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Differential cross sections and analyzing powers for scattering of 135-MeV protons by ' 0 have
been measured for all narrow states below 12.1 MeV of excitation up to a momentum transfer of 3.2
fm '. Calculations that employ accurate transition densities fitted to electroexcitation data are used
to study medium modifications to the two-nucleon effective interaction with little residual uncer-
tainty from nuclear structure. Definitive evidence for strong density dependence in the isoscalar
spin-independent central component of the two-nucleon effective interaction has been found. The
differential cross sections show that as the density increases, the strength of the central interaction is
suppressed at low momentum transfer and enhanced at high momentum transfer. The analyzing
powers exhibit strong negative excursions near 2.5 fm, which support enhanced repulsion at high
density. The data are well described by the local-density approximation, which employs the
nuclear-matter effective interaction appropriate to the density in the vicinity of the interacting nu-

cleons. We find that the qualitative results are insensitive to ambiguities in the local-density
prescription, the local-exchange approximation, and the choice of distorted waves. However,
eff'ective interactions based upon the Paris, Bonn, and Hamada-Johnston potentials do give substan-
tially different results. Of these, the Paris-Hamburg effective interaction provides the best descrip-
tion of normal-parity isoscalar transitions. The analysis also supports a rearrangement contribution
to the effective interaction for inelastic scattering.

E. INTRODUCTION

The effective interaction between a projectile nucleon
and a target nucleon can be substantially modified by the
presence of a nuclear medium. ' In particular, Pauli
blocking is known to produce strong density dependence
in the effective interaction for projectile energies below
200 MeV. Below 100 MeV, the effective interaction is
similar to the 6-matrix between nucleons bound in nu-
clear matter. The 6-matrix theory of the optical po-

tential has been developed in considerable detail by
Hufner and Mahaux. ' Based upon this approach,
several groups have constructed density-dependent
effective interactions for nuclear matter using a variety of
free potentials and approximation strategies. " ' These
interactions may be applied to scattering using the local
density approximation (LDA), in which it is assumed that
the effective interaction between an energetic projectile
and a nucleon bound in a finite system is essentially the
same as that appropriate to infinite nuclear matter with
the local density. ' ' Our objective is to compare these
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interactions using intermediate energy scattering data for
which the reaction mechanism is expected to be sim-
plest; ' ' other groups have made similar comparisons at
lower energies where additional complications are en-
countered. ' We use transition densities measured
with electron scattering to minimize ambiguities due to
nuclear structure.

The best understood probe of nuclear structure is the
electron, whose perturbative one-step electromagnetic in-
teraction with the nucleus can be readily and precisely in-
terpreted in terms of the radial distributions of charge,
current, and magnetization that characterize the nuclear
states involved. ' The simplest class of nuclear transi-
tions for which electron-scattering measurements most
completely determine the nuclear structure required to
interpret nucleon scattering consists of those normal-
parity isoscalar transitions in an X =Z nucleus for which
the transverse form factor nearly vanishes over a substan-
tial range of momentum transfer. ' For these transi-
tions, the only transition densities involved in either elec-
tron or proton scattering are the proton and neutron
matter densities. Although it is possible for the convec-
tion and spin contributions to the transverse form factor
to cancel over a limited range of momentum transfer, the
observation that the transverse form factor nearly van-
ishes over a substantial range of momentum transfer
severely limits the intensity of each contribution. Furth-
ermore, charge symmetry ensures that, to a high degree
of accuracy, the proton and neutron transition densities
for isoscalar excitations of a self-conjugate nucleus are
equal. Therefore, electroexcitation measurements of the
transition charge density suffice to completely specify the
nuclear structure required to study this class of transi-
tions by nucleon scattering.

In order to test the effective interaction, it is necessary
to obtain data for a wide variety of states for which the
nuclear structure is known. An excellent laboratory for
this study is provided by ' O, for which states of many
multipolarities can be resolved with only modest resolu-
tion. States of low multipolarity, such as 0+ and 1

peak in the high-density nuclear interior where the medi-
um modifications are largest. States of higher multipolar-
ity, such as 3 and 4+, peak in the low-density nuclear
surface and are sensitive to the effective interaction at
low density.

We have measured cross sections and analyzing powers
for the scattering of 135 MeV protons by ' 0 over the
range of momentum transfer q =0.3—3,2 fm, observ-

—1

ing three 0+ states (0,+ at 0.0, Oz+ at 6.049, and 0~+ at
12.053 MeV), one 1 state at 7.117 MeV, three 2+ states
(2,+ at 6.917, 2@+ at 9.847, and 2&+ at 11.521 MeV), one 3
state at 6.130 MeV, and two 4+ states (4&+ at 10.353 and

4z at 11.09 MeV). The elastic scattering data reach 3.5
fm '. Electroexcitation measurements spanning momen-
tum transfers between about 0.4 and 2.7 fm ' were re-
ported in Ref. 24 for all of these states. The accurate
transition densities fitted to these data provide ihe struc-
ture information required to interpret the present data
for proton scattering with little residual ambiguity.

Early results from this experiment provided the first
demonstration that the deficiencies of the impulse ap-

proximation (IA) for proton energies between 100 and
200 MeV may be interpreted as evidence for strong
density-dependence in the isoscalar spin-independent cen-
tral component of the effective interaction. ' Similar re-
sults were also shown for ' C and Ca. That analysis
employed an effective interaction (BRG) constructed by
Brieva, Rook, and von Geramb' ' using the Hamada-
Johnston potential. The strong density dependence of
the BRG interaction provided a good description of in-
elastic cross section and analyzing power data but was
too severe for elastic scattering.

Subsequently, von Geramb and his Hamburg associ-
ates' ' produced a new effective interaction (PH) based
upon the Paris potential. ' In contrast to the BRG in-
teraction, the PH interaction was found to provide a
good description of elastic scattering data for ' C, Pb,
and several other nuclei for energies between 100 and 400
MeV. ' ' ' Similar results for ' 0 were reported in Ref.
34, for ' C in Ref. 35 for zsSi in Ref. 36, and for Mg
and Si in Ref. 37. However, using a more coInplete set
of data, we found that inelastic data prefer stronger medi-
um modifications intermediate between those of the PH
and BRG interactions. In contrast with Refs. 34—37,
which adjust model wave functions to achieve qualitative
agreement with (e, e') data, our use of measured transi-
tion densities permits quantitative comparisons to be
made.

Part of the apparent discrepancy between elastic and
inelastic scattering was shown by Cheon et al. ' to be
attributable to neglect in these early calculations of an
important rearrangement contribution that essentially
doubles the density dependence of the interaction respon-
sible for inelastic scattering. When this contribution is
included, the PH interaction also provides a good
description of ndrmal-parity excitations for which the
transition density is interior in nature. ' Surface transi-
tions still seem to require stronger density dependence.
Several analyses which fit an empirical effective interac-
tion to data were reported in Refs. 41—43.

Finally, another interaction based upon the Bonn po-
tential was constructed by Nakayama and Love (NL). '

At 135 MeV, the density dependence of the real part of
t is weaker and that of the imaginary part is stronger in
the NI. interaction than in the PH interaction. Although
all three effective interactions are similar at low density,
important differences are obtained for any transition with
significant interior strength. Therefore, we present a sys-
tematic comparison of these three effective interactions
with data for the excitation of many states of ' 0 by 135
MeV protons. The usefulness of this study is enhanced
by the availability of high-quality data for interior transi-
tions in addition to the more easily accessible collective
states.

The experimental procedure and data analysis are
presented in Sec. II. The reaction model is described in
Sec. III. Elastic scattering results are presented in Sec.
IV and inelastic scattering in Sec. V. These results are
discussed further in Sec. VI, wherein the approximations
made in constructing the effective interactions are re-
viewed critically. Our conclusions are summarized in
Sec. VII.
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II. EXPERIMENT

A. Experimental procedure

The Indiana University cyclotron provided up to 200
nA of 135 MeV protons on target. Both polarized and
unpolarized sources were used. The beam was dispersed
on target with a 5p/p =+0.1% spread in a 3X3 mm
spot. The scattered protons were analyzed by the disper-
sion matched QDDM magnetic spectrometer. The detec-
tor array, placed approximately in the focal plane posi-
tion, consisted of a position-sensitive helical wire
chamber and two plastic scintillators. The plastic scintil-
lators, 7 and 12 mm thick, provided AE1 and AE2 for
particle identification. The position in the focal plane
was measured by the time difFerence between induced sig-
nals reaching either end of the helical cathode wire. A
fast triple coincidence between the chamber anode signal
and the discriminated outputs from the scintillators gated
the time-to-amplitude converter (TAC) and the linear
outputs from the scintillators, which were then processed
by an analog-to-digital converter (ADC) system.

Dead time was monitored by passing pulser signals,
triggered at a rate proportional to the beam current,
through all detectors and processing these signals as ordi-
nary events. The accuracy of the dead-time correction
was verified by observing that cross sections measured
with 30% dead-time losses reproduced, within statistics,
those measured with losses of a few percent. Dead-time
losses were generally kept below 10%.

The spectrometer acceptance was defined by jaws at
the spectrometer entrance and set with calibrated pre-
cision micrometer screws. Acceptances in the range of
12—18 mrad (full opening) in the momentum direction
and 24—60 mrad in the transverse direction were used.
The relative solid angles were verified by repeating a mea-
surement after a solid-angle setting was changed.

The energy resolution obtained with the smallest
solid-angle setting and a thin target was about 45 keV full
width at half maximum (FWHM). The energy resolution
deteriorates rapidly as the acceptance is increased,
becoming about 120 keV for an acceptance of 18 by 60
mrad.

The total beam charge was measured by Faraday cup
beam catchers downstream from the target. For scatter-
ing angles larger than 24 the beam catcher may be
placed in the beam line external to the scattering
chamber. For scattering angles less than 24 the spec-
trometer intercepts the downstream beam line, making it
necessary to place the beam catcher internal to the
scattering chamber, which greatly increases the back-
ground. Finally, a split internal cup, separately integrat-
ing the charge collected in its left and right halves, was
also used. The external cup is believed to be accurate to
about 1% but the internal cups are subject to several
energy-dependent normalization difficulties. " Measure-
ments repeated with the various cups showed that the
normalization of the internal cups differed from that of
the external cup by about 3%. This correction has been
applied to the data taken with the. internal cup.

The scattering-angle offset was determined by two
methods. First, elastic cross sections were measured at

several angles on either side of the beam line. Second, the
difFerential recoil of several isotopes were fitted at many
angles. Both methods gave offsets of 0.05 —0. 12'.

The focal-plane relative efficiency was checked by vary-
ing the spectrometer magnetic field and thereby moving
the elastic peaks across the focal plane. The relative
efficiency was found to be constant within the statistics of
the measurement ( —1%).

The targets were beryllium oxide (BeO) wafers. The
targets manufactured from naturally occurring oxygen
ranged in thickness from 20 to 239 mg/cm . The targets
were usually oriented in transmission geometry with the
target normal bisecting the scattering angle. Several
mixed-isotope targets, enriched in ' 0 and ' 0, were also
used. The elastic peaks are separated by differential
recoil. The isotopic abundances were determined by us-
ing the ratio of the oxygen yields to the beryllium yields
for several different targets. The manufacture and isoto-
pic analysis of these targets is described in Ref. 46. Cross
sections measured with different targets were found to
reproduce within +3—5 %.

For each of six strong peaks, approximately ten cross-
section measurements were repeated in the separate runs
that comprise the present experiment. For each of these
peaks the average ratio between runs was unity, with a
scatter of 2—3 % and with no systematic dependence on
scattering angle. However, for the earliest run the nor-
malization appears to differ from that of the later runs by
about 5%, although no data from that run is reported
here. Combining this information with the uncertainty in
the target thicknesses, we estimate that the overall nor-
malization uncertainty is about +5%.

For all cross sections entering in the above normaliza-
tion comparison the statistical precision was better than
1%. The larger scatter of 2—3% is consistent with the
normalization Auctuation observed internal to each run.
It has been found that the ratios of cross sections mea-
sured in the same exposure agree within statistics, but
that the normalization between repeated measurements
tends to Auctuate by +2%. This Auctuation has been ob-
served in many circumstances. The source of this Auc-
tuation has not been definitely identified, but is probably
related to beam integration. Therefore, a +2% uncer-
tainty has been added in quadrature to the statistical and
fitting uncertainties for the cross-section measurements.

For the analyzing-power m.easurements, the polarized
source was operated in fast spin-Aip mode, automatically
reversing the beam polarization about once per minute.
This procedure minimizes false asymmetries that arise in
single-arm measurements due to normalization and
beam-position drifts. %'e assume that there is no correla-
tion between beam orientation and integration. There-
fore, the normalization Auctuation should be averaged
out of the analyzing power by the fast spin-Aip and is not
included in the estimation of analyzing-power uncertain-
ties.

As there was no continuous on-line polarimeter, the
beam polarization was measured every few hours using a
He gas cell that can be lowered into the beam line be-

tween the injector and main-stage cyclotrons. Surface
barrier detectors placed symmetrically on either side of
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B. Data Analysis
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all of the parameters may be free to vary or may be fixed
to input values. Parameters may be locked to the corre-
sponding parameter in another peak. In the case of peak
height, locking constrains the ratio of the peak heights to
the ratio of their initial values. In the case of position,
locking constrains the separation between peaks to their
initial separation. For all other parameters, locking
maintains numerical equality between locked parameters.
All peaks sharing a locked parameter contribute to its
determination.

This Aexible search procedure often enables reliable ex-
traction of unresolved peaks. When the levels of interest
have negligible intrinsic width, unresolved peaks can be
fitted by locking their shapes to that of some strong iso-
lated peak and locking their separation to their known ki-
nematic separation. Only the peak heights and a single
overall cluster position are allowed to vary. That this
procedure is reliable has been verified by several methods,
including reproducibility, use of different target
thicknesses, and use of different isotopic mixtures. The
most stringent such test was the separation of the weak
0+ state at 6.049 MeV from the much stronger 3 state
at 6.130 MeV. This cross section was reproducible from
run to run and was independent of target thickness and
energy resolution.

Data tables are available from PAPS. ' In addition to
the normal-parity states considered in this paper, these
tables include data for the 0& and 2, states of ' 0 and
for the (3/2)1 and (5/2)1 states of Be. Preliminary
versions of these 0 data have appeared in several recent
publications. ' The -Be data were presented in Ref. 54.

III. REACTION MODEL

where q=k; —kf, Q=k, +kf, and n=qeQ, and where

t ST= VST(q) —( —)
+ VST(Q),

LS1qQ[ VLS(q)+()1+ TVLS(Q)] (6b)

The Fourier transforms are defined as

V (q) =4'f dr r j 0(qr) V (r), (7a)

f
V (q)=4m f dr r j2(qr)V (r) .

V (q) =4m dr r V (r), (7b)

(7c)

For later use, we will also find it convenient to introduce

LS(q Q ) [ V Ls( q ) + ( )
1 + TV LS( Q ) ]

The most transparent formulation of nucleon-nucleus
scattering is based upon the local exchange approxima-
tion, which has been shown to be an accurate approxi-
mation for most normal-parity transitions excited by pro-
tons with E ~100 MeV. Of the several variations
available, the simplest is the zero-range exchange approx-
imation (ZREA), for which

where q is a Jacobian of order unity' and kz is the pro-
jectile wave number in the XA center of mass. Thus, ex-
change interactions are independent of momentum
transfer and reduce to delta functions.

The effective interaction for normal-parity isoscalar
transitions with negligible spin and current densities
reduces to

In this section, we present a relatively complete
description of the model and the approximations upon
which our calculations are based. Although much of this
material is fairly standard, its inclusion will make it
easier to compare interactions and to discuss sensitivity
to approximations.

A. Local pseudopotential

A local pseudopotential with central, spin-orbit, and
tensor components can be written in the form

X VsT(r)PsPT+ X VT (r)L'SP
ST T

+ g VT(r)S12(r)PT,
T

where Pz and PT are spin and isospin projection opera-
tors. Antisymmetrized matrix elements of the pseudopo-
tential are required to reproduce the on-shell t-matrix

t~~(kf, k, ) = ( kf I
V(1 —X) I k, ), (4)

where X is the exchange operator. Hence, the t-matrix
assumes the form

4'1v(q, Q)= X t STPSPT+i g t T (tr1+tr2) nPT
ST T

—g [ V T(q)&»(q)
T

—( —)'+ V T(Q)&1P(Q)]PT,

t =t (q)+it (q)tr n,

where o. describes the projectile spin. Exchange is in-
cluded in the pseudopotential approximation and un-
necessary labels are omitted. In plane wave impulse ap-
proximation (PWIA), the cross section and analyzing
power for a normal-parity transition between target spins
I; and If reduce to

2If +1
=4~

dQ 2I +1 2m.
L

2

[I t (q) I'+
I
t "(q)I']

I pJ(q) I'

2Imt (q)t (q)*
t c( )I2+ It Ls( ) f2

(12)

where pJ is the isoscalar matter transition density and p
is the reduced projectile energy. Thus, the cross section
is proportional to the square of the longitudinal form fac-
tor, measured by electron scattering, and to a matter in-
teraction of the form

It (q)l'= It (q)l'+ It "(q)l'.
The relevant components of several effective interac-

tions at zero density are compared in Fig. 3 with the
Franey-Love (FL) parametrization of the free t-matrix.
The Retoo curves seem to be grouped in two pairs. The
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FIG. 4. Moduli of the central and spin-orbit components of
the free interaction. The solid curves depict the PH interaction,
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Ret00 components of the PH and BRG interactions are
very nearly equal for q (2 fm ', but then separate at
larger momentum transfer. Similarly, the FL and NL in-
teractions produce identical Retoo components for q &2
frn '. However, these two pairs are substantially
different from each other. The PH interaction is about
15% stronger than FL at q =0 and has a more rapid q
dependence, so that it changes sign first. At q =2.5
fm ', the Retoo component of PH is nearly twice as
strong as FL. Although it is not surprising that different
t-matrix prescriptions disagree strongly near the max-
imum momentum transfer available to the two-body sys-
tem, ambiguities in the off-shell extrapolation may have
important implications for the G-matrix that applies to
many-body systems. '

The Imtoo components also exhibit a tendency to split
into pairs, but these pairs separate at smaller q. For-
tunately, the total spread is considerably smaller for
Irnt 00 than for Ret 0. Similarly, the spin-orbit com-
ponents of the FL, PH, and NL interactions are all quite
similar. The BRG spin-orbit components, on the other
hand, seem to exhibit rapid oscillations in q. For Reto,
these oscillations are centered upon the average of the
other interactions and are probably not too harmful. For
Imto, the BRG interaction is suspect but, fortunately,
this component is weak.

The effects these differences among parametrizations of
the free t-matrix have on IA predictions are illustrated in
Figs. 4 and 5. Figure 4 compares central and spin-orbit
moduli and Fig. 5 compares cross sections and analyzing
powers. We find that modest variations in ~too ~

for low q
become rather strong beyond the node in the central in-
teraction near 2 fm '. The smaller spread in ~to i tends
to dilute this efFect upon the matter interaction ~t ~. The
PWIA analyzing power, which changes sign at the node

in the central interaction, remains reasonably well
defined. Ambiguities in distorted wave impulse approxi-
mation (DWIA) calculations due to ambiguities in the t-
rnatrix will be described as bands that represent the
spread among calculations using these four representa-
tions of the free interaction.

10'
I ' I

Free interaction
Ep = 135 MeV

10'
)+-

104

1.0 I l I
I

0.5

0.0

s I a I ~ I a—1.0
41 2 3
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0

FIG. 5. PWIA matter interaction and analyzing power for
normal-parity isoscalar transitions. The various curves display
PH (solid line), NL (dots), BRG (short dashes), and FL (long
dashes) interactions.

DENSITY DEPENDENCE IN THE TWO-NUCLEON EFFECTIVE. . .
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B. Effective interactions for nuclear matter

Several groups have recently addressed the problem of
a continuum nucleon in the presence of infinite nuclear
matter, all based on the work of Hufner and Mahaux. '

Jeukenne, Lejeune, and Mahaux (JLM), ' who were pri-
marily concerned with properties of the infinite medium,
studied the density dependence of the optical potential
for nuclear matter. Brieva and Rook" then developed a
local, density- and energy-dependent effective interaction
applicable to the scattering of 0—200 MeV nucleons by
finite nuclei. Von Geramb' ' has expanded and refined
this latter approach and has made available extensive
tables of effective interactions based on the Hamada-
Johnston (HJ) and Paris potentials. ' Finally, Nakaya-
ma and Love' extended the bound 6-matrix results of
Nakayama et al. to the construction of an effective in-
teraction based upon the Bonn potential.

These calculations are all based upon the Bethe-
Goldstone equation and include three sources of density
dependence. First, Pauli blocking eliminates scattering
into occupied intermediate states. Second, the propaga-
tor includes a self-consistent optical potential. Third, the
effective interaction is reduced to a local form by suitable
averaging over relative linear and angular momenta
within the Fermi sphere. Mahaux has provided a useful
critical review of the nuclear matter theory and its appli-
cation to finite nuclei in Ref. 63. We contrast the approx-
imations used in the PH and NL calculations in Sec. VI.

Although the general features of the medium
modifications are common to all three approaches, the

quantitative results depend strongly upon the two-
nucleon potential and upon the approximation scheme.
The most important medium modifications are found in
the isoscalar spin-independent central component of the
effective interaction, shown in Fig. 6. The symbols por-
tray the original 6-matrix results of Refs. 13, 15, and 29,
whereas the curves represent a simpler parametrization
to be described below. Density dependence is less impor-
tant for the spin-orbit interaction because relative s-states
are absent. Each interaction is strongly density depen-
dent at 135 MeV. The Pauli inhibition of forward
scattering suppresses the effective interaction at small
momentum transfer. The anticorrelation between identi-
cal nucleons corresponds to an effective short-ranged
repulsive interaction which enhances ~t

~
for large

momentum transfer. The density dependence is strongest
for the BRG interaction, weakest for NL, and intermedi-
ate for PH.

The density dependence of the real part of the central
interaction is best described by the addition of a short-
ranged repulsive core whose amplitude is proportional to
density. If this range had been zero, the Retoo curves
plotted in Fig. 6 for several densities would all have been
parallel. The range of the repulsive core reduces its
effectiveness and causes the curves to draw together for
large q.

The density dependence of the absorptive part is best
described by a multiplicative damping factor which
suppresses the total cross section. According to the esti-
mate of Clementel and Villi (CV), the Pauli blocking fac-
tor is approximately
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FIG. 6. Central components of the PH, BR.G, and NL G-matrices based upon the Paris, Hamada-Johnson, and Bonn potentials.
The symbols show original G-matrices for kF=0.6 fm ' (triangles), kF=1.0 fm ' (crosses), and kF=1.4 fm ' (circles). The curves
show two-parameter fits.
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r 2
p 7 ~F, kF=1——
oo 5 Eo kF

(14)

where cF -37 MeV and kF =1.33 fm ' represent the
0 0

Fermi energy and momentum at saturation. Therefore,
invoking the optical theorem, we expect Im t to be
damped by a factor (1—at~F) where at;=kFlkF and

ar =0.38 at ED=135 MeV. More sophisticated nuclear-
matter calculations (e.g. , Refs. 4 and 11—18) produce
damping factors whose form closely resembles the
Clementel-Villi (CV) estimate.

These properties of the effective interaction are quite
general and can be readily parametrized in the form

Re t (q, kF)=Ret (q, O)+vF att+btty
P&

Im t (q, kF) —[1 QtKp]Im t (q, O)+bIKF

where

(15a)

(15b)

RRet (q, k~) =Ret (qO)+~~ V„ 1—
6

where

6btt
~z —as+ bR

The parameter V~ measures the strength of the repulsive
core and R is range. Similar parametrizations are also
available for spin-orbit and tensor interactions.

Although the calculations presented in Secs. IV and V
employ the G-matrices in their original forms, the
simpler parametrizations given in Eqs. (15) and (16) pro-
vide a more useful framework for discussion. The curves
shown in Fig. 6 were obtained by reparametrizing the 6-
matrices. A good description of both the density and

y(x)=(1+x )

is a Yukawa function and vF =kF jkF . The mass param-

eter p& =3.0 fm ' was chosen somewhat arbitrarily. It is
also helpful to represent medium modifications to the real
part of the central interaction in the low-q form

momentum-transfer dependence of medium modification
to all three interactions is achieved with only two vari-
able parameters each for the real and for the imaginary
parts. The description is best for the PH G-matrix and
gives indistinguishable results in scattering calculations.
The fit to the BRG effective interaction is not as good.
However, this first 6-matrix calculation was beset with
numerical diSculties that produced somewhat erratic
density dependence. A clear illustration of these
diSculties may be found in Ref. 64. Hence our smooth
parametrization is probably more reliable than the origi-
nal tables of the BRG interaction. Finally, we notice that
the fit to the imaginary part of the NL central interaction
is noticeably better than the fit to the real part. The
latter could be improved by increasing p, , or by altering
the exponent of aF, but, the density dependence of this
term is too small to warrant special treatment.

The parameters are collected in Table I. These values
were determined for k~ =2.465 fm ' and do not include
the factor q. For comparison, we have also fitted the
JLM interaction assuming bz =bi=0. We find that the
BRG interaction has the strongest repulsive core and the
smallest range. The repulsive core of the NL interaction
is relatively long ranged but is also rather weak. The real
part of the PH interaction is intermediate between these
extremes and its density dependence is similar to the
JLM result. The damping factors of the PH and JLM in-
teractions are similar to the simple CV estimate, but the
damping of the BRG and NL absorptive potentials is
considerably stronger. Also note that bt is small for all
three G-matrices.

The effect of density dependence upon cross sections
and analyzing powers is illustrated in Fig. 7, where trian-
gles represent one-tenth, crosses one-half, and circles full
saturation density. Forward cross sections are
suppressed for all three interactions as the density in-
creases. The strong repulsive cores of the PH and BRG
interactions enhance the high-q cross section for high
densities. Medium modifications to the PH and BRG
analyzing powers are similar, but are complicated for low

q by competition between effects upon the real and imagi-
nary parts of the central interaction. However, the repul-
sive core of the NL interaction is too weak to enhance
the high-q cross section. Moreover, since most of the NL

Source
Ret 00(q, 0)
(MeV fm )

TABLE I. Effective interaction parameters.

V Imt 00{q, 0)
(MeV fm ) (fm) {MeV fm ) a (MeV fm )

FL
JLM'
BRG'
PH'
NL'

—255
—225
—292
—287
—250

0.0
112.0
169.4
86.4
23.8

0.0
0.0
0.78
1.18
1.64

—213
—166
—215
—239

207

0.0
0.33
0.68
0.44
0.67

0.0
0.0

—11.8
—5.7
—6.4

'For comparison, note that the Clementel and Villi estimate gives ai =0.38 (Ref. 2).
Reference 60.

'Reference 18.
Reference 29.

'Reference 13.
'Reference 15.
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FIG. 7. PWIA matter interactions and analyzing powers for the PH, BRG, and NL G-matrices. The symbols show original G-
matrices for kF =0.6 fm ' (triangles), kF = 1.0 fm ' (crosses), and k~ =1.4 fm ' (circles). The curves result from reparametrization
of density dependence.

density dependence resides in Imt, we find that the
PODIA analyzing power is simply suppressed at high den-
sity. Realizing that t is predominantly real, the direct
correspondence between A~ and Imt (q, kF) for the NL
interaction follows simply from Eq. (12).

Therefore, although the medium modifications predict-
ed by the three available nuclear matter calculations are
qualitatively similar in form, the quantitative differences
are quite remarkable and will produce distinctive effects
upon predicted observables. The range of variation
among these G-matrices is much larger than for the cor-
responding t-matrices. However, it is not yet clear
whether the G-matrix amplifies differences between two-
nucleon potentials or is vulnerable to uncontrolled ap-
proximations. In either case, our parametrization of den-
sity dependence can be used to extract parameters from
scattering data as a test of improved theories of the
effective interaction.

and spin densities are negligible. The scattering potential
U(r) seen by the incident nucleon then contains only two
important terms

U(r)= U (r)+VU (r) —.V.cr
1

l
(17)

U (r) = g U~ (r) YJ(r),
J

(18a)

obtained by folding central spin-independent and spin-
orbit components of the effective interaction with the
transition density. For isoscalar transition densities in a
self-conjugate nucleus, charge symmetry ensures that the
proton and neutron transition densities are very nearly
equal. The point proton density is then obtained by un-
folding the proton form factor from the transition charge
density. The ground-state density for ' 0 is taken from
Ref. 65 and the transition densities from Ref. 24.

In the pseudopotential approximation, the multipoles
of

C. Local density approximation U (r)= g UJ (r).YJ(r),
J

(18a)

In the folding model, the scattering potential is ob-
tained by convolution of the transition density with the
efFective interaction. The local-density approximation
stipulates that in any small region of a finite nucleus, this
effective interaction is the same as that appropriate to
infinite. . nuclear matter whose density is the same as that
in the interaction region.

For the strong normal-parity transitions considered in
the present work, the transverse form factors have been
measured and are small, indicating that the convection

take the form

UJ (r) =—f dq q jJ(qr)t (q)pJ(q),
2 (19a)

UJ (r)= —f dq q jJ(qr)r (q)pJ(q) .I.S (19b)

Density dependence is included most simply by evaluat-
ing the interaction
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&(q)~t(q, p (r)) (20)

+j o(ks)t (s,Ps )P(r„rz)] (21)

proposed by Brieva and Rook" is more Qexible. In this
expression, s=r& —r2 is the separation between a projec-
tile at r& and a target nucleon at rz and k is the local wave
number. The ground-state density p~ may be evaluated
at ri, r2, or their midpoint c = ~ri+rz~/2. The spherical
Bessel function arises from a short range expansion of the
exchange potential. The mixed transition density is as-
sumed to be adequately described by

p(r„r2) =p(r2)C(k~s),

where C represents a correlation function.

(22)

D. Exchange approximations

In the zero-range exchange approximation (ZREA), we
assume that knock-on exchange is dominated by momen-
tum transfers very nearly equal to the incident momen-
tum. " The range of the exchange interaction is then so
small that the correlation function can be replaced by
unity. The pseudopotential approximation is recovered if
jo(ks) is also approximated by unity. The approximation
in which C~ 1 but jo(ks) is retained will be called finite-
range exchange (FREA) to distinguish it from the ZREA
in which both factors become unity.

In the Slater exchange approximation (SEA), the corre-
lation function for elastic scattering is obtained from the
Fermi gas model. For inelastic scattering, an approxi-
mate form appropriate for excitations near the Fermi sur-
face is used. These functions are

CsFA(x)= '

J, (X)
3 elastic

jo(x) inelastic (23)

and provide the most natural approximation to the non-
local amplitude. A further refinement of the SEA ac-
counts for the nonuniformity of a finite system by modi-
fying the Fermi momentum appearing in the correlation
function. ' These "curvature corrections" turn out to
be negligible for the scattering of 135 MeV nucleons.

Another refinement of the exchange approximation is
the use of the local energy (LEA)

E (r) =E„—Re U (r) (24)

in place of the asymptotic energy (AEA). Although the
local energy can affect the direct contribution through
the intrinsic energy dependence of the G-matrix, the
effect upon the exchange approximation through the
wave number is usually more important. However, we

using the local ground-state density p (r) at the site of
the projectile.

Although the above implementation of the LDA is nu-
merically simplest, it is not unique. The coordinate-space
form

Uc(ri)= Jd r2[t (s,pg )p(rz)

find that the largest effect using the 135 MeV PH interac-
tion is a 6% reduction in the centr al'depth of ReU and
that LEA and AEA scattering calculations are practical-
ly indistinguishable. Hence, we employ the simpler
AEA.

K. EB'ective interaction for inelastic scattering

The hole-line expansion of the effective interaction t
for inelastic scattering contains contributions not present
for the elastic interaction. Using the collective model,
Cheon et al. suggested the relationship

t = 1+p
Bp

(25)

and found that this enhancement of the density depen-
dence improves the agreement between calculations and
data for inelastic scattering. Later, Cheon et al,
showed that the rearrangement factor ( I+pB/Bp)
represents a good approximation to the diagrammatic ex-
pansion of the inelastic interaction. The relatiooship also
applies to relativistic theories.

The rearrangement factor is particularly easy to apply
to parametrizations similar to Eq. (15), for which an elas-
tic medium modification proportional to k~ is enhanced
for inelastic scattering by a factor of (I+n/3). Thus,
medium modifications for inelastic scattering are about
twice as strong as those for elastic scattering. We have
found that this relationship is crucial to a consistent
description of elastic scattering using an empirical
effective interaction whose parameters are fitted to data
for inelastic scattering. '

F. Distorted wave approximation

The distorted wave approximation is based upon a
Schrodinger equation, modified to include relativistic ki-
nematics, of the form

(p —k +2pU)4=0, (26)

where k is the exact relativistic wave number and p is the
reduced total energy. Consistency between elastic and
inelastic scattering requires that distorted waves be gen-
erated by the microscopic optical potential corresponding
to the same effective interaction that induces the inelastic
transition. However, we generally find that there is little
qualitative differenc between LDA calculations of inelas-
tic cross sections using consistent distorted waves or us-
ing a Woods-Saxon optical potential. ' ' ' The IA is
more sensitive to this choice because the absorptive po-
tential predicted by the IA is unrealistically strong.
Furthermore, inelastic analyzing power calculations for
the LDA are improved by use of consistent optical poten-
tials, largely through the inhuence of enhanced repulsion
upon the real central potential, whereas IA analyzing
power calculations are degraded by their own optical po-
tentials. "

We do not include Kerrnan-McManus-Thaler (KMT)
factors of A /( A —1). ' These factors are not applicable
to effective interactions for nuclear matter. To maintain
consistency between effective interactions at low density
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and the t-matrix, KMT factors are not included in IA
calculations either. In any case, the effect of such factors
upon elastic scattering and upon distorted waves is small
for 16O

IV. ELASTIC SCATTERING

Optical potentials for elastic scattering of 135 MeV
protons are compared in Fig. 8 for the FL, BRG, PH,
and NL interactions. The LDA was evaluated at the
midpoint between projectile and target nucleon positions
and exchange was included using ZREA and AEA. Oth-
er variations of the LDA and the exchange approxima-
tion result in only minor differences. As expected, LDA
potentials all approach the IA in the low-density surface
region. Central potentials are subject to strong medium
modifications, but the eff'ect on the real part of the spin-
orbit potential is small. Although the medium
modification of the imaginary spin-orbit potential is rela-
tively large, this potential is too small to exert much
inAuence upon the calculations.

Relative to the IA, the LDA imaginary central poten-
tials are smoothly damped in the interior. Although the
form of the medium modification is qualitatively the same
for all three effective interactions, and in agreement with
Eq. (15), the central depths vary by about +20%%uo among
these potentials. The PH potential remains the most ab-
sorptive, whereas the NL interaction produces the weak-
est absorption. These trends are reflected in the aI pa-
rameters listed in Table I.

The LDA real central potentials display more radial
structure than the IA or Woods-Saxon potentials. - The
structure is produced by competition between the attrac-
tive and repulsive components of the interaction. For a
uniform density, the net potential is attractive. However,
the repulsion grows as the density increases. Therefore,
the balance between attraction and repulsion is altered in
the region of changing nuclear density. The details of the
balance depend upon the difference between the gradient
of the density and the gradient of the repulsive com-
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FIG. 8. Optical potentials for scattering of 135 MeV protons
by ' O. The solid curves arise from the PH interaction, dots
from NL, short dashes from BRG, and long dashes from FL.

ponent. In the energy regime E =100—400 MeV, this
competition produces a characteristic depression of the
real central optical potential inside the nuclear surface.
This characteristic radial feature also arises in several
other approaches, including Dirac-Hartree calcula-
tions, nonstandard phenomenology, ' and Dirac phe-
nomenology.

The surface depression produced by the BRG interac-
tion (short-dashed curve) is deepest for two reasons.
First, among the interactions considered, the low-density
limit of the BRG interaction is the strongest at high q.
Second, because the density dependence of the real cen-
tral component of the BRG effective interaction is so
strong, as indicated by the V~ parameter Table I, the in-
teraction weakens rapidly across the nuclear surface. On
the other hand, the repulsive core for the NL interaction
(dotted curve) is relatively weak, and hence the real cen-
tral potential produced by the NL interaction remains al-
most as attractive as the IA. Finally, the real central po-
tential produced by the PH interaction (solid curve) is in-
termediate between these extreme cases.

The impulse approximation for elastic scattering of 135
MeV protons by ' 0 is compared with the data in Fig. 9.
The bands represent the range of variation due to ambi-
guities in the free t-matrix and show that the essential
features are unambiguous. The IA substantially over-
predicts the forward cross section and possesses too little
structure at larger angles. This lack of structure is relat-
ed to the insufficient surface stiffness of the IA optical po-
tential, which resembles a Gaussian more than a Woods-
Saxon shape. The IA analyzing power is generally posi-
tive and fails to describe the deep negative excursions ex-
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FIG. 9. Impulse approximation for elastic scattering of 135
MeV protons by ' O. The bands span the predictions of four
parametrizations of the free interaction and show that problems
with the IA are unambiguous. Elastic cross sections are
presented as ratios to Rutherford (o.z ) to enhance detail.
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10 I I
1

10'

hibited by the data.
LDA predictions are shown in Fig. 10 for the BRG,

PH, and NL effective interactions. The HJ potential pro-
vides a better estimate of the forward cross section, but
the high-q structure in the real central potential produces
far too much high-q scattering. The softer Paris potential
provides a better description of the elastic cross section.
In fact, the Paris potential even provides a better descrip-
tion of the elastic scattering data than was possible with a
Woods-Saxon phenomenological optical potential. Both
the BRG and PH interactions provide much better
analyzing power predictions than the IA. However, the
Ay osci 1lations are somewhat too strong with the BRG
interaction and somewhat too weak with PH. The NL
interaction, on the other hand, fares little better than the
IA. Although this effective interaction yields more struc-
ture in the cross section, its forward scattering remains
too strong presumably because its Re U is near the IA.
The NL analyzing power prediction is completely out of
phase with the data. Therefore, the best description of
the elastic scattering data is provided by the PH interac-
tion. It also appears that this description could be im-
proved by slightly stronger density dependence.

Note that none of these potential is strong enough to
introduce an additional oscillation in the elastic wave
functions within the range of the potential. The change
in period is quite small. Therefore, there is no phase-
averaging effect involved in comparing inelastic-
scattering calculations using distorted waves produced by
these various potentials. The primary difference between
these sets of distorted waves is their absorption profiles.

V. INELASTIC SCATTERING

A. IA results

Calculations for two representative states suSce to il-
lustrate the deficiencies of the impulse approximation.
We choose the 1& and 3& states of ' O. The surface
peaked 3 state is most sensitive to the low-density prop-
erties of the effective interaction, whereas the interior 1

state samples the interaction near saturation density.
Distorted waves were generated by the PH potential,

which gives the best available description of elastic
scattering. Note that use of the IA optical potential, al-
though more consistent, would be misleading because the
unrealistically strong absorption predicted in the absence
of Pauli blocking would strongly suppress inelastic cross
sections and also distort the analyzing power. This effect
was illustrated in Ref. 38, wherein it was also shown that
there is little qualitative difference between inelastic cal-
culations using distorted waves generated by PH or
Woods-Saxon potentials.

The bands shown in Fig. 11 reAect the variation in IA
predictions based upon the FL interaction and the low-
density limits of the three effective interactions. Al-
though analyzing power ambiguities are larger than cross
section ambiguities, the essential features of both quanti-
ties are unambiguous.

In this model the forward-angle cross sections are
dominated, particularly for low multipolarity, by the cen-
tral interaction. The IA predictions are considerably
larger than the cross-section data at forward angles, near
the attractive maximum of the central interaction, and
then fall well below the cross-section data for larger
momentum transfers, near the repulsive maximum of the
central interaction. The IA analyzing-power predictions
are generally positive, failing to describe the strong nega-
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FIG. 10. LDA predictions for elastic scattering based upon
the PH (solid line), NL (dots), and BRG (dashes) interactions.
The PH interaction gives the best results.

FIG. 11. IA calculations for the 1& and 3& states of ' O. The
bands span four interactions and show that there is little ambi-
guity in the IA.
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tive analyzing powers observed for momentum transfer
near 2.5 fm '. The IA also fails to describe the forward
analyzing-power minima for 0+ and 2+ states. ' This
particular failure is also observed in the IA elastic analyz-
ing power.

The failure of the IA is particularly severe for those
states whose transition densities are concentrated in the
high-density nuclear interior where the medium correc-
tions are expected to be most important. ' These states
include the 1, state and the inelastic monopole states.
Moreover, these transition densities have a node near the
nuclear surface, resulting in a cancellation between the
high- and low-density contributions that is very sensitive
to detailed changes in the interaction and the distorted
waves. For the 1 state, the IA overestimates the for-
ward angle cross section by factors of 4—5. As shown in
Ref. 41, this factor becomes nearly 10 for monopole
states. Moreover, IA analyzing power predictions bear
little resemblance to the data. These shortcomings of the
EA are common to all strong normal-parity transitions in-
duced by protons near 150 MeV and are not unique to ox-
ygen. ' Nor are they significantly affected by ambiguities
in the free t-matrix, the choice of distorted waves, or ex-
change approximation. These comparisons clearly show
that the effective interaction depends upon density.
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FIG. 12. LDA calculations for the 1& and 3& states of ' 0
based upon the PH (solid line), NL (dots), and BRG (dashes) in-
teractions. These calculations use consistent distorted waves
and include the inelastic rearrangement factor.

B. LDA results

The essential results of this paper are contained in
Figs. 12—15, which compare the data with LDA calcula-
tions based upon the HJ, Paris, and Bonn potentials. For
this set of calculations, the LDA was evaluated at the
midpoint between projectile and struck nucleon positions
and exchange was included using ZREA and AEA. Con-
sistent distorted waves generated by the microscopic opti-
cal potential corresponding to the same effective interac-
tion inducing the inelastic transition were used for each
of the three effective interactions under consideration.
The (1+pBjap) rearrangement factor was included in
the inelastic interaction. Coulomb excitation was also in-
cluded.

The best overall description of the data is provided by
the PH interaction. Forward angle cross sections are re-
duced by the low-q suppression of the central interaction
for high densities. The factor of ten reduction of the
low-q 03+ cross section and the factor of four for the 1

cross section are fully explained by this density depen-
dent interaction. Similarly, the smaller reduction of the
low-q cross section for the surface 3 state is also ac-
counted for. The repulsive maximum of the central con-
tribution to the 1 cross section near 2 fm ' is
significantly enhanced by the medium corrections. This
enhancement is required by both the cross-section and
analyzing-power data. The negative depths of the analyz-
ing powers for the 1&, 3&, and 4& transitions are im-
proved by the density-dependent high-q enhancement in
the region of the repulsive maximum. Similarly, the neg-
ative analyzing powers are deepened for the 0+ and 2+
states which have an additional oscillation due to the
node in their form factors.

Several systematic trends can be discerned in the

remaining deficiencies of the PH interaction. Among this
group of states, the 2,+ and 4,+ transition densities peak at
the largest radii, even larger than the 3& density. Yet, we
find that the cross sections computed for low-q remain
above the data. This observation suggests that the
effective interaction is modified even for low densities.
Alternatively, multi-step contributions may become visi-
ble at this level of precision. We also observe that
high-q analyzing powers do not become suKciently nega-
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FIG. 13. LDA calculations for the 02+ and 03+ states of ' 0
based upon the PH (solid line), NL (dots), and BRG (dashes) in-
teractions. These calculations use consistent distorted waves
and include the inelastic rearrangement factor.
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FIG. 14. LDA calculations for the 2&+ and 23+ states of ' 0
based upon the PH (solid line), NL (dots), and BRG (dashes) in-
teractions. These calculations use consistent distorted waves
and include the inelastic rearrangement factor.

tive, suggesting that the density-dependent repulsive core
of the PH interaction is not quite strong enough.

The dashed curves in Figs. 12—15 show that the density
dependence of the BRG interaction is too severe. Cross
sections are suppressed too strongly for 0.7 ~ q ~ 1.2
fm ' and enhanced too strongly for q ) 1.2 fm '. [Note
that the structure in the 1& cross section for q & 0.7 fm

I
I

1

10-4
1.0 g

I
I

I
I

I
~

0.5

0.0

—0.5

—1.0 s I i I s I

1 2 3
q (fm ')

FIG. 15. LDA calculations for the 4&+ state of ' 0 based
upon the PH (solid line), NL (dots), and Bg.G (dashed) interac-
tions. These calculations use consistent distorted waves and in-
clude the inelastic rearrangement factor.

is due to distortion. ] The structure introduced by medi-
um modifications into the inelastic analyzing power is
also too severe with the BRG interaction. Similar defects
were also observed for elastic scattering. The conclusion
that BRG density dependence is too strong is indepen-
dent of distorting potential but, as discussed in the fol-
lowing section, is somewhat dependent upon use of the
rearrangement factor to enhance inelastic density depen-
dence.

The dotted curves in Figs. 12—15 show that the density
dependence of the NL interaction is inadequate to de-
scribe normal-parity isoscalar transitions. These calcula-
tions are not improved by using other optical potentials
or reasonable variations of the LDA. Although the cross
sections produced by the NL and PH interactions are not
very different, the analyzing powers produced by NL are
quite poor. The most important differences between
these interactions are found in the central components.
At zero density, the imaginary part of the NL interaction
is stronger at high-q and the real part weaker than corre-
sponding components of the PH interaction. These
differences are exacerbated by medium modifications
which are stronger in the NL interaction for the imagi-
nary part and weaker for the real part than in the PH in-
teraction. The optical potentials of Fig. 8 illustrate these
differences clearly —the real part of the NL potential
remains close to the IA but the imaginary part is
suppressed substantially more than that of the PH poten-
tial.

The problems with the real and imaginary parts of the
NL central interaction tend to compensate for each other
in cross section calculations but to reinforce each other
for analyzing powers. These contrary tendencies are il-
lustrated by Fig. 7 and stem from Eqs. (11) and (12). The
cross section depends upon the moduli of the central and
spin-orbit interactions, whereas the analyzing power de-
pends upon interference between these contributions. Al-
though the real and imaginary central components of the
NL interaction individually differ from corresponding
components of the PH interaction, the moduli and cross
sections are similar. However, the phases and analyzing
powers are rather dissimilar.

These comparisons clearly show that inelastic scatter-
ing data are sensitive to details of the effective interaction
and its density dependence. Our results support the
moderate repulsion and damping features of the PH
effective interaction. The density dependence of the
BRG interaction, especially the strength of its repulsive
core, is too severe. The medium modifications of the NL
interaction are too strong for the imaginary central po-
tential and too weak for the real central potential. It ap-
pears that the PH description of inelastic scattering could
be improved by somewhat stronger damping for low den-
sity and somewhat stronger repulsion for high density.

C. Sensitivity to approximations

In this section, we examine the sensitivity of the LDA
results to several plausible variations of the reaction mod-
el. We begin with the PH interaction, which emerged
from the previous section as the most successful predictor
of normal-parity isoscalar transitions. Three variations
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FIG. 16. Variations of the LDA for the 11 state using the
PH interaction. The leftmost panels compare the full inelastic
density dependence (solid line), the bare elastic 6-matrix
(dashes), and the density-independent interaction (dots) ~ The
middle panels compare local densities evaluated at the projectile
position (dots), the struck-nucleon position (dashes), and their
midpoint (solid line). The rightmost panels compare ZREA
(solid line), FREA (dots), and SEA (dashes) versions of the ex-
change approximation. Data are omitted from the middle and
right panels so that small differences are not obscured. Of these
variations, we find that the rearrangement factor is the most im-
portant.

of the reaction model are compared in Fig. 16. The stan-
dard model is represented by the solid curves common to
each panel. Interior transition densities yield the greatest
sensitivities. Hence, we illustrate these effects for the 1&

state of ' O. The sensitivity of elastic scattering calcula-
tions and of surface-peaked transitions, such as the 3&,
are much smaller and almost indiscernible on similar
plots. Sensitivity to the optical potential has been dis-
cussed in several previous publications and will not be ad-
dressed further. ' ' Therefore, all calculations in this
section use distorted waves emanating from the appropri-
ate optical potentials from Fig. 8.

The leftmost panels of Fig. 16 illustrate the importance
of the rearrangement factor. The solid curves represent
our standard model, including the (1+pB/Bp) rearrange-
ment factor due to Cheon. ' The dashed curves illus-
trate the effect of removing the rearrangement factor.
The dotted curves portray IA calculations from which in-
elastic density dependence is removed altogether. When
the inelastic density dependence is enhanced, the descrip-
tion of inelastic scattering becomes comparable in quality
to that achieved for elastic scattering. Similar results ob-
tained in Ref. 41 for other states of ' 0 also support the
rearrangement factor. We also note that empirical
effective interactions fitted to data for inelastic scattering
are not compatible with elastic scattering unless the
(1+pB/Bp) relationship is invoked. ' Therefore, we con-
clude that the data support the rearrangement contribu-
tion to inelastic potentials proposed by Cheon et aI.

The middle panels of Fig. 16 consider the ambiguity
with respect to local density. The similarity between the

surface thickness of nuclei and the range of the effective
interaction is cause for concern about the applicability of
the local density hypothesis, especially for ' O. The sen-
sitivity of inelastic scattering to ambiguities in the
prescription for local density is tested by evaluating the
local density at the position of the projectile (dotted
curves), or the struck nucleon (dashed curves), or their
midpoint (solid curves). Not surprisingly, we find that
density dependence is somewhat stronger when evaluated
at the struck-nucleon position and somewhat weaker
when evaluated at the projectile position than obtained at
the average position. However, with the PH interaction
we find that the 1& transition is relatively insensitive to
these variations and surface-peaked transitions are even
less sensitive. We also find that elastic scattering is in-
sensitive to reasonable variations of the local density
prescription.

Two factors help limit sensitivity to the LDA prescrip-
tion. First, because density dependence suppresses the
low-q contribution of the central interaction, the relative
contribution of the short-ranged spin-orbit interaction is
enhanced. The density dependence of this term is rela-
tively small and was evaluated at the projectile position
in all cases. Second, the medium modification of the real
part of the central interaction is a short-range repulsive
core. This contribution is relatively insensitive to ambi-
guities in the LDA prescription and becomes most im-
portant at high momentum transfer.

The rightmost panels of Fig. 16 show that the ZREA,
FREA, and SEA versions of the local exchange approxi-
mation all give practically identical results for the 1&

transition. Similar results are obtained for elastic scatter-
. ing and for surface excitations. Furthermore, it makes

virtually no difference whether the asymptotic or the lo-
cal wave number is used in the exchange contributions at
135 MeV.

Comparable calculations for the BRG interaction,
shown in Fig. 17, are more sensitive to ambiguities in the
reaction model because the density dependence is
stronger. This increased vulnerability is most evident in
the leftmost panels of Fig. 17, which show the effect of
the rearrangement factor. In fact, the BRG calculations
are improved by omission of rearrangement. The dashed
curves of Fig. 17 are similar to the results we ob-
tained' ' prior to the publication of Ref. 39 proposing
the rearrangement factor. In several of those papers, we
concluded that the stronger density dependence of the
BRG interaction (without rearrangement) gave a superior
description of inelastic scattering but a poor description
of elastic scattering, whereas the PH interaction gave
good elastic scattering but had inadequate density depen-
dence for inelastic scattering. Consistency is restored
when the rearrangement factor bestows adequate density
dependence upon the inelastic PH interaction and
renders the BRG inelastic interaction as severe as its elas-
tic counterpart.

Calculations using the BRG interaction are more sensi-
tive to the ZREA prescription because the direct and ex-
change contributions to the central potential are similar
in magnitude but opposite in sign; the resultant is only
about 20% of either contribution. The BRG exchange
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FIG. 17. Variation of the LDA using the BRG interaction.
The leftmost panels compare the full inelastic density depen-
dence (solid line), the bare elastic G-matrix (dashes), and the
density-independent interaction (dots). The middle panels com-
pare local densities evaluated at the projectile position (dots),
the struck-nucleon position (dashes), and their midpoint (solid
line). The rightmost panels compare ZREA (solid line), FREA
(dots), and SEA (dashes) versions of the exchange approxima-
tion.

contribution to the imaginary potential is small. For the
PH interaction, on the other hand, the exchange poten-
tials are only about 20% of the direct potentials. The in-
terference is constructive for the real part and destructive
for the imaginary part of the central potential. Although
the exchange mixture is largely an artifact of the parame-
trization used to describe the interaction and has little
physical significance, it can have important effects upon
calculations using approximate treatments of exchange.
The PH interaction is superior in this respect.

Finally, we note that even though the BRG calcula-
tions are more sensitive to variations of the LDA and
ZREA prescriptions, consistent improvement is not ob-
tained for the 1, state, or any of the other states, through
these variations. Nor can the NL calculations be sal-
vaged without basic changes in the interaction.

Therefore, we conclude that variations of the effective
interaction are much more. important than variations of
the LDA. The differences seen in Figs. 12—15 among the
effective interactions are much greater than the
differences seen in Figs. 16—17 for plausible variations of
the LDA. This result is important because the LDA has
not yet been derived as an approximation for which a sys-
tematic series of corrections can be developed and evalu-
ated. Investigations along these lines have been limited
to separable potentials and projectile energies below 100
MeV. At present, the LDA must be considered an hy-
pothesis rather than an approximation to an established
theory. Fortunately, the ambiguities of the LDA appear
sufficiently small to permit clear comparisons to be drawn
between the effective interactions that emerge from nu-
clear matter theory.
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FIG. 18. LDA calculations for the 22+ and 4&+ states of ' 0
based upon the PH (solid line), NL (dots), and BRG (dashes) in-
teractions. These calculations use consistent distorted waves
and include the inelastic rearrangement factor.

D. Special cases

The PH calculations shown in Fig. 18 for the 22+ and
42+ states of ' 0 are less successful than are the calcula-
tions for other states. However, diSculties for these
states are not unexpected. The 42+ state lies within 10
keV of an unresolved 3+ state. Because analyzing powers
tend to be small for abnormal-parity transitions, an un-
resolved abnormal-parity contribution is expected to
enhance the cross section and dilute the analyzing power
of the doublet. The discrepancies between the PH calcu-
lation and the 4&+ data are probably due to the unresolved
3+ state.

The 2&+ state, on the other hand, is reached by an ab-
normally small C2 matrix element. Inspection of the @-
decay data compiled within Ref. 75 reveals that the
2

&
~22 matrix element is about 12 times the direct

0,+ ~22+ matrix element. Hence, this transition is a good
candidate for two-step excitation through the strong 2&+

transition. Such a contribution is expected to enhance
the 22+ cross section for momentum transfers in the vicin-
ity of the peak of the 2&+ cross section and to dilute the
forward-angle analyzing power. The 2&+ form factor falls
more rapidly with momentum transfer than does the 2&+

form factor and should become less inAuential for high-q.
These expectations seem to be supported by the data.
%however, proof requires a microscopic coupled-channels
calculation that is beyond the scope of this paper.

Finally, we observe that a bulge in the 03+ cross section
data near 1.5 fm ' is not fully explained by this calcula-
tion. However, spin-current effects of the type discussed
in Ref. 59 can enhance the 03+ cross section precisely in
this region where the electroexcitation forfn factor passes
through a minimum. The effect of the spin-current densi-
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ty upon the electromagnetic form factor itself is much
smaller. Hence, given an accurate reaction model for
(p,p ), this interesting transition density could be ob-
tained from a combined fit of the (e, e') and (p,p') data.
Again, such an analysis is beyond the scope of this paper.

VI. DISCUSSION

The differences between impulse approximation calcu-
lations based upon the free t-matrix and data for inelastic
scattering vary in magnitude with the density at which
the most important interactions occur. The discrepancies
are largest for states with interior transition densities and
smallest for states with surface-peaked transition densi-
ties. The ability of LDA calculations based upon the PH
interaction to provide a uniformly good description of
elastic scattering and inelastic scattering for both interior
and surface transition densities supports the applicability
to finite nuclei of the concept of local nuclear matter den-
sity. Calculations of similar quality are also obtained for
other nuclei. Therefore, medium modifications to the
effective interaction are dominated in the intermediate-
energy regime by properties characteristic of the underly-
ing medium. The properties specific to finite systems
seem to be less important.

However, it is not yet entirely clear to what extent
differences between nucleon-nucleon potentials are more
important to the effective interaction than are differences
between approximations to the theory of nuclear matter.
Each of the three calculations presently available is osten-
sibly based upon the same theory. For normal-parity iso-
scalar excitations, each reduces to nearly the same t-
matrix for low density. Yet, the medium modifications
that emerge from the G-matrix calculations are remark-
ably different. Although the basic features of damped ab-
sorption and enhanced repulsion are common to all three
G-matrices, the amplitudes of these features vary widely.
Before further insight into the nucleon-nucleon potential
can be gleaned from nucleon-nucleus scattering, the
theory of effective interactions must be brought under
better control. It will be necessary to perform calcula-
tions for all three potentials within the same approxima-
tion scheme. It will also be necessary to compare each of
the approximation schemes for a common potential. Fi-
nally, it will be necessary to clearly identify the best ap-
proximation scheme and test its convergence.

In the remainder of this section, we contrast the ap-
proximations used to reduce the PH and NL calculations
to pseudopotential form and attempt to identify the
differences which affect the comparisons with experi-
ment. Although the BRG and PH calculations employed
different methods to solve the Bethe-Goldstone equation,
their constructions of the effective interaction were simi-
lar. Hence, we need not consider the BRG calculation
further. We focus on the central interaction and use
simplified schematic notation.

The 6-matrix for nuclear matter is defined by the rela-
tionship

(27)

where N is the uncorrelated and %' the correlated pair

wave function. In nuclear matter, these wave functions
factor into center-of-mass and relative wave functions ac-
cording to

%=e' g(r, k, kF ),
where

k, —k2 K=k, +k2 .

(28)

and where

kE(k)= +ReU(k)2' (31)

is the single-particle energy within the self-consistent op-
tical potential U. The NL calculation is based upon the
operator equation

6=V+VggG . (32)

Although Eqs. (29) and (32) are formally equivalent, non-
equivalent approximation schemes could produce
diff'erent G-matrices from the same potential.

Both calculations simplify the Bethe-Goldstone equa-
tion by separately averaging the numerator and denomi-
nator of g& with respect to k K. Similar procedures were
used for the numerators, but somewhat different pro-
cedures were used for the denominators. The NL calcu-
lation used the prescription of Brueckner and Gammel,
whereas the PH calculation appears to have used the full
angular dependence of the optical potential. However,
the PH calculation only iterated U once, starting from
zero, while the NL optical potential was fully self-
consistent.

The NL calculation used matrix inversion to solve Eq.
(32) for matrix elements GL(IC, k', k, kF) in each partial
wave I.~ 12. The dependence of GL upon the momen-
turn of the struck nucleon was eliminated by a very sim-
ple averaging procedure. The magnitude of k2 was
chosen as —,'k„, corresponding to a simple average over
the Fermi sphere. Then& k and K were determined by un-
weighted averages over ki-k2, whereby

xk=(k&= —= +—
2 2 6k) (33)

where k & (k & ) is the smaller (larger) of k, and 43k~. This
procedure offers the advantage that 6 reduces to t~z as
kF approaches zero. Moreover, for intermediate energies
the conditions ki)2 fm ' and k2&1 fm ' ensure that
( k ) and (IC/2) are within 10% of k

~
/2 and that k~ has

The PH calculation is based upon a Bethe-Goldstone
equation of the form

(29)

where the propagator in nuclear matter is
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(34)

where the sum is restricted to partial waves permitted by
the Pauli principle. Finally, the folly antisymmetrized
matrix elements G(k„kz, q) were expanded in Yukawas
according to the pseudopotential prescription of Eqs. (5)
and (6) using only on-shell momenta q (2k.

A rather more elaborate procedure was used to reduce
the PH 6-matrix to pseudopotential form. This pro-
cedure is based upon the Siemens method and is
designed to reproduce, on average, the radial correlations
carried by g even for small r For t.he central interaction,
the effective interaction takes the form

G(r, kI;, k, ) =
g' (2L +1)(jl (kr) Vz (r)uI (r, kz, k, K) )

L

y (2I. +1)&j,'(kr))
L

(35)

where the brackets indicate integration over kz & k~ and
where uL is the correlated radial wave function. Finally,
the Fourier transform G( qk&, k, ) is fitted by a Yukawa
expansion in the range 0«q «5 fm '. Such large mo-
menta are required to represent exchange accurately
when only the direct potential is fitted.

The most conspicuous advantage of the PH construc-
tion is that the off-shell properties of the potential are re-
tained in the small-r behavior of uL, at least on average.
This information is sacrificed by the NL procedure. We
speculate that this distinction is the primary reason that
the two real central interactions differ so strongly. The
short-ranged repulsive core simulates the anticorrelation
which tends to keep identical nucleons apart. This effect
has important off-shell amplitudes that are retained by
the PH construction but discarded by the NL construc-
tion. The data clearly show that this short-range repul-
sion is important. Pauli suppression of the scattering
cross section is rejected in on-shell matrix elements and
should be adequately described by both procedures.

However, a significant disadvantage of the PH con-
struction is that at zero density the G-matrix is required
to reduce to the t-matrix only for q =0 and for q =It. &.

Important differences may appear for intermediate mo-
menta. These discrepancies seem to be especially impor-
tant for the tensor interaction. Large differences are
found between the tensor components of the low-density
PH 6-matrix and corresponding components of the FL
t-matrix. These differences have important implications
for the excitation of stretched states. The NL tensor in-
teraction, on the other hand, agrees with the FL t-matrix
and gives a better description of data for stretched states
than does the PH interaction. '

little effect upon the density dependence of G. The
dependence upon angular momentum was then eliminat-
ed by inserting on-shell matrix elements (k'=k) into the
expansion

G(k„k~,q)= g'(2L +1)GI (K, k, k, k~)PI (cos8),1

2'

VII. SUMMARY AND CONCLUSIONS

We have measured the differential cross sections and
analyzing powers for scattering of 135 MeV protons from
' 0 for momentum transfers up to 3.2 fm ' and includ-
ing all narrow states of ' 0 up to 12.05 MeV excitation.
Transition densities deduced from electron scattering
measurements were used to minimize structure uncer-
tainties. This analysis has been interpreted as a test of
the two-nucleon effective interaction in the nuclear medi-
um, relatively free of nuclear structure uncertainties. An
important aspect of this study was the availability of a
large range of nuclear transitions with varying radial lo-
calization. Interior transitions provide information about
the interaction at saturation density, whereas surface
transitions are sensitive to the low-density limit of the in-
teraction.

We have identified in the data several striking signa-
tures of density dependence in the iso scalar spin-
independent central component of the two-nucleon
effective interaction near 135 MeV. As the density in-
creases, the low-momentum-transfer attraction of the
effective interaction is suppressed and the high-
momentum-transfer repulsion enhanced relative to the
free interaction. These medium modifications are mani-
fested by inelastic cross sections that are correspondingly
suppressed at low-q and enhanced at high-q relative to
impulse-approximation calculations based upon the free
interaction and by strong negative analyzin. g powers near
2.5 fm ' that the IA is unable to reproduce. These signa-
tures are characteristic traits of normal-parity isoscalar
excitations of nuclei by 100—200 MeV protons.

The characteristic signatures of density dependence are
quite strong and are wel1 described by the local-density
approximation based upon effective interactions derived
for infinite nuclear matter. The best description of the
data for both elastic and inelastic scattering is provided
by the effective interaction constructed by von Geramb
et al. ' ' from the Paris potential. The inelastic scatter-
ing results support the (1+pB/Bp) relationship between
inelastic and elastic interactions that was proposed by
Cheon et a/. ' The results are insensitive to ambigui-
ties in the LI3A prescription, exchange approximations,
and distorted waves.

However, the results are quite sensitive to the
differences between the BRG, PH, and NL effective in-
teractions. Although all of these interactions are based
upon t„ssentially the same theory for nuclear matter, the
resulting medium modifications differ considerably more
than do the free t-matrices for their input potentials. It
appears that the approximations made in these three in-
dependent calculations are not under good control. To
clarify the role played by differences between nucleon-
nucleon potentials, it will be necessary to evaluate
effective interactions for all three potentials using a con-
sistent approximation scheme and to compare the
different approximations made by the three groups with
the same potential.

The medium modifications of the effective interaction
can be well represented by a very simple parametrization.
The imaginary part is subject to a multiplicative damping
factor that decreases as the density increases. The
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modification of the real part can be represented by an ad-
ditive short-range repulsive interaction proportional to
density. This parametrization can reproduce any of the
available theoretical interactions. Alternatively, this pa-
rametrization can serve as the basis of a new phenome-
nology.

Given that the LDA is based upon a truncated
nuclear-matter theory whose application to finite systems
contains several presently untested assumptions, one does
not expect its estimate of the parameters to be completely
accurate. Therefore, we propose that these parameters be
fitted to a global data set that includes elastic scattering,
many inelastic transitions with varying radial loca1iza-
tion, and several different target nuclei. It is crucial to
this procedure that the target densities be fully con-
strained by electron scattering. In an extended search

procedure, the low-density limit of the interaction might
also be optimized. If this program produces a global pa-
rametrization that. is independent of target and multipo-
larity and whose parameters vary smoothly with energy,
then the LDA description would be considered opera-
tionally validated. The remaining task would then be a
theoretical explanation of the values of these few parame-
ters. Furthermore, such a parametrization will facilitate
the study of structure problems and of neutron densi-
ties 27, 78, 79
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