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We explore the cross section for #° production by virtual photons from electron scattering, in-
teracting with the Coulomb field of heavy nuclei. The same process with real photons, generally
known as the Primakoff effect, has been used in the past to investigate the 7° lifetime. In the present
work, virtual photons bring into focus the electromagnetic structure of the yy7° vertex.

I. INTRODUCTION

~Whether one is committed to explaining nuclear
phemomena in terms of an effective theory based on nu-
cleons, isobars, and mesons, or one adopts a microscopic
theory based on the quarks and gluons of quantum chro-
modynamics, one encounters the 7 meson as a crucial ele-
ment of either theory. Consequently, its structure as it
affects hadronic or electromagnetic interactions is a sub-
ject of intense interest. More specifically, the structure of
hadronic and electromagnetic interaction vertices with
pions, e.g., the mNN vertex and the ymw vertex, are of
both practical and theoretical interest.

In the framework of the effective nuclear theory, one
often uses phenomenoloical or semiphenomenological
representations of vertex structure functions with param-
eters determined from precision fits of suitable data. The
electromagnetic form factor of charged pions, for exam-
ple, is often represented by )

F,,(qz)=——1—5— , (LD
1+
m;
where m, is the p-meson mass and ¢?’=q’—w? is the

four-momentum transferred to the vertex. This expres-
sion is based on the vector-meson dominance principle!
(VMD) asserting that a photon couples to a 7 meson via
an intermediate p meson. It seems to provide a reason-
able first approximation to data.

There is no equivalent form factor characterizing the
static structure of the neutral #°, since by charge conjuga-
tion the y#°7° vertex function vanishes. However, this
particle can both be produced and decay via electromag-
netic interactions involving virtual or real photons; these
processes are then dependent on transition vertex struc-
ture functions or form factors, which have also been of
theoretical and experimental interest for a long time.

The main decay mode of 7° is

Yy (1.2)

while other electromagnetic decay modes with very small
branching ratios are

+

T—y*y—eTe Ty (1.3)

and
T—y*y*sete”

e ete . (1.4)

The y*’s in these expressions denote virtual photons.
The decay, Eq. (1.2), furnishes a direct way to measure
the lifetime of 7°.% Indirectly, this same quantity can also
be measured by the Primakoff effect,’ i.e., the production
of 7° by the interaction of real photons with the Coulomb
field of heavy nuclei. The cross section for this process is
inversely proportional to the 7° lifetime.

As a final point related to 7°— ¥y, one should recall
that this decay mode has motivated the identification of
the celebrated axial anomaly* which modified in a crucial
way the familiar partially conserved axial vector current
(PCAQC) relation for the axial current in the presence of
electromagnetism.

The experimentally measured differential rate for the
decay, Eq. (3), is expressed in terms of a vertex form fac-
tor
i 43 Q*

f ‘_—2’ m2,m2 ]=f(x’0’1), (1'5)

m

where ¢, g,, and Q are the four-momenta of the virtual
photon, the real photon, and the pion, respectively, and
m is the pion mass. This function is normalized by

£(0,0,1)=1, and for small x, it is written as
f(x,O,l)_z_Fy,,(x)zl—ax . (1.6)

Extracting a mean square radius from F, (x) in the usu-
al manner, we may also write

1 2
Fylg)=———5=1-()L (1.7)
1+(r2y L
6
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which leads to

(r*)m?*
=2rme 1.8
a 6 (1.8)
and (r2)!/? is an rms radius characterizing the y*y7° in-

teraction vertex.
Analysis of the 7°—e

_ 0.05+0.03 (no radiative corrections)
7 |0.1+£0.03 (with radiative corrections) .

*e "y data yields>®

a (1.9
Furthermore, assuming the validity of the VMD model
for the transition vertex as well, and comparing with Eq.
(1), we obtain the result

a=0.03 . (1.10)

This value is in rather serious disagreement with that ob-
tained from the 7°—e *e "y data when radiative correc-
tions are taken into account. .

It is worth mentioning here, that an analogous process,
namely, n—v*y —uu "y (Ref. 7), has also been studied
experimentally. The analysis of the data in terms of a
form factor F M(qz) gives a value for the form factor
slope

a =0.035+0.01 , (1.11)

in agreement with the VMD model prediction. In addi-
tion, the process y*y —mn' has also been measured in
high-energy photon-photon collisions.®  Reasonable
agreement with the predictions of a simple p°-pole model
was reported.

Finally, the decay 7°—e te ™ has been studied experi-
mentally® and its branching ratio was compared with
theoretical predictions and found to disagree with these
latter.

In the present work, we wish to study the #° produc-
tion process by means of virtual photons of four-
momentum g from electron scattering, interacting with
the Coulomb field of heavy nuclei. This is nearly the re-
verse process of that in Eq. (3), since in reactions of this
type, the four-momentum transferred to the nucleus
through the electromagnetic field, is kept close to zero.
However, in contrast to the decay, Eq. (3), where the vir-
tual photon momentum is almost fixed and timelike, the
process under consideration, shown in Fig. (1), is probed
by a variable spacelike photon.

Our objective is to evaluate the cross section for this
process and assess its experimental measureability and its
sensitivity to the transition form factor F 7,,,,e(qz) which is
at the focus of our interest. We choose to denote thus
this form factor, because one may view the production
process as a transformation of a photon into a 7°, probed
by another virtual photon.

It is clear that the process under consideration is a nat-
ural extension of the Primakoff effect>!%!! mentioned
earlier, which has been studied and successfully exploited
in the past for the purpose of determining the lifetime of
7° and other pseudoscalar mesons. The current investiga-
tion extends the range of information to values of
momentum transfer g different from zero and provides a
kinematically more complete picture of the yy7° vertex.
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We present the evaluation of the cross section of in-
terest, and compare it to that for the Primakoff effect
with real photons, in Sec. II of this article. Our results
are displayed and discussed in Sec. III.

II. PRIMAKOFF EFFECT WITH VIRTUAL
PHOTONS

We shall evaluate the coincidence cross section for the
process shown in Fig. 1(a) with the kinematics of Fig.
1(b). Electrons of incident and outgoing momentum and
energy (k,,€e,) and (k,,€,) respectively, are scattered
through angle 6,, off the Coulomb field of a heavy nu-
cleus ( A,Z). A 7° meson of four-momentum Q =(Q,w,)
and velocity 8,=|Q|/w,, is produced electromagnetically
via the process y*(q)+7y(K)—n"(Q), where y*(q) is a
virtual photon of four-momentum g, from the scattered
electron, and y(K) is a nearly real photon of four-
momentum K from the Coulomb field of the nucleus.
The latter is assumed to remain nearly stationary in its
ground state, and hence its recoil energy K is close to
zero. It will be seen later that K will have to be restricted
to very small values as well.

We adopt a laboratory frame of reference with the z
axis parallel to the three-momentum transfer q, and with
the y axis in the k; Xk, direction. In this frame of refer-
ence, the pion angles are (0,,¢,). We treat the electrons
relativistically, so that for € ,>>m,, e, =]k,
€,=|k,|, and the four-momentum transfer square is
g’ =4€,€,5in%0, /2.

For the yym® vertex, we adopt the phenomenological
interaction Hamiltonian density>!!

H;=n(B,-Ey+E,-By)¢,(x)

=13 3 o FLFRx)

uv ot

2.1

where the last expression is manifestly covariant.
(E,,B,) and (Ey,By) are the electric and magnetic fields
of the virtual photon and the nucleus, respectively, and
FY, and Fy" are the corresponding electromagnetic ten-
sor operators, i.e., F,,=d,4"—0d,4". We take the mag-
netic field of the nucleus to be By =0. ¢_(x) is the wave
function of 7° which we choose,

1_ o —i0x= L_ 1 —i(Qx—w_t)

—p ,
vV V2,
2.2)

boix)=——

VY V2w,

FIG. 1. (a) The Primakoff process with virtual photons from
electron scattering; (b) kinematics for the process in (a).
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FIG. 2. The coincidence cross section for 7° production from
Pb, via the virtual-photon Primakoff effect, versus the pion an-
gle 6, for several values of pion energy w,. Each curve is
marked by the corresponding incident electron energy €,. The
electron scattering angle is 6,=5° and the y*7#° form factor
slope, Eq. (1.6), is a =0.03.

where V is the normalization volume. The coupling con-
stant 7 in Eq. (2.1) is related to the #° lifetime by>
?=(4/mm3)r L.

In the present exploratory investigation, we disregard
possible final-state interactions of the #° meson with the
target nucleus, before 7° decays, since the production
process takes place in the Coulomb field of the nucleus,
and not deep inside the nuclear volume.

The matrix element of the reaction amplitude S be-
tween initial and final states takes the form

S=(f;koA,|Sli;k A;)

— [(H(x))d*

==y 3 o [d X FLFF8,(x) (2.3)

uvor

where
Fr =k MIFL kM), BT =(fIFFTli) . 4

For the sake of simplicity, we avoid including in this ex-
pression at this time a nonlocal term representing the size
of the interaction volume of the pion—a form factor in
momentum space. This will be included later [see Eq.
(2.11)]. .

The vector field 4, in the expression for F T, obeys the
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FIG. 3. The coincidence cross section versus the electron
scattering angle 6,, for two values of the pion energy w,. Each
curve is marked by the corresponding incident electron energy.
The pion angle is 6,=1° and the y*7° form factor slope, Eq.
(1.6), is a =0.03.



well-known equation
04 =—4nd,=—4a{k,A, |0, |k, €)
= —dmie(k M|, ¥ e k1€y) ,  (2.5)

where 3, is the quantized electron field. Evaluation of
this equation yields
12

e |

e Ju (2.6)

(m,is the electron mass), where

2
m,

., e
2},,()6 )—4777

€€,

Ju=15 (k)Y 5 (k)=(j,ip) . 2.7)

u, (k;) are the electron spinors and ¥ is the Dirac ma-

trix. Introducing Eqgs. (2.6) and (2.7) into the expression
for ﬁ};v=aﬂAv~—av , yields
172
e'? . ;
—q—z—(q,,fv—qvm .

m

pr=_A4r,

v v (2.8)

€€,
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In addition, expressing F & directly in terms of the elec-
tric field E (recall, By =0),

0 0 o0 —iEY
R 0 0 0 —iEY
OT —
¥=lo o o —iEY|’ 2.9)
iEY iEY iEY 0
we find

172
igx

2
m e .
. qz EN.(qXJ) >

S Cuof LEG =167

pvor 4

€€,

(2.10)

which gives for the matrix element
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FIG. 4. Ratio R is the coincidence cross section to the Mott cross section which is expressed in MeV ~2 /sr.
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39
. m2 172 density py(x) and obtain
S =4 V372 | €€ K K ;
1 fe’ "‘EN(x)dx=4m'Wfe’K"‘pN(x)dx . (2.12)
1 Fw(qz) We define a nuclear charge form factor by

L —="(qXj) [d* e®Ey(x). (.11)
2 .
7’ V2o, FN<K2)=EI;fdxe'K'*pN(x) (2.13)

Here we have written K =¢—Q=(q—Q,0—w,) and
have introduced the form factor Fm(qz) to represent the
structure of the y *y7° vertex. ;

The time part of the integral on the right side of Eq. 2 V20 |K|?
(2.11) gives 278(w—w,). To evaluate the remaining
space part of this integral, we make use of the relation-
ship of the electric field Ey(x) with the nuclear charge

and arrive at the result

L orso—w,)K(qxj) . 2.14)

w=1.0 MeV
09 |
o®
2>
Q
Z
& 1
=] 0.2 ¢
=) 46.2 a
© 'DN
S
=l
07=2.0°
/l/_ 1 1 1
0.2 0.6 1.0 1.4 €
52.3 100.2 140.7 178.8 qa

FIG. 5. The coincidence cross section versus outgoing electron energy ¢, (in GeV) and four-momentum transfer q (in MeV/c¢), for

several values of pion energy w,. Each curve is marked by the corresponding pion angle 0,. The electron angle is 6, =5° and the
form factor slope, Eq. (1.6), is a =0.03.
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To obtain the cross section do, we require the incident 5 d 3k2 d*Q 1 1 ol
electron flux given by |k,|/Ve,, and the final'state 40 = ot Tkl/ (Ve 2 S S ISF. (215
phase-space factor ) 1 1 MA, i f

5 d3k, d3Q Following straightforward manipulations, the coin-

(27) (27)} cidence cross-section differential in the scattered electron
4 4 energy €, and scattering angles {2,, and in the pion angles
so that Q_,is

d3o Z%y? 1 |Fy(K?)?|F, (g®)|* m? do—w,) 1
= d T = i-(QXq)|? (2.16)
de,dQ,dQ, T 4e3ksin*g, /2 |K|* €6, f lellQl o, 2 %2 lj(Q@%aq)l

for a ground-state target nucleus with total spin J =0.
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FIG. 6. The coincidence cross section versus the outgoing electron energy €, (in GeV) and the four-momentum transfer g (in
MeV/c), for four values of the pion energy w,, and at 6, =5° and 6,=0.5°. The form factor slope, Eq. (1.6), is a =0.03 for the solid
line and a =0.1 for the dashed line.
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By employing trace theorems, we evaluate the sum over the electron helicities and find

0
b3 1@x =5 |1ty Xk,)-Q* +eressin’ 1@ xql?

AA, e

€6
___71
e

0 V]
Q| 2coszTesin2793in29,r

The last expression in Eq. (2.17) is based on the fact that
q is along the z axis and k, Xk, is in the y direction.

The first term in the bracket in Eq. (2.17) arises from
the interaction of the magnetic field due to the electron
orbital current, and the second term is due to the electron
spin magnetic field. This result can also be clearly seen if
one were to impose a Gordon decomposition on the elec-
tron current j, Eq. (2.7).

With Eq. (2.17), the integral in Eq. (2.16) is reduced to

4 4
deQI%S(m—w,)=%—B;'|w=wr (2.18)

m

and the coincidence cross section takes its final form

-1
X sinz%‘—sinze17
® |4€€65in’p, + |q|2/cosz% ,  (2.19)
where we have introduced the Mott cross section
_ a?cos¥(Be /2) (2.20)

M 4€isin*(Ge /2)

It is of interest to compare this result with the cross
section for the Primakoff effect with real polarized pho-
tons, which we have verified!! to be

d3c
dQ,

4
=4rZa sinze,,sin2¢>,,|FN(K2)|2%/3;l . @21

For unpolarized photons, we replace sin’p, by 4 in Eq.
(2.21).

While we see some similarities between Eq. (2.19) and
Eq. (2.21), in particular in the angular dependence
(0,,¢,), there are also striking differences due to the ex-
tra electron-photon vertex in the case of 7° electropro-
duction.

A detailed examination of Eq. (2.19) reveals that the
cross section is optimized for 6, —0 and 6,—0, and for
large values of energy transfer . Obviously, at w?*=g?,
i.e., at the photon point where F 7,,,(q2)= 1, we obtain no
new information beyond that from the real-photon Pri-
makoff effect.

III. RESULTS AND DISCUSSION

We shall evaluate the coincidence cross section for 7°
production by electron scattering, from the Coulomb

4¢,€,sin’p,+|q|? /cos?

6.

2 (2.17)

field of the Pb(Z =82) nucleus.

It should be mentioned at this point that the process
discussed here is experimentally distinguishable from the
usual electroproduction which involves a hadronic
meson-nucleon vertex. This is because the cross section
for this latter peaks at higher values of, say, 6, (Ref. 10)
than the very forward values of this angle where our re-
sults will be shown to be optimized. It is therefore rela-
tively easy to separate the two processes.

In the following we show results as a function of 6, 6,,
and energy transfer (=w,). We shall examine the sensi-
tivity of the cross section to the y *y7° vertex form factor
F, .. Recall that the coupling constant 7 is related to the
7° lifetime 7. Taking 7=0.869 X 10716 sec (Ref. 12) and
the pion mass m =135.4 MeV we find

4

7P=——57"'=4.4X10" fm*/sec
m™Tm

=3.77X10712 MeV 2 . (3.1)

Expressing o ,, in ub then the cross section in Eq. (2.19)
will be expressed in ub/MeV —sr?.

We use as input kinematics the variables €, o( =w,),
6,, 6., and @,. This latter angle is fixed at 7/2. Further-
more, the results shown in Figs. 2—5 have been evaluated
with the value @ =0.03 in the ¥ *#° form factor, Egs. (1.7)
and (1.8), conforming to the VMD model. For the results
in Fig. 6, a=0.1 as obtained from fits of the 7°—e Te "y
data, has been used as well. These values of a were
chosen because they define a reasonable range rather than
in support of particular models.

In Fig. 2 we show the coincidence cross section as a
function of pion angle 6., for six different values of the
total pion energy w,, and for several incident electron en-
ergies. The strong forward peaking of the cross section is
quite evident, and the optimization of the cross section
for values of w,, close to €, anticipates the results in Fig. 3
showing it to peak at forward electron angles as well,
which leads to nuclear recoil momentum K =~0. On this
basis, we are justified to set the nuclear form factor
Fy(K?)=1 in Eq. (2.19). This is obviously fortunate
since it avoids the uncertainties associated with the deter-
mination of the nuclear form factor.

There is a certain advantage in examining our results
in the form of the ratio R of the coincidence cross section
to the Mott cross section in that this ratio highlights the
structure effects of the 7° production vertex. In Fig. 4 we
plot R vs 6, for different values of w and €;. As expected
the angular distribution of R is different from that of the
coincidence cross section itself which includes the famil-
iar forward peaking of the Mott cross section.



In Fig. 5 we show the coincidence cross section versus
€, and the four-momentum transfer g at 6, =5°. We note
that favorable kinematics is 6,=0.5° to 1°, and moderate
values of €,, leading to small values of g2. This fact does
not augur well for the sensitivity of this virtual-photon
Primakoff effect to the y *#° form factor F 7,,,(qz). Indeed,
this sensitivity is displayed in Fig. 6 where we plot R vs
€, and g2, for several values of » and for two values of the
form factor slope, @ =0.03 and ¢ =0.1, as indicated in
the beginning of this article. The corresponding values of
the rms radius of the ¥ *y#° interaction volume, Eq. (1.6),
are {r?)!/2=0.618 and 1.13 fm. The impact of this large
difference between the two values is mitigated by the
small values of g? multiplying (r2?) in the form factor,
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Eq. (1.7), for which the cross section is optimal. Hence
only a careful choice of kinematics will allow experimen-
tal discrimination between the right and wrong values of
aor {r?). In general, values of incident electron energies
and pion energies above 2 GeV are favored for probing
the y*y#° interaction vertex via the virtual-photon Pri-
makoff effect. Such an experiment as this is recommend-
ed, because it will advance our understanding of photo-
pion physics.
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