspects of low-energy nuclear
physics.

Based on the results of our long series of investigations
on nucleon-exchange effects, we are of the opinion that,
for a macroscopic description of the internuclear interac-
tion in terms of a local model, one must, at least, adopt a
potential V of the form

where VD is a direct potential obtained by a double-
folding procedure, and P is a Majorana space-exchange
operator that interchanges the position coordinates of the
nuclei A and B, now treated as structureless point parti-
cles. The potential V, is introduced to represent the
effects of class-A exchange terms (mainly the type-lc ex-
change term), while the potential Vb is introduced to
represent the effects of class-8 exchange terms (mainly
the core-exchange terms). Furthermore, it is important
to note that V, has been found to be attractive in all nu-
clear systems that we have examined, and should have a
shorter range than the direct potential. As for the poten-
tial Vb, much is also known about its properties. It has
an appreciable depth only when the nucleon-number
difference of the interacting nuclei is small and can have a
range either longer or shorter than the direct potential,
depending again on the nucleon-number difference. In
fact, even its sign has recently been determined by
Baye, " using considerations based on the diagonal ele-
ments of the parity-projected norm kernel in the GCM
(generator-coordinate method) formalism.

Effective potentials incorporating features contained in
Eq. (9) have been adopted to analyze experimental re-
sults. For example, Satchler and Love' have explicitly
included the V, term in their folding-model study of
heavy-ion interactions, while Ohkubo' has utilized the
VbP term in his optical-model analysis of like-ion sys-
tems, such as ' C+ ' C, ' N+ ' 0, and ' 0+ ' F scatter-
ing.

Since our initial investigation of nucleon-exchange
effects in 1978,' much has been learned about the general
consequences of antisymmetrization. For the equivalent
local exchange potential, we now have rather satisfactory
knowledge regarding the spatial range, the energy depen-
dence, the exchange character, the dependence on parity
and nucleon-number difference, and also whether it is at-
tractive or repulsive. The major remaining problem is
that, there exists just partial knowledge concerning the
depth of the exchange potential in the general case of
2 +B interaction. The only information that we
presently possess is from calculations in specific nuclear
systems. Although it is clearly desirable to obtain a de-
tailed general understanding of the depth problem, we be-
lieve that the task will be quite difficult. Indeed, it is our
feeling that to accomplish this purpose would require not
only long-term systematic investigations but also new
ways of thinking which we are attempting to formulate at
the present moment.
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