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Fission barriers of light nuclei
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Experimental fission excitation functions for compound nuclei ' Fe, Cr, V, and Ti formed in

heavy-ion reactions are analyzed in the Hauser-Feshbach/Bohr-%heeler formalism using fission

barriers based on the rotating liquid drop model of Cohen et al. and on the rotating finite range
model of Sierk. %'e conclude that the rotating finite range approach gives better reproduction of ex-

perimental fission yields, consistent with results found for heavier systems.

I. INTRODUCTION

In the present work, we analyze fissionlike yields from
nearly symmetric decay of light composite systems 26Fe',
z4Cr", 23V*, and 22Ti (Refs. I and 2) in order to test
several models of fission barriers of light nuclei at
moderately high angular momenta. For a long time, the
only set of fission barrier calculations for nuclei under ro-
tation resulted from the rotating liquid drop model
(RLDM) of Cohen, Plasil, and Swiatecki. Statistical
model analyses of fission excitation functions for systems
of mass 100—200 suggested that the RLDM barriers were
somewhat higher than experimentally deduced results. '

Similar results were obtained by other authors for med&-
um weight and heavy systems. A hint that such a
conclusion should not be unexpected came from the early
finite range barrier calculations of Krappe, Nix, and
Sierk performed for nonrotating systems. This model
di6ered from the sharp surface liquid drop model, in that
an attractive force of finite range was permitted between
nascent fragments at the fission saddle point. It was
demonstrated that this eFect could reproduce the experi-
mentally deduced angular-momentum-dependent barrier
decrexnents from RLDM by modeling the static finite
range e6'ect to rotating systems. Explicit finite range ro-
tating liquid drop model (RFRM) calculations were done
by Mustafa, Baisden, and Chandra, ' and by Sierk. "
These models were shown to give good agreement with
experimentally deduced barriers for systems formed in
heavy ion bombardments with 3 & 100.'

We wish to see if the conclusions stated above are valid
in the much lower mass systems (A ~ 52) for which re-
sults were presented in Refs. 1 and 2. In that mass range
experimental determination of fissionlike yields is much
more dificult than for heavier nuclei for two principal
reasons: the fissionlike cross sections are much smaller,
and the charge separation between target and projectile is
much lower, rendering division between deep inelastic
and fissionlike products more difFicult and ambiguous. In
order to get reasonable fission yields in this mass region,
one must use higher bombarding energies than those
which are satisfactory for heavier, more fissile systems,

which introduces additional complications in interpreta-
tion due to secondary evaporation from fission fragments,
and due to incomplete fusion contributions to the reac-
tion cross sections. Several questions may be raised
about analyzing these light mass fissionlike data via sta-
tistical decay models, as is done in this work. The first is
one of the meaning of theoretical barriers if the systems
are not stable against symmetry in the fission channel
(i.e., below the Businaro-Galone point). ' The second
question is whether the data do in fact represent systems
for which the entrance channel trajectory results in a
compound nuclear system which is inside the fission sad-
dle point, or whether a "fast fission" trajectory, which is
always outside the saddle point, is the mechanism pri-
marily responsible for the experimentally observed yields.

As far as the first point is concerned, the fissioning nu-
clear systems in question are believed to be quite de-
formed structures connected with a relatively narrow
neck. When calculating transmission over a barrier for
symmetric fission, we assume that due to such neck the
mass asymmetry degree at freedom is frozen on the short
path between the saddle and scission point, and conse-
quently that the conditional saddle points may be treated
as unconditional.

On the second point, as stated in Refs. 1 and 2, the ob-
served fissionlike products are suggestive of a compound
nucleus (CN) process, Also, trajectory calculations per-
formed for three systems considered in this work support
a fusion-fission mechanism. We have selected experi-
mental data on symmetric fission as most of the finite
range liquid drop model predictions are made for the case
of symmetric splitting. '

We will give a very brief summary of the experimental
data in Sec. II, since a complete description of the experi-
mental program has been published. ' In Sec. III we re-
view the statistical Hauser-Feshbach/Bohr-Wheeler cal-
culations which will be used to predict the fission cross
sections expected from the experiments and based on
RLDM and RFRM barriers. Because incomplete fusion
channels may also contribute to the fission yields, the sta-
tistical calculations must, in principle, sum over both
complete and incomplete fusion channels. This problem
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is discussed in Sec. III C. We will then present and dis-
cuss comparisons between calculated and experimental
yields in Sec. IV, with a summary of our conclusions in
Sec. V.

lar momenta (3(Hi&L &40tri) where compound nuclei in
question should be strongly deformed and slightly triaxi-
al.

II. EXPERIMENTAL DATA AND THEIR
INTERPRETATION

Fissionlike yields analyzed in this work were observed
in reactions of ' C, Be, and Li on Ca, and of S on ' C
targets. ' Measured cross sections and some parameters
which characterize the corresponding reaction systems
are shown in Table I. For all reactions in question, the
presence of products with about one-half the mass of the
compound nucleus ( A -20) does not prove the existence
of a fission process. One can expect significant contribu-
tions from fusion evaporation residues or from reactions
on light target contaminations at A -20. In order to
avoid most of these ambiguities, symmetric splitting of
nuclei from Table I was verified by coincidence experi-
ments. For i2C+2oCa~z6Fe' an excitation function has
been measured in the range 57—147 MeV (c.m. ); other re-
actions were investigated at diferent incident energies,
76—133 MeV (c.m. ). As shown in Table I, fission cross
sections are given for these three Z values, which, de-
pending on the compound nucleus and incident energy,
correspond to nearly symmetric splitting.

The data suggest that at least in the range of c.m. an-
gles 45 —115', for ' C+~Ca, and 30'—170, for S+' C,
the angular distribution is —1/sine, , which is expect-
ed from the symmetric decay of a system with a lifetime
equal to or greater than a rotation period. Also, the exci-
tation function measured for ' C+ Ca supports a
fusion/fissionlike process. The cross sections are larger
for more symmetric configurations in the entrance chan-
nel. The measured total c.m. kinetic energies of fission
products, together with the RLDM calculations, locate
the window for symmetric decay at relatively high angu-

III. STATISTICAL CODES

The data described in Sec. II have been analyzed using
the statistical code ALERT I of the Hauser-Feshbach-type,
which includes the Bohr-Wheeler model for estimating
the angular-momentum-dependent fission excitation func-
tions. A detailed description of the equations governing
these codes has been published elsewhere. ' ' We
therefore present only a discussion of those details which
are of particular relevance to the calculations performed
for this work.

A. Fission barriers and transmission coefficients

Figure 1 compares angular-momentum-dependent
fission barriers of the compound nucleus 26Fe calculated
using the RLDM (Cohen et al. ) and the RFRM
(Sierk"). It may be seen that the two models predict
significantly di8'erent results. In the statistical calcula-
tions performed the barriers are recomputed for every
nuclide in the decay chain, since multichance fission com-
petition is considered.

The RLDM computes barriers for fission shapes with
sharp surfaces. The RFRM refines the RLDM barriers
by recomputation for systems with diffuse surfaces and an
attractive force with a finite range between the adjacent
surfaces of nascent fragments at the saddle point. The
low mass nuclei, such as those considered in the present
work, are expected to undergo fission only for relative
high angular momenta (see Fig. 1) such that the fission
barriers are not too much higher than the particle bind-
ing energies; otherwise, the phase space for particle emis-
sion completely dominates the decay process.

TABLE I. Summary of heavy ion reactions considered in this work. In addition to reacting nuclei,
lab, and c.m. energy, the range of fragment charges included in experimental measurements are indicat-
ed for each composite system, as well as the composite nucleus excitation energy (E) given by E, +Q
and the temperature Tdeduced as (E/a)', where a = A /8 for I. =0.

Reaction

a'

Estab

(MeV)

186
161.9
131.9
121.3
74.3

(MeV)

143.1
124.5
101.5
93.4
57.1

Z fragments
included

~fission

9,10,11
9,10,11
9,10,11

10,11,12
10,11,12

fission

(mb)

21.6+3.4
23.3+5.4
12.9+3.4
17.2+6.8
2.2+0.5

Composite
system

26
52

E
(MeV)

156.6
138.0
115.0
106.9
70.6

T
(MeV)

4.9
4.6
4.2
4.0
3.3

'Be+4oCa'

Li+ Ca'
32S+ 12Cb

141
153
280

115.1
109.3
76.4

8,9,10
8,9,10

9,10,11

6.1+1.7
5.6+1.4
6.1+1.3

'„'Ca
46V
23
44T'
22

136.9
125.6
87.9

4.7
4.7
4.0

'Data taken from Ref. 1.
Data taken from Ref. 2.
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B. Level densities

In the statistical codes used in this work, angular-
momentum-dependent level densities are calculated sepa-
rately for each nuclide treated in the decay process, and
for the fission channel. These level densities may be
affected by nuclear deformation, and by so-called collec-
tive enhancement effects. In our code, an option exists
to compute these level densities using either a form ap-
propriate to spherical nuclei, or a form for deformed nu-
clei with collective enhancement. Most important for
level densities are the Fermi-gas level-density parameters
for the ground state (a, ), and saddle-point nuclei (af ).
We have used saddle-point single-particle level densities
based on the work of Bishop et al. (af/a =1.03), al-
though recent work of Leigh et al. ' in the 170~ A ~ 200
region supports a somewhat lower value (-0.98). We
have tested the sensitivity of results to the level-density
parameter a„=A /8 for particle emission with

af /a, =0.98 and 1.02.

C. Input data

The statistical calculations require as input the angular
momentum range and energies of excited nuclear species.
The daughter excitation populations for the multichance
fission competition following the xn, xp, and/or xa emis-
sion are generated internally, based on the initial excita-
tion and range of angular momenta.

For the nuclear reactions considered, we expect that
the entrance channels will have some range of partial
waves undergoing compound nucleus formation. The
corresponding angular momenta will be calculated from
fusion cross sections using the sharp cutoff assumption.
It is recognized that diffuse cutoffs are more realistic.
However, there is no clear correct way in which to esti-
mate these cutoffs, and the accuracy required for the pur-
poses of this work does not require great attention to this
point. We feel that the sharp cutofF approximation is
adequate.

In our case, fusion data exist only for the Li+ Ca re-
action, for complete fusion, as well as for two main in-
complete fusion channels. ' We have used the Bass
model to get fusion cross sections for ' C+" Ca,
Be+ Ca, and S+' C reactions. In order to check the

validity of Bass model predictions in our region of nuclei
and energies we compared them (with success) with
fusion evaporation residue cross sections measured for
the ' 0+ Ca reaction over a broad range of energies.

It is known that incomplete fusion increasingly com-
petes with complete fusion at incident energies above 10
MeV/u. Unfortunately most of the published fusion data
( ACN (100) give cross sections for the formation of the
evaporation residues which is the sum of the cross section
for complete and incomplete fusion. We shall call such
cross sections the fusion cross sections. Recently, Mor-
genstern et al. measured velocity spectra of evaporation
residues for colliding systems having similar masses to
those investigated in this work. For higher incident ener-
gies, velocity spectra deviate characteristically from the
mean velocity of complete fusion. The authors deter-
mined the onset of incomplete fusion as a function of in-
cident energy and mass asymmetry in the entrance chan-
nel. In Table II we show cross sections for fusion (oF)
for the reactions in question, and cross sections for com-
plete fusion (ocF) calculated mostly from the systematics
of Morgenstern et al. The upper limit values of complete
fusion angular momenta I.c„are presented in the last
column. It should be pointed out that the Bass model
was adjusted in order to reproduce the fusion data, . and
therefore it also needs the Morgenstern-type correction
to provide the complete fusion cross section O.c„.

As stated in Sec. I, the incomplete fusion channels may
also participate in the fission yields. At 186 MeV (15.5
MeV/nucleon), more than 50% of the fusion cross sec-
tion from the ' C+ Ca reaction belongs to incomplete
fusion. One can expect that aside from complete fusion,
the incomplete fusion reactions (' C,a) and (' C, Be) will
represent the dominant reaction channels. Adopting a
simple reaction picture proposed by Siwek-Wilczynska
et al. , we assume that every virtual fragment of the pro-
jectile carries a part of the total angular momentum that

40
RLDM

RFRM

TABLE II. The fusion cross sections o.F as predicted by the
Bass model, and the corresponding complete fusion cross sec-
tions o.cF, calculated according to Morgenstern et al. (Ref. 21).
The LcF values are given in the sharp cutoff approximation.I

X

~~
Co

20
~~
CO
th
K

20 40
Angular momentum (5)

Reaction

12C+40Ca

Be+ Ca
Li+ Ca

E~ab

(MeV)

186
161.9
131.9
121.3
74.3

141
153
280

OF
(mb)

1058
1067
1082
1092
1144
1003

1030

CF
(mb)

481
581
717
771
993
364
67'

818

LcF
(W)

30.0
30.9
31.0
30.7
27.2
20.7

7.4
27.8

FICx. 1. Comparison of fission barrier vs angular momentum
for 26Fe calculated with the rotating liquid drop model (dashed
line) and the finite range model (solid line).

'Measured value from Ref. 17. The Bass model (Ref. 27)
corrected according to Morgenstern et al. {Ref. 29) gives
OCF=62 mb.
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is proportional to its mass number. Consequently, for
capture of Be the lower angular momentum limit is
LLL =—', X 30fi=20A, which value is nearly identical to the
complete fusion upper limit LC„ in the Be+ Ca chan-
nel, as calculated from the Bass formula with the Mor-
genstern et al. correction included. This means that the
(' C,a) reaction channel is almost closed. It should be
noticed that such conjecture is in agreement with both
measurements and predictions of the more realistic sum-
rule model of Wilczynski et al. ,

' where only a small con-
tribution was found at larger energies from incomplete
fusion channels corresponding to the largest mass
transfer. The ca+ Ca fusion cross section was measured
only up to 28 MeV (lab) (Ref. 32) and the Bass model pre-
dictions agree well with experimental data. For beam ve-
locity a particles (62 MeV lab) the Bass model predicts a
fusion cross section of 800 mb and the sharp cutoff ap-
proximation gives 14k for the upper angular momentum.
As will be seen from the statistical model calculations, we
expect negligible fission yields from such low L partial
waves. Consequently, we assume that there are no in-
complete fusion contributions to the fission yields from
the 186 MeV ' C+ Ca system. It may be shown that
the same is also valid for other reactions considered in
this work.

IV. RESULTS

12'+ 40cg

CI C3 C3
Cl

—30

E

—20

0.1—
80 160

E (MeV)

—10

80
I I I

120 160 200
E (MeV)

FIG. 3. As in Fig. 2, using fission barriers form the RLDM.
The hatched rectangles result from using the L,„of Bass-
Morgenstern (see the inset). The open rectangles result from us-

ing the adjusted L „shown by the open squares of the inset.

Comparison of statistical model predictions with ex-
perimental fission cross sections is presented for the
' C+ Ca reaction in Figs. 2 and 3 and for the reactions
Bei Li+ Ca, and S+' C in Figs. 4 and 5. The rotat-

ing finite range model RFRM was the source of fission
barriers used in calculations of Figs. 2 and 4 while the
zero-range RLDM was utilized in Figs. 3 and 5. In each
case, the sharp cutoff value of angular momentum L
was optimized in order to fit the experimental data. The

10

2—

30—

10—

E 12C + 40Ca

30

—20 w
E

10—

Be/ OCa 6Li/40Ca

80 120 160
E (MeV)

80 160

—10
I

Projectile/Target

FIG. 2. Calculated and experimental-fission cross sections vs
' C projectile energy for a Ca target. The ordinate on the left-
hand portion of the figure shows experimental fission cross sec-
tions as circles with error bars. The rectangles give cross sec-
tions calculated using RFRM fission barriers with the ratio
af/a =1.02 (top of rectangle) and 0.98 (bottom of rectangle).
The right-hand portion of the figure shows the L,„actually
used in the calculations as open squares, and those predicted by
Bass-Morgenstern as open circles connected by a solid line.

FIG. 4. Calculated vs experimental cross sections (upper
figure) for several projectile/target combinations (abscissa). The
rectangles are the range of results using RFRM barriers as in
Fig. 2 with af /a 1.02 and 0.98. The lower portion of the figure
shows the value of the angular momenta L,„used in the calcu-
lations (open square) and for Be+ Ca and S+' C, the Bass-
Morgenstern prediction. For Li+ Ca the solid point with er-
ror bars represents the result deduced from Li+Ti experimen-
tal measurement.
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10.0

40-

1.0—

E

9 Be/40Ca
0.1— 6LI/40ca

0
30-

0

S/12C r 20-
9ee/40ca

6I I /40Ca

10-

32S/12C

0.01

Projectile/Target

FICy. 5. As in Fig. 4, using the RLDM fission barriers. The
open rectangles in the left-hand side of the figure represent the
calculated results using L „given by the open squares on the
right-hand side of the figure. The hatched rectangles are fission
yields calculated using RLDM barriers with L „given by the
solid points in the right-hand side of the figure. The extremes
(top and bottom) of the rectangles correspond to aI/a =1.02
and 0.98, respectively.

(b) part of Figs. 2, 3, 4, and 5 presents the parameter fit
values of L „compared to those suggested by the exper-
imental fusion cross section or by the Bass model and the
Morgenstern et al. systematics (see Sec. III C). Statisti-
cal model calculations were performed with the collective
enhancement form of level densities and for the a&/a ra-
tio equal to 1.02 or 0.98 (the upper and the lower side of
each rectangle in Figs. 2 —5, respectively).

In the case of the ' C+" Ca reaction, all fission cross
sections could be satisfactorily reproduced using the
RFRM fission barriers calculated for L „only slightly
sinaller (1 to 3 units of A) than predicted by the Bass
model and the Morgenstern et al. systematics [see Figs.
2(a) and 2(b)]. The largest dift'erence (3iii) occurs at the
lowest incident energy 74.3 MeV. The same L,„values
used in RLDM give fission cross sections more than an
order of magnitude lower than experimental results
[shaded rectangles in Fig. 3(a)]. In order to raise the sta-
tistical model predictions using RLDM barriers to the
experimental values, we had to use L,„values larger by
more than 10iri from those used in the RFRM [see Fig.
3(b) and open rectangles in Fig. 3(a)].

The procedure used for ' C+" Ca was also adopted for
the remaining three reactions and is illustrated in Figs. 4
and 5. For Be+ Ca the RFRM fission barriers result in
good agreement with the experimental fission cross sec-
tion for L,„smaller by only 2A' from the value predicted
by the Bass model and Morgenstern et al. systematics.
For the RLDM barriers, L „has to be increased by 11k'

in order to get a similar result.

For Li+ Ca, the value of L,„necessary to repro-
duce the experimental fission cross section is, respective-
ly, larger by 5iri (RFRM barriers) or by 20iri (RLDM bar-
riers) from the value suggested by the complete fusion
cross section (67+20 mb) measured for a similar reac-
tion Li+ Ti at the incident energy 156 MeV.

Calculations performed for three reactions
Li/ Be/' C+ Ca suggest a superiority of the RFRM

barriers over the RLDM values. For the 8+' C sys-
tem, both the RFRM and RLDM seem equally poor.
The reason for this result being in contradiction with the
other reactions investigated in this work may be due to
an unknown systematic error in determination of o.I, or
from inadequacy of the Morgenstern et al. systematics
or the Bass model to describe the inverse kinematic reac-
tion of the 8+' C type.

We have tested two additional changes in parameters
for these calculations. The first is to use a&/a deduced
from RLDM deformation parameters and the model of
Bishop et al. The result of this change is to increase
fission yields by 30—40% over results with the parame-
ters o. = A /8, a& =1.02a . The second point investigat-
ed was the eA'ect of precompound nucleon emission
preceding fission/evaporation competition. This tended
to reduce the fission cross section by —30% at the higher
bombarding energy. In terms of changing the deduced
L,„parameters this brings o.

& calculated with RFRM
barriers into close agreement with the Morgenstern et al.
values, and moves results with the RLDM further away,
insofar as this type of preequilibrium emission decay may
not already be included in the Morgenstern systematics.

V. CONCI. USIONS

We have analyzed data for fission of light ( 3 (52) ele-
ments formed in heavy-ion bombardments via a Hauser-
Feshbach/Bohr-Wheeler approach, using fission barriers
based on the RLDM and RFRM. A reasonable range of
level density parameters was used (a&/a, =0.98, 1.02)
and the maximum angular momentum for fusion L
was made a parameter. Using the RFRM, values of L
within a few units of results experimentally deduced or
based on the systematics of Bass and of Morgenstern
et al. gave satisfactory agreement with experimental
yields. On the other hand, the RLDM generally required
increases in L „in excess of 10iri (or 30—50% in L,„)
which is outside a reasonable change. These analyses
therefore support the conclusion (consistent with that
from heavier systems), that RFRM barriers are much
nearer to experimentally deduced values than are those
generated by the RLDM.
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