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We present a systematic study of transverse current multipoles of the ground-state band in even-

even rare-earth nuclei. We analyze the q dependence of the form factors under different assump-

tions about the nature of the rotational mode. We show and compare numerical results of
projected-Hartree-Fock and cranking model calculations for "Sm, """Gd, ' Dy, ' ' Er, and
' "Yb. We discuss the dependence of the multipoles on the mean field used to generate the ground-

state wave function. Finally, we compare to predictions of the rigid rotor and irrotational fluid flow

models. Comparison to experiment is restricted to very low momentum transfer by lack of relevant

data.

I. INTRODUCTION

Understanding the nature of nuclear collective rotation
has been a subject of much interest ever since low-lying
rotational bands were first observed. ' In this respect the
cranking model has been very useful. It has successfully
described moments of inertia and gyromagnetic ratios '

of ground-state bands as well as high-spin states in higher
spectral regions. But how nuclei actually rotate is still
an open question, and one which has gained new impetus
with the recent discovery of a new collective 1+ excita-
tion called the scissors mode in deformed nuclei of the
rare-earth region. Flow patterns which reflect the rota-
tional dynamics have been calculated using the cranking
model by several groups. Such calculations are very in-
teresting as they attempt to separate the rotational
current into rigid and irrotational flow components plus a
residual term which exhibits vortices, but unfortunately
these quantities are not measurables.

That models of the collective rotational current could
be experimentally verified by measuring transverse form
factors in electron scattering was first pointed out in
Refs. 7—9. In particular, in Ref. 8 a few results were
presented of transverse form factors of even-even and
odd- A deformed nuclei computed in the projected-
Hartree-Fock (PHF) approximation using the effective in-
teraction derived by Negele and Vautherin' by the
density-matrix expansion (DME) method. In Ref. 9 pre-
dictions of various models were discussed qualitatively
and the usefulness of considering transverse inelastic elec-
tron scattering to excited states in the ground-state band
was emphasized. Indeed, calculations of transverse form
factors for the 0+~2+,4+ transitions in ' Er reported
in Refs. 11 and 12 showed a strong model dependence.
The purpose of this paper is to give a thorough quantita-
tive comparison of predictions of several models concern-
ing the transverse electric and magnetic multipoles of the
collective rotational current. To that purpose we consid-
er here the rare-earth nuclei ' Sm, ' ' Gd, '~Dy,

Er, and ' Yb, and four different models (cranking,
PHF, rigid rotor and irrotational flow). Our results are
shown in q space, to allow for comparison with future ex-

perimental data. In this regard, it should be noted that,
except at the photon point, experimental values for trans-
verse form factors of even-even nuclear ground-state
bands are not yet available. Transverse electric mul-

tipoles are expected to be measured soon from backwards
(e, e') and coincidence ( ee'y) on even-even nuclei, ' '
but further information on them can be gained in future
from transitions to collective 1+ bands as well as from
magnetic form factors of odd-A nuclei. ' Obviously,
comparison to these future experiments will require tak-
ing distortion effects into account. ' These are not con-
sidered in this paper since they would complicate the dis-
cussion without illuminating those issues which we ad-
dress.

This paper is organized as follows: Section II contains
a brief summary of theory while Sec. III contains the nu-
merical results. A detailed discussion of the microscopic
model calculations is divided between Secs. IIIB and
III C; the former focusses on the problem of numerical
convergence while the latter is dedicated to a comparison
of the PHF and cranking model results using different
mean fields. Convection and magnetization contributions
to the form factors are considered separately. Section
IIID deals with a comparison of the microscopic and
macroscopic models, as well as with comparison to exper-
iment at the photon point. Our main results and con-
clusions are summarized in Sec. IV.

II. BRIEF SUMMARY OF THEORY

The general structure of electromagnetic form factors
of axially symmetric deformed nuclei has been presented
in Refs. 7, 9, and 17. Here we summarize the main re-
sults needed for the present discussion. We follow the
conventions and notation of Ref. 17, in particular for the
transition and intrinsic multipole form factors, except for
a factor of &4tr/Z which we include in our definition of
the form factors.

We denote by 9z, 9R the q dependent intrinsic
transverse electric and magnetic multipoles of the
ground-state band. Then the EA, and MA, multipole form
factors for a given transition within the ground-state
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where it is clear that the q dependence of the transition
multipoles F is fully contained in the intrinsic mul-
tipoles Pz . As discussed in Ref. 17, different rotational
models provide different predictions for the intrinsic mul-
tipoles. In this paper we focus attention on a comparison
of the PHF and cranking models. Then, to first order in
components of the total angular momentum operator, '
the intrinsic multipoles are independent of initial and
final spins (I;,If ), and may be written in compact form as

Pz (q)= a "g A„Re(&v
1

T& (q)
1
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(3)

Here, Pp is the (time-even) intrinsic deformed ground
state in the HF or Hartree-Fock-Bogolyubov (HFB) ap-
proximation, and

1
v& represents any excited lp-lh or

two-quasiparticle state connected to Pp by the raising
component of the total angular momentum operator.
T &" is the m = 1 component of the o A. (o =E,M ) tensor
operator. ' ' The coefficients A depend on the micro-
scopic model being used: In the PHF approximation
they are common to all the intermediate states

1
v&,

while in the cranking model they depend on the excita-
tion energy of the intermediate state:

1/& J &, in PHF
A 1/[Z„(e„—eo)], in cranking. (4)

In Eq. (4), & Jj & is the expectation value of the squared
angular momentum operator in the intrinsic ground state
tPp (e ep) is the excitation energy of state

1
v &, and J„

is the cranking moment of inertia:
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I
J+ I 4 o &
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'

(6)

It is then clear that the dependence on initial and final
spins of the transition multipoles, as measured in the lab-
oratory frame, is contained in the geometrical factors
shown explicitly in Eqs. (1) and (2). Taking into account
the properties of Clebsch-Gordan coefficients and the fact
that for the ground-state band the spin sequence is
0+,2+,4+,6+, . . . , in electron scattering experiments

E =0 band, from an initial state (I;) to a final nuclear
state (If ) are given by

F "(q)
I r -r . =[If(If+ 1) I,—(I;+.1)]

X &I,ohio
1
Ifo&~,'"(q), even A, &2,

(where the initial state is inevitably the ground state),
only transverse electric multipoles F (A, =2,4, . . . ) can
be measured for transitions within the ground-state band.
(We will not discuss here contributions from longitudinal
multipoles. ) Accordingly, such experiments can provide
information only on the Vz intrinsic multipoles, and not
their magnetic counterparts Vz

Until now, the only experimental information on either
Ek or MA, multipoles is that coming from static moments
and y transitions, from which "experimental" low-q
values of Pz, %+M can be obtained. In particular, (see
Refs. 8 and 17)

pE2
V120 2J Z

(7)

V"'= —&2/3 '
2M Z

(8)

for qRp «1, where Qo, 2, and gz, are, respectively, the
intrinsic quadrupole moment, the moment of inertia and
the gyromagnetic ratio as defined in Ref. 21.

As mentioned in Sec. I, experimental information on
the EA. multipoles over an extended range of momentum
transfers is expected' to be available in the near future
from backwards (e,e') and coincidence (e, e'y) experi-
ments. On the other hand, as pointed out in Ref. 15, the
intrinsic Vz play a role in two related experimentally
accessible transitions: (1) in odd- A nuclei where the mag-
netic form factors can be measured within the ground-
state band, and (2) in collective M 1 transitions to
E"=1+ bands which have recently been observed in
even-even rare-earth nuclei. ' This renders our analysis
of the succeeding sections, which covers a wide range of q
values, interesting for future comparison to experimental
data.

For the numerical calculations presented in this paper
we used HF+BCS wave functions of the Sk-3 (Ref. 23)
and Ska (Ref. 24) interactions, with occupation numbers
determined by solution of the BCS equations in the
constant-gap 6 mode. The single-particle states are
eigenfunctions of the axially symmetric HF Hamiltonians
obtained with different density dependent effective in-
teractions. To further illuminate our discussion we em-

ploy also Nilsson single-particle states. In the HF case,
the basis states are selected from ten major shells of the
axially symmetric oscillator well in cylindrical coordi-
nates, ' while in the Nilsson case the states are defined
on a basis of seven major spherical shells. In either case,
the explicit expressions employed for the Pz can be
found in Ref. 17. Further details of the computational
procedures can be found in Refs. 8 and 26.

Also included in the next section are results of the rigid
rotor (RR) and irrotational fluid flow (IF) models. The
results shown correspond to the simplest possible as-
sumption of coincident uniform mass and charge distri-
butions with quadrupole deformation. Under this as-
sumption, to lowest order in the deformation parameter
P, the intrinsic multipoles in the IF and RR models are
given by"
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our attention to disentangling orbital and spin contribu-
tions to the M1, E2, . . . multipoles. We discuss results
for ' Er, ' Gd, and ' Yb obtained in the cranking mod-
el with the Sk-3 and Ska forces, as well as with Nilsson
model wave functions. For comparison we present some
results obtained in the PHF model with the Sk-3 interac-
tion. Finally, in Sec. IIID we compare the PHF and
cranking model results obtained with the Sk-3 interaction
to those of the RR and IF models for several even rare-
earth nuclei. The predictions at low q are also discussed
and compared to "experimental" values deduced from
Eqs. (7) and (8) of Sec. II. In all the figures it is the abso-
lute value of the multipole which is plotted, but the sign
of each peak is noted adjacently.

&&(1+v'5/16') ', (lob)
B. Convergence questions
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where P is the deformation parameter as defined in
Ref. 21, and we have used the fact that under the as-
sumption previously mentioned one has gR

——Z/A,
Qo ——3Z/ &5nRpP, ZtF 9AM(R——pP) /(8n ),

In this section we discuss the accuracy of the numeri-
cal results. Our form factor calculations were done by
adapting the code used for PHF calculations in Ref. 8.
Modifications were made to include the cranking results,
and to accept as input the wave functions computed with
the McMaster version of the deformed HF code.

The general form of the matrix elements entering into
the form factors in the PHF and cranking models (see
Ref. 17 and references therein for details) is

S = g (u v& —v u&) (E +EI3)F
a, P

2aa ———', A MR o ( I+&5/16m P ) . (12) X&~
[ j+ I

13) &~
/ T+ I

P), (13)

III. CALCULATIONS

A. Overview

As discussed in Sec. I the main purpose of this paper is
to analyze the predictions of various rotational models
(PHF, cranking, RR, and IF) for collective transverse
form factors. In the case of microscopic models, the re-
sults depend not only on the model considered for a
description of the rotational band (PHF or cranking), but
also on the interaction used to determine the mean field,
and on the basis of states employed to express the wave
functions. In this paper we have used two Skyrme-type
interactions, Sk-3 and Ska. The main reason for using
Sk-3 is that we have a stock of self-consistent fields for it.
Other virtues one can cite are that it provides a good fit
to masses, and has a good effective mass m'/m. It
has been extensively used in computations for deformed
nuclei and provides good deformation properties. '

However, Sk-3 has too high a modulus of compressibility,
underestimates the central charge density, and overesti-
mates the charge mean-square radii. The Ska force of
Kohler corrects in part for these deficiencies while main-
taining other good features of Sk-3.

We begin this section by discussing the problem of con-
vergence of the numerical results with increasing size of
the basis. This is done in Sec. III 8 where, to simplify
matters, we present results only for ' Er obtained with
the Sk-3 interaction. The effect of using different effective
interactions is explored in Sec. IIIC, where we devote

where a,P label the HF single-particle states; E are
quasiparticle energies; T+ stands for any of the multipole
or j+ operators and p takes the values 0,—1 in the PHF
and cranking models, respectively. Since both occupied
and empty levels contribute to Eq. (13), the results may
be very sensitive to the size of the basis employed. This
sensitivity is reduced in the case of the cranking model by
the presence of the energy denominator, (p = —1), which
provides a natural convergence factor, but it remains for
the PHF case. However, when p =0, we may use closure
to rewrite Eq. (13) in a form which effectively uses a com-
plete basis:

S p= g v (a
~
T+j +T j + ~

a)

—2+ v vp(v vp+u up)(a
~ j+ ~

p)(a
~
T+ ( p) .

a,P

(14)

In what follows we shall refer to Eqs. (13) and (14) as the
"two-body" and "two-body+one-body" formulae for the
p =0 case. Since Eq. (14) involves only occupied states, it
will give better accuracy than Eq. (13) for the PHF case.

On the other hand, when doing both PHF and crank-
ing calculations, it is much more convenient to use only
one formulation, and because there is no equivalent to
Eq. (14) for the p = —1 case, we are obliged to use the
"two-body" formula for both models for economy of cod-
ing. In addition, it is much faster to use Eq. (13).

The accuracy of this procedure can be gauged by a
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TABLE I. Cranking moment of inertia and (Jf ) values for neutrons and protons in ' Er obtained
with Sk-3 for different E,„, values. The (Jf ) without (with} parentheses correspond to results with the
"two-body+ one-body" ("two-body") method.

E,„t
(MeV)

10

30

"Complete"
basis

~cr
(MeV ')

10.18

10.35

10.35

~cr
(MeV ')

18.21

18.34

18.34

56.15
(51.74)
56.15

(55.52)
56.15

(55.94)

84.18
(80.66)
84.15

(83.62)
84.15

(83.95)

comparison of the results of the two formulae as applied
to the PHF model. In Table I we show values obtained
for (Jt ) in the two cases, as well as for J„using Eq.
(13). The Sk-3 interaction was used. The parameter E,„,
is one which truncates the basis states in the HF code;
higher values retain more states from the ten major shells
of the deformed oscillator basis. The last row corre-
sponds to including all states from the ten major shells,
while the second and third rows correspond to bases
comprising all HF s.p. states with E (E,„„for the indi-

cated values of E,„,.
The expected trends of convergence evident in this

table are as follows. (a) Using the two-body formula, con-
vergence is faster for 2„ than for (Jt ). (b) For (Jj )
convergence is faster using the "two-body+one-body"
method.

A similar analysis was carried out for the form factors.
Since these depend on momentum transfer, varying
phases ensure that the accuracy can be no higher than for
the examples given above. Nevertheless, we found that
using the "two-body" method with E,„,=30 MeV good
accuracy was attained for the dominant contributions to
the various M1, E2, M3, E4, and M5 multipoles. For
these multipoles and in the least favorable case of the
PHF model, the error in the dominant contribution is less
than 5% when E,„,=30 MeV. For E6, the situation is
not as good. All this is illustrated in Fig. 1, where we
show the main peaks of the proton convection [Fig. 1(a)]
and magnetization [Fig. 1(b)] contributions to the
different Ml E6 intrinsic —multipoles in ' Er (Sk-3 in-
teraction). The "two-body" method for E,„,=10 MeV
(dashes) and 30 MeV (dots) is compared to the "exact"
results of the "two-body+one-body" method. For the
purpose of this discussion, the centre of mass and finite
nucleon size effects, which do not afFect convergence,
have been omitted. As can be seen in the figure, for M1
convergence is already attained at E,„,= 10, while for the
higher multipoles E,„,=30 MeV is required. Although it
is not fully seen in this figure, the convection contribu-
tions to the M1 and E2 multipoles dominate over the to-
tal magnetization contributions in the small momentum
transfer region q & 1.15 fm ', while at larger momentum
transfers the situation is reversed. This is discussed in
more detail in the next section, along with the effect on
the form factors of using different effective interactions.
The trend observed in Fig. 1, in which the contributions

are plotted only in the q regions where the main peaks
appear, is observed over the entire momentum transfer
region; i.e., within each multipole, convergence is at-
tained faster for the dominant contribution. For exam-

ple, on the left-hand side of Fig. 1(a), the larger M 1 peak
is converged at E,„,=10 MeV while the smaller E2 peak
requires 30 MeV. It is also evident in the figure that, ex-
cept for E6, very good accuracy is attained in all mul-

tipoles with the "two-body" method, for E,„,=30 MeV.
Accordingly, all further results in this paper correspond
to this value for E,„,.

TABLE II. Field and pairing parameters of the Nilsson cal-
culation.

1566d
166Er

b (fm)

2.10
2.14

0.279
0.277

hp (MeV)

0.963
0.915

6„(Mev)

1.07
0.903

C. Intrinsic multipoles: Dependence on the Interaction

In this section we compare numerical results obtained
using the Nilsson model and the effective interactions
Sk-3 and Ska for the nuclei ' Gd, ' Er, and ' Yb. For
the latter two nuclei the Sk-3 mean fields are the same as
in Ref. 3 where the collective gyromagnetic ratio and mo-
ment of inertia were calculated. For ' Gd, the mean
field was obtained by iterating from the field for ' Gd.
For the Ska interaction, the fields were obtained by iterat-
ing from the corresponding Sk-3 self-consistent fields.
Pairing correlations were included by solving the BCS
equations in the fixed gap mode. Twenty iterations
were su%cient to obtain good convergence.

The mean fields for the Sk-3 and Ska interactions differ
in several ways: Their spatial extent, their shape (defor-
mation), and in the pairing occupations ( v ). These
differences were limited by specifying the same pairing
gap and by using the same deformed harmonic oscillator
basis (i.e., bt, b, ) for the two forces, rather than searching
for a new optimal basis. The effective mass is different
for each of the three models: m '/m = 1.0 (Nilsson), 0.77
(Sk-3), 0.61 (Ska), and this has an effect on the occupation
numbers by altering the level density at the Fermi sur-
face. A particularly important source of difference be-
tween the Nilsson model and the other results is in the
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single-particle wave functions, which in the Nilsson mod-
el contain much less high n, I,j components. This implies
that the multipoles will be located more to the outside in
coordinate space, and that they will fall off more rapidly
with momentum for the Skyrme forces. The parameters
adopted for the Nilsson model calculations are shown in
Table II. (The X and p values are chosen as in Ref. 31.}
Table III contains the proton and neutron pairing gaps
used in the HF calculations, as well as the results for

binding energy, charge radius, quadrupole Q2, and hexa-
decupole Q~ moments obtained using the Sk-3 (Ska in
parentheses) force. As can be seen in the table, the
charge radii differ by less than l%%uo between the two
forces, while the Q2 and Q4 moments differ somewhat
more (but & 4 and 10%, respectively}. While the Q2 mo-
ments are of the same order of magnitude for all nuclei
considered, the Q4 moments vary by a factor of 10 in go-
ing from ' Sm to ' Yb. This, as will be discussed below,
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FIG. 1. Proton convection (a) and magnetization (b) contributions to M1 —E6 multipoles for ' Er with PHF model (Sk-3 force).
Results obtained with the "two-body" method for E,„,= 10 ( ———) and E,„,=30 ( . . ) are compared to the "exact" results of the
"two-body+ one-body" method ( ).
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has important effects on the M3 and E4 form factors.
All results shown in this and the next section contain the
centre of mass (c.m. }and finite nucleon size (NFS) correc-
tions. For the c.m. correction the usual factor

(q) eh q l4A (15)

was included, with b=A' fm. For the nucleon mag-
netic form factors we used the dipole expression

G, (q)=Ib,(1+q /18. 23 fm2)2, (16)

while for the proton electric form factor we used the sum
of monopoles fitted by the Mainz group:

Gz(q)= ga„/(I+q /m„), (17)

G„(q)=exp( qr+ /4) —ex—p( qr /4)— (18)

with r~ =0.5074%0.038664 fm . (This gives r„
—0. 1160 fm .} In the numerical calculations, first the
convection (c) and the magnetization (m) contributions
from point Dirac nucleons (g„=g =1) to the intrinsic
multipoles [Va (q}]~:c™are computed. They are then
multiplied by the c.m. factor and the appropriate nucleon
form factors to give

[&w'(q)]„=[&a'(q) l;G,'(q)f.

[&a'(q)]., =[&R'(q)]:G.'(q)f. (q»

[&a'(q)],~ = [&a'(q) I, G,"(q}f.
[&a (q}]. =[&a'(q)].G. (q}f.

(19a)

(19b)

(19c)

(19d)

where the parameters take the values

m
&
——6.0, m &

——15.02,

m 3
——44.08, m 4

——154.2 fm

a )
——0.312, a2 ——1.312,

a3 ———0.709, a4 ——0.085 .

For the neutron electric form factor we took the
difference of two Gaussians:

Finally, the intrinsic multipoles are found by summing
the four contributions in Eq. (19). It is these intrinsic
multipoles which are shown in the cases A, = 1,3; while for
A, =2,4, unless specified otherwise, the results shown cor-
respond to the transition multipoles [see Eq. (1)]

F (q)=A(A. +1)Pz (q), A, =2,4 . (20)

We now analyze the dependence of the individual

[Pa (q)],z contributions on the force, taking '66Er as an
example. We shall see in detail which contributions are
most sensitive to varying the mean field or the rotational
model. We shall also see which contributions dominate
in different regions for each multipolarity. In Figs. 2 —5
we show the results obtained for [Pa '(q)],z, [Pa (q)],z,
[P~a3(q)], , and [Vxa4(q)], , resPectively, for ' Er. Each
figure is organized so that the individual ( r,p ) contribu-
tions appear separately. Parts (a), (b), (c), and (d) corre-
spond to those given in Eqs. (19a)—(19d). The lines are
coded as follows: Cranking model using the Nilsson
(dash-dot}, Ska (dotted), Sk-3 (dashed) forces, and PHF
model using the Sk-3 force only (solid line). The total
M1-E4 multipoles for ' Er are shown in Fig. 6.

In Fig. 2 (Ml} one can see that strong cancellations
occur between the proton and neutron magnetization
contributions in the low q region up to about 1.5 fm
while the convection contributions add coherently. But
because the neutron charge is zero, the convection term
comes almost entirely from the protons. In the higher q
region, q & 1.5 fm ', constructive interference occurs be-
tween pm and nm contributions, and magnetization dom-
inates over convection. These general features are repeat-
ed for the different models and forces, as well as for the
different nuclei considered in this paper. The difference
in results between the Ska and Sk-3 forces is visible only
in the pm and nm contributions and is inappreciable
when the total Va

' multipole is plotted. Larger changes
are however observed in all the individual contributions
when Nilsson model wave functions are used. When one
compares the Sk-3 and Nilsson results in Fig. 2, the main
difference is that the peaks are broader and shifted to
higher q for the Nilsson model. As mentioned earlier,
this is because the Nilsson wave functions have a larger

TABLE III. Gap parameters for protons and neutrons used in the HF calculations and results for binding energies; charge radii
proton and neutron rms radii; quadrupole and hexadecupole moments. Values within parentheses correspond to the results with the
Ska effective interaction.

6 (MeV) a (MeV) ( r2 ) I/2 (fm) g, (fm) Q~(10' fm )

n

154S

156~d

1ssGd
164D

166Er

168Fr
4Yb

1.120
0.904

0.904
0.952
0.916

0.916
0.831

1.200
0.881

0.881
0.872
0.903

0.903
0.682

1257.33
1270.38

(1269.60)
1284.51
1326.12
1338.96

(1338.72)
1353.33
1393.46

(1394.47)

5.170
5.205

(5.155)
5.225
5.285
5.315

(5.26')
5-330
5.375

(5.330)

5.130
5.164

(5.111)
5.184
5.247
5.275

(5.224)
5.291
5.337

(5.288)

5.227
5.243

(5.261)
5.274
5.342
5.355

(5.376)
5.382
5.434

(5.461)

651.7
693.1

(692.2)
721.5
771.3
788.4

(795.0)
799.7
782.5

(804.3)

922.6
943.5

(952.6)
1015.0
1114.0
1106.0

(1126.0)
1152.0
1147.0

(1185.0)

0.115
0.115
(0.110)
0.114
0.086,
0.076

(0.068)
0.0627
0.0112

(0.0117)

0.175
0.174
(0.175)
0.176
0.134
0.120
(0.113)
0.0997
0.0234

(0.0234)
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content of low n1j components as compared to those of
the HF calculations. Also the strength of the peaks is
somewhat larger for the Nilsson model results (particu-
larly so for the magnetization contributions). This occurs
because the cranking moment of inertia is smaller when
calculated from the Nilsson model wave functions (see
Table IV). On the other hand, comparing the results in
Fig. 2 of the PHF and cranking models (Sk-3 force), one

sees that the dominant peak of the proton convection
contribution does not change much, but the strength of
the magnetization contribution is substantially lower in
the PHF model. Hence, the total V„' multipole (see Fig.
6) obtained in the PHF model differs more from that of
the cranking model (with the same interaction) in the
higher q region (~ 1.7 fm '). In Fig. 6 one sees that for
the M1 multipole the differences caused by using Nilsson
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model as opposed to HF wave functions are more impor-
tant than those caused by using the PHF as opposed to
the cranking model. This situation is practically reversed
when one considers the E2 multipole; see Fig. 6.

The individual [Vz ], contributions are shown in Fig.
3. Here one can see that the E2 contributions depend
more strongly on both the mean field and on the rotation-
al model than in the case of the M1 rnultipole. In partic-
ular, the strength of the first peak in the convection
current contribution at q -0.3 frn ' decreases by a factor
of 3 in going from PHF to the cranking model. As in the

M1 case, the magnetization contributions for protons and
neutrons interfere destructively in the low q region —1

frn ', where the dominant contribution is the proton
convection current, while again at q ) 1.5 fm ' the rnag-
netization contribution dominates. Also, although
differences between Sk-3 and Ska results are larger than
in the M1 case, they are closer to each other than they
are to the Nilsson model results.

The main trends for the E2 form factor (see Fig. 6) are
as follows. When one compares results obtained with HF
or Nilsson models using a fixed rotational model, the
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peaks are broader, slightly weaker, and shifted to larger q
values, with the Nilsson model. This again reflects the
broader spatial distribution of the HF currents. On the
other hand, when one compares the PHF and cranking
models results obtained with a fixed interaction, the
strength of the first peak is strongly affected (roughly a
factor of three) but its position is unchanged. In Ref. 12,
nonperturbative cranking model calculations using a de-
formed VVoods-Saxon potential were reported for ' Er.
Those results for the E2 form factor are in fair agreement
with ours for the cranking model in first-order perturba-

tion theory. As discussed in Ref. 26, the first E2 peak ob-
tained by Must et al. ' lies in between the cranking mod-
el results with Sk-3 and Nilsson shown in Fig. 6 in the
whole low-q region (q S 1.3 fm '), and the strength and
position of the peak is closer to the Sk-3 results. On the
other hand, PHF results using the DME effective interac-
tion for the E2 form factor in ' Er were also reported in
Refs. 8 and 11. Those results are similar to ours with the
Ska interaction, which in turn are very close to those
shown in Fig. 6 for Sk-3. The strength of the first peak
with Ska and DME effective interactions is only 15%
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lower than with Sk-3. This similarity between Ska and
DME results is expected on the basis of previous analyses
of charge densities with various interactions. ' '

From Figs. 4 and 5 one sees that, as a general rule,
with increasing multipolarity the sensitivity of the
[Vz ], contributions to the mean field is stronger. We
also note that while Figs. 2 and 3 (for ' Er) are represen-
tative of the general trends observed in the results ob-
tained for the different nuclei, this is not the case for Figs.
4 and 5. This is to say, the individual [Va ], contribu-

tions for different nuclei change more with increasing
multipolarity.

In particular in Fig. 4 one can see that the question of
whether convection or magnetization contributions dom-
inate in different q regions depends on which mean field
and which rotational model one considers. For instance
if we compare the results of PHF and cranking with the
Sk-3 force, we see, in the neighborhood of q-0. 5 fm
(where convection and magnetization interfere destruc-
tively), that the convection contribution dominates in
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PHF and the magnetization contribution dominates in
cranking. This results in a different phase at low-q be-
tween PHF and cranking results for the M3 multipole
(see Fig. 6). In the neighborhood of q —1.4 fm ' convec-
tion and magnetization are comparable and add
coherently in both PHF and cranking models. For
q g 1.7 fm ' magnetization dominates over convection.

All this results in a more fragmented structure of the to-
tal M3 multipole (see Fig. 6) when using PHF. On the
contrary, with the Nilsson model the M3 multipole is
rather similar independently of whether PHF or cranking
models are used.

For the E4 multipole one sees (Fig. 6) that the results
of PHF and cranking models with a fixed mean field
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differ mainly in the strength of the main peak and the po-
sitions of the different peaks do not change. As in the
case of the E2 multipole, the strength of the first E4 peak
is of the order of a factor of 3 larger with PHF than with
cranking. Note also (see Fig. 5) that convection dom-
inates over magnetization for q 1.2 fm ', the magneti-
zation current dominates at q 1.7 fm ' and in the tran-
sition re'gion both are of comparable size. On the other

hand with fixed rotational model, the results with HF or
Nilsson wave functions differ both in the strength and po-
sition of the peaks. For instance using the PHF model
the main peak of the E4 multipole with HF wave func-
tions at q -0.7 frn ' is displaced to q —1.0 frn ' and its
strength is reduced by a factor of 2 (the comparison is
similar for the results of the cranking model). This
difference is mainly due to the lower hexadecupole defor-
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mation of the Nilsson densities, as can also be inferred
from Fig. 5(a). This is also corroborated by inspection of
the E4 results with the Sk-3 force for ' Er, ' Gd, and

Yb in Figs. 6, 7, and 8, respectively. Here one sees that
the strength of the first E4 peak reduces in going from

Gd to ' Er, and is strongly reduced and shifted to
larger q value in ' Yb. This is intimately connected with

the reduction of the hexadecupole deformation observed
in Table III.

In Figs. 6—8 one also sees that the results for M1 and
E2 form factors are rather similar in the different nuclei,
particularly as concerns the position and strength of their
first peaks, which are dominated by the convection
current. Since these features, strength and position of the
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first M 1 and E2 peaks, do not change by more than 20%
when Nilsson model instead of HF s.p. wave functions
are used, the simpler Nilsson model can be used to get a
reliable estimate of them. For the M1 multipole also the
predictions of the PHF and cranking models are very
close. This is consistent with the fact that the gyromag-
netic ratios obtained with these two different rotational
models are similar (see Table IV and Refs. 3 and 8}. For
the E2 multipole however the PHF model systematically
predicts a strength of the first peak larger than the crank-
ing model by a factor of 3. This can be related to the
problem of current conservation which holds approxi-
mately' in the cranking model but not in PHF. Current
conservation can be used to determine the E2 form factor
at low q [see Eq. (7}]. We may then use this low-q value
to scale the computed form factors. By doing that the
first peak of the E2 multipole computed with PHF and
cranking models would come very close, but at q ~0.8

fm ' the difference in the two model predictions would

grow. This will be discussed in more detail in Sec. III D.
For the M3 multipole, as previously mentioned, the

predictions of different models for various nuclei are
quite distinct and no systematic behavior is apparent, ex-
cept that the main strength seems to be spread in the re-
gion 0.5&q ~2 fm ' and is of the same order for all
cases. In particular we find with the Skyrme forces, a
strong decrease of the convection contribution to this
multipole, in going from ' Gd and ' Er to ' Yb, that
can be related to the decrease of the hexadecupole mo-
ment, which causes the completely different behavior ob-
served at low q & 0.6 frn

For the E4 multipole, although predictions of different

models for different nuclei also differ substantially, a
more systematic behavior is found. The decrease of the
E4 form factor in going from ' Gd to ' Yb (and in go-
ing from HF to Nilsson) can clearly be connected to the
decrease of the hexadecupole deformation, as previously
discussed. The systematic decrease of the first peak in
going from PHF to cranking for each individual nucleus
is connected to the same effect found in the E2 multipole
form factor. Both connections can be traced back to the
problem of current conservation (cc) which implies that
at low q, the E4 form factor must be directly proportion-
al to the hexadecupole moment Q4 and inversely propor-
tional to the moment of inertia [I/J =('e4+ —Eo+)/10].
This will be discussed in Sec. III D.

D. Comparison of microscopic and macroscopic models

We now compare the results of the PHF and cranking
models to those of the rigid rotor (RR) and irrotational
flow (IF) models, for several nuclei. For these macro-
scopic models, we use the simple approach sketched in
Sec. II [see Eqs. (9a)—(1 lb)]. Then there is no E4 contri-
bution and the RR and IF predictions change little from
one nucleus to another as they involve only the parame-
ters Ro (which we choose as Ro=1.12 A'~ fm) and P.
Also, the M3 multipole has the same q dependence in the
two models, which differ only by an overall factor of
1.7P=0.5, RR being smaller. [See Eq. (11} and Figs.
9—12.]

The p value for each nucleus has been obtained from
the quadrupole moment of its first excited 2+ state:
P=0.28 (' Sm), 0.34 (' Gd), 0.36 (' Gd), 0.35 (' Dy),

TABLE IV. Results obtained for 2„, gyromagnetic ratios (in PHF and cranking models) and (J, } with various fields. Experi-
mental values for J"and gz are also shown.

Total
2 (MeV ')

n cr PHF Total

"Sm

1566d

1586d

164Dy

166Er

168Er

»4~b

exp.
Sk-3

exp.
Sk-3
Ska
Nilsson

exp.
S1&-3

exp.
S1&-3

exp.
Sk-3
Ska
Nilsson

exp.
Sk-3

exp.
Sk-3
Ska

36.59
24.54

33.73
31.11
30.01
20.88

37.73
29.88

40.88
30.27

37.22
28.695
28.90
25.51

37.59
28.12

39.22
31.13
29.95

14.39

19.51
18.81
12.002

18.22

19.18

18.34'
18.09
16.39

18.01

20.71
20.20

10.15

11.60
11.20
8.88)

11.66

11.09

10.35
10.81
9.12

10.11

10.42
9.75

(0.29 to 0.40)
0.4127 0.4143

(0.2999 to 0.395)
0.351) 0.400
0.3565 0.407
0.425 0.445

(0.318 to 0.411)
0.376] 0.4015

(0.324 to 0.365)
0.3449 0.387

(0.303 to 0.333)
0.3374 0.391
0.3556 0.405
0.358 0.407

(0.27 to 0.35)
0.3474 0.389

(0.25 to 0.34)
0.306' 0.3775
0.2916 0.3835

127.79

140.78
142.99
88.90

144.51

144.49

140.30
144.90
100.10

142.67

145.27
151.57

74.41

83.37
83.88
49.35

85.52

87.28

84.15
85.33
59.39

86.29

89.00
91.87

53.38

57.41
59.11
39.55

58.99

57.21

56.15
59.57
40.71

56.38

56.27
59.70
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0.34 (' ' Er), 0.35 (' Yb). Because the PHF and crank-
ing predictions for ' Gd, ' Er, and ' Yb were already
displayed in the previous section, we here show results
for ' Sm issGd, '~Dy and &68Er in Figs. 9—12, respec-
tively. As in the preceding Figs. 6—8, the full and dashed
lines correspond to PHF and cranking (Sk-3 force), re-
spectively, while the dotted and dot-dashed lines corre-
spond to the RR and IF models in that order.

The PHF and cranking model results follow the trends
discussed in the previous section: (1) the M 1 form factor
with its main peak at q-0. 3 fm is very similar in both
models for all nuclei seen. (2) The E2, M3, and E4 mul-
tipoles are much more sensitive to the model used and to
the particular structure of a given nucleus. (3) For the
E2 multipole the main peak at q-0. 3 fm ' is roughly
three times larger in PHF than in cranking, while for
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q &0.9 fm ' the cranking result is always larger in mag-
nitude than the PHF. (4) The M3 multipole shows a
quite different structure in PHF than in cranking (except
for ' Sm) as well as in different nuclei. However, its
main strength is in all cases similar, and is spread over
the range 0.5&q &2 fm '. As remarked upon in Sec.
III B, the strong differences observed at q &0.6 fm ' for
different nuclei come about mainly by a reduction in the

convection contribution. (This reduction is linked to that
of the hexadecupole moment, seen in Table III.) (5) For
the E4 form factor, the first peak at q -0.6 fm ' is larger
by a factor of 3 in PHF. As the nuclear mass increases,
this peak is displaced towards larger q values and reduced
in strength as the hexadecupole moment decreases. At
q ~ 1.3 fm ' both PHF and cranking results are closer,
the latter being larger.
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ular predicts quite accurately the first peak obtained by
the microscopic models. Although the IF and RR pre-
dictions for M1 coincide at low q &1.5 fm ', their
different q dependencies show up already in the position
and width of the peak, the RR model giving a slightly
higher and broader peak.

The relationship between the PHF and cranking results
can be further elucidated by inspection of Eqs. (3)—(6).
As pointed out in Ref. 3, the PHF result can be interpret-

J,„=(Ji)/E . (21)

By analogy, one can define an average excitation energy
[E z(q)] for the two-quasiparticle states contributing to
each o.A, rnultipole at a given q value, in the cranking

ed as an "average" cranking model result. One can
define an average inverse two-quasiparticle energy value
1/E such that Eq. (6) can be written
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model. Then comparing Eqs. (3), (4), and (21) we may
write

[~R (q}].,=[&R (q)]PHF+/~ jL('q} (22)

The PHF and cranking results will coincide at any q and
for any multipole only if E z(q)=E. In this sense the
PHF model can be interpreted as an approximation to
the cranking model. The results will agree when the
states

~
v) which contribute to Eq. (3) have similar exci-

tation energies as those states which contribute to S„,
and this depends both on the momentum transfer and on
how similar the operator T is to the angular momen-
tum operator. In view of the Wigner-Eckart theorem for
vector operators, one understands why the M1 multipole
and in particular its low momentum limit g&, are so close
in the two models. It is not surprising that higher mul-
tipoles show a much stronger model dependence.

For instance, with the Sk-3 force, the E value defined
in Eq. (21) is approximately 5 MeV in all nuclei (see Table
IV). Then, the fact that the first peak of the E2 (or E4)
multipole is three times larger in PHF than in cranking
implies that at low q values the average excitation energy
of the intermediate states contributing to the E2 mul-
tipole is Ez2(q-0. 6}=15 MeV=3E. A ratio of order
three can be understood on the basis that at low q, the
single-particle states a,P contributing to E2 are located
on the surface of the nucleus, and these tend to be the
valence states of higher excitation energy. From similar
arguments one can also understand why for this same
multipole the cranking result is larger than the PHF at
higher q. The difference between the two models lies in
the fact that in PHF all intermediate states are weighted
equally, while in cranking they are weighted inversely to
their excitation energy.

The regularity in strength of the first peaks of the M1
and E2 multipoles for different nuclei, in both PHF and
cranking, is consistent with the trend of their gyromag-
netic ratios gz and their Q2/J„ratios, respectively (see
Tables III and IV). Note that at low-q, 9'„'(q) and
9'z (q} are linear in q and must be proportional to gz /Z
and Qo/(SZ), respectively [see Eqs. (7) and (8)]. Al-
though strictly speaking Eqs. (7) and (8) hold only in the
narrow range q (0.1 fm ', one sees in Figs. 6—12 that
the strength of the first M1 peak is indeed roughly pro-
portional to the g„value of Table IV, for the correspond-
ing nuclei and models. For the transverse electric form

factors we note that Eq. (7) follows from current conser-
vation (cc).

Assuming a purely rotational
Ez-I(I + 1)/2$, cc implies that at low q,

spectrum,

VE~(q)= A, + I/A, (2A, +1) q~ ',
2 D.—1!! (23)

PR q)]IF [~R q}]RR ~RR ~IF ' (24)

This ratio is of order 13 for a typical deformation P-0.3.
On the other hand, at larger q &0. 1 fm ', the q depen-
dence of the E2 multipole is different in the two models
[see Eqs. (10a) and (10b)] and tends to increase the ratio
from the value given in Eq. (24) at q-0. 25 where the
main peak occurs, as can be seen in Figs. 9-12. The ratio
between the maximum strengths is of the order of 20. As
is well known, the RR and IF models provide upper and
lower limits to the moment of inertia:
Therefore, the [9'z (q)]„R and [Vz (q)),„ form factors
can be interpreted as lower and upper bounds to the ex-
perimental E2 form factor, at least in the low-q region

q ~ 1.0 fm '. It is no surprise that the results of the mi-
croscopic models, being more realistic, fall in between
these two extremes. For the M1 multipole the IF and
RR models give identical results for q &2/Ro, but differ
in their q dependence at larger q, as shown in Eqs. (9a)
and (9b).

Current conservation is approximately satisfied in the
cranking model, but not in PHF. In addition, the crank-
ing moments of inertia are close to the experimental
values (see Table IV}. Therefore one expects the cranking
model to be a better approximation to the EA. multipoles.
That this is indeed the case can be seen in Table V, where
we compare the different model predictions for Vz
(q=0. 2 MeV/c) at very low q, to experimental values.
The latter have been obtained via Eq. (7) using experi-
mental values for Qo and S. For completeness Table V

when qRp((1. According to Ref. 17, within either of
the macroscopic models (IF and RR), cc is satisfied. This
implies that at low q the V& (q) values given by the IF
(RR) model are exactly those of Eq. (23) with Qz and J'
the IF (RR) values. In the present work we have used the
experimental values for the intrinsic quadrupole moment
(Q2 —=Qo) and neglected hexadecupole deformations. In
this approximation one has

TABLE V. Experimental and calculated values of 9'z '(q) and 7& (q) at q =0.2 MeV/c. The results quoted for PHF and cranking
models are for the Sk-3 force.

Nucleus

154S

1566d
Iss~d
164Dy

&66Er

168E

174Yb

Exp
cyMl(q) + 107

cr

—5.80
—4.77
—5.11
—4.55
—4.32
—4.44
—3.81

—4.78+0.71
—4.76+0.68
—4.97+0.62
—4.62+0.27
—4. 16+0.19
—3.97+0.51
—3.67+0.56

PHF

—5.82
—5.44
—5.46
—5.11
—5.01
—4.98
—4.69

RR,IF

—5.57
—5.50
—5.43
—5.23
—5.17
—5.10
—4.93

Exp

4.85+0. 16
7.6+1.3
6.27+0.22
6.35+0.03
7.5+1.5
6.82+0.06
6.43+0.04

6.20
5.22
5.70
5.80
6.05
6.29
5.65

19.6
18.0
18.6
18.8
19.1
18.9
17.0

2„"(q)X 10'
cr PHF RR

3.03
3.57
3.72
3.49
3.36
3.32
3.29

47.0
38.2
35.6
35.3
35.9
35.5
33.3
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includes predictions for 9'„' (q=0. 2 MeV/c) together
with experimental values from Eq. (8) (see also Table IV).
It is clear from Table V that for every model, agreement
with experiment is better for the M1 multipole than for
the E2. In the M1 case, there is no constraint from
current conservation which can be used to prefer one
model over another. It is then reassuring to see that the
different models agree so well in the M1 case, so that one
may take microscopic M1 results from Figs. 6-12 as reli-
able predictions, particularly so for the main peak.

IV. CONCLUSION

An extensive, systematic study of collective rotational
transverse current multipoles of the ground-state band of
even-even rare-earth nuclei has been presented. We have
compared the results from HF+ BCS (Sk-3 and Ska) and
Nilsson wave functions on the one hand, using both the
PHF and cranking models, with those from the macro-
scopic IF and RR models. For the M1 multipole we find
rather similar results at low q, for all the models con-
sidered, and fair agreement with the limited experimental
data available. This implies that at least in the first peak
of the M1 form factor, where convection contributions
are dominant, one can have confidence in the results of
the microscopic models, and even the simpler models
give reliable estimates.

For the other multipoles, there is much greater depen-
dence on the model, on the mean field, and on the nucleus
considered. Nilsson wave functions were seen to give
larger high momentum components than do HF wave
functions. That current conservation is satisfied by the
cranking model gives us greater confidence in this model
for the E2 and E4 multipoles. In the E2 case, a strong
dependence on the model is found; in the limit q ~0 the

cranking result agrees better with experiment. The IF
and RR models provide upper and lower bounds, when

q (1 fm ', for the microscopic model results. The E4
multipole depends much more strongly on the nucleus
than does E2, reflecting a sensitivity to the hexadecupole
moment, which changes by nearly an order of magnitude
in going from ' Sm to ' Yb. Results for the M3 mul-
tipole are highly variable, and it is difficult to identify any
systematic trends.

It will be particularly interesting, in future, to see what
experiment provides, and so identify which calculation is
the most realistic. We hope that this survey and compar-
ison will be useful in indicating which features of a given
calculational scheme are typical, and which are particu-
lar to the model and nucleus considered. As experimen-
tal results become available there will be much to learn
from such comparisons.
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