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A detailed investigation of the excited states of ' C below 10 MeV excitation energy by means of
high-resolution electron scattering at momentum transfers between 0.4 and 2.4 fm ' has been per-
formed. Additional data taken for excitation energies between 10 and 22 MeV are also selectively
discussed. Up to an excitation energy of 12 MeV the data are compared with the results of a shell-

model calculation which uses the full Ohio and lhasa model spaces together with effective one-body
transition operators.

I. INTRODUCTION

Inelastic scattering of medium energy electrons pro-
vides a well-understood probe of the charge, current, and
magnetization densities which characterize nuclear exci-
tations. In light nuclei, where the plane-wave Born ap-
proximation is quite accurate, provided a simple correc-
tion to the momentum transfer (q~q, tr) for Coulomb
distortion is made, the connection between the measured
form factors and the transition densities is direct and is
simply expressed as a Bessel transform. Also, it is for
light nuclei that the most extensive microscopic calcula-
tions of the transition densities can be performed and
tested.

This paper reports on an extensive investigation of the
excited states of ' C using inelastically scattered elec-
trons. The high q data were taken at the Bates Linear
Accelerator with the high-resolution dispersion-matching
system, ' which made available significantly greater beam
current, better resolution, and higher incident energy
than were available in early work. An additional im-
provement was made through the use of higher isotopic
enrichment of the ' C in the target. The data taken at
Bates included form factors for momentum transfers be-
tween 0.5 and 2.4 fm ', with longitudinal-transverse sep-
arations for q 0.8 fm ', for all states below 10 MeV in
excitation energy with the exception of the very broad —,

'+
state at 8.2 MeV. In addition, a number of excited states
between 10 and 22 MeV have been investigated at three
energies at a scattering angle of 90, corresponding to 1

fm '(q (2 fm ', for the purpose of comparison with
other measurements ' in this region at 180 . The low q
data (0.4 fm ' &q (0.9 fm ') were taken using the 180
electron-scattering facility of the Instituut voor Kernphy-
sisch Qnderzoek (IKQ). In the figures which appear in

this paper, data from the present work are identified by
the acronyms Catholic University of America-
Massachusetts Institute of Technology (CUA-MIT) or
IKO, as appropriate.

The early work at Darmstadt provides low q data (0.3
fm '(q &0.6 fm ') for many levels. For a few levels,
data (0.6 fm '(q (1.0 fm ') were obtained at Saska-
toon. Measurements made at the Bates Linear Accelera-
tor Laboratory by a University of Massachusetts
group ' ' '" of transverse form factors from 180' scatter'-
ing have concentrated on the distribution of M4 strength
in ' C and on a few selected states, for which the mea-
surements have been extended to a high q of about 4.6
fm '. These latter states include the ground state, ' '"
the —,

'+ 3.09 MeV level' and the —', + 9.50 MeV level. '

Also, 180' measurements are available for a number of
other levels up to 22 MeV excitation energy.

Our experimental method is described in Sec. II, fol-
lowed by a description of the data analysis in Sec. III.
Before giving the experimental results, we present, in Sec.
IV, an analysis of the relevant level structure of ' C, to-
gether with an outline of our theoretical understanding of
the structure of these levels. In the first instance, our
theoretical treatment closely follows the approach of Lee
and Kurath, ' ' who perform shell-model calculations in
OAm and 1fzm spaces for the negative- and positive-parity
states, respectively. These calculations' use the Cohen-
Kurath interaction' for the p-shell two-body matrix ele-
ments and the Millener-Kurath interaction' for all other
(cross-shell) matrix elements. We begin Sec. IV by identi-
fying those levels of ' C which are predominantly of p-
shell character. This leaves four negative-parity levels
below 12 MeV, beginning with the 9.90 MeV —,

' level,
which can be attributed to the excitation of two particles
to the sd shell. The positive-parity levels in the same re-
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gion appear to be of mainly lA~ character, with those
below 10 MeV having dominant components consisting
of an sd-shell neutron coupled to the ground (0+) and
first excited (2+ ) states of ' C.

In Sec. V we present our experimental results for the
form factors and compare them with the predictions of
the shell-model calculations described in Sec. IV. In-
terwoven with the discussion of results is a discussion of
the shortcomings of the limited model-space (Otic and
1%co) calculations and of the features of extended model-
space [(0+2)fico and (I+3)enrico] calculations that are im-
portant for transitions of each multipolarity. As expect-
ed, longitudinal form factors are generally underestimat-
ed by the model. For "collective" transitions with
surface-peaked transition densities, e.g. , strong C2 and
C3 excitations, a reasonable fit can be obtained by scaling
the form factors (i.e., using effective charges). The trans-
verse form factors, dominated in most cases by the mag-
netization current of the odd neutron, are overestimated
typica1ly by a factor of 2. Since the last neutron is rela-
tively loosely bound, there are significant differences be-
tween transverse form factors calculated with harmonic
oscillator wave functions and those calculated with more
realistic Woods-Saxon wave functions. Further insight
into the limitations of the mode1 is obtained from an
analysis of inelastic pion scattering' within the same
framework. ' In particular, the ratio' ' of ~+ to ~
cross sections provides information on the relative impor-
tance of neutron and proton excitations in a specific tran-
sition, and excitation functions at constant momentum
transfer distinguish between AS=0 and AS=1 transi-
tions. Analyses of inelastic proton scattering on ' C, us-
irig the same nuclear structure input, have also been per-
formed for data taken at proton energies of 547 MeV
(Ref. 21) and 135 MeV (Refs. 22 and 23), following an
earlier analysis of the 135 MeV data. The proton data
provides further insights on the structure of ' C, al-
though the complexity of the NX interaction and its den-
sity dependence, particularly at the lower proton energy,
make for larger uncertainties in the reaction mechanism.

We close in Sec. VI with a summary, further discus-
sion, and conclusions.

II. EXPERIMENTAL METHOD

The high q data were taken using the high-resolution
energy-loss magnetic spectrometer' at the Bates Linear
Accelerator. Measurements were performed at fixed an-
gles of 45', 90', and 160', with the incident electron ener-
gy varied over the range from 78 to 339 MeV. The
momentum transfer varied between 0.5 and 2.4 fm ' (100
and 500 MeV/c). The energies of the 160' runs were
selected to match the momentum transfer of the 90' (or
45') runs. In all, spectra were taken at 33 different com-
binations of energy and angle during nine different run-
ning periods.

For most of the runs, data were taken only for excita-
tion energies below 10 MeV. Because the detector spans
a useful momentum range of 4%%uo, one, two, or sometimes
three difFerent magnetic field settings of the spectrometer
were required to span this excitation range, depending on
the incident energy. In three additional runs at 90', we

explored the excitation region up to 22 MeV at incident
energies chosen to match the momentum transfer of the
University of Massachusetts (U Mass) 180' electron-
scattering data.

The target consisted of 25.6 mg/cm of enriched ' C
powder contained between two 4.4 mg/cm beryllium
foils. In most cases, additional runs with a beryHium tar-
get were taken to facilitate separation of the beryllium
background from the carbon data. The isotopic purity of
the ' C target was determined to be 97.46+0.05%%uo by
comparison of the ' C elastic and 4.44 MeV (2+ ) impuri-
ty peaks from the ' C target and from a calibration target
of natural carbon. The ' C target was determined to be
uniform in thickness to within 2.5% over the beam in-
teraction region by means of low-energy x-ray densi-
tometry.

The energy resolution (FWHM) of the experiment
varied from 48 keV in the lower-energy 90' runs to 80
keV in the higher-energy 160' runs, with a substantial
fraction of the width due to energy-loss straggling in the
target. This resolution is considerably better than that of
previous electron-scattering investigations of ' C, and fa-
cilitated the determination of excitation energies and
widths of many excited states between 12 and 22 MeV.
Some sample spectra are shown in Fig. 1.

The low q data were taken using the 180' electron-
scattering facility of the IKO. The target was a self-
supporting foil of 73 mg/cm thickness, enriched to 90'7o
in ' C. The data have been normalized to previous IKO
data on elastic 180' scattering from ' C. Spectra up to 20
MeV excitation energy have been measured at EO=45,
55, 70, 80, and 90 MeV (0.4 fm ' &q &0.9 fm ') with an
energy resolution of 350 keV.

III. DATA ANALYSIS

For the data taken at Bates, the incident energy and
focal-plane parameters for each set of runs were deter-
mined from a least-squares fit to the well-known levels of
' C and Be with excitation energies below 10 MeV. The
spectrum was then sorted into constant width energy bins
(10, 15, or 20 keV) for subsequent analysis. Counting rate
corrections for each spectrum were made based on coin-
cidence scalers and other information recorded by the
on-line computer.

The areas under all the peaks in the spectrum were cal-
culated using an interactive fitting program derived from
a code due to Bergstrom. Each peak was described by
eight parameters: height, position, Gaussian width, sym-
metric and asymmetric distortion terms, and radiative
tail expressed as a Schwinger-type contribution plus two
additional empirical terms. For peaks appreciably
broader than the observed experimental resolution, a
Breit-Wigner shape was used instead of the Gaussian
form. In addition to the peak parameters, the fitting pro-
gram included a four-term polynomial background con-
tribution to approximate the radiative tails of off-scale
peaks plus other slowly varying backgrounds. All param-
eters could be independently varied, singly or in groups,
in order to minimize the y of the fit to the spectrum over
a region of up to 250 data points (2.5 to 5 MeV of excita-
tion energy range, depending on incident energy). For
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and form factors were calculated using the measured
values of integrated beam current, target thickness, and
spectrometer solid angle. The efficiency of the focal-
plane drift chambers was normally assumed to be 100%.
The normalization of the cross sections was tested by
comparing the ' C and ' C elastic scattering cross sec-
tions obtained from this experiment with those of previ-
ous measurements. ' A few early sets of spectra
showed inefficiencies of up to 15%, attributable principal-
ly to incorrect discriminator thresholds for the plastic
Cherenkov counters which provide the event trigger.
Peak areas in these spectra were corrected for this
inefficiency. For the majority of spectra the elastic cross
sections agreed well with previous values, and no correc-
tion was necessary.

Form factors are defined by the relationship
2

d o Za cos(8/2)
2Eosin (0/2)

(d ) qeff 2.04 fm ~ 290 MeV 90'

207 MeV 160

where 0 is the scattering angle, Z the nuclear charge, a
the fine structure constant, E0 the incident electron ener-

gy, M the nuclear mass, and q the three-momentum
transfer. For those values of momentum transfer where
data were available at two angles, longitudinal and trans-
verse form factors were extracted according to the rela-
tionship

5

Excitation Energy (MeVj

10 15

2
Q2

F (q, 9)=
2

FL (q)+ 2
+tan (0/2) FT(q)

2A

FICx. 1. Eight ' C(e, e')' C spectra are shown for four q
matchings at the momentum transfers indicated in the part la-
bels (a), (b), (c), and (d). The shaded areas correspond to excita-
tion of the Be ground and 2.43 MeV excited states. The arrows
indicate the positions of peaks due to excitation of the ground
and 4.44 MeV states of the ' C impurity.

several well-separated peaks, the areas and statistical er-
rors calculated by this procedure were compared with a
direct summation procedure and found to agree, general-
ly to within l%%uo. For each peak, the area was typically
integrated from 1 MeV above to 0.5, 1.0, and 1.5 MeV
below the peak maximum. These areas were then
corrected for inner bremsstrahlung (Schwinger correc-
tion), external bremsstrahlung, and Coulomb straggling.
The three integrated areas for each peak generally agreed
to better than l%%uo after the radiative corrections were ap-
plied.

For the broader peaks, for which a Breit-Wigner shape
was used, both the fitted width and the fitted area were
corrected to account or the distortion of the experimen-
tally observed line shapes by resolution effects. The
correction factors were determined by fitting pseudospec-
tra consisting of peaks constructed by the convolution of
Breit-Wigner shapes with Gaussian resolution functions.
An additional correction was made for counts lost in the
tails of' the Brcit-Wigner distribution.

From the radiate. ve-corrected are~s, the cross sections

where

6 =4EOE'sin (9/2)

(2)

is the four-momentum transfer squared. For the kine-
matics of the present experiment, 6 /q is always greater
than 0.996.

To correct in lowest order for Coulomb distortion, the
form factors were evaluated at the value of the effective
momentum transfer

1+
0 0

where Ro =&5/3R, , and R„,=2.48 fm is the rms
charge radius. The effective momentum transfers of the
points at the two angles used for Rosenbluth separation
were always equal to within 0.05 fm . No interpolation
in momentum transfer was performed unless such inter-
polation changed -the form factor at one of the two angles
by more than its error bar. In practice, this interpolation
was necessary only for several form factors evaluated for
the 9.50 MeV state.

For the low q data taken at IKG, the spectra were radi-
atively unfolded up to E = 16 MeV and the ' C contribu-
tion was subtracted. Cross sections for the excited states
~ere obtained from the unfolded spectra by a fit pro-
cedure employing Gaussian peak shapes plus a parabolic
~zckgro~ind. Above 16 MeV subtractio-~. of the giant res-
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onancelike background introduces uncertainties which
are too large to obtain reliable results. For the un-
resolved 3.68 and 3.85 MeV levels, cross sections are
available at more incident electron energies from the
elastic-scattering experiment, in which a 4 MeV excita-
tion energy region was covered. Finally, we obtained
transverse form factors by applying Eq. (1) and (2), where
the longitudinal contribution I'L could be neglected since
at 180 it is weighted by a factor (m, lEo ) relative to the
transverse form factor FT.

IV. STRUCTURE OF ' C BELOW 12 MeV

+
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In Fig. 2 we have separated the low-lying energy levels
of ' C into groups classed as Okapi, 1%co, or 2%co. One of
the least ambiguous ways of identifying the p-shell (Omni)

levels is through pickup reactions on p-shell targets. For
example, the five levels identified as OA~ below 12 MeV
are all strongly excited in the ' N(d, He)' C reaction,
and the extracted spectroscopic factors ' are in good
agreement with the predictions of Cohen and Kurath.
All the OAco levels shown in Fig. 2 are populated in the
' N(p, He)' C reaction, again in general agreement
with theoretical expectations. Finally, the ' O(p, a)' N
reaction picks out the analogs of the four members of
the ' C ground-state band (at 0, 3.68, 7.55, and 12.44
MeV), corresponding to the removal of three nucleons in
a spatially symmetric state. The relationship of the
wave functions of these four states is evident from Table
I, where the wave functions' of the OAcu states are given
in the SU3 version of I.S coupling. %'e note that the
1/2z and 3/2z p model states have large S =

—,
' com-

ponents. The predicted energies are in good accord with
experiment except for the 3/2z and 7/2, levels which
are predicted too low in energy. Fits to an updated
selection of p-shell energy level data (for A = 10 to
3= 16) reproduce the ' C OA'co level scheme very well.

There are no candidates for the 9.90 MeV —,', 10.75

5.85
3.09

g+
2
I+

3
2

p (sd)
I QQJ

P

04~
FIG. 2. Configurational identifications for the low-lying

states of "C. The basis for the assignment of dominant
configurations is given in the text.

MeV —,', 10.82 MeV —,', and 11.08 MeV —,
' levels in @-

shell calculations. These levels should be predominantly
p (sd) in character in agreement with the calculations of
Dubach. The level ordering is characteristic of our ex-
pectations for K =

—,
' and E =

—,
' bands resulting from the

coupling of two nucleons in lowest sd-shell Nilsson orbit
to the ground state (K =

—,') and first excited (K =
—,')

bands of an 3=11 core. The relative prominence of the
four "2%co" levels in the ' B( Li, He)' C reaction is con-
sistent with the preceding interpretation. Experimental
and theoretical studies of the appropriate two-nucleon

TABLE I. p-shell wave functions' for ' C,

E,„p (MeV)

E,„(Mev)
(A,q)'

1—
2

1

2

3
2

1

2

3.68

3.59

5—
2

2

7.55

7.40

1—
2

8.86

8.78

Amplitudes

3
2

2

11.75

10.43 11.08
15.11

14.79

(03)

(03)

(11)

(11)

(11)

(1 1)

(00)

(0o)

0.840

0.405
—0.165

0.311

0.076

0.937

—0.037
—0.270

0.217

0.043

0.913

—0.040

0.301
—0.272

0.154

—0.214
—0.750

—0.579

0.180

—0.377
—0.257

0.361
—0.802

0.961

—0.277

0.845

—0.486

0.221

'(8—16) potential interaction (Ref. 15).
Spatial symmetry [f]= [441] corresponds to SU3 symmetry 103), [432] to (11).
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stripping reactions remain to be made.
The positive-parity levels in Fig. 2 below 12 MeV show

a close correspondence to the predicted 1A~ spectrum, as
can be seen in Table II. Here the theoretical spectrum
has been normalized to the —,

'+ level at 3.85 MeV; this en-
tails an upward shift in the positive-parity spectrum by
0.5 MeV. The lowest eight states result primarily from
the coupling of a neutron to the ground and first excited
states of the ' C core, in agreement with many earlier ca1-
culations, the first with a full 1Aco basis being that of
Jager et al. Of these levels, the only one that could not
be regarded as well established is the 5/23+ level, predict-
ed at 10.23 MeV. However, Knox and Lane, ' in an
analysis of neutron-scattering data on ' C, found a need
to include a broad —,

'+ level, with a width of 1.23 MeV
and with properties similar to the 5/23+ model state, in
this region at 10.67 MeV. For all this group of states,
SU3 symmetry (24) from the product p [44] (04) Xsd[1]
(20) is dominant in the wave functions (column 4 of Table
II and Fig. 3).

The remaining positive-parity states of direct interest
for our analysis of inelastic scattering are the 7/22 and
5/24+ levels. Lee and Kurath' predicted that these levels
should be strongly populated by isoscalar C3 excitations
in the inelastic scattering of electrons and pions (of
course, the same is true for protons, alphas, etc.), and,
indeed, they are. ' ' A careful peak fitting
analysis of the 135 MeV (p,p') data in the region
E„=11.8 MeV by Collins ' has identified states in this
region at 11.75, 11.85, and 11.95 MeV and has made J
assignments of —', , —,'+, and —,'+, respectively. The strong-
est state in (p,p') is the 11.85 MeV level which exhibits a
clear C3 angular distribution and is fitted extremely well
in a distorted-wave calculation using a density-dependent

nucleon-nucleon interaction ' and the one-body
density-matrix elements (OBDME) for the 7/2&+ model
state. Likewise, calculations for the 5/24 level, which is
predicted to be a factor of 2 weaker than the 7/22+ level,
fit the angular distribution extracted for the 11.95 MeV
level very well except at forward angles (0(20'), where
there may be contribution from nearby levels excited by
transitions of lower multipolarity. The assignments given
by Collins et al. are consistent ' with analyses of data
from other reactions and also with theoretical expecta-
tions. Thus, it would appear that the spin assignments
for this region are now settled and that the tentative —',
assignment for the 11.85 MeV level in the tabulation of
Ajzenberg-Selove should be changed to —', +.

We have noted in Table II that the 7/2z and 5/24 lev-
els, together with the 1/2z and 3/23+ levels, have the
structure of a particle coupled to p states of the A = 12
core with [431] spatial symmetry, that is, the 12.7 MeV
(1+;T=O), 15.11 (1+;T=1), 16.11 (2+;T= 1), etc. , levels.
In more detail, the 5/2~+ state is based 45% on core states
with T, =0, 55% with T, =1, and is 80.7% d&&2, 18.3%
d 3/2 1 .0% s»z particle. The corresponding percentages
for the 7/22+ level are 38.5, 61.5, 63.1, 36.9, and 0.0. In
an SU3 basis, the major components are from p [431]
(12) Xsd[1] (20)~[441] (32), with 74.9% (32) for 5/2&+

and 69.0% (32) for 7/22+. Basically, the two states form a
doublet with L=3 and S =

—,'. For inelastic scattering,
the dominant OBDME are those for EL=3, AS=0,
b, T=O (

—0.468 for 5/2~, 0.572 for 7/22+ ), with the cor-
responding isovector OBDME an order of magnitude
smaller, and the doublet forms the main source' of C3
strength in ' C. Experimentally, the summed longitudi-
nal form factors for the doublet contain about seven

TABLE EE. Positive-parity wave functions' for "C.

Eexp %(24) %ave function'

1/21

5/21+

5/2

7/21+

3/2)

3/22+

9/2 +

5/23

7/22+

5/24+

1/2~+

3/2+

3.09

3.8S

6.86

7.49

7.69

9,50

10.46

11.85

11.95

(11,00)
(12.11)

2.78

385
7.25

7.57

7.67

7.86

9.45

10.23

12.46
12.11

12.05

12.93

67.2

73.8

85.2

82.3

62.6

76.8

80.5

56.6

69.0'

74.9'

55.4'

55.9'

0.945(0 X —') +0.251(2 X

0.897(OX
2 ) —0.357(2X

0.859(2 X —,
' )+0.485(2 X

0.953(2 X —,
'

)

0.932{2 X —') +0.209(2 X

0.765(0 X —,
'

) —0.522(2 X

0.955(2 X —)

0.663(2 X —,
' }+0.501(2X

—,
' )+0.109(OX -', )

—' }—0.341(2X —)

2 )
—0.362(2 X

2 ) +0.211(0X
2 )

'References 13 and 14.
%(24) SV3 symmetry from the product p (04) Xsd (20).

'Notation: ' C{J)X sd {j). Only large components are listed.
Normalized.

'Based on levels of A = 12 core with [431] spatial symmetry. The %(32) SU3 symmetry from the product p'(12) X (sd) (20) is given.
The weak-coupling strength is fragmented and is not given.
'Levels not studied in elastic scattering. No attempt has been made to verify these correspondences.
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(ii) for electric transitions with b,S=1 we have

(iii) for magnetic transitions with b,S= 1 we have
AL =5/+1.

Also, the effective interaction favors (Ap)=(21) excita-
tions over (10) excitations for low-lying levels. In fact, all
(10) OBDME are small for the levels in Table III, but
could be large for levels in the region of the giant dipole
and the corresponding spin-Sip resonances [at the photon
point the El operator transforms as (10) b,L= ITS=0
and the spin part of the M2 operator as (10)
hL =ITS=1]. OBDME in the proton/neutron repre-
sentation

g. S.
0

12C

5
2

+
3.09

FIG. 3. Parentage of the "C ground state and of positive-
parity states below 12 MeV excitation energy in ' C. The pick-
up spectroscopic factors (S) for the T = —' negative-parity states
sum to 3 for T=O core states and 6 for T=1 core states. Details
of the parentage of positive-parity states are given in Table II.

times the strength of the 3.85 MeV —,
'+ level. It is in-

teresting that the 3 excitation built on the C ground
state is so unfragmented.

An outline of the parentage spectrum for the ' C
ground state and for the positive-parity states below 12
MeV excitation energy is given in Fig. 3, which summa-
rizes much of the discussion in the preceding paragraphs.
We note, particularly, that the 5/24+ and 7/22+ states
based on core states with [431] spatial symmetry have the
same overall spatial symmetry, [441], as the lowest posi-
tive states based on the ground and 4.44 MeV states of
' C. The effective interaction favors high spatial sym-
metries and lowers these states considerably from where
simple weak-coupling arguments would put them.

We give in Table III the OBDME for the states listed
in Table II. The OBDME are given in LS coupling since
the form factors are matrix elements of operators which
have AS=0 character for the charge density or convec-
tion current and AS= 1 for the magnetization current. In
fact, the OBDME are given in the SU3 coupling scheme
since this introduces further simplicities into the interpre-
tation of results. The relationship between the SU3
OBDME and ordinary LS coupling is nontrivial only for
p ~sd and AL = 1, where a 2 X 2 transformation relates
the Op —+1s and Op —Od OBDME of Lee and Kurath' to
SU3 OBDME with (Xp)=(10) and (21) (or their conju-
gates); (10) corresponds to the orbital combination

&1/6(Op ~ ls) —+5/6(Op ~Od ),
and (21) to the orthogonal linear combination. Many of
the OBDME in Table III do not contribute to electron
scattering if harmonic oscillator wave functions are used.
Specifically,

(i) the EJ=O OBDME are included only for complete-
ness;

are given by

1Z ~„= —[Zo+Z, ],
2

(4)

where ZzT is the matrix element of a a reduced in spin
and isospin (OBDME of Table III) multiplied by the iso-
spin Clebsch-Gordon coefficient ( T, MTb, T01TfMT ).
For AT=1, the isospin Clebsch-Gordan coefficient for
' C takes the values —v'I/3 and v'2/3 for Tf =

—,
' and

Tf =
—,', respectively. The dominance of (21) neutron exci-

tations for the first eight states of Table II is evident in
Table III. As remarked previously, the 7/22+, 5/2&+ dou-
blet is excited by C3 isoscalar excitations. The 1/22+ and
3/23+ states have large isoscalar matrix elements for the
corresponding (21) EL =1, AS=0 excitation.

The harmonic oscillator shell-model form factors also
display a simple behavior as a function of the SU3 quan-
tum numbers. As is well known, the form factors can
be expressed in the form

F =y'"p(y)
where y = (bq/2), p (y) is a polynomial in y, and a =0 or
1. For a pair of orbits with Qi and Q2 quanta and fixed
(Ap), the maximum power of y in the longitudinal form
factor is equal to (Q& +Qz)/2, and the minimum power
is equal to (A, +p, )/2. In the transverse form factor there
is an extra power of y' if AS=1 and ofy if AS=0.
Also, the form of the polynomial depends only on (Ap, )

and not on the multipolarity (a consequence of the
Wigner-Eckart theorem applied to SU3); e.g. , for p~sd
transitions a factor (1—

—,'y) appears if (Ap)=(10), and a
factor y if (A,p)=(21). Details of the form factors for
pure SU3 excitations are given in Appendix A.

V. RESULTS AND INTERPRETATION

We present. the experimental form factors, the extrac-
tion of which is described in Sec. III, for most levels in
the form of figures which include the predictions of the~
model described in Sec. IV. In quoting our experimental
form factors we have added a 5%%u~ systematic error in
quadrature with the statistical errors of fitting. This sys-
tematic error was estimated by comparison of redundant
measurements of many data points, and by observing the
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fluctuations of the experimental form factors about
smooth fitted curves. A complete tabulation of the mea-
sured form factors is given in Appendix B. Table VIII
and Table X contain the form factors obtained from the
CUA-MIT data for states below and above 10 MeV exci-
tation energy, respectively. Table IX contains the ' C ex-
citation energies and widths determined in the same ex-
periment. Table XI contains the form factors obtained
from the IKO data. First, we give a brief description of
the data obtained in this experiment for states up to 12
MeV excitation energy, including also the erst T= —,

'

state at 15.11 MeV. Comparisons with the data are then
made for a variety of empirical and theoretical form fac-
tors.

Data for states below 12 MeV

Transitions to the —,
'+ 3.088 MeV, —', , 3.684 MeV, and

—,
'+ 3.854 MeV states appear clearly in all Bates spectra,
e.g. , Fig. 1, except where one state may be obscured by
one of the Be peaks. The —,

'+ state has not been resolved
from its neighbor in earlier electron-scattering work, but

TABLE III. One-body density-matrix elements for positive-parity states in SU3 (LS) coupling.

Op
—os(10) 1sOd —Op ( 10) 1sOd —

Op (21)

J77

(1/2) i+

(3/2) g+

(3/2),+

(3/2)+

(5/2),+

(5/2),+

(5/2),

(5/2)4

(7/2) i+

(7/2)+

(9/2) i+

AT
0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

0
1

AS=0

—0.0784
—0.0051

0.0293
—0.0184
—0.0552

0.0665

0.0014
—0.0028

—0.0513
0.0617

AS=1
—0.0501
—0.0541

0.0819
0.0578
0.0175
0.0019

—0.0066
—0.0346

0.0329
—0.0779

0.0004
—0.0102
—0.0029

0.0046
—0.0006

0.0007
0.0259

—0.0618
0.0138

—0.0297
—0.0009
—0.0016

—0.0071
—0.0144

0.0048
0.0081

0.0029
0.0030

AS=0

0.0392
0.1447

—0.0146
—0.0097

0.0276
0.1055

—0.0007
—0.0449

0.0257
0.2375

AS= 1
—0.1363
—0.2237

0.1119
0.2721

—0.0710
—0.0865
—0.1299

0.0231
—0.1102
—0.1568
—0.0017
—0.0171

0.1416
0.2144

—0.0106
—0.0600

0.1065
—0.0058
—0.1660
—0.1252

0.1671
0.2743

—0.0310
—0.0685

0.2581
0.4418

0.0985
0.1328

AS=0

0.4924
0.6415

0.7078
0.1744
0.3498
0.6182

—0.0236
0.0402
0.0447
0.0473

—0.3357
—0.6354
—0.5116

0.1074
0.1275

—0.0535
—0.2407
—0.4208

0.4080
0.4596
0.0953
0.2017
0.0390
0.1425
0.1390
0.3599
0.4384
0.4092
0.2433
0.2217

—0.4675
0.0479
0.2753
0.2919

0.5717
0.0667

hL =AJ —1

—0.1060
—0.2399

—0.0000
—0.0076

—0.2229
0.1936

—0.1399
—0.2484

0.2858
0.6097

—0.4057
—0.7343
—0.0798
—0.1383

0.0750
0.1212

—0.0978
—0.0681
—0.0187

0.0334
0.2944

—0.0203
—0.3907
—0.6035

—0.1892
0.2520

0.4592
0.7670

0.4897
0.9101

—0.1816
0.0165

—0.2266
—0.3969

0.0249
0.0394

—0.0905
—0.1159

0.1171
0.1488
0.1418

—0.0857
—0.0563
—0.1800
—0.3436
—0.6127

0.2865
0.5610
0.0368
0.0539
0.0411
0.0825

—0.1780
—0.3046

0.0169
0.1572

—0.0084
—0.0658
—0.0031
—0.0144

0.0709
0.1538

—0.1066
—0.2846
—0.1914
—0.2986

0.1851
0.1199

AL =AJ+1
—0.3618
—0.6257

0.0683
0.0380

—0.0439
—0.0374

0.1869
0.0948
0.0107
0.0014
0.0735
0.1403

—0.3931
—0.6934

0.3242
0.5808

—0.0006
0.1379

—0.0848
.
—0.2330
—0.0883
—0.1487

0.0265
0.0538

0.0973
0.1826

0.1065
0.1356
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is easily distinguished here. In the IKO 180' data at low
q, the —,

' and —,
'+ states are not resolved.

The transition to the —,
'+ state at 6.864 MeV is always

weak in the 90 spectra, but becomes prominent in the
160' spectra, indicating the predominantly transverse na-
ture of the transition.

The triplet of known —',
+ 7.492 MeV, —,

' 7.547 MeV,
and —,

'+ 7.677 MeV states is never directly resolvable, due
primarily to the large size of the 7.547 MeV peak which
dominates this region in all spectra. An attempt was
made to determine peak areas for all three transitions by
fixing their relative positions and widths. In nearly all
cases, inclusion of the two smaller peaks improved the g
of the fit in this region, but the evidence for their pres-
ence is not compelling, and the extracted form factors
should be considered as upper limits rather than as reli-
able measurements. Data at 180' was obtained for the
unresolved triplet of levels.

There was no visible evidence for the broad ( —1 MeV)
—,
'+ state at 8.2 MeV in the spectra and no attempt was
made to fit this state. The relatively broad —,

' state at
8.86 MeV was seen clearly in the low momentum transfer
spectra, including 180', but was not clear at high q.
Where the peak was not clearly seen, fits were obtained
by fixing the known position and width of the peak.

The excitation of the —,
'+ 9.50 MeV state by inelastic

electron scattering has been fully described by Hicks
et al. The present experiment has determined the ener-
gy of this level to be 9.500(7) MeV. Within experimental
errors, this transition appears to be entirely transverse.
The —,

' state at 9.897 MeV has a very small transverse
form factor and was difficult to measure at 160', although
it appears clearly in the 90 data. Only upper limits on
the form factor at low q could be obtained at 180'.

The states above 10 MeV were not studied systemati-
cally except in three 90' data runs at 165.7, 221.3, and
276.8 MeV incident electron energy, although states up
to 12 MeV do appear in the spectra from several other
runs. The —,

' 11.080 MeV state is clearly seen in all spec-
tra which cover this excitation energy. The —, state at
10.753 MeV is not seen below a momentum transfer of
about 1.5 fm ', but is seen at higher q, while the —,

' state
at 10.818 MeV is seen at low q but disappears above 1.5
fm '. The state reported at 10.996 MeV was not ob-
served.

States at 11.748, 11.851, and 11.95 MeV are reported in
the literature. Various combinations of these were tested
in fits to the data in this region, but very consistent re-
sults were obtained using only a single level of energy
11.845(5) MeV and width 144(5) keV. This width is sub-
stantially greater than the 68(4) keV reported for the
11.851 MeV state. However, analysis ' of the 135 MeV
(p,p') data shows that the broader —', + state at 11.95 MeV
is populated only a factor of 2 less strongly than the 11.85
MeV state and we expect essentially the same ratio for
longitudinal form factors. The (p,p') analysis used a
width of 200 keV for the 11.85 MeV state compared with
500 keV from the tabulation. A state is observed at 11.80
MeV in the low q, 180' data, which we interpret as excita-
tion of the —', 11.75 MeV state.

The narrow state at 15.106 MeV appears in all three
90' spectra, and provides an energy calibration point for
all of the peaks in this region. Low q, 180 data was also
obtained for this state.

2 2

( Cg ) f ) Z ( 2X+ 1 )!! F)q
7T q

(Eg ) f 2 Z A, q ( 2A, + 1 ) I ! F2
4m 1+1 k2 (6b)

Z2
B(MA, , q)=f (2K+1)i! F2

A, T (6c)

where k =E lfic and f =fsN f, e ~. The single-
nucleon form factor, fsN, is taken from a four-pole fit by
Simon (parameters for Gz in Table III of Ref. 44 are
used) although we could equally well have used a dipole
form factor (see, e.g. , Ref. 42), and f, =e~~' . Then,
the fit is performed to

B(A,, q)' = A +By +Cy +
b

( A '+B'y +C'y + . ),
2

(7a)

(7b)

where b is the oscillator parameter. The number of terms
in the polynomial is determined in part by consideration
of the polynomial form expected on the basis of the
shell-model structure with harmonic oscillator wave
functions and in part by the requirement of a fit to the
data. If F exhibits a minimum then we provide a sign
for F which differs on either side of the minimum and fit
the quantity in Eq. (7).

To implement the fitting procedure described earlier,
we have to make a choice for the oscillator parameter b
which appears in the variable y. Clearly, the value of b
and the number of terms included in Eq. (7) dictate the
quality of the fit. We can also include b as a fitting pa-
rameter by setting f =fsN, in which case we fit to the ex-
pression in Eq. (7b) multiplied by e ' ~~' . Details of poly-
nomial fits for seven longitudinal form factors, for which
only one multipole contributes, are given in Table IV.
Since the protons in ' C are quite deeply bound
(S =17.53 MeV), the differences between form factors
calculated with harmonic oscillator or Woods-Saxon
wave functions are small, provided the rms charge radius
of ' C is reproduced in each case.

The lowest-order shell model corresponds to taking
single term polynomials for C2 and C3 transitions and
two terms for C1 transitions. Generally speaking, an ex-

B. Polynomial its to form factors

The simplest form of empirical fit involves a polynomi-
al fit in the variable y =(bq/2) to quantities derived
from the experimental form factors by dividing out the
exponential and leading q dependences. This procedure
is inspired by the traditional analysis of low q electron-
scattering data and by the form of theoretical form fac-
tors when harmonic oscillator (HO) wave functions are
used. We define (for CO see the footnotes to Table IV)
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cellent fit to the measured form factors is obtained by in-
cluding one extra term beyond the lowest order in the po-
lynomial, corresponding to an increase by two in the
number of harmonic oscillator quanta involved in the
transition. The same is true for the CO transition, which
vanishes in lowest order but requires two terms for a
66~=2 transition. Thus, the fitted values of the polyno-
mial coeScients can be used to get some indication of the
character and magnitude of the core polarization correc-
tions needed to augment the shell-model transition densi-
ties. Of course, the fitted values depend on the number of
coe%cients and on the oscillator parameter. To provide a
feeling for these sensitivities, several fits are listed for
each transition.

Often, theoretical form factors are compared with data
after the magnitude of the lowest-order shell-model result
has been adjusted, e.g. , by introducing eAective charges.
En many cases, a discrepancy in shape can be compensat-

ed for, to a large degree, by adjusting the value of the os-
cillator parameter. However, b values extracted from
diAerent transitions can vary considerably. We prefer to
keep 6 near to the value required to give the measured
rms charge radius or, equivalently, the elastic form factor
up to the first minimum. The value of b obtained in this
way for ' C is 1.64 fm. We can then investigate whether
there is a systematic correlation between shape discrepan-
cies apparent for the lowest-order shell-model form fac-
tors and enhancement or quenching of the form factors
by core polarization corrections. As a specific example,
which we take up in more detail when we discuss the
form factors for individual levels, consider the fits to the
C1 transition to the 3.09 MeV level. With 3, B, and Cas
parameters, g exhibits a minimum at b=1.60 fm. A
good fit is also possible with b, 3, and B as the parame-
ters. However, in this case b, at 1.94 fm, turns out to be
very much larger than we would expect based on the size

TABLE IV. Polynomial fits to form factors. '

Level/A, /N"

{2
)+;3.09

C1

( —')+;3.85

C3

( 2 );6.86

C3
N= 14

( —);3.68

C2

( —');7.55

C2

N17

( 2 );9.90

C2

( 2 );8.86

CO

%= 14

y /DF

0.385

0.335
0.325

0.342
*0.347

0.639
0.447

0.674

0.485
*0.491
0.683
0.612

*0.608

1.14

1.21
*1.24

0.726

0.771
*0.771
3.96
1.86

*1.61

1.97
2.33
1.55

1.11

1.13

1.70

1.64

1.60

1.55

1.601(97)
1.941(26)
1.53

1.70
1.64

1.527( 65 )

1.725{11)
1.64

1.704( 68 )

1.50

1.64

1.505(23 )

1.797( 13 )

1.50

1;64

1.495( 20)
1.776( 113)

1.40

1.64

1.344(95 )

1.629(25 )

1.64

1.64

1.587(22)

0.1264( 53 )

0.1282( 51 )

0.1295(51 )

0.1311{50)
0.1295( 60)
0.1233(S9)
6.250( 131)

6.622{166)
6.175(321)
6.239(263 )

6.625(173)
1.766{228 )

1.790(254)

3.574(40)

3.543( 86)
3.589(71)
3.988( 119)
4.437( 36)

4.409( 52 )

4.429(48 )

4.640( 80)
0.506(22)

0.451(42)
0.494( 32 )

0.526( 29 )

0.687( 12)

0.658( 16)
0.659( 15 )

0.1575( 103 )

0.1498{102)
0.1439( 103 )

0.13S5(104)

—0.071(63 )

—0.176(75)
—0.065( 37 )

—0.108( 120)

—0.812( 17)
—0.061( 100)

—1.049( 21 )

—0.108{87)

—0.117(13)

0.141(58)

—0.243( 10)
—0.189(24)

[3+b]
[2+b]

[2+b]
[1+b]

[1+b]

[2+b]
[1+b]

[2+b]
[1+b]

[2+b]
[1+b]

[2+b]

—0.0306( 39)
—0.0358{40)
—0.0391(42)
—0.0429( 44)

—0.116(87)

—0.107(23 )

—0.141(26)

—0.040{17)

—0.015(6)

'Equations (6) and (7) except 8(CO, q) =f Z /4m(6/q~)~FL. Errors are given in parentheses for the fitted parameters. If the oscil-
lator parameter is varied in the fit, the notation [n +b] indicates that an n term polynomial in Eq. (7) was used. An asterisk indicates
the fit chosen to give the electromagnetic matrix elements listed in Table V.¹isthe number of data points.
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of the nucleus. This behavior is typical of C1 transitions
to low-lying states of light nuclei. Finally, with A, 8, C,
and D as parameters, D is undetermined and g remains
Oat at the minimum value as a function of b.

C. Electromagnetic transition strengths

The normal electromagnetic transition strengths,
8(EA, &) and B(MA, l), are obtained from Eq. (7) for

q =k. Essentially, B(A, &)= A, unless the transition is

strongly hindered, in which case the contribution from
the next power of q may be significant. For the way in
which we have defined the quantities in Eq. (6), the con-
tinuity equation ensures that the constant term in Eq. (7)
has the same magnitude for B (Ck) and B (EA, ).

In Table V we have collected together the available
data on electromagnetic matrix elements which connect
the ground state of ' C to discrete excited states. The
(e, e') results come from an analysis of the low-q data

TABLE V. Electromagnetic matrix elements B (A, , f ) W.u.

E. (MeV) (e,e')' (e, e')b Other' Theory

3.09

3.68

3.85

6.86

7.49

7.55

7.69

8.2

8.86

9.50

9.90

(10.46)

11.08

11.75

11.85

11.95

15.11

j +
2
3+
2

5+
2

5 +
2

7+
2

5—
2

3+
2

3+
2

1—
2

3
2

5 +
2

3
2

7+
2

5+
2

3
2

C1

C2

M2

C3

M2

C3

C3

M4

C2

M2

C1

M2

CO

Ml
M4

C3

CO

Ml
M1

C2

M4

C3

C3

M2

M1

C2

0.062( 22)

0.69(9)
7.2( 8)

0.17(9)

9.7(6)

0.59( 5)

0.23(3)

0.033(5 )

0.091(30)

0.74(4)

0.036(7)
0.20( 5)

0.64(8)

1.0(2)

0.047( 5)

7.1(3)

3.9(3)

0.32(9)

10.8(3 )

0.66(2)

77(3)

0.11(2)

27.5'

0.039(4)

0.79(7)

7.5(3.2)
1.39(6)
0.29( 15)

9.2(1.3)

0.0071( 12 )

0.068(9)

0.37(4)

0.63(4)

0.024

1.35

8.1

1.50

3.9
0.11

0.00
2.5

13.7
10.7

0.16

0.046

0.0029
0.0051

0.082

0.48

105

4.41

5.18

0.23

0.17

0.79

20.0
11.2

0.19
0.74

0.54

'Reference 3.
This work, from polynomial fits (see Table IV). For CO, M =&B (CO, k) is given.

'Reference 14 for bound levels. Reference 61 for unbound levels.
OA~ and 1fi~ calculations described in text. b= 1.64 fm. For some of the unbound levels, most notabIy

the 8.2 MeV level, the approximation of using harmonic oscillator wave functions mill be poor.
'B (C3$ ) =27.5 W.u. is for the unresolved —+, —+ doublet. The number is given without error. Values

obtained by using dift'erent empirical shapes for the C3 form factor (see the text) lie between 26.9 and
31.2.
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from Darmstadt and from Table IV for the electric mul-
tipoles. The present analysis includes the Darmstadt
data so that there should be agreement between the two
sets of matrix elements up to small differences in the ap-
plication of DWBA corrections to the data (choice of q,s.
in our case). The only significant difference occurs for
the C1 transition to the 3.09 MeV level. Here, it is clear
from Fig. 4 of Ref. 3 that the fit to the matrix elements as
a function of q is not the best straight line through the
data points. The best straight line would have a small
positive slope in agreement with our result. The errors
on our results in Tables IV and V are statistical and do
not include an estimate for the model dependence in the
fitting function. Some idea of the model dependence may
be gained by looking at the variation in the leading term
of the polynomial for different types of fits. The new re-
sults in Table V, for B (C3) values, are, in principle, most
subject to model dependence since low-q data is not avail-
able. Results for gamma transitions between bound
states of ' C are summarized in Ref. 14. There, for the
—,
'+ 3.85 MeV level, the B (C3) obtained from the mixing
ratio has large errors and disagrees with the value from
the present analysis. The present value, despite the mod-
el dependence, provides a more reliable estimate of the
C3 matrix element.

The theoretical values in Table V come from the Okapi

and 1Aco shell-model calculations described in Sec. IV.
For C2 and C3 transitions effective charges have been
used, the derivation of which is described in Sec. V D.

D. KR'ective charges

2Jf+1= 12. 146 3 W. u.
2J, +1 (9)

The present data can be used in conjunction with data
on ~+/~ cross-section ratios' to determine proton and
neutron effective charges for C2 and C3 transitions. We
write

A~ =(I+5e )Z +5e„Z„,
A„=5e„Z~+(I+5e~ )Z„,

where

Z i„=l/&2(ZO+Z, )

are the shell-model OBDME in the p/n representation
[see Eq. (4)]. For example, from Table III, the b.L=3,
ES=O isoscalar OBDME Zo for the —,

'+ 3.85 MeV state
and the 5/24+ and 7/2&+ members of the 11.9 MeV dou-
blet are 0.4080, —0.4675, and 0.5717, respectively, while
the corresponding isovector OBDME Z& are —0.2653,—0.0277, and —0.0385. The weak-coupling character of
the 5/2,+ model state, exhibited in Table II, means that
Z„(0.476) will be considerably greater than Z (0.101).
Without effective charges (5e =5e„=O), Fl is underes-
timated by a factor of about 9. We now use the B (C3) to
determine A through (eo= I+5e +5e„, e& = I+5e
—5e„),

2Jf+1
B(C $3)=6 0964 (eoZO+e&Z& ) e fm

I

The ~+/m cross-section ratio, given' as

=0.30( H)
o.(~ )+cr(~+ )

together with cr(vr ) ~ (3A„+Az) and cr(sr+) cc (3A
+ A„), provides a quadratic equation for A~/A„ in
terms of R. We choose A /A„ to be positive since, for
strong transitions, we expect the isoscalar matrix element
to dominate. This analysis yields

I+5e =1.20(33) and 5e„=0.43(8)

or

co=1.63(34) and e& =0.77(34) .

Taking these values for the effective charges, we obtain a
prediction of B( C3$)=31 W.u. for the 11.9 MeV dou-
blet. The range of experimental values given in Table V
for this doublet was obtained by taking a shape for the C3
form factor from fits (Table IV) to the 3.85 MeV level and
scaling it to obtain the best fit to the three data points for
the form factor of the 11.9 MeV level. The ratio of FL
for the doublet relative to the 5/2&+ level is predicted to
be 8.0 compared with about 7.2 for the observed ratio.

Overall, an isoscalar charge of 1.63e works very well
for C3 transitions in light nuclei. For example, the —,

'+
ground state of ' 0 means that C3 transitions occur to
states with J =

—,', . . . , —", and the effective charges de-
duced earlier give an excellent account of both (vr, ~')
(Ref. 46) and (e, e') (Ref. 47) cross sections. In addition,
(e, e') isovector transitions to T =

—,
' states of ' 0 are con-

sistent with a quenching of about a factor of 2 for Fl.
That 5e„ is larger than 5e is consistent with theoretical
expectations (protons can excite core protons only
through the T= 1 two-body interaction). That
5eo =5e +6e„ is positive and 6e

&
=5e —6e„ is negative

reflects the attractive (repulsive) nature of the T=O
( T= 1) particle-hole interaction.

Exactly the same sort of analysis can be applied to the
strong C2 transitions to the —,

' 3.68 MeV and —,
' 7.55

MeV levels. For the —', level, e 0
= 1.61(6) and

e, =0.68(6). The smallest uncertainties reflect the fact
that the pion ratio' is more accurately known,
R = —0.26(3). With these effective charges, the B(C2)
predicted for the 3.68 MeV level is slightly larger than,
but still in reasonable agreement with, the measured
value. Again, the deduced effective charges are typical of
those required in p- and sd-shell calculations.

E. Longitudinal form factors

Following the previous discussion of effective charges,
which define effective one-body operators to be used for
C2 and C3 transitions at low-momentum transfer, we
now consider the description of longitudinal form factors
over the full range of momentum transfers for which
measurements have been made. Our prescription for us-
ing Woods-Saxon wave functions is described at the be-
ginning of Sec. V F.
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1. C2 transitions

The form factors for C2 transitions to T= —,
' states

below 10 MeV excitation energy are shown in Fig. 4. The
dotted curves correspond to the polynomial fits with
b=1.64 fm from Table IV. The solid curves for the —',
3.68 MeV and —,

' 7.55 MeV members of the ' C ground-
state band are calculated using OBDME from the
Cohen-Kurath potential interaction' together with the
C2 effective charges obtained for the —,

' state in the pre-
vious section. The enhancement factors for the —', and

levels are relatively small, being 1.57 and 2.16, respec-
tively, at the photon point. This reflects that the fact that
the EL=2, bS=O proton OBDME are larger than the

neutron OBDME for these levels, Z /Z„=0.692/0. 157
and 0.629/0. 435, respectively.

The form factors are quite well reproduced up to the
peak at q —1.1 fm ', but the theoretical form factors be-
gin to deviate significantly from the data at larger
momentum transfers. This point is demonstrated more
clearly in Fig. 5 where the C2 matrix element is plotted,
as a function of the variable y =(bq/2), for the —', level.
The harmonic oscillator prediction would be a horizontal
line at v B(C2) which, as expected, deviates little from
the prediction with Woods-Saxon wave functions. If we
expand the shell-model space to include 2%co

configurations, the negative-parity wave functions will be
of the form

10 I &

[
s & r & (» & &

)
& &»

(
& & s

+5ip pf &+@is 'p sd & . (10)

10

2
L

10

10

10
0.5 1.5 2.5

FICx. 4. C2 form factors for T= —' levels of "C. The labels

for data from the present work in this and subsequent figures
are squares for CUA-MIT data points and diamonds for IKO
data points. For the CUA-MIT data points, solid squares mean
that a Rosenbluth separation was made; open squares corre-
spond to 45' or 90 form factors, for q less or greater than 1

fm, respectively, with small transverse contributions, based
on other data, subtracted. Circles are used to label Darmstadt
data points (Ref. 3), triangles for Saskatoon data points {Ref.4),
and crosses for U Mass data points (Refs. 7—9). The error. bars
correspond to one standard deviation errors. When the one
standard deviation error overlaps with zero, upper limits are
given. The upper limits are obtained by adding two standard
deviations to the value of the quantity. The dotted curves corre-
spond to polynomial fits, described in Sec. V B, with 6= 1.64 fm,
with the parameters taken from Table IV. The solid curves are
the results of shell-model calculations which use Woods-Saxon
wave functions and the effective charges discussed in Sec. V D.
The various states are identified by their J, and energy (in
MeV).

As is well known, small amplitudes of 1p-1h 1%co

configurations (5 and e), corresponding to giant quadru-
pole excitations built on the initial or final states, are ex-
pected to provide the major source of enhancement to C2
matrix elements. The full polynomial parts of the form
factors [Eq. (Al)] for pure SU3 transitions are

p~p(ip)=(11), —&8/15y,

sd ~sd(Ap) =(11), —&40/15y(1 —2/5y),

s~sd(kp)=(20), &4/15y,

p ~pf (Ap) =(20), &20/15y (1 —2/5y),

GQR(Ap) =(20), &24/15y (1 —1/3y),

where the last line refers to the giant quadrupole reso-
nance

(&1/6s~sd +&5/6p ~pf)
built on a closed-shell ' 0 ground state (small center-of-
mass corrections have been neglected). Adding the re-
quisite amount of GQR excitation to the basic OA'co har-
monic oscillator shell-model result to reproduce the ob-
served B(C2) leads to the dot-dashed line in Fig. 5,
which improves the high-q behavior somewhat.

In Ref. 14, a (0+2)fico calculation which includes
many, but not all, of the p pf and s 'p sd configurations
is described. Total lp-lh intensities of the order of 5%%uo

were obtained in this calculation, of which only a small
part corresponds to EL=2, AS=0 proton excitations
which enhance the B(C2). As expected, the lp-lh exci-
tations in question turn out to be mainly isoscalar with a
net destructive isovector contribution. The 1p-1h ampli-
tudes need to be increased by a factor of a little more
than 2 to obtain agreement with the observed B(C2).
However, the improvement in shape at high q is less than
for the dotted line in Fig. 5. Complete (0+2)%co shell-
model calculations have been performed for p-shell nu-
clei. These calculations give wave functions 1p-1h ad-
mixtures of the order of 20% in intensity and require
small effective charges (6e,5e„(0.le) to reproduce mea-
sured quadrupole moments. There are a number of con-
sistency problems with such shell-model calculations.
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FIG. 5. The C2 matrix element, as defined in Eq. (6), for the —' 7.55 MeV level. The shell-model harmonic oscillator result would

be a horizontal line at a value of 4.4 efm . For the dot-dashed line, an amplitude of the giant quadrupole resonance, as defined in Eq.
(11), sufhcient to bring the unrenormalized shell-model C2 matrix element up to the experimental value, has been added.

For example, the matrix elements which admix the 1p-1h
configurations involve large cancelling contributions
from potential and kinetic energy terms. In any case, the
observed q dependence cannot be obtained from a
(0+2)A'co calculation. Consequently, we would prefer to
use an empirical one-body operator where the q depen-
dence of the omitted configurations is carried in the
single-particle matrix elements, or equivalently by the
single-particle matrix elements of the density operator.
We show in Fig. 6 the Woods-Saxon transition density
for the —,

' 3.68 MeV state, calculated with bare charges,
alongside the density derived from the fitted form factor.
We note that the difference between the two densities
shows a qualitative similarity to the transition density, ar-
bitrarily normalized, for the GQR state. No error en-
velope has been obtained for the fitted transition densi-
ties. The behavior of the transition densities for the —,

7.55 MeV state is very similar. We could, therefore, use
the difference density to define an effective one-body
operator which would approximately reproduce the q
dependence of the measured form factors. For a pure iso-
vector transition, in which the form factor is reduced
from the OA'co shell-model value, the form factor would be
expected to be enhanced relative to the peak at higher q
values. Precise measurements are not available for pure
isovector transitions. However, the reduction of the lon-
gitudinal form factor for the —', ; T =—', state at 15.11
MeV, shown in Fig. 7, is consistent with that expected
from the square of the isovector effective charge derived
in Sec. V D ( e, =0.46).

Finally, we notice from Fig. 4 that the form factor for

the — 9.90 MeV state is about a factor of 40 weaker
than that of the —,

' 3.68 MeV level. From our discussion
of the level scheme in Fig. 2, we concluded that the 9.90
MeV corresponded to the first member of a K = —,'p (sd)
band. Indeed, a (0+2)Ace calculation which includes the
leading 2%co configurations roughly reproduces the level
ordering and suggested structure of the 2%co states shown
in Fig. 2. The reason for the particular weakness of the
C2 transition to the 9.90 MeV can be traced to the fact
that the dominant p (sd) admixtures in the K =

—,
'

ground state will also have K =
—,'. The transition

strength should then be roughly proportional to the in-
tensity of the relevant p (sd) configuration and to the
strength of a cross-band transition rather than an in-band
transition.

2. CO transitions

In the early low-q experiment at Darmstadt, monopole
matrix elements were extracted for two excited —,

' levels

at 8.86 and 11.08 MeV. As shown in Fig. 8, our new data
define the CO form factor for the —,

' 8.86 MeV level over
the principal maximum and indicate the height of the ex-
pected second maximum. The CO nature of the transition
density for this state has been clearly evident in hadron,
particularly proton, ' scattering experiments. For the
11.08 MeV level there are three new data points from 90
measurements. Here, University of Massachusetts at
Amherst (U Mass) measurements at 180' have been used
to subtract the transverse contribution of the —,

'+ 11.00
Me V, —,

' 11.08 MeV doublet for the two points at
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FIG. 6. Radial transition densities for the C2 transition to the — 3.68 MeV level. The curve labeled GQR is for the specific com-
bination of s ~sd and p ~pf excitations (arbitrarily normalized) discussed in the text.
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FIG. 7. C2 form factor for the —,
' T = —', level at 15.11 MeV.

The high-q data points use CUA-MIT and U Mass data to per-
form a Rosenbluth separation.

FIG. 8. CO form factors for the —' levels at 8.86 and 11.08
MeV. For the 11.08 MeV level, U Mass data are used to sub-
tract the transverse contribution.
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highest momentum transfer. For the point near the peak
of the form factor at q=1.17 fm ', the correction for the
transverse component is expected to be very small:
I' T(Ml ) =5.4X 10 at q=0.54 fm ' (Ref. 3),
I'T —1.3 X 10 at q=1.59 fm ' (Ref. 7).

The CO form factors shown in Fig. 8 are quite strong
and are comparable in strength to the 0+~0+ transi-
tions studied in such nuclei as ' 0 (Ref. 50) and ' 0 (Ref.
51). CO transitions are never easy to describe theoretical-
ly since they depend sensitively on the radial makeup of
the nuclear states. At the lowest level, there is no CO

transition between the dominant p-shell components of
the ground and 8.86 MeV states, and 2A'~ admixtures in
the states are required. The transitions can then be of
two basic types. In the first, 1p-1h 2A~ admixtures of the
giant monopole resonance play a role formally identical
to that outlined for C2 transitions in the previous section.
The pure SU3 polynomials are identical, up to an overall
constant of V'5/2, with those given in Eq. (11) [the GQR
in Eq. (11) is replaced by a giant monopole resonance
contribution]. The second type of transition takes place
between the p (sd) components in the initial and final
states. The pure SU3 polynomials in this case (cf. Ref.
52) are

p ~p (00), &3(1—
—,'y),

sd ~sd (00), &6(1——', y + —,'y ),
sd ~sd (22),

(12)

The constant terms cancel out in a transition because of
the orthogonality of the initial and final wave functions,
and the resultant polynomial involves y and y terms
much as in the first case. The CO transitions in the oxy-
gen isotopes have been discussed within this framework
by Horsfjord. As for C2 transitions, the 1p-1h contri-

, butions can perhaps be included in an effective one-
body operator. The contributions from the 2p-2h admix-
tures have to be treated using an explicit model for the
nuclear states. The two (0+2)%co calculations that we
have performed, described in Ref. 14 and in the previous
section, emphasize the two different types of components
discussed above. A difficulty with the transition to the
8.86 MeV level, in particular, is that the initial and final
p-shell wave functions have different intrinsic spins, S =

—,
'

and S =
—,
' (Table I). Thus, the strong central part of the

effective interaction, which conserves the intrinsic spin,
does not admix configurations which contribute to CO

transitions. Of course, we do get a nonzero form factor,
but much smaller than that observed. An explanation for
the CO form factor to the 8.86 MeV level thus presents an
interesting puzzle. If our model for the —,

' 11.08 MeV
level, basically p (sd) with K =

—,', L= 1, S =
—,', is

correct, there is no mismatch of quantum numbers, and
the CO transition can proceed through the corresponding
p (sd) admixture in the ground state. Quantitatively,
however, the calculated form factor is much too small.

The arguments above are based on the use of harmonic
oscillator wave functions. Horsfjord has demonstrated
that considerable increases in CO form factors can result
when Woods-Saxon wave functions are used. At low q,

10 r & r
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FIG. 9. C3 form factors for the 5/2,+ 3.85 MeV, 5/22+ 6.86
MeV and unresolved 7/22+ 11.85 MeV and 5/24+ 11.95 MeV lev-
els. See caption to Fig. 4.

for example, the fact that the rms radii of 1s and Od or-
bits are no longer identical produces large changes (in
effect, a cancellation is broken). The large difference in
binding energies for the initial and final states could also
lead to a p-shell contribution, although care must be tak-
en to eliminate terms which arise because the strict
orthogonality of the initial and final states is broken by
the prescription for using Woods-Saxon wave functions.
More work on these rather delicate questions is neces-
sary.

3. C3 transitions

The form factors for C3 transitions to the 5/2,+ level at
3.85 MeV„ the 5/22+ level at 6.86 MeV, and the un-
resolved 7/22+ and 5/24 levels at 11.9 MeV are shown in

Fig. 9. The relative magnitudes of the 3.85 and 11.9 MeV
peaks are quite well reproduced by the shell-model calcu-
lations, which use the effective charges derived in Sec.
V 0, namely, eo =1.63 and e, =0.77. By using the strong
isoscalar excitations at 11.9 MeV to define a slightly
smaller isoscalar effective charge, one could then fit the
3.85 MeV peak, without impairing the agreement with
the pion data, by slightly reducing the isovector effective
charge. A cancellation between the isovector and isoscal-
ar components, which are in any case small, for the tran-
sition to the 5/22+ 6.86 MeV level results in a very weak
calculated form factor, which is not shown. We have a
further remark to make about this transition when we
discuss the transverse form factor in Sec. V F.

The shape discrepancy at high q, typical of longitudi-



39 INELASTIC ELECTRON SCATTERING FROM ' C 29

I I I I
I

I I I I
I

I I I
I

I I I I
I

I I I I

6
~ ~ ~

SM (HO)

--&I )I

)+ 3.85
I ~

~ CUA —MIT

0

y = (bq/2}'

FIG. 10. C3 matrix element for the 2+ 3.85 MeV level. See caption to Fig. 5.

nal form factors, is again evident in Fig. 9, and is
highlighted in Fig. 10, where the C3 matrix element for
the transition to the 3.85 MeV level is given. The radial
transition densities are shown in Fig. 11. The relation-
ship between the fitted and shell-model transition densi-

ties is very similar to that for the C2 transitions, already
discussed. The main di6'erence is that, since the lowest
—,
'+ level consists primarily of a neutron coupled to the
two lowest states of the ' C core, the basic Okapi —+loco C3
transition is weak, going by the small components of a
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FIG. 11. Radial transition densities for the —,

'+ 3.85 MeV level. The curve labeled GOR is for the specific combination of s~pf
and p ~sdg excitations (arbitrarily normalized) discussed in the text.
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proton coupled to T= 1 states of the ' 8 core.
Two important ways in which longitudinal form fac-

tors for non-normal parity states can be enhanced are
through

(i) 2p-2h admixtures [p ~(sd) ] in the ground state.
A p d configuration can connect to both Ohcu p and 2%co

p d configurations. For ' C, this is a way to get protons
involved in the transition. For example, the high-spatial
symmetry configuration (p [43]X(sd) [2]) [441] can be
decomposed, symbolically, into

10

F 2

L

I &

(

& & & &

[
I I

C1 Form Factor

~ Darrnstadt

a ~ CUA MIT

—,
' ("BXnp)+ ,' ("—CXnn),

while, for the similar coupling of a spatially antisym-
metric (sd) pair, the intensities are —', and —,'. Generally,
the p~sd and sd~p amplitudes add constructively for
AT= 0, AS=0 excitations and destructively otherwise.

(ii) 3A'co lp-lh admixtures into the lhcv shell-model
states. For C3 transitions such components correspond
to admixtures of the 3ficv giant octupole resonance (GOR)
built on the ground state. In the p shell, the 3%co transi-
tions arise from s ~pf and p ~sdg excitations, the pure
SU3 polynomials being

p ~sd (kp) =(21), —&8/35y ~

s ~pf (Xp) = (30), v'8/105y 3~

p~sdg(kp)=(30), i 16/35y ~ (1 —1/3, y),
GOR (Ap) =(30), &8/15y (1—2/7y) .

For excitations of the ' 0 closed-shell nucleus, the total
C3 strength from the s~pf and p~sdg excitations (in
the ratio 1:6) is —,

' that from p~sd, if small center-of-
mass corrections are ignored. Consequently, small 3Acu

admixtures can be very effective in increasing the B (C3)
strength. It is apparent from Fig. 10, and the polynomial
fits described in Sec. V, that a reasonable g fit to the ma-
trix element could be obtained for a linear dependence on
y. A rough calculation shows that a proton GOR
OBDME of about 0.05 gives the slope observed in Fig.
10. For comparison, the shell-model proton p ~sd
OBDME has the value 0.10 (from the small components
with T= 1 core states). An sd ~p (12) proton OBDME
of about 0.15 would complete the fit. Equivalently, but
not so obviously, it can be seen from Fig. 11 that enhanc-
ing the shell-model density through ground-state correla-
tions, and then subtracting from the fitted density, would
give a node in the difference density and improve the
qualitative agreement with the GOR density.

4. Cl transitions

The C1 form factor for the —,
'+ 3.09 MeV level, in Fig.

12, and the corresponding matrix element in Fig. 13,
show dramatically the failure, in both shape and magni-
tude, of the simple shell model to account for the transi-
tion. In many ways the failure is similar to that for the
C3 transition to the —', + 3.85 MeV level. However, some
interesting additional points, which apply generally, can
be made for Cl transitions between low-lying levels.

In the 1ficu model there are very strong constraints on
the shape of the C1 form factor, and, to make this clear,
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FIG. 12. C1 form factor for the —'+ 3.09 MeV level. See cap-
tion to Fig. 4.

it is convenient to use, once again, the SU3 basis. The
relevant SU3 polynomials for the form factors are

p ~sd ( A p ) = ( 10), i/40/15y ' i
( 1 —1/2y),

p ~sd (Ap) = (21), —&2/15y

s~pf (Ap) =(30), v'4/15y

p —+sdg (Xp) = (30), /14/15y (1—1/3y) .

(14)

The p —+sd amplitudes for (10) and (21) are orthogonal
linear combinations of Op~is and Op~Od in the ratio
I:&5 and vice versa. In an oscillator model the center of
mass R and Fl operators transform as (10) under SU3
with 6T=0 and 6T= 1, respectively. For nonspurious
shell-model states, the matrix element of R is zero, and,
for low-lying states, the E1 matrix element is approxi-
mately zero, so that the (10) OBDME are constrained to
be small. The dominant (21) OBDME will then give a
form factor with C3 shape. Actually, the ' C transition
under discussion is slightly pathological in that the
B(El) is relatively large and that the state is mainly a
neutron excitation, so that the (21) amplitude for Cl exci-
tations is small. The transition densities are shown in
Fig. 14(a) along with the pure (10) and (21) densities for
comparison. The (10) density, appropriate for the giant
dipole excitation, is surface peaked and gives rise to a
large form factor peaked" ' at low q.

In all cases, the node in the fitted density occurs at a
larger radius than for the (21) density. For ' C, the
difference between the fitted and shell-model densities,
displayed in Fig. 14(b), shows a strong similarity to the
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havior may be masked when more than one multipole can
contribute. Also, on account of the low binding energies,
we can expect significant differences between the use of
HO or Woods-Saxon wave functions. For states above
the neutron threshold at 4.95 MeV, there can be a paren-
tage to the ' C ground state which then contributes to the

particle width of the level; similarly, for states above 9.39
MeV with parentage to the '.C 4.44 MeV level. For the
' C transitions studied in this paper, contributions to
transition densities from unbound neutron orbits are
small compared to those from bound neutron orbits. For
example, the largest OBDME contributing to the AJ=2

I I I I I I I
l

I I I I I I
I

I I I

0.02

C1 Transition Densities

0.01

o.oo

—0.02

—0.03 s i I I 1 I I I I I I I

r (tm)

0.02
I I I

l
I I I I I I I I I I I

I

C1 Transition Densities

0.01

I

o.oo

—0.01

3.09

—0.02
0

I I I I I I I I I I I I I I I I I I I I I I

1 2 3 4

r (fm}

FIT&. 14. (a) Radial transition densities for the — 3.09 MeV level. Also shown are the densities for pure proton p ~sd transitions
with SU3 quantum numbers (10) and (21). (b) The difference between the density corresponding to the fitted form factor and the
Woods-Saxon shell-model density is compared with densities for single-particle excitations through three shells (see the text). The
p ~sdg and s ~pf densities correspond to SU3 (30i excitations and are arbitrarily normalized.
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TABLE VI. Ratios of peak form factors calculated for "C with Woods-Saxon and harmonic oscilla-

tor wave functions.

E Longitudinal Transverse

1—
2
I+
2

3
2

$ +
2
5+
2
7+
2
5—
2
3+
2
1—
2

3
2

3.09

3.68

3.85

6.86

7.49

7.55

7.69

8.86

11.75

15.11

CO'

C1

C3

C3

C3

C2

0.95

0.97

0.97

0.92

0.95

0.97

1.04

0.94

0.89

E1

M2

E3

E2

E1

M1

M1

0.78

0.48

0.64

0.56

0.60

0.84

0.79

0.53

0.83

0.73

0.79

E2

E3
E3

M3

M2

E2

0.51

0.74

0.89

0.82

0.73

0.31

0.81

0.79

'The HO and WS parameters are adjusted to reproduce the ground state CO form factor.
There is no CO form factor with p-shell wave functions.

transition to the 5/2&+ 6.86 MeV level is for a
Op3/z~ls&/z neutron transition with the ' C 2&+ state as
a core. This OBDME has a magnitude of 0.64, to be
compared with —0.05 for the Op»z~Od~/z transition
with the ' C ground state as core. In such cases, we bind
the orbit by a small amount and make little error in doing
so. For the p-shell levels, the net OBDME for the pair of
orbits j,jz may be small as the result of cancellations be-
tween contributions from widely spaced core states (Fig.
3). Thus, our prescription for handling the radial wave
functions can give a significant contribution to a transi-
tion density even if the conventional OBDME, with the
sum over all intermediate core states performed, is zero.
This happens because different contributions are evalu-
ated for difterent binding energies. A more sophisticated
treatment of single-particle overlap functions is perhaps
called for.

In contrast to our multipole by multipole discussion of
the 1ongitudinal form factors in Sec. IVE, we consider
the transverse form factors on a level by level basis. The
contribution of two multipoles in most cases, and the pos-
sible interference between convection and magnetization
current contributions, leads to a much greater variety of
form factor behavior and motivates the case by case
treatment. For the same reasons, and because of the
inapplicability of harmonic oscillator wave functions, po-
lynomial fits to the transverse form factors are limited in
their usefulness. In connection with the contributions
from the convection current, we note that the continuity
equation is, in general, not satisfied when the one-body
operators of the impulse approximation are used with
shell-model wave functions. We follow the approach
used by Heisenberg and coworkers in the analysis of
data and eliminate the convention current density
p~ ~ &(r) in favor of p& &+&(r) and the transition charge
density pz(r). Thus,

—Fz(q)—
q

1/2
2A, + I

Fx,a+i (q)

(15)

where co=Ef E;. Ff z+—, (q) is evaluated directly from
the shell-model OBDME while Fq(q) is scaled according
to the effective charges derived in Sec. IV D to obtain a
reasonable fit to the longitudinal form factor. Except at
low q, or in special circumstances, the magnetization
current of the odd nucleon usually dominates in ' C.

1. The 2
+ 3.09MeVlevel

In Fig. 15(a) the pure neutron Op, z2 ~ ls, &2 contribu-
tions to the form factor are compared to the data for both
HO and Woods-Saxon wave functions. The Op 3/z
—+Od5/z contribution, shown only for Woods-Saxon wave
functions, interferes destructively with the dominant

p ~s contribution at the first maximum, and moves the
minimum to lower q. A large difference between the HO
and Woods-Saxon cases is evident. If the neutrons were
bound more deeply in the Woods-Saxon well so that the
rms radii of the Op»z and 1s, /z orbits matched the HO
values, one might have surmised that the p ~s form fac-
tors could be made quite similar, but such is not the case.
The result of adding in the contributions from protons,
largely through F& (q) in Eq. (15), and other pairs of or-
bits is shown in Fig. 15(b). The Woods-Saxon form factor
now matches the data quite well out to q,~=2 fm '. The
HO form factor is about twice as large and reproduces
the position of the minimum less well. Neither calcula-
tion can reproduce the data (which extends' out to
q,s=4.25 fm ') at high q, a problem which exists for a
number of low multipolarity transverse form factors. ' It
is possible that whatever core polarization corrections are
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is the very broad 8.20 MeV level which contains a
significant fraction of ' C g.s. Xd3/z strength. Our pre-
dicted form factors for both —,

'+ levels are shown in Fig.
21, along with the data extracted for the 7.69 MeV level.
The data shows that IT &10 for all q. The predicted
M2 form factor for the first —,'+ level is very small
(5X 10 at peak) and is not shown. The corresponding
E1 form factor is consistent with the data at the highest-
and lowest-momentum transfers. The M2 form factor for
the second —,

'+ model state is relatively large, which sug-
gests admixing a little of the 3/2&+ state into the wave
function for the 7.69 MeV level in order to fill in the
minimum of the El form factor. The curves labeled (+)
and (

—
) in Fig. 21 show the result of admixing at 0.3 am-

plitude with positive and negative sign, respectively.
There are reasons, discussed herein, to prefer the (+)
case. In any event, the form factor is big enough at large
q to give a contribution to the combined form factor in
Fig. 20 which is comparable to that expected for the —',
level.

Our reasons for preferring the (+) case of mixing are
based on the observed particle decay widths of the —,

'+
levels, 70 and 115 keV for 3/2,+ in ' C and ' N, respec-
tively (1000 and —1500 keV for 3/2&+). The calculated
widths of single-particle resonances in our potential wells
are 613, 1284, 911, and 2263 keV for the four cases in the
order above. The theoretical spectroscopic factors,
(13/12) times the square of the 0+ X —,

' amplitudes listed
in Table II, are 0.014 and 0.687 for 3/2& and 3/22+, re-
spectively. Clearly, only the admixture of 3/22+ into
3/2, with positive amplitude increases the d3/p spectro-
scopic amplitude for the lower state suKciently to ap-
proach the observed width (the 2+ Xs»2 component also
contributes significantly to the width in ' N) and spectro-
scopic factor. The model states are actually predicted
too close together (Table II), so that some "unmixing"
could be expected when energies are fine tuned. About
75% of the —', + wave functions comes from approximately
orthogonal admixtures of (A p) = (24), L =2, S =

—,
'

configurations with K=O and K=2 (the same is true for
5/2&+ and 5/2&+ ), and, in the (+) case, the mixing of K=O
and %=2 is reduced. However, we caution that a two-
state mixing argument is certainly too simplistic, as can
be seen from the weak-coupling decomposition in Table
II. In fact, only 65% of the available d 3&& strength is ac-
counted for by the first two model states.

5. The z 8.86 Me V level
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The Woods-Saxon form factor squared for the 1/22
model state, scaled by a factor of 0.48, is compared with
the data in Fig. 22. This is mainly a p, /2~p3/2 proton
transition. The p-shell wave functions overestimate the
8 (M 1) value by a factor of 2. Use of the effective g fac-
tors of Towner and Khanna reduces the B( Ml) by.
18%%uo. The measurement of Holt et a/. ,

' listed in Table
V, is inconsistent with the (e, e') measurements, which
are reasonably consistent with each other.

10
0.5

I I l l l I l l l l I

15 2 2.5

g „(fm')

FICx. 19. (g) The transverse form factor for the 2+ 6.86 MeV
level. The shell-mode1 form factors are calculated using
Woods-Saxon radial wave functions. No renormalizations are
applied. (b) The shell-model transverse form factors for a 91%
to 9%%uo mixture of second and first —+ model wave functions.
The E3 spin amplitude is scaled by 0.707.
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FIG. 20. Transverse form factors for the unresolved triplet
consisting of the —,

'+ 7.49 MeV, —,
' 7.55 MeV, and —', + 7.69 MeV

levels. The CUA data result from an attempt to separate the
contributions from the individual levels. The magnetization
current amplitudes to the E2, E3, and M4 transitions are scaled
by 0.707, 0.707, and 0.91, respectively.

FIG. 21. The contribution of the —,
'+ 7.69 MeV level to the

transverse form factor of the 7.55 MeV complex. The theoreti-
cal curves are discussed in Sec. VF4. Also shown is the
theoretical prediction for the —,

'+ 8.2 MeV level, which is very
broad and is not observed in the experiments.

6. The ~
+ 9.50MeV leoel

The data for this level have been published and fully
discussed elsewhere. It is worth mentioning that the
shell-model form factor lies above the data in common
with the magnetization current contributions for other
multipoles. The quenching of FI for the 9.50 MeV is
somewhat less than the factor of 2 which is typically re-
quired for strong isovector M4 transitions. Also, FT
holds up at high q in a manner consistent with other spin
transitions. In Ref. 8, a harmonic oscillator parameter
b=1.53 fm or a Woods-Saxon well parameter r,„=1.15
fm was used to parametrize the shape of the form factor.

7. The — 9.90 MeV and 2 11.08 MeV levels

The B (M 1 ) values for these two levels are considerably
smaller than those measured for any of the basically @-
shell levels (Table V), which is consistent with our
identification of these states as being mainly of p (sd)
structure. The squared M1 form factors reach
—5X10 at q,&=0.54 fm '. For the 9.90 MeV level,
our IKO data gives upper limits about a factor of 2 above
the Darmstadt data for three points in the range

0.4 fm ' & q,& & 0.65 fm

There are two 180 U Mass data points at E =11.0 MeV

for q,~= 1.59 and 1.97 fm ', with FT equal to
1.33(55) X 10 and 1.51(30)X 10, respectively. We in-
terpret these points as due to the excitation of the —,

'+ lev-
el at 10.996 MeV, and have used them to subtract the
transverse contribution from our 90 data in order to ob-
tain FL for the —,

' 11.08 MeV level. As was indicated in
the discussion of longitudinal form factors, the 1/2&+

model state does not appear to be a good candidate for
the 10.996 MeV level. The transverse form factor of the
1/22 model state is interesting in that it has a large con-
vection current contribution from the dominant
(kp) =(21), AS=0 OBDME (Table III), which by itself
gives rise to a C2 shaped form factor with a maximum
value of 10 . The magnetization current contribution is
not dominant because the relevant AS=1 OBDME are
both small and isoscalar (Table III). Above q= 1.1 fm
there is destructive interference, and the form factor
drops very rapidly. The peak, still at 10, shifts to
q=0.95 fm ' and by q=2 fm ' FT is less than 10,way
below the U Mass data point. Also, at low q, FT is com-
parable to the M1 form factor observed at Darmstadt.

8. The 11.8 Me V complex

The strong longitudinal C3 form factors of the —', +

11.85 MeV and —,
'+ 11.95 MeV levels were discussed in

Sec. VE3. At low q we expect FT for the unresolved
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the sd shell. The situation regarding the Ml transitions
in ' C is typical of the p shell. If the o.~ part of the M1
operator dominates, the M1 transition from the —,'15.11
MeV state, to take a specific example, proceeds via the
admixtures of [432] spatial symmetry in the ground state.
Thus, there is great sensitivity of the SU4 symmetry-
breaking characteristics of the effective interaction in-
cluding, particularly, the strength of the one-body spin-
orbit interaction. This suggests that the effective interac-
tion and the effective one-body operators should be fitted
simultaneously to energy and transition data. Recently,
such an approach, which includes energy level and static
momenta data, has been taken for the p shell.

VI. SUMMARY AND DISCUSSION

0.5 1.5 2.5

FIG. 24. The transverse form factor for the
~

15.11 MeV
level. The shell-model form factors are calculated using
Woods-Saxon radial wave functions. The M1 transition
strength is not scaled, and the magnetization current contribu-
tion to the E2 transition is scaled by a factor of 0.707.

normalized, and the magnetization current contribution
to the E2 form factor is reduced by a factor of 0.707. The
magnitude of the FT which results is about right, except
at high q. Calculations by Sato et al. , which include
core polarization corrections up to 6%co, much improve
the magnitude and q dependence of FT(E2) compared
with that of the unrenormalized p-shell E2 form factor.
The use of Woods-Saxon instead of HO wave functions
leads to significant changes in the shape and magnitude
of the Ml and E2 form factors (see Table VI), which is
not surprising given the large difference in separation en-
ergies from the initial and final states. The predicted
FT(Ml) is compatible with, perhaps a little below, the
data. The effective g factors of Towner and Khanna
reduce the B(Ml) value by a further 18%. Thus, we
have a situation in which the p-shell model gives B (Ml)
values for the excitation of the —,

' 3.68 MeV and —,
' 8.86

MeV states which are too large by about a factor of 2,
while those for the —,

' 11.75 MeV and —,
' 15.11 MeV

states are compatible with the data. All the transitions
are predominantly p, /2~p3/2 (in the combination
—', —,

' —
—,
' —', ), so it is clear that an effective Ml operator for

use with the Cohen and Kurath wave functions cannot be
found. In contrast, the work of Brown and Wildenthal
has achieved a successful matching of effective M1 and
Gamow-Teller operators with an effective interaction in

We have compared experimental longitudinal and
transverse form factors, obtained for many levels of ' C
below 12 MeV excitation energy, with theoretical form
factors computed using effective one-body operators,
Woods-Saxon radial wave functions, and the one-body
density matrix element from Okapi and the 1k' shell-
model calculations for the negative- and positive-parity,
levels respectively.

For longitudinal C2 and C3 transitions, a good descrip-
tion of the data for momentum transfers below the peaks
of the form factors is obtained with fixed effective
charges. The effective charges are similar for the two
multipoles, eo —1.6e and ej -0.7e, and work well univer-
sally for light nuclei. As expected, the radial transition
densities from the lowest-order shell model are inade-
quate to explain the shape of the associated form factors
at higher-momentum transfers. We chose to present our
comparison between experiment and theory in such a
way as to emphasize the fact that the form factor shapes
deviate from the lowest-order shell-model prediction in a
way as regular as the magnitudes. This demonstration is
made possible by the availability of data which define the
form factors with precision over a wide range of momen-
tum transfers. The differences between the enhanced
shell-model transition densities and the fits to the data
bear a qualitative resemblance to the surface peaked tran-
sition densities associated with admixtures of giant quad-
rupole or octupole resonances into the low-lying states,
and it is clear that phenomenological effective one-body
operators which incorporate these effects, and thus work
for a wide range of momentum transfers, can be defined.

The situation for C1 transitions between low-lying lev-
els is quite similar, with the need for enhancement in
magnitude and compression of the form factor in
momentum space again being a regular feature for light
nuclei. Here, there are the special features that the C1
matrix element is small and that the single particle transi-
tions through three shells can be particularly effective in
enhancing the C3-like peak of the form factor. Unfor-
tunately, the fact that the lowest —,

'+ level in ' C could
not be properly resolved from the strongly excited —,

'
level at 7.55 MeV left only a single C1 transition that
could be studied in detail. For levels with appreciable C1
matrix elements, a variety of form factor shapes are pos-
sible depending on the magnitude and interference prop-
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erties of the basic (Ap) = (10) and (21) amplitudes (specific
linear combinations of Op —+Is and Op~Od). Usually,
such states occur at relatively high excitation energies
and may be broad, or at least di%cult to reso1ve from oth-
er broad states nearby.

Two CO transitions have been observed in ' C and the
form factor of the —,

' 8.86 MeV level, in particular, is
well defined by the present data set. The transitions are
quite strong and typical of CO transitions in light nuclei.
The CO form factors are dificult to calculate, and we
have noted that the different intrinsic spins which dom-
inate in the model wave functions for the transition to the
8.86 MeV level pose a particular problem in understand-
ing the strength of the transition.

The transverse form factors are, in some respects, more
interesting probes of the underlying single-particle struc-
ture of states in ' C because the magnetization density of
the odd neutron is probed. This feature is most clearly
evident for low multipolarity E1 and M2 transitions to
the low-lying —,'+, —,'+, and —,

'+ states, which have basically
the simple structure of a neutron coupled to the ' C core.
The form factors can exhibit a wide variety of shapes, de-
pending on the interference of Op~is and Op~Od am-
plitudes and on the interference of convection and mag-
netization current contributions. For the low-lying
states, the odd-neutron structure limits the role played by
convection currents. The excitation of the —,

'+ 3.09 MeV
level provides a clear example of a Op~ ls E1 transition
with Op ~Od neutron and convection current amplitudes
proving crucial to the description of the first maximum
and the minimum at low q. For the loosely bound neu-
tron orbits, it makes little sense to use harmonic oscilla-
tor wave functions. In fact, the transverse form factors
calculated with Woods-Saxon wave functions are usually
considerably reduced in magnitude, and differ signifi-
cantly in shape, from those calculated with harmonic os-
cillator wave functions.

The SU3 LS classification provides a useful alternative
basis for the OBDME. The size of convection (AS=0)

and magnetization (ES=1) current contributions is im-
mediately apparent. Furthermore, the SU3 classification
separates, independently of multipolarity, form factor
amplitudes which peak at low [(kp) =(10)] or high
[(Ap)=(21)] momentum transfers. The form factors for
the transition to the —,

'+ 6.86 MeV provide an interesting
example in which the (21) b,S= 1, b, T= 1 amplitude dom-
inates. Nevertheless, a small (10) amplitude for the 5/22+

model state produces a minimum at low q [Fig. 19(a)].
However, a small empirical admixture of the 5/2,+ model
state wave function wipes out the (10) amplitude and
leads to an M2 form factor which has the same shape as
the F3 form factor [Fig. 19(b)], which is uniquely due to a
(21) OBDME. In general, two multipolarities contribute
to each transition and, as in the previous example, it may
not be possible to distinguish them on the basis of the
shape of the measured form factor. A more obvious ex-
ample occurs in the case of E3 and M4 transitions, unless
there are large convection current contributions to the
E3. The 5/24 model state, identified with the 11.95 MeV
level, provides an unusual example in which the convec-
tion current contribution to the E3 transition dominates,
leading to a form factor with the same shape as a C2 form-
factor. Unfortunately, the 11.95 MeV level is a member
of an unresolved complex, so this model prediction is not
tested by the present data.

The higher E2, E3, and M4 multipole transition
strengths are generally overestimated by the lowest-order
(Otic and lkco) shell-model calculations. As a general
rule, a reduction of the strength due to the magnetization
current by a factor 2 much improves the agreement with
experiment. This is roughly equivalent to the use of an
effective isovector g factor which is 0.7 times the free nu-
cleon value (cf. the C2 and C3 isovector effective
charges). If the reduction in magnitude is attributed to
core polarization effects involving higher shell-model or-
bits, we would expect the transverse form factors for
these multipoles to be enhanced at high q as is indeed ob-
served. In fact, the higQ-q enhancement is very striking'

TABLE VII. Basic SU3 shell-model form factors. '

AJ=3

AJ=4

Common factor
L EL=1
T bL=1
T EL=1
T EL=2
T EL=1
T EL=3
L EL=3
T bL=3
T EL=3
T EL=3

AS=0
AS=0
hS= 1

AS=0
AS=1
AS=1
AS=0
AS=0
AS= 1

AS= 1

Op ~Os (10)

1

v'2/v'3 '/'
—2/v'3

—2v'2/v'5y
8/5v'7y

1sOd —Op (10)

ly
1/2

—4/v'3

—4v'2/v'5y

1sOd —Op (21)

y
—v 2/&3v 5y'

—2v'3/v'5
c

—4v'2/&3v'5
2v 2/5y

—2v'2/&sv'7y '"
4&2/v'3v'Sv'7

4v'2/3 v'7y

'Given as ZFe or ZFe (b/p~).
L = longitudinal, T—:transverse

'2y ' times entry for longitudinal two lines above.
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and is not fully understood. In contrast to the core polar-
ization effects for longitudinal multipoles, the NN tensor
force, which connects to high-energy intermediate states,
plays an important role for transverse multipoles. There
have been many calculations (Ref. 59 and references con-
tained therein) for ' C and ' C, mostly for the Ml mul-
tipole, which evaluate both core polarization and ex-
change current effects for intermediate states up to 6hcu
or even. higher. Generally, core polarization effects are
much larger than exchange current or delta isobar effects,
especially for higher multipoles. However, the effect of
exchange currents is to enhance the form factors at high-
momentum transfer.

We regard the description of the comprehensive set of
form factors, obtained in our ' C(e, e')' C experiment, by
the lowest-order shell-model as quite satisfactory when
effective one-body operators are used. For the lowest
pairs of —,

'+ and —,
'+ states, a small mutual admixing of the

model states would lead to improved agreement with ex-
periment. We have been able to to provide an under-
standing of the structure of the states near 11.9 MeV ex-
citation energy which are strongly excited by the inelastic
scattering of electrons and hadronic probes. The shell-
model analysis is simplified by the fact that
multiparticle-multihole configurations do not appear to
play a role at low excitation energies in ' C. The levels
that we have identified as due to the promotion of two
particles from the p she11 to the sd shell are quite weakly
excited. The transitions of M1 and CO multipolarity

TABLE IX. ' C excitation energies and widths determined in
this experiment. '

Energy
(MeV)

9.500(7)
11.845( 5 )

12.187( 10)
12.438( 12)
14.390( 15 )

14.582( 10)
14.983( 10)
15.526( 11)
16.080( 7)

[16.183( 28 )

[18.497( 10)
18.699( 5 )

20.021( 13 )

20.429( 8 )

21.466( 8 )

Width'
(keV)

144(5 )

109(48)
160{37)
281(65)
227(41)
380( 53)
147(23)
148(13)
40(20]
91(23)]
98(11)

232(27)
112(23)
268(14)

'Only levels observed consistently in two or more of the three
high-excitation energy data runs (at 165.8, 221.5, and 276.8
MeV) are included. The levels contained in parentheses are
more doubtful than the others.
"Errors include the uncertainty in the energy of the closest
reference peak from the following set: 7.547(3) MeV, 11.080(5)
MeV, 15.106(2) MeV.
'Full width at half maximum of Breit-Wigner peak shape,
corrected for experimental resolution.

TABLE X. Form factors for ' C energy levels above 10 MeV {6I=90').

165.7 MeV
Incident electron energy

221.3 MeV 276.8 MeV

MeV

10.753
10.818
11.080
11.85
12.2
12.4
14.2
14.4
14.6
15.0
15.106
15.5
16.07
16.2
18.5
18.70
20.0
20.4
21.47

q
(fm ')

1.142
1.141
1.139
1.138
1.137
1.131
1.130
1.130
1 ~ 128
1.128
1.127
1.125
1.124

1.116
1.112
1.110
1 ~ 107

F'x 10'

0.54( 12)
5.31(30)

29.3( 16)
1.47(26)
2.91(30)
0.15(42)
4.79(53)
4.03(32)
5.77(38 }
5.12(28)
1.14( 13 )

2.25( 19)
0.69( 14)

1.63( 15 )

1.74( 17)
1.50( 17)
4.90( 31 )

q
(fm ')

1.535
1.535
1.534
1.531
1.530
1.530
1.523
1.523
1.522
1.521
1.520
1.519
1.517
1.517
1.509
1.508
1.531
1.503
1.499

F'x10'

0.171(73 )

0.145(68)
1.46(11)

29.4( 15)
1.04(15)
0.97( 13 )

0.19(25)
3.32(38)
5.17(34)
3.09(23)
4.55(24)
0.821(90)
3.50(20)
0.289( 76)
0.607( 85 )

3.70(22)
1.77(17)
1.19( 12)

13.39(75 )

q
(fm ')

1.925
1.924
1.924
1.921
1.920
1.919
1.913
1.912
1.912
1.910
1.910
1.909
1.907

1.899
1.898
1.894
1.892
1.889

F'x10'
0.030(28 )

0.002{26)
0.213(30)

13.44( 70)
0.253{69)
0.332( 65 )

1.45( 11)
0.84( 10)
1.89( 13 )

3.69(24)
2.40( 13)
6.18(65 )

3.65(20)

1.25( 10}
3.09( 18)
1.40( 11 )

0.71(65)
12.57(66 }
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prove to be the most dificult to understand theoretically,
and further study is needed.

Data have also been taken on states up to 22 MeV exci-
tation energy in ' C. The data on M4 transitions to —', +

and —,'+ states have been published previously. The
remaining data, which will be presented in a future publi-
cation, mainly concerns lower multipolarity transitions
around 14 and 18.7 MeV excitation energy, regions stud-
ied by photonuclear and other low-momentum transfer
reactions, including electron scattering.
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TABLE XI. Transverse form factors from 180' measurements. '

(MeV)

3.68"

7.55

8.86

9.90'

10.80c, d

11.80

14 20'

15.10'

E
(MeV)

40
45
50
SS
60
65
70
80
85
90
45
55
70
80
90
45
55
70
80
90
45
5S
70
70
90
45
55
70
80
90

70
80
90
45
55
70
80
90

q
(fm ')

0.385
0.435
0.486
0.536
0.586
0.636
0.687
0.787
0.837
0.887
0.415
0.515
0.666
0.767
0.867
0.407
0.508
0.659
0.760
0.860
0.401
0.503
0.654
0.649
0.849
0.390
0.492
0.643
0.744
0.844
0.478
0.630
0.731
0.831
0.370
0.473
0.625
0.726
0.826

qea
(fm ')

0.424
0.475
0.525
0.576
0.626
0.676
0.727
0.827
0.877
0.927
0.452
0.554
0.705
0.806
0.906
0.444
0.546
0.698
0.798
0.899
0.438
0.540
0.692
0,687
0.888
0.426
0.528
0.681
0.782
0.882
0.513
0.667
0.768
0.869
0.404
0.508
0.661
0.763
0.864

)( 10

148(20)
120{9)
140(20)
118(8)
119(12)
122(12)
110(8)
78(7)
80(8)
66(7)
22(7)
52(7)
75(6)
99(7)

146(9)
33(8)
41(7)
45(5)
35(5)
23(7)

&6
&11
&10

2(4)
12(4)
34(8)
50{7)
43(6)
33(6)
39(6)
27(7)
11(7)
24(9)
19(8)

130(14)
131(14)
131(15)
116(14)
122(15)

'IKO data.
Sum of 3.68 and 3.85 MeV level (unresolved).

cNo useful data at incident energies not listed.
"May contain some small ' C contributions (abundancy 10%%uo in the target).
"'C contribution (also 15.1 MeV) has been subtracted.
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APPENDIX A

If harmonic oscillator wave functions are used, we can
write the shell-model form factor for any state as

2J +1
Z (0)+Z (1)F(A/l)aLasAJ (Al)2J;+1

1/2

FALg, hJ =AL —1

2M 26J+1
where q/2M =2(ps /b)y ', ps =A'c /2Mc =0.105 fm.

The basic form factors are given in Table VII.

Fmag, EJ=AL+1 q ~J+ 1

2M 26J +1

1/2

FAL
L (A2)

where Zzz denotes the appropriate SU3 OBDME from
Table III multiplied by the isospin Clebsch-Gor dan
coefficient (TMTATO~TfMr ). Also, g' '=pI ' if
AS= 1, g' '=F' ' if AS=0. For the bare nucleon

I
(0) 088 p(1)=4.706, F(o)=1, F(1)=1. For ds=1, the

form factors on the right-hand side of Eq. (A1) which we
refer to as basic SU3 form factors, can be simply related
to the corresponding longitudinal form factors

Fel, AJ =EL 9 FhL
2m '

APPENDIX B

We give the data obtained from our experiments in ta-
bular form.

Table VIII contains the form factors, measured in the
CUA-MIT experiment, for electron scattering to the
ground state and ten low-lying excited states of ' C.

Table IX presents ' C excitation energies and level
widths determined in the CUA-MIT experiments.

Table X contains the 90 form factors for ' C energy
levels above 10 MeV excitation energy measured in the
CUA-MIT experiment.

Table XI contains the transverse form factors mea-
sured in the IKO experiment.
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