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The electromagnetic longitudinal and transverse inclusive responses for ' C, Ca, and ' Fe are
analyzed using the concept of y scaling. The longitudinal, FI, and transverse, FT, scaling functions
are defined, and their experimental values are obtained and compared with the predictions of two
theoretical approaches. The first one, based upon the impulse approximation, Hartree-Fock-type
wave functions for finite nuclei, and final state interaction treated by complex optical potentials,
yields a reasonable interpretation of Fl but cannot predict the experimental splitting between FL
and FT. The second approach, based on an infinite nuclear matter model, quantitatively reproduces
the experimental splitting when the spin and isospin dependence of the effective particle-hole in-

teraction is properly taken into account. The effects of p-meson exchange and 6-hole intermediate
states on the scaling functions are also analyzed.

I. INTRODUCTION

In the past few years the Rosenbluth separation of lon-
gitudinal (RL ) and transverse (RT) electromagnetic in-
clusive response functions for a variety of nuclei, ' has
originated a growing interest in quasielastic (q.e.) scatter-
ing, since conventional nuclear models, though being able
to explain the total cross section, have shown their inade-
quacy to simultaneously account for the two response
functions; namely, whereas the transverse response can
be reasonably reproduced, the longitudinal one is general-
ly overestimated.

In spite of many theoretical efforts for reconciling. ex-
periment and theory, based either on some modifications
of the properties of nucleons embedded in the nuclear
medium (e.g. , a sizable modification of their electromag-
netic form factors ), or on a microscopic description of
initial and final nuclear states within realistic treatments
of nuclear structure, ' a coherent explanation is still
waited for.

In order to contribute to the solution of this puzzle we
analyze in this paper the role played by some aspects of
nuclear dynamics, like e.g., the final state interaction
(FSI) and the e6'ective nucleon-nucleon (N-N ) interaction
in the nuclear medium, in determining the overall
features of the longitudinal and transverse responses. To
this end, the experimental data will be analyzed in terms
of y-scaling, which presents two nontrivial advantages as
follows.

(I) The experimental outcomes' ' display a clear scal-
ing property at y (0 (corresponding to energy transfer
co & co~„k), while the scaling is badly violated at y & 0 (i.e.,

co) co~„k), which corresponds to the kinematical region
in which the pion production becomes relevant. There-
fore the y-scaling yields a striking signature of the region
where the nucleon degrees of freedom are relevant.

(2) The dependence of RL and RT upon the momentum
transfer for fixed values of y may provide valuable infor-
mation about those mechanisms which violate the im-
pulse approximation and which may be related to the pa-
rameters of the nuclear effective interaction.

In our paper nuclear dynamics will be treated within
two different, though complementary, approaches. The
first one is based upon a description of q.e. scattering in
terms of the distorted wave impulse approximation
(DWIA), characterized by initial and final states which
are not orthogonal. Such an approach is able to describe
surface eS'ects (i.e., the behavior of RL and RT at large
negative y), but completely fails in accounting for the
splitting between the two responses. The second, more
microscopic approach is based on Green's function for-
mulation of the many-body problem for infinite nuclear
matter. In such a case surface effects cannot be repro-
duced, but, on the other hand, the splitting between RL
and RT is not only explained, but is also easily connected
with the most relevant features of the particle-hole
effective interaction inside the nuclear medium.

Our paper is organized as follows. In Sec. II the gen-
eral definitions of the longitudinal and transverse scaling
functions Ft (y ) and FT(y ) will be given. In Sec. III the
scaling functions will be analyzed first in plane wave im-
pulse approximation (PWIA) and then taking the FSI
into account by means of a complex optical potential. In
Sec. IV a more microscopical, state-dependent, FSI will
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be introduced through an infinite nuclear matter ap-
proach. Finally, in Sec. V our conclusions will be
presented.

II. THE LONGITUDINAL AND TRANSVERSE
SCALING FUNCTIONS

The cross section for inclusive electron scattering from
nuclei, in one photon exchange approximation, is given
by (see, e.g. , Ref. 16):

0
o (q, co) =

dQ dc'
2

—0 M RL(q, co)
q

Ri(q, ~)= g 1 &&&IJolq; & 'n(~+@, Z~), —
f~i

R,(q, )= y )&q, ~J, ~y, &~'~(~+a, Z, ) . —
f~i

(2)

Here f;(E;) and g&(E&) are initial and final eigenstates
(eigenvalues) of the A-nucleon Hamiltonian and JT is the
component of the three-vector J orthogonal to q. For
ease of presentation, nuclear recoil has been neglected in
Eqs. (2) and (3). Adding and subtracting the elastic con-
tribution

and summing over the final states, it is possible to recast
(2) and (3) in the following form'

2

+ — +tan —RT(q, co)
1 qP 20
2 q

where O.
M is the Mott cross section, q and co the momen-

tum and the energy transfer (q„=q —co ), 9 the scatter-
ing angle and RL (q, co) and RT(q, co) the longitudinal and
transverse response functions respectively, which are
defined in terms of the electromagnetic current of the nu-
cleu~, J„(q„)—= (J,JO), in the following way:

+G(E; co—+i e) J Jo(T) it), )

1
ImIIt ( T)( q &

co ) (8)

Equation (8) is equivalent to Eqs. (4) and (5), since the last
term has no imaginary part if cu & 0.

The evaluation of RL and R T for a system of nucleons
interacting with realistic potentials represents for the
time being a prohibitive task, therefore one has to adhere
to several approximations which mainly concern the
quantities appearing in the rhs of Eqs. (4) and (5), namely
(1) the nuclear current, (2) the nuclear wave function, and
(3) the total Green's function.

In the usual approach for finite nuclei the nuclear wave
function and the total Green's function are treated within
distinct approximations, whereas they are handled on the
same footing in an approach based on Feynman diagrams
expansion for the polarization propagator. Such an ap-
proach, however, due to numerical complications, is usu-
ally applied to infinite nuclear matter. The approach for
finite nuclei will be presented in Sec. III and the nuclear
matter approach in Sec. IV. In both cases we are not go-
ing to compare, as done by previous works in this field,
the experimental and theoretical RL (T)(q, co) but rather
new quantities which are obtained by analyzing in terms
of y scaling the separate responses.

The concept of y scaling has been initially introduced
in nuclear physics by West, ' who has shown that, for a
system of nonrelativistic and noninteracting particles, the
inclusive cross sections at large momentum transfer can
be written as a product of the elementary electron-
nucleon cross section, times a nuclear structure function
depending only upon the "scaling variable"

called polarization propagators IIL (T)(q, co) (Ref. 17) (it
should be pointed out that, since we are only interested in
the values cu & 0, the elastic contribution is always vanish-
ing):

RL (T)(q, co) = ——1m& g, l Jo(T) [G(co+E;+i@)1

Myo=
q

q
2M

—El. cont. ,

R,(q, )= I &q, ~J,' —— . J, lg, )
1 & 1

(4)

—El. cont. , (5)

where H is the Hamiltonian of the nuclear system:

A p.H= g + g V(i j).
i 2M

After introducing the corresponding retarded (advanced)
total Green function

G (Z+i e) = 1

E—H+i e

Eqs. (4) and (5) can also be expressed through the so-

which represents the longitudinal momentum of a nu-
cleon embedded in a free Fermi gas. Subsequently the
concept of y scaling has been generalized to account for
relativistic kinematics in the definition of the scaling vari-
able, ' for nucleon binding and momentum' and, finally,
for final state interaction. In what follows the
theory of Ref. 19 will be adopted. It is based upon the
following definition of the scaling function

o(q, y)F(q,y)= '
IC(q,y),Zo,p+Ncr, „

where o' denotes the total inclusive cross section [Eq. (1)],
cr,~(„) is the electron-proton (neutron) cross section,
K(q, y) is a proper phase space factor and y =y(q, co) is
the scaling variable which is defined by the equation giv-
ing the energy conservation for q.e. scattering of an elec-
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where M„ is the mass of the target and M~ &
the mass

of the ground state of the (A —1) system. The phase
space factor in Eq. (10) is linked to the underlying reac-
tion mechanism which is supposed to occur (see Sec. III).

The importance of y-scaling analysis in terms of Eq.
(10) stems from the observation that if only nucleonic de-
grees of freedom are considered and the basic reaction
mechanism is supposed to be the PWIA, then, at
sufficiently high values of q, the scaling function F(q,y )

becomes a quantity which depends only upon y (i.e. ,
which "scales" in y ) and which represents an integral of
the nucleon spectral function. Therefore the analysis of y
scaling in the region where scaling is observed allows one
to obtain information on nucleon dynamics, e.g. , nucleon
momentum distribution, whereas the analysis in the re-
gion where scaling is not observed yields information on
those effects which break down the impulse approxima-
tion.

In view of the available separation between longitudi-
nal and transverse responses it is natural to generalize the
concept of y scaling and to define the following longitudi-
nal and transverse scaling functions (see e.g., Refs. 23 and
24)

RL(q, y )F(, )= K( )
+N

(12)

RT(q, y)
FT(q,y) = I(. (q,y), (13)

(Zo, +No,„)
where o, ((„I is the longitudinal (transverse) contribution
of the electron-proton (neutron) cross section appearing
in Eq. (10), calculated for a nucleon with energy equal to
the minimal removal energy and momentum equal to Iy I.

It is clear that the separate scaling functions can pro-
vide a much richer information on nucleon dynamics
than the total one. In the following section the quantities
(12) and (13) will be analyzed in PWIA and the effect of
FSI will also be illustrated. Since the maximum momen-
tum transfer in the available experimental data on RL~T~
is not high enough to give us confidence that the PWIA
works and scaling occurs, the main aim of our paper is
the investigation of those effects which break the PWIA.

tron off a bound nucleon having minimal values of the
momentum and the removal energy. In case of relativis-
tic kinematics this reads

A+M =(M +(y+q) )' +(M +y )'

III. FINITE NUCLEI AND THE
IMPULSE APPROXIMATION

A. The scaling function within the plane
wave impulse approximation

(14)

(2) Only the direct coupling between virtual photon
and emitted nucleon is taken into account (Fig. 1).

(3) The interaction between the emitted nucleon and
the residual system is disregarded.

Let us define
If " ' ), If ' " ' ) as exact eigenstates of

the (A —,1) system with eigenvalues Ef" ' and Ef",
Let also

I pf ) and
I kf ) be plane wave states with momen-

ta pf and kf describing the 3th nucleon which is not
correlated with the remaining system; thus, within the
PWIA, the matrix element of the total Green function
simplifies to:

( kf ~f IG(co+E;+i@)
I pf,f ' ' )

=5(kf —pf )5(E~" ' Ef, ' )—
1

co+E; (Ef" '+ T„—, k+/f2M ) i+@

(15)

where Tz, is the kinetic energy of the center of mass of
the residual system. Therefore, summing over the final

states of the ejected nucleon and of the remaining ( A —1)
system, one obtains (for ease of presentation the spin-
isospin variables are omitted):

A detailed discussion of the y-scaling analysis of the in-
clusive cross section within the framework of the PWIA
can be found in Ref. 20 and in Ref. 25 for the nonrela-
tivistic and the relativistic kinematics respectively; the
main results of these papers are summarized, generalizing
them to the separate response scaling functions. For ease
of presentation nonrelativistic kinematics will be used in
what follows.

The basic underlying assumptions of the PWIA are as
follows.

(1) The electromagnetic current of the nucleus is ap-
proximated by the sum of the free nucleon currents

max q~ ~ max BQ)
R

( L)(qr, co)=2nf.dE f kdk [ZP (k E)oL(T)+NP (k E)o'L(T(] (16)

(the explicit expression for the relativistic case is given in
Ref. 26). The factor I

Bco/k 8 cosa
I

=q /M originates
when integrating over the direction of the initial momen-
tum k of the ejected nucleon (see Fig. 1). a is the angle
between k and q, which is fixed, together with k;„,k

and E,„,by the energy conservation

(k+q) k (17)
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The longitudinal and transverse responses can then be ex-
pressed in terms of q and y instead of q and co. If the
PWIA is assumed to hold, the general criterion for
defining the scaling function is that it should represent
the nuclear structure function; therefore the following
definitions will be adopted in what follows:

R, (q,y)
FL,"(q,y )=

[ZGg (q„)+NGg (q„)](1—q /4M )

FIG. 1. Diagram describing the direct interaction between
the virtual photon and the emitted nucleon.

CO

kB cosa
(23)

and eventually E;„=M„,+M —M~. In Eq. (16)

P („)(k,E)= g i(k,f" 'if; ) i 5(E+E E" '—
)

I A —1

a~R ( )
T

[ZGgg(q„)+NG~ (q„)]q /2M kB cosa

(24)

RL (q, co) =[ZGg (q„)+NGg (q„)]

X q
4M

Bco

k B cosa I(q, co), (19)

RT(q, co) =[ZGg((q„)

+NG" (q )] 2M2 k B cosa
~

I(q, co),

(20)

where Gg'"' and GQ"' are the electric and magnetic
Sachs form factors, respectively, and I(q, co) is the nu-
clear structure function given by

E [~ ~] ~m»«q ~]
I(q, ~)=2' J dEJ„,k dk P(k, E)

min

(21)

(the equahty between proton and neutron spectral func-
tions has been assumed, i.e., P =P„). Let us introduce
the nonrelativistic analogue of Eq. (11), i.e., the energy
conservation for a nucleon with momentum k =

~y ~
and

removal energy E=E

(18)

is the spectral function, which yields the probability
distribution of finding in the target nucleus a nucleon
with momentum k =

~ kf —
q~ and removal energy

EA —1

Disregarding in RT the convection current, which
gives a contribution of the order of few percent, one ob-
tains

P(k, E}=
a E I occupied states I

I y.(k }I'n(E+ e.), (25)

where P is the Fourier transform of the single particle
wave function and e is th'e proper eigenvalue; one gets
for the scaling function

which have the same general form as Eqs. (12) and (13),
with K(q, y ) = ~Bco/k8 cosa =q/M. Placing (19) and
(20) in (23) and (24) one obtains FI =FT=I(q,y ). In or-
der to check such a strong prediction from the PWIA we
have constructed the experimental longitudinal and
transverse scaling functions, I'I" and I' T', for ' C, " Ca,
and Fe using in the numerators of Eqs. (12) and (13) the
results of Refs. 3 and 4. The phase space factor K(q,y)
and the cross sections o., '~„'] which appear in the denomi-
nators have been calculated using fully relativistic kine-
matics (in particular the relativistic electron-nucleon
cross section cc' of Ref. 27 and the nucleon form factor
of Ref. 28 have been adopted). The results are presented
in Figs. 2, 3, and 4. It can be seen that F~"p and FT'p are
diff'erent in the whole range of momentum transfer con-
sidered; moreover they decrease for large values of y and
seem to slowly approach a scaling behavior. Since the ex-
perimental data cover a small kinematical region at low
momentum transfer, these results are not very sensitive to
the choice of o., ~„], the nucleon form factors and the ki-
nematics (the order of magnitude of the uncertainties
produced by alternative choices amount to 15%, at
most). Therefore the scaling properties of FL" and FT"~

will be analyzed in the following using nonrelativistic ki-
nematics.

The experimental splitting between I'L" and FT"p is in
sharp contrast with the prediction of the PWIA
represented by the dotted lines in Figs. 2, 3, and 4 which
have been obtained using a Hartree-Pock-type function
for initial and residual systems, i.e.,

(y+q )
Emin

km»(q y ~ )

I(q,y)=2~+ I ~P (k)~'kdk .
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It can be seen that at the q.e. peak (correspondin to
y = e ongitudinal response is strongly overestimated.

ing 0

We reiterate, however, that the main inadequacy of the
PWIA is its inability to split FL and FT.

B. The distorted wave impulse approximation

The first correction to the PWIA which has to be con-
sidered is the FSI between the emitted nucleon and the

residual system, which has been introduced in our
scheme by modifying the matrix element of the total
Green's function, Eq. (7). Actually w d 1y we use a single par-
ic e reen's function with a complex energy-dependent

potential, that describes the interaction between the nu-
cleon and the residual system, obtaining instead of Eq.
(15) the following expression:

(kf,f" '~G(co+E;+re)~pf, f' " ')

y(EA —1 EA —1)
~+E( (Ef"—'+T„,+kf~/2M+ V(E ))+ '8'(

where E~ is the 6nal energy of the nucleon in the centre
of mass of the A system:

I

P(E~) is the Percy factor

E~ =co+E; —E" ' —Tf A

2

(28) (29)

and V(Ez) (Ref. 29) and W(Ez) (Ref. 30) are the real
and imaginary parts of the optical potential, given by:

V(E~)= —[E+—,'(2n+l+ —', )co„,]exp[ (E~+E—)/Eo],

(30)

0 I I I I I I I I I I I I I I I I I I I I
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FIG. 2. Lon ig tudinal and transverse scaling functions for ' C
vs the momentum transfer q for several values of the scaling
variable y defined by Eq. (11). Crosses and open circles denote,
respectively, FL and FT obtained from Eqs. (12) and (13) using
for RL(T) the experimental data from Ref. 3 and for ' ' th

~ ~ ~

relativistic o6'-shell cross section from Ref. 27. Dotted lines

represent the PODIA results, dashed lines the D%'IA with real
potential, and solid lines the DWIA with 1

'
1wi comp ex optical po-

tential. In this and in following figures scaling functions and
variables are expressed in units of the nucleon mass.

0 a I. 'r'''I'''i'''I'''( I i I i I & I l I a I s I

y--0. 284

0 I I I I 4 I r I . .I. .. I. . . J. . . .I. . . .L .. .I . . .I. . . I. . 4 I-

200 300 40D 500 600
qtMeV/c)

FIG. 3. The samsame as Fig. 2 but for Ca. Experimental data40

for RI (T) from Ref. 4.
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W(E~)=C(EJv+E) exp( (E—~+E)/Eo), (31)

with Eo =4kf /2M and C = —4.5 X 10 MeV
Thed nynarnics included in this parametrizati f

function is in principle quite rich, but, as we shall
see, it is nevertheless not sufficient to 1

'
ho exp ain the

I

differences between the longit d 1 d
nels 'the m'

'
u ina an transverse chan-

ne s tthe microscopical meaning of (27) will be discussed
in more details in the next section].

Equation (27) leads to the following expression for
L(r) ~

P(E~ ) W(E~ )P( k, E )1

jco+E; [Ef"—'+T„,+(k+q) /2M+ V(E )]] + W(E
(32)

Due to the fact that, for fixed y, E& increases with
decrease, and therefore the asymptotic

wi q,

value of FL~~~ is the same as in the f he case o t e pure
In Figs. 2, 3, and 4 the theoretical results ob-

tained using Eq. (32) are presented by the full curves the
dashed curves represent the results obtained from a pure-
y real optical potential); it can be seen that the q-

ng unc ion is qualita-ehavior of the longitudinal scalin f t
tive y reproduced, at least near the top of the peak,
displaying, at low q, some structure due to the effects of

L an z- is o tained.the shells, but no splitting between F d F '
b

It is clear that in order to obtain such a splitting further

I

improvements in the evaluation of the matrix element of

rnatter of fact, we have considered only the direct term
ig. 1) in the e.m. coupling of the electron with the nu-

cleus but tut the antisymmetrization, or recoil, term could
be relevant. Ian . f these terms are taken into account the in-
clusive cross section does no longer factorize and more-
over different final states of the resid 1resi ua system are gen-
erated, due to the different structure of Jo and Jz in the
spin-isospin subspace. This fact has important conse-
quences, in that the FSI acting differently in the longitu-

ina and transverse channels is now bl t d'

t e two responses. Such a mechanism will be illustrated

model.
in t e following section within a sim 1 b tp e u signi cant

IV. INFINITE NUCLEAR MATTER MODEL

p i I t l I I I ] I I I I I I I I I ] II

y--0. 1

o e
0'

P I I I t I I I I

4.
y--0. 2

y--0. 284

0 ~ I s I s

200 300 400
qfHeV/cj

600

FIG. 4. The sarne as Fig. 2 but for Fe. Experimental data56

for RL&z-) from Ref. 4.

We havave seen in the previous section that b
in the FSI it i

a y intro uc-

tudinal re

'
g e it is possible to qualitatively exp1ain th 1

response but no splitting between FL and F can
e ongi-

be obtained.
L an 7- can

In .order to understand this phenomenon let us
remember the connection between Eqs. (2) and (3) and
Eqs. (4) and (5): In the latter, the final states ~g )

t e s stem.h em.
represent the intermediate state f th

y em. We may for instance consider intermediate
particle-hole states only. If we assum th t b h he a ot t epar-
ic e an the hole interact with the surro d' doun ing me ium
i.e., t ey move under the effect of an optical potential)

ion itu
'

but not between themselves, then no s litt' bsp i ing etween
is is theongitu ina and transverse channels arises. Th'

case, a fortiori, of the PWIA, when the ejected nucleon
evolves under the action of th f H '1e ree ami tonian; the
same happens in the DWIA as far as the exact Green's
function of the system is approximated b

'
1

c e reen's function, since in this way it cannot carry in-
formation on the state of the residual system, apart from

contrary, that some interaction between the particle and
, then in principle this interaction will de-

pend upon the quantum numbers of the particle-hole pair
an, consequently, it may distinguish between di6'
channels.

e ween i erent

To improve our understanding of many of the f
described ab

~ ~

o e eatures
above, and in particular shed sorn 1 he more ig t

e ro e of and on the precise meaning of the final
state interactions, we wish to examine h'ne ere a simp e ap-
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proach based on infinite nuclear matter. Something will
be lost of course, since in this frame surface efFects are
forcibly ignored, which may be relevant at high values of
y but we gain in improving our understanding of the de-
tails of the process.

Moreover, we may understand in this frame why the
y-scaling hypothesis holds in simple cases and why it is
violated in more sophisticated approaches. In order to
follow step by step the physical origin of the deviations
from the y-scaling hypothesis we start from the lowest
possible level of complication, namely the free Fermi gas
model, and then we shall introduce other e8'ects one at a
time.

A. The Fermi gas model

The longitudinal and transverse scaling functions (12)
and (13) can be easily found by considering that the Feyn-
roan diagram expansions for HL and HT, as defined in
Eq. (8), are topologically coincident, the only differences
being in the initial and final vertices. One gets for the
free Fermi gas scaling function EL

~ T].

FG I q 2F" = —— —ImII (q, ro) (34)

(p being the nuclear density). One immediately recog-
nizes that for co & 0 only the retarded term contributes to
the imaginary part. If moreover the kinematical region
q )2k+ is considered, F can be rewritten as

The response of a system to an external probe which
couples to the nuclear density is expressed through the
polarization propagator IIL(q, co) [cf., Eq. (8)]. In the
free Fermi gas model, where no interaction is present,
IIL (q, co) simply reduces (up to electromagnetic form fac-
tors or trivial coefficients) to the Lindhard function,
which reads'

d kII (q, co)= J 8(lq+kl kF)8(k~——k)
(2n )

1 1 2 d k—Im
n M p (2~)~ yo

M
kcosa +lg

F" = —— —Imq 2 d'k
~ Mp (2') q qk

2M M

(35)

X ' l
M —q —q +t

2M M

Equation (35) shows that FL ~T~ depends on q and co

through the West's scaling variable po defined by (9), i.e.,
the original result of West is recovered.

8. The Hartree-Fo'ck approximation

~ k
Q)+ +

2M M

(33)
The next level of complication is to assume that nu-

cleons move in a mean field (Hartree-Fock approxima-
tion), which amounts to add a self-energy in the denomi-
nators of Eq. (33); one has in this frame

II""=J' e(lq+kl —k )e(k —k)
(2m. )

F
co — — —X( lq+kl )+X(k )+i rl

q qk
2M M

+ advanced term . (36)

Since our attitude will be that of parametrizing X, we
may of course imagine to parametrize the exact self-
energy. The system we are describing in the frame of Eq.
(36) corresponds to a particle-hole excitation, with the
particle (and the hole) interacting with the surrounding
medium. In other words this corresponds to a knock-out
process in which the ejected nucleon propagates under
the eftect of the optical potential of the spectator system;
the latter can be not only in the ground state but, in gen-
eral, in an excited state, with a dressed hole left by the
ejected nucleon propagating in it. We neglect however
any interaction between the ejected nucleon and the hole
left in the residual system. In other words, apart from
the more or less suitable parametrizations, we are
describing the same kind of physical situation of the
DWIA. We remind once more that no difFerence may

k —2, if k&kF,
2M

+X(k)= '

k +g ef
2M

(37)

Using the preceding definitions one easily finds

arise in this case between longitudinal and transverse
channels because only the internal propagation of nu-
cleons has been changed, which does not depend upon
the initial and final vertices.

To further simplify the problem let us assume a very
elementary model fear the self-energy
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F " (y, q ) = —— —Im 0(kp k—)
1 1 2 d k

m Mp (2~) yo

M
k cosa

M
k k + 3+8 /q+ii)
2M

(38)

It can be seen that this new quantity depends both on q and pp ~ However the q dependence which breaks the scaling
property has two contributions: The first one, namely (k /2M —k /2M*)/q is clearly weak in the spirit of the hole-
line expansion, since it leads to higher powers of kz. The second one, which is instead relevant, comes from the
different potential energies felt by the nucleon inside and outside the nuclear medium (here it coincides just with the
quantity e= 2 +8 ). However this object does not depend on the integration variable, so that a change in the definition
of the scaling variable is naturally suggested. Let us define

M q

q
(39)

1 d kFH"(y H p, q ) = — Im f 8( k~ —k )
(2m )'

M
k cosa

M
k k

y + o

2M

(40)

Of course the new definition of the scaling variable de-
pends on the assumptions on X done in Eq. (37). The
evaluation of Eq. (40) is an easy task and an explicit cal-
culation at yH& fixed, shows indeed an extremely low
dependence on q.

The physical insight which comes out from these ele-
mentary considerations is that within a Green's function
many-body approach the choice of the scaling variable
and consequently the scaling properties of the scaling
function depends upon the explicit form of the self-
energy. It can be seen from Eq. (40) that, in disagreeinent
with experimental observations, no splitting between FL
and FT is predicted by the HF approximation.

The weakness of the Hartree-Fock approximation is
the lack of the imaginary part of the self-energy, which is
connected with complicated many-body intermediate
states like 2 (or more) particles-2 (or more) holes, ' and
will be discussed at the end of this section.

A further drawback comes from the neglecting of any
residuum at the pole, or in other words from the momen-
tum distribution which in our formulas is that of the free
Fermi gas. As a consequence at high values of y the HF
approximation goes wrong, while the

DULIA

described in
Sec. III, being a much more sophisticated parametriza-
tion, did provide better agreement with the data in that
region. In the following subsections the scaling functions
(23) and (24) will be plotted versus the scaling variable
corresponding to the HF approximation and, by consid-
ering various improvements of the latter, we will try to
understand the physical origin of the splitting between
F~ and FT.

C. The residual interaction

The correction to the HF approximation which will be
now considered is the effective p-h interaction, which, to
begin with, is assumed to be constant and independent
from the quantum numbers of the p-h pair. Let us

denote it by Vo. The Bethe-Salpeter equation for the full
polarization propagator becomes algebraic (in practice
the RPA series) and one gets

II'"(q m)=
IIHF( )

[1—VOII "(q,co)]
(41)

This equation shows that no splitting between FL and
FT can be obtained within a constant channel indepen-
dent p-h interaction and that the scaling property is
violated for two reasons. The first one is the existence in
the denominator of the term (mpMVOF ") /4q, which
clearly depends on q, and which is vanishing small as
q~ ~. The second point is the dependence of F"' on
ReII ". Let us remember that ReII "has a retarded and
an advanced part. The functional dependence of the first
one is like y(yH„)/q and is vanishing for yH~=O (this
statement is for instance trivial for the Lindhard function
IIO}. The advanced part instead is given, in the low densi-

The physical effects introduced here are often referred to
in the literature as rescattering corrections. From a
many-body point of view however these corrections come
about by antisymmetrizing the interaction between the
ejected nucleon and the remaining hole in the residual
system. In this sense they could be described as final
state interaction too. This is an important improvement
with respect to the HF approximation, which brings
about the central problem of our paper, namely whether
the FSI can be considered the origin of the splitting be-
tween FL and FT.

For sake of simplicity we ignore for the moment the
structure of the vertices (to be discussed later) and as-
sume the interaction to be channel-independent. The
scaling function is, explicitly writing the imaginary part,

FHF
tot

(1—VOReII "(q,co)) +(mpVoF "M/2q)

(42)
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ty limit, by

~HF P
Rdv 2

(43}

(p~ +@„)'
2(p~+ p'„)

This clearly shows the breaking down of the scaling prop-
erty and again shows that these effects disappear at
higher values of q. A new physical effect is taken into ac-
count here since the advanced part of the Lindhard func-
tion may introduce into the game initial state correlations
as well: In fact if one translates the Feynman diagram
language into the old-fashioned (Bruckner) perturbation
theory, one sees that the advanced part of ReH "makes
it possible 2p-2h (or more) excitations to occur before the
photon is absorbed, which just describe corrections to the
single-particle wave function of the initial state.

We remind that the experimental data presented before
concern transferred momenta up to 600 MeV/c which
are not yet in the asymptotic region. From our discus-
sion we may argue in which direction the scaling proper-
ty is broken. It is clear in fact that the term
(mpMVOF ") !4q entails always a depletion of the qua-
sielastic peak. The other term has quite a clear behavior
at yHF=0 since it reduces to (1 —VOReII, d"„), and Eq.
(43) shows that ReII,d" is negative. It follows that a
repulsive effective interaction leads to a term & 1 which
cooperates with the previous term to reduce the scaling
function F"'. Since the asymptotic value is F ", thenF"' reaches this value from below. The case of attractive
interaction is more involved since the two contributions
have opposite effects and only a strongly attractive in-
teraction shall give an enhancement of F"'.

Let us eventually consider the case of a realistic p-h in-
teraction, namely the one which is obtained in the frame
of the Landau-Migdal theory. The usual Ansatz is

V =Co[SO+Var, .r2+Qoo, o2+Qor, r2cr, o2.],
(44)

with

(P +P„) IIHF
X + p n

1 —C 9 II " 2(p —p ) 1 —C O'lI

(47)

The parametrization for the transverse response, given
by Eq. (47), does not contain several efFects whose
relevance should be carefully investigated. To this end,
let us note first of all that numerically the weights for the
isoscalar and isovector channels are respectively 0.03 and
0.97, so that considering propagation through the isovec-
tor channel only, viz.

gHF
rr =

1 —COG'lI " (48)

appears to be an excellent approximation.
This channel, unlike the longitudinal one, cannot be

fully described in a conventional approach based on more
or less realistic X-N potentials but requires an explicit
treatment of p-meson exchange and intermediate isobar
configurations. The effective interaction in this channel
is therefore usually written as (f !4~=0.08 )

g2 2
v~~= J g'+c'

PPl ~ CO q Pl
p

2 C 2 2
(49)

with C =2.3 (Ref. 34} and where the parameter g' is
connected to Qo by

(50)

Moreover in this channel the 5-h intermediate states are
allowed and provide the following contribution to the
transverse polarization propagator: If we introduce the
5-h propagator as

II h(q, co) =P(q, co)+P(q, —co),

2m. 2

Co=
kFM*(kF )

(45) d k
P(q ~)—16 I (2m )

8(k„—k )

co —M&+M — + +i g
(q+k) k

gHF gHF
+

2 1 —C P II 2 1 —C V'lI
(46)

[Eq. (41) is regained when the interaction in the isoscalar
and isovector channels coincide].

For IIT, if convection current is neglected, the follow-
ing expression can be easily obtained:

The apparent dependence of the effective interaction
on the particular spin-isospin- channel has an immediate
consequence: In fact a longitudinal interaction propa-
gates only in the S=O channel, while a transverse one
propagates in the S=1 channel, so that different Landau
parameters are involved. In this way the degeneracy of
FL and FT is necessarily broken.

Since the longitudinal vertex is —,[1+r3], a little bit of
algebra provides for HL the expression

(52)

the whole polarization propagator then is obtained by
means of the replacement

2

IIHF IIHF+ ~+~ 116—h
2 (53)

in Eq. (48). In the following, as usual, we put f zz =2f.
In Fig. 5 the scaling functions of Ca calculated for

two different values of y are presented. The results
deserve several comments as follows.

(1) The splitting between the two responses due to the
particle-hole interaction is demonstrated.

(2) A repulsive p-h interaction is necessary in order to
obtain a quenching of the longitudinal scaling function
with respect to the HF results.



1434 39R. CEN FI DEGLI ATTI , AND Q. SALME

alsobeseen that th d p
'

n
requires a re ulsive e

e epletion
sive effective interraction, while t

tion.
e transverse one sune suggest a weak att

Let us n

ne su a rac-

now discuss the sen
' '

h h f h L
cial problem

parameters' th
pon

m since for th
is is a reall

available A
ese quantities many estim

0 ead, va u
a ysis of the o

instance,

e whole a repulsive interac-

Another evA evaluation for these coe
' '

i en i

I:

o a

a p-wave interaction. Ac ion. A translation from

3) The releva t co tri to o the
y put in evidence.

e p-meson exchan e

t bli h d th
xchange and to theo p-meson ex

e payed b

1 1

performed, taking the

me ers are F=
iz te Har

and F
e /c 23

e, respectively. Th
eV/c for ' C, C

e results wh' h
, and8 cl

ic are r
ap

1 ho h f
b h 1e s littin

at, or all

rse scaling functionns can s st
e ongitudinal and trans-

p
intermediate states. It can

40C y-0 i2p

2

I i I i I i I I i I i I

y=-0. 1

0
0'

I i I I i I I i I I i I i I

y--0. 2

0' P

I i I i I i I I i I i I i I

I

I

y=-0. 2

0 i I i I i I

2 y--0. 25

0 i I i I

200 300 400 600

q(MeV/c)

Longitudinal an5.
Ca vs th

and transverse

vari
e momentum trans "er f

e scaling funct fions or

y q. &39.
so t escaaling

dF bt' df (13) using

responsesp es represented b th
o the splittin of

(FT) li~es. Th
y t e dot-dashed (F

s. e short-dashed 1'
and long-dashed

meson exchan e
ines include the

6-h i
nge and the solid lines

e effect of the P

ik )=Mi d.

I

n I

I i I i )i I i + ) I i

'400 500
'

FIG. 6. L ' '
an tra. Longitudinal and tran

the
3

tth 1

~ep(n )

d 1

ines

suit. Paramet f
'

esdenote thep H - o
e ers for the

pure Hartree-Fo
p-h interaction [E .

5.
, an 6-h E

l, p- g
'

n q. (44
contributions as '-s in- ig.



39 y-SCALING ANALYSIS OF THE ELECTROMAGNETIC. . . 1435

y=0

I i I t I i I i I i I i I t I i I i I

y--0. 1

A

0'

0 I I I I I I I I I I l I l I I I I I I II-

4.
y--0. 2

0 i I i I

2 y--0. 25

a

0 a l i I i I i I ai I dl g I g I g I ) I

200 300 400 500 600
qtMeV/cl

FIG. 7. The same as in Fig. 6 but for Ca. Experimental
data for R&(T~ from Ref. 4.

Ca y~P

particle-particle to particle-hole parameters for Skyrme
forces is found in Ref. 37. The various kinds of forces
give a quite uncertain value for Vo (ranging between
—0.45 to 0.74) and a 9'o which at least is always repul-
sive. In particular the Skyrme III interaction, which has
been used in Ref. 10, provides V0=0. 3 and VO=O. 87; it
is clear from our previous analysis that a RPA calcula-
tion with this repulsive interaction should provide a
lowering .of the quasielastic peak, as it was indeed found
in Ref. 10.

A very strong repulsion is obtained if, as in Ref. 8, the
relations between Po, Vo, the nuclear compressibility and
the asymmetry coefficient of the mass formula are used:
with these expressions one finds (with m*=m ) 70=1.89
and SO=4.06. Such a repulsion could be lowered by in-

troducing a cutoff function which produces a strong de-
crease of the repulsion with increasing q. This procedure
is quite reasonable since the assumption that the Landau
parameters are independent on the energy and momen-
tum transfers is surely questionable, but at present there
are no insights on what kind of q dependence one should
require. In Ref. 8 the cutoff function has been fixed by
fitting the longitudinal response function.

In Fig. 9 the sensitivity of FI upon the Landau-Migdal
parameters Vo and Vo is illustrated for Ca: It appears
that the efFect of the variation of the parameters is of

0 I I l I I I I I I I I I I I I I I I I I

I i I 1 I I I i I I I s I ) I ~ I i I

y--0. 1

y--0. 1

0'
0 I I I I I I I I I I I I I I f I I I I II-

4.
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2
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4.

Q i I s
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a I s I s
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Q a I a I a
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q(MeV/cj
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s I i I i I i I s I
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I i I i I
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FICz. 8. The same as in Fig. 6 but for Fe. Experimental
data for RL(T~ from Ref. 4.

FIG. 9. Longitudinal scaling function for Ca for different
effective interactions. Scaling variable and experimental data as
in Fig. 7. Dashed lines correspond to the parameters of Ref. 36,
dash-dotted lines correspond to the parameters of Skyrme III
interaction, solid lines to the parameters of Ref. 8. The dotted
lines represent pure Hartree-Fock approximation;
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16 p
9 (Mq —M) (54)

which has the same sign of II' ' and at q =400 MeV/c
holds about a 60% of II' ". At higher momenta where
the interaction is always attractive its relative weight is
further increasing.

In Fig. 10 the transverse scaling function for Ca is re-
ported for different reasonable values of g'. It can be
seen that unlike FL (cf. Fig. 9) the HF limit (and there-
fore the scaling) is not recovered, particularly at y =0,
and that different values of g' seem to lead to an almost
constant shift of FT.

To 'sum up, the following comments concerning the re-
sults presented in this section are in order as follows.

(1) The connection of the scaling function with nuclear
dynamics has been put in evidence. As shown in the
figures of this section, by plotting the q dependence of FL
and Fz- for fixed values of y the analysis of the inclusive
q.e. data is remarkably improved.

(2) The effect of the q dependence of the effective in-
teraction has been clearly outlined. For instance the q
dependence of Ref. 8 changes drastically the shape of the
curve.

(3) At low q, the disagreement with experimental data
increases with increasing values of y. This is a clear man-
ifestation of the relevance of the surface effects and it
points to the potentiality of our analysis in establishing

minor relevance at high q, where all curves, correspond-
ing to different sets of parameters, approach the HF re-
sult. The best agreement with experimental data is
achieved by using the values of Ref. 8, and at y =0 it is
indeed very good, without any change of the free nucleon
form factor as advocated in Ref. 8. There, however, the
p-wave interaction and the surface effects, disregarded in
our calculation, have been taken into account; therefore
the agreement shown in Fig. 9 has to be considered with
some caution. It should be pointed out, in this regard,
that our aim was mainly to illustrate the potentiality of
the y-scaling analysis of the electromagnetic responses
showing, e.g. , that the q-behavior of FL represents a seri-
ous test of various values of Landau-Migdal parameters,
rather than to fit the experimental data. In this respect
an analysis of FL of the type presented in this paper, tak-
ing into account p-wave interaction and surface effects,
would be highly necessary.

As far as the transverse channel is concerned, the cen-
tral parameter is g'. Its value ranges in the literature
from 0.5 to 0.8 (without excluding however other values).
It is commonly believed at present that a value g' ~ 0.6 is
required to prevent pion condensation and precursor phe-
nomena, but since g' may depend on momentum and en-
ergy, ' the use of such a constraint in the quasielastic
region is not a stringent one. The relevant point here is
that the interaction is repulsive for small q where g' dom-
inates, but the weight of the p exchange (which is attrac-
tive) increases with q. With g'=0. 5 and y=0, for in-
stance, the effective interaction changes sign at q =400
Me V/c.

The effect of the b-hole is also relevant. An order-of-
magnitude estimate for y =0 provides

0 I I t I I I I I I I I I i I t I I I t I

y--0. 1

2
0'

I"
4.

0 i I a I s I i I i I s I s I. t I s I i I

y--0. 2

0 i I i I t

200 300 &00

q(MeV/c)

500 600

FIG. 10. Transverse scaling function for Ca for di6'erent
values of g' (p exchange and 5-h contributions are included).
Scaling variable and experimental data as in Fig. 7. Dash-
dotted lines correspond to g'=0. 4, dashed lines to g'=0. 6, and
dotted lines to g'=0. 8. The solid lines represent pure Hartree-
Fock approximation.

V. CONCLUSIONS

In this paper the concept of y scaling has been used to
systematically investigate longitudinal and transverse
responses. Our analysis of q.e. responses in terms of' their
q and y dependences had the following advantages with
respect to the usual analysis in terms of their q and co

dependence: The plot versus q of various sets of data,
corresponding to different kinematics but to the same
value of y, had provided us with the experimental q
dependence of those effects which break down the im-
pulse approximation and the simple Hartree-Fock ap-
proximation; since different kinds of contributions to the
q.e. cross sections are singled out for different values of y

the limits of validity of a "Fermi-gas" model for inclusive
scattering.

(4) Whereas FL seems to approach an asymptotic value
with increasing q, FT" on the contrary exhibits an appre-
ciable increase with q, which is mainly due to the 5-h in-
termediate states. It is clear that the future measure-
ments at higher values of y will represent a severe test of
effective nucleon-nucleon effective forces within the con-
text of the application of many-body approaches for
infinite systems to finite nuclei.
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(y -0, scattering from quasifree nucleons; y )kz, surface
effects; y ))kF, scattering from correlated nucleons, etc.),
plotting the q dependence of Ft ~T~(q, y ) for various values
of y yields unique information on many-particle effects in
different regimes of nucleon dynamics. The main con-
clusions which should be drawn from our analysis can be
summarized as follows.

(1) The usual treatment of FSI within the impulse ap-
proximation, using optical potentials which contain a
minimum of state dependence through the values of the
single-particle energies [cf, Eqs. (28)-(31)], provides a
reasonable description of the longitudinal response but is
unable to generate any splitting between FL and F&.
Several effects have been left out in the approach present-
ed in Sec. III, namely those related to the necessary im-
provements of the DULIA and those related to the meson
exchange currents (MEC) in the transverse channel.
Since the latter ones are expected to be of minor
relevance at large values of y, (i.e., for co (cop„k
=q /2M), where the relative splitting is roughly of the
same order as that at y =0, the effect of the MEC cannot
be considered as the main origin of the splitting. The re-
sults of the many-body approach presented in Sec. IV
clearly show that the failure of the D%IA in generating
the splitting is essentially due to the product form of the
final state both in the longitudinal and transverse chan-

nels. Therefore future efforts should be focused on the
construction of a final state allowing for a state depen-
dent correlation between the emitted nucleus and the re-
sidual system.

(2) The splitting between the two channels induced by
the effective interaction goes into the right direction, but
clearly something is missing. The drawbacks of our mod-
el are of course the lack or too crude a parametrization of
the q and co dependences of effective masses, self-energies
and effective interactions as well as the complete neglect-
ing of any imaginary part for these quantities. Both these
effects may come from a more complicated diagram in-
volving light mesons (pions) and other particle-hole pairs,
as those arising in the analysis presented in Ref. 31; how-
ever, such an analysis has been carried out at fixed
momentum transfer, while it would be of great interest to
repeat calculations for fixed y. It is clear however that a
rich many-body calculation seems to be necessary in or-
der to microscopically explain the splitting between FL
and FT.

(3) Present data do not allow us to make any expecta-
tion about. the behavior of the splitting at higher values of
y. Such a behavior on the other hand would represent a
decisive test to confirm or rule out different models of the
reaction mechanisms andjor the residual N Nintera-c-
tion.
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