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Predictions for E2, M1, and M4 transition rates and moments, together with examples of
transition-charge densities, are presented for states of N=50 nuclei. These predictions are based on
one-body spectroscopic amplitudes obtained from the wave functions of a new N=50 shell-model
calculation which incorporates the Of, /z, 1p3/2 1p~/2, and Og9/2 single-particle orbits and an empir-
ically determined effective Hamiltonian for this space. The predictions are compared with experi-
mental data, first in order to evaluate how well the model space, as applied by this Hamiltonian, ac-
counts for observations, and then to assess the importance of configurations excluded from the mod-

el space and to determine the values of the operator renormalizations (effective charges and effective

g factors) which optimally map the theoretical results onto the corresponding experimental values.

I. INTRODUCTION

The N =50 isotones between Ge and Pd span two
rather distinct regions of shell-model configurations.
Above Zr, the low-lying wave functions tend to be dom-
inated by configurations constructed purely of Og9/p pro-
tons, or of Og9/2 protons and 1p, /2 proton holes, while
below Sr the wave functions presumably are dominated
by configurations constructed of mixtures of Of s/2, lp3/2,
and 1pI/2 protons. We have attempted to unify these
rather disparate regions of N=50 nuclei with a single
model space, consisting of the Of, /z, 1p3/2 lp, /2, and

Og9/2 single-particle orbits, designed to provide an
equivalent approximation to both regions. For this mod-
el space, we have obtained an effective Hamiltonian
which produces good agreement for the observed level
schemes of nuclei at and above Zr and interesting pre-
dictions for the spectra of nuclei below Sr. '

Many shell-model calculations in the Og9/2 1pl/2 mod-
el space have treated the nuclei above Zr with consider-
able success. The goal of our study in the expanded
N =50 orbit space is to extrapolate this success down to
lighter N=50 nuclei, recapitulating and modestly ex-
panding the coverage of N=50 spectra above Zr, ex-
plaining the complexities of the transition from the Og9/p
region to the Ofs/2, lp3/2 lp, /2 region which takes place
through the nuclei Zr, Y, and Sr, and, finally, pro-
viding a guide to the spectra and structures of the nuclei
lighter than Sr. This approach thus follows in the line
of publications which study the effects of adding addi-
tional orbits to the 1p»2-Og9/2 space. Early attempts ex-
plored limited expansions, ' while other ongoing stud-
ies' ' use comparable or even larger spaces for Zr and
adjacent nuclei than the ones employed here. The empir-

ically determined effective interaction of Ref. 1 yields
energy-level predictions for nuclei above Zr which are
equivalent to earlier results in terms of agreement with
experiment. Agreement with experimental energies for

Zr and lighter nuclei is not as accurate as that obtained
for the (g9/2)" region, but there are no comparable
theoretical results with which to compare the present
predictions. In order to evaluate the new model results
more thoroughly than is possible with only energy-level
comparisons, the model wave functions must be used to
generate predictions for other spectroscopic observables.

In the present paper we use the wave functions from
this model and its Hamiltonian to calculate one-body
spectroscopic amplitudes for multipole operators. From
these values, and from the conventional assumptions
about the forms of the electric quadrupole and magnetic
dipole and hexadecupole operators, we predict values of
B(E2) for transitions and the electric quadrupole and
magnetic dipole moments of some N=50 states, along
with values of M4 transition strengths. These predictions
are compared with existing experimental data in order to
evaluate both the overall degree to which the model en-
compasses these observed phenomena and to determine
the state-by-state consistency of the experimental-
theoretical relationships. The electric quadrupole observ-
ables should illuminate the shape-collective features of
the wave functions, while the magnetic dipole results
reflect more the dominant single-particle structures of the
states. The M4 results bear on the details of the occu-
pancy of the 1p»z and Og9/2 orbits in the transition re-
gion. Finally, we have used our model wave functions for

Zr to calculate the transition-charge densities for the
yrast states of spins 2+, 4+, 6+, and 8+, and compared
these predictions to results of recent electron scattering
experiments. '
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Thus shell-model predictions for electric transition
rates and electric rnultipole moments of a nuclear system
require calculations of the reduced matrix elements of the
0(EL) operators between the many-body shell-model
wave functions. These matrix elements are obtained by
expanding the 0 (EL) operators in second-quantized
form, using single-particle basis states lj ) =a, l0):

(
t- )LM

0(E,LM)= g (JllO(EL)llew'& . (4)v'2L +1

Here j and j' are the quantum numbers specifying the
single-particle states which define the shell-model basis.
The coefficients (j llO(EL)ljl') are the elementary re-
duced single-particle matrix elements of the 0(EL)
operators. From expression (4) it is clear that the state-
dependent many-body aspects of the shell-model results
are contained in the matrix elements of the (aj~aj. )

operators between initial and final shell-model wave func-
tions. These matrix elements are independent of the de-
tailed forms of the single-particle wave functions and are
called one-body spectroscopic amplitudes, denoted in the
following by D /'' '(L):

(aa )/' i(L)—J / J
3/'2L +1

Combining the spectroscopic amplitudes with the single-
particle matrix elements S" of the operators, where

s '=& jllO(EL)llj'),

we arrive at the final shell-model expression for reduced
transition strengths,

II. ELECTRIC QUADRUPOLE OBSERVABLES

We use the conventional definitions and assumptions'
for the electric multipole operator 0 (E,LM), namely,

0(E,LM) =fp(r)r YLM(0, $)dr

= ye(k)r/, YLM(8/, y/, )

k

where p(r) is the charge-density operator and e(k) is the
charge of the kth nucleon. The reduced transition rate
B (EL) for an electric Lth pole transition from an initial
state

l J;M, ) to a final state
l JfMf ) is defined by

& J,llo(E, I. )llJ, &'
B(EL)= (2)

I

where the double vertibar indicates reduction with
respect to angular momentum. The spectroscopic quad-
rupole moment of the state

l J,M =J ) is defined by
' 1/2

+D, /, ' (L)S„,

B(EL)=
2J;+1

2

(6)

and similarly for multipole moments. This same form of
expression also applies for the magnetic multipole matrix
elements to be discussed in Secs. III and IV.

For shell-model wave functions which involve only one
or two single-particle orbits, spectroscopic amplitudes
can be calculated using simple formulas involving frac-
tional parentage coefficients and Racah coefficients. '

Calculations of spectroscopic amplitudes involving many
shell couplings are only done practically with shell-model
computer codes, such the RITSSCHIL code' used in the
present work. For E2 transitions and moments there are
nine nonzero spectroscopic amplitudes in the present
model space, specifically those formed by the 0g9/2 0g9/2,
pl/2 p3/2& pl/2 f5/2& p3/2 pl 2/& ~P3/2 p3/2&

I/3/2 f5/2 0f5/2 Ip l/2 0f5/2 p3/2 and 0f5/2 0f5/2
single-particle creation-annihilation pairs. Note that the
transitions of a conjugate pair, such as 1p, /2-lp3/2 and

1p3/2 1p»2, should have different amplitudes unless the
initial and final nuclear states are identical.

The single-particle matrix elements for the 0(EL)
operator can be factored into radial and angular parts,

(nl llr YL3r(r)lln'1'j ') =(nllr ln'I') fL(j,j ') . (7)

The radial integrals used in the present work are calculat-
ed with the harmonic-oscillator wave functions. The cal-
culated values of f2(j,j ') and (r ) used here for N=50
nuclei are listed in Table I, along with the single-particle
matrix elements for the E2 operator calculated using Eq.
(7).

Predictions for B (E2) values of N=50 nuclei are cal-
culated from our shell-model wave functions according to
formula (6). The results are presented in Table II. The
B (E2)r„, values in Table II are calculated with a proton
charge equal to 1.0e. In comparison with the experimen-
tal data, these B(E2)f„, values are systematically too
small, as is expected. We adopt the conventional
"effective charge" model to renormalize the "'free nu-
cleon" E2 predictions for the effects of excluded
configurations. In principle, effective charges can be
different for different states, different nuclei, and different
single-particle orbits. The present results are based on
the minimalist assumption that the effective charge is the
same for all states, all N =50 nuclei and all model orbits,
specifically, e =2.0e. The predictions based on this
effective E2 operator are listed in the B (E2),lr column of
Table II. As a partial aid to evaluating the effects of
configuration mixing within our model space upon the
calculated electric quadrupole matrix elements, we show
in comparison with B(E2)f„„the corresponding values
obtained with one-component wave functions given by
the simplest possible shell-model configuration, denoted
as B (E2)„,

The E2 data with which we compare our results in
Table II are taken from Refs. 19—25. The B(E2) values
for the transitions from the first 2+ state to ground state
0+, both calculated and, where measured, experimental,
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TABLE I. Single-particle matrix elements calculated for the E2 and Ml operators for the orbits Ij) and
I
j') with the free-proton

charge and magnetic moment. The expressions f, (j,j ') and (r') are as defined in Ref. 17. The values of the E2 matrix elements are

calculated with the assumption that the harmonic-oscillator length parameter is given by b =4.481.

f2(j,j ') (J Ilo(E2) llj' & (jllLIIJ' & (J llsll j') ( jllo(Ml)llj'&

fs/z fs�-
nf�/2

P3/2

fs/z. Js in-

P 3/2-P 3/2

P3/2 P1!2
P1/2 P1/2

g9/2 g9/2

—0.739
—0.369

0.691
—0.564
—0.564

0.000
—0.982

4.500b
—3.742b
—3.742b

4.500b
4.500b
0.000b
5.500b

—14.905
6.189

—11.589
—11.374
—11.374

0.000
—24.204

8.281
0.000
0.000
2.582
1.155
1.633

13.98

—1.035
0.000
0.000
1.291

—1.155
—0.408

1.748

2.499
0.000
0.000
9.794

—5.297
0.646

23.74

are large, as is typical. The theoretical values with the
effective proton charge of 2.0e are in overall agreement
with the data. The Kr and Sr 8(E2),s values are
each about two standard deviations smaller than the
quoted experimental values. The measured decrease in
strength from A =86 to 88 is 11'Fo, while the predicted
decrease is 22%. The measured 8 (E2) for Zr 2,+ to 0&+

is almost a factor of 2 smaller than the Kr value, and
the prediction for Zr lies within the uncertainty of the

experimental value. Thus the observed decrease in
strength between Kr and Zr is reproduced accurately
by the calculations. The Mo strength for this transition
is significantly larger than for Zr, and is approximately
the same as for Sr. The predicted B(E2), svalue for

Mo is essentially equal to the measured value.
The Mo, Ru, and Pd transitions are dominated by

the Og9/2 2+ to 0+ one-body transition, while the Kr
and Sr transitions are dominated by one-body transi-
tions within the 1p3/2 1p&/2 subspace. The reduction in
8(E2) which is observed and predicted for ~Zr can be
understood in terms of contributions from both these
paths, contributions which partially cancel.

There are several other accurately measured 8(E2)
values in Mo, as shown in Table II, ranging in magni-
tude from about 1 to 100 e fm . The 8 (E2),s predictions
are uniformly in good agreement with these accurate ex-
perirnental numbers, the discrepancy for the 6+-4+ tran-
sition being the largest. These results suggest that the
effective charge of 2.0e is close to optimum for the Og9/2
part of our model space and that the model wave func-
tions for the several other Mo states sampled are good
representations of their physical analogs. Similar results
with similar conclusions are manifest in the cases of the
—", + to —', + transitions in 'Nb and Tc. The predicted
8 (E2) of the —", to —", transition in 'Nb is also in good
agreement with experiment, but the predicted strength
for the analogous transition in Tc is much too large.

Two electric quadrupole moments have been measured
for N=50 states, the —,

' ground state of Rb and the
first 8+ state of Zr. The value of Q2,& for each state is
larger than experiment by 25%. The wave functions of
these states are quite simple, the Rb wave function be-
ing predominantly a 1p3/2 single-particle state and the

Zr state a Og9/2 pair coupled to 8+. The calculated rna-
trix elements are enhanced over the single-particle esti-

mates by 10% and 20%, respectively. The signs of both
the simple configuration estimates and the full calculation
are in agreement with experimental values.

There are only a few other 8 (E2) measurements avail-
able. The strength of the transition between the first ex-
cited state (J =—', ) to ground state (J =

—,
'

) in Rb is
accurately known, and our 8 (E2),z reproduces it closely.
This transition and the two ground-state transitions in

Y are the only other sources of information on the elec-
tromagnetic properties of the Of lp subspace. The as-
sumed value of 2.0e for the effective charge seems op-
timum for this subset overall.

The E2 relationships between the first 2+ state and the
ground state and first excited 0+ states in Zr, in which
the excited state 0+ B(E2) is larger than the ground-
state 0+ value, are well reproduced by the model results.
The calculated 8 (E2) values for the transitions from the
second and third 2+ states to the ground-state 0+ are
markedly wrong, however. If anything, the calculations
suggest that the second and third model states may be in-
verted in energy relative to their experimental analogs.

The last significant set of E2 data available for the
N=50 isotones comprises the 8+ to the 6+ decays. The
measured value for Zr is predicted accurately. The
model also does a good job of predicting the noticeably
smaller value of the same transition in Mo. The pre-
dicted 8(E2) value for this transition in Pd is about
one-quarter of the Mo value, and the measured value is
in a nice correspondence with the prediction. Finally, the
8(E2) of the 8+ to 6+ transition in Rb is dramatically
smaller than in the neighboring systems. The predicted
value is about 50 times smaller than the value in Mo,
and the measured strength is ten times smaller yet. We
do not attach great significance to the relative discrepan-
cy between prediction and experiment in this last case,
since the absolute difference is so small relative to the
single-particle value. Small adjustments in the wave
function can account for this difference.

III. MAGNETIC DIPOLE MOMENTS

The magnetic charge density p (r) of a nucleus comes
from the orbital motion of the charged particles, i.e., the
convection currents, p, (r), and the magnetic moments as-
sociated with spins of the individual nucleons, p, (r). The
magnetic multipole moment operators can be defined
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TABLE II. E2 transitions and moments in units of e fm or efm for the N =50 nuclei, respectively.
The values in the 8(E2),N column are obtained with the proton effective charge e~ =2.0e. The values
in the column B(E2)f„,are obtained with the free-space proton charge e~ =1.0e. The values in the
column B(E2)„, are obtained with wave functions consisting of the basis vectors that have the largest
magnitude in the corresponding eigenvectors, i.e., in the limit of no configuration mixing.

Nucleus

86Kr

87Rb

88Sr

89'

"Zr

9'Nb

MQ

State (s)

21+ 01+

4+ 2+
61+~41

3—
21

5 — 3—
21 21
1

— 3—
21 21

21+ ~01+

61+ ~4i+

3 —
1

21 21
5 —

1

21 215+ 9++21 21
13+ 9+
21 21

2+ 0+

23+ ~oi+

61+~41

81+

101+~81+

21 + 17 +
2 1 2 1

17 + 13 +
2 1 2 1

13+ 9+
21 21
17 — 13—
2 1 2 1

13 — 9—
21 21

9 — 5—
21 21
5 —

1

21 21

21+ ~01+
2,+ 01+

23+ ~01+
2+ 0+
4+ 2+
6+ 4+
81+ 61+

101+~81+
121 101+

111 ~91
91 ~71

)expt

256+20'

13+0 5

36.6+0.6'

228+30'

66+10'
66+5'

283+118'

135+12
150+13"
13.4+2'
40.7+7'

55+2'
—51+3'

106+11'

32.0+1 9
71.1+3.2d

~ 178
144+72'

234+40
47.6+3.2'

2.0+0.7'
37+10'

78.5+2.5

32.4+1.2

85+5

B(E2),1f

212
29.4
25.8

17.6
42.8
83.1

166
50.8

114

76.8
38.8
90

142

122
173
91

1.8
260
188
54.4

—61.3
3.0

126

311
118
25.6

120
222

238

237
47.6

1.4
43.6

115
96
38.4
89

268
91.2

194
268

B(E2)fusee

53.1

7.4
6.4

8.8
10.7
20.8

41.4
12.7
28.5

19.2
9.7

22.5
35.4

30.5
43.2
22.7
0.44

64.9
47.1

13.6
—30.7

0.76

31.5
77.7
29.5
6.4

30.1

55.5
59.5

59.3
11.9
0.35

10.9
28.7
24.0
9.6

22.2
66.9
22.8
48.6
66.9

8(E2)„,

52
7.3
9.0

8.0
12.8
64

52
45
0.0

64

0.0
52

52

0.0
0.0
0.0
0.0

106
74
30

—24
0.0

59
102

0.0
30
74

106
92

92
0.0
0.0
0.0

106
74
30
0.0

80
59

102
105

93T 21 + 17 +
2 1 2 1

17 + 13 +
2 1 2 1

13+ 9+
21 21
17 — 13
2 1 2 1

5 —
1

21 21

65.9+4 0

11.4+0.9

78.4
126

238
59.6

304

19.6
31.5
59.6
14.9
76

109
102

105

3.2
139
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TABLE II. (Continued. )

Nucleus

94Ru

"Rh

Pd

'Reference 19.
Reference 20.

'Reference 21.
Reference 22.

State (s)

2+ 0+
41+ 2,+

61+ ~41+
81+~6,+
10,+ 8,
121+~ 101+

91 ~71
111 ~91
131 ~111
13+ 9+
21 21
17+ 13 +
21 21

21 + 17 +
2 1 2 1

25 + 21 +
2 1 2 1

21 — 17
2 1 2 1

25 — 21
1 2 1

21+ ~01+
4+ 2+
6+ 4+
8+ 6+
10+ 8+

12,' 10,'

8 (E2) p$

2.56+0.24
0.094+0.006

81.2+7.6'

71.0+ 12.7'
& 64.2'

33+5.0~

5f

163+25.4'

13+3I'

8.6+ 1.10'

B(E2),~

282
2
6
0.9

209
104
36.8
42.7

333
298

262

11

0.02
152

357
247

254
43
22
9

185
157

'Reference 23.
'Reference 24.
~Reference 25 ~

B(E2)p„

70.4
0.53
1.51
0.23

52.4
26
92.1

106.7
83.3
74.6

65.4
2.7
0.005

38

89.2
61.8

63.5
10.8
5.4
2.3

46.3
39.2

B(E2)„,

139
11.8
8.2
3.2

108
80

140
170
140
138

140

0.0
0.0

138
108

80

139
11~ 8

8.2
3.2

108
80

2gl(k)
X Lk+g, (k)Sk (8)

where pz is the nuclear magneton and the sum over k in-
cludes all particles in the nucleus.

In this section, only the magnetic dipole operator is
studied. The traditionally used dipole operator, which
differs from the general expression in Eq. (8}by a numeri-
cal factor &3/4m. , is given by

O(M1)= g [gl(k)Lk+g, (k)Sk],
k

where gI and g, are the nucleon gyrornagnetic ratios.
The magnetic moment in a state with total angular
momentum J and maximum magnetic quantum number
M=J is defined as

p, = (JJ~O(M1)
~
JJ &

' 1/2J
(J+1)(2J+1) (J/[O(M1)f/J) .

analogously to the electric rnultipole moment operators,
namely,

O(M, LM)= fp (r)r YLM(6t, y)dr

g ONPk "k '~I.M(~k~fk }1
k

Thus, to obtain theoretical magnetic moments, we have
to calculate the matrix elements of the O(M1} operator
between the multiparticle wave functions. Thus use of
Eq. (6) again reduces this problem to the calculation of
one-body spectroscopic amplitudes and single-particle
matrix elements. The M1 single-particle matrix elements
in our model space are listed in Table I along with the
separate contributions from the orbital part and the spin
part of the operator.

Experimental data ' for M 1 moments in N =50 nu-
clei are compared with various model predictions in
Table III. The states for which magnetic moments have
been measured are the ground states of Rb, Y, and

Tc, and 8+ states of Zr, Mo, and Ru, and 6+ state
of Ru, the —", and —", states of 'Nb, and the —", state
of Tc.

The simplest model estimate of a state's magnetic mo-
ment, obtained from the matrix elements of the single
basis vector representing the dominant shell-model
configuration of a state, is often a good approximation to
the experimental value. We list these generalizations of
the Schmidt moments in Table III as p„, . It is clear
from Table III that that p„, numbers qualitatively ex-
plain the magnetic moment data, with the deviations in
most cases being less than 15%%uo. It is assumed that these
deviations, which are always in the direction of theoreti-
cal magnitudes being larger than experimental values,
arise from the e6'ects of configurations omitted from
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TABLE III. M1 moments for the %=50 nuclei in units of nuclear magnetons. The values listed un-
der p„, are calculated with wave functions corresponding to the single dominant configuration of the
full shell-model wave functions. The column p&„, is obtained by using the full shell-model wave func-
tions and the free-space g factors. The column p,& shows the results calculated with the e6'ective g fac-
tors obtained from the fit described in the text.

Nucleus

87Rb

89Y

"Zr

MQ

93T

94Ru

'Reference 20.
Reference 26.

State (s)

3
2

1—
2

13—
2
17—
2

8+

11

9+
2
17—
2

6+
8+

pexpt

2.751'

—0.138'

10.912

8.190'
i0.854b

11.352
i3.882b

6.151'
11 059

8.322b

10.832

pea

3.1P7

—0.032

10.854

7.714
10.423

11.229
13.910

6.323
10.519

8.435
11.247

pfree

3.328

—0.229

11.553

7.948

10.829

12.028
14.559

6.773
10.947

9.040
12.051

pncm

3.800

—0.270

12.08

9.035
11.815

12.08
15.587

6.800
11.815

9.060
12.08

Schmidt estimates, the net effect of configuration mixing
typically being to quench Schmidt estimates.

Our present shell-model wave functions for these nu-
clear states represent an intermediate stage between the
simple Schmidt estimate and the presumed "true" wave
functions. In the p&„, column of Table III we present
predictions for the M 1 moments based on the full
configuration-mixed wave functions of our model space.
These model predictions are still larger than the experi-
mental values in most cases, but typically are smaller
than the p„, values, particularly for the states dominat-
ed by Of lp orbit configurations. In the cases dominated
by the Og9/2 configuration the p&„, values are almost as
large as the p„, values, since the Og7/2 orbit, the spin-
orbit partner of the Og9/2 orbit, is not in our model space
and hence cannot act to cancel contributions from Og9/p
components in our wave functions.

To compensate for the effects of the various
configurations omitted from our model space, we intro-
duce effective spin and orbital g factors for the protons of
our model, their values being determined by a least-
squares fit to best reproduce the experimental data. In
principle, we could imagine determining effective single-
proton moments for each of the four orbits in our model
space. (Even if in the complete Of lpOg space these orbits
had identical renormalizations, the fact that the spin-
orbit partners of the Of 5/z and Og9/2 orbits are missing in

our current space, while the 1p-orbit subspace is com-
plete, suggests that effective renorrnalizations might be
orbit dependent in the present application. ) However,
the paucity of experimental data for the N =50 isotones
which bear on the Of lp orbits makes it rather pointless
to push determination of their renormalization very hard.
Most of the data bears on the Og9/2 orbit alone and hence
can fix only the Og9/2 proton effective moment.

We hence have extracted the values of an M1 renor-
malization by fitting the data of Table III with adjustable
values of g, (Of lp) and g, (Og9/2) while fixing g, (Of IpOg)
at the value 1.10 (Ref. 27). This value of gI (effective) is
found rather universally in analyses of magnetic-moment
data with shell-model wave functions. It is understood in
terms of rnesonic-exchange currents. From this fit, we
obtain the value g, (Of 1p ),tr= 4.694 and g, (Og9/z ),s
=3.953. The larger quenching for g, (Og9/2 ) is consistent
with the fact that our space omits the spin-orbit partner
of this orbit, and hence configuration mixing to quench
its impact is impossible. The values of magnetic mo-
ments predicted with this empirical effective operator are
presented in the p,z column of Table III.

The ground states of Rb, Y, and Tc are essentially
single-particle states. The Schmidt estimates are larger
than the experimental value by 38%, 96%, and 11%, re-
spectively. The configuration-mixing shell-model wave
functions bring the discrepancies down to 21%, 66%,
and 10%. Again, we note that configuration mixing in
our model space has only a very small effect upon the mo-
ments of states dominated by the Og9/2 orbit.

The 6+ and 8+ states in Zr, Mo, and Ru are
essentially two quasiparticles in the Og9/2 orbit. The
Schmidt g factors are the same for all these states. Their
experimental g factors are equal to each other to within
4%%uo, and are smaller than the Schmidt values by 7 —10%.
The configuration-mixing calculations produce results
essentially equal to the Schmidt values of Mo and Ru,
but reduce the discrepancy in Zr by half.

The three-quasi-particle —", and —", states in 'Nb
and Tc have the same first-order configuration and so93

have the same Schmidt g factors. The measured g factors
for these states increase with the mass, however. This is
because the configuration mixing decreases as the number
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of particles in the g»2 orbit increases. Our configura-
tion-mixing calculation eliminates the discrepancies be-
tween the measured data and the Schmidt predictions.

Theoretical understanding of the quenching of g fac-
tars has been a major subject of study for many years.
Finite shell-model spaces in theoretical calculations such
as we utilize in this work still exclude many other possi-
ble configurations, both nucleonic and non-nucleonic.
These extra degrees of freedom include meson-exchange
currents, nucleonic excitations, and mixings with much
higher-lying shell-model orbits induced by the tensor
force. Hence our effective g factors must be considered
as representing the net empirical representation of this
complex of causes. Theoretical calculations of the effects
of these fundamental processes agree with the empirical
extractions reasonably well.

IV. MAGNETIC HEXADECUPOLE TRANSITIONS

The juxtaposition of the 1p, /2 and Og9/2 orbits above
Sr gives rise to a series of isometric first excited states in

the odd-mass N=50 nuclei, —', + for Y and —,
' for 'Nb,

Tc, and Rh. These first excited states decay in part by
M4 transitions to the ground states of the same nuclei
and the matrix elements of these transitions yield in-
teresting insight into the makeup of the associated wave
functions, particularly insofar as the mixing of Og9/2 and

1p»2 orbits is concerned.
The general form of the magnetic multipole operators

is given in Eq. (8). This expression yields values of the
M4 single-particle matrix elements equal to 2091 pz fm

p, /2-Og9/2, 2134 p~ fm for 1p3/2-0g9n, and 1256
p~ fm for Of, &2-Og9/2 These values combined with the
one-body transition densities from the current shell-
model wave functions yield the predictions labeled "free"
in Table IV. They are compared in Table IV with experi-
mental data taken from Ref. 20. Also presented in Table
IV are predictions obtained by multiplying the free values
by a scale factor of 0.223, these renormalized results be-
ing labeled as "eff." Finally, in order to illustrate the role
of configuration mixing we show the predictions, labeled
"ncm, " obtained by combining the free single-particle
matrix elements with the one-body densities associated
with the dominant shell-model basis vector in each eigen-
vector, these dominant components being renormalized
to unit amplitudes.

As is seen from Table IV, the experimental magnitudes
of the matrix elements for the M4 transitions are rather
similar, the value for Rh being about twice as large as
the Y and 'Nb values. The "free" predictions are
about a factor of 5 larger than the experimental values,
but the renormalized "eff" values yield a reasonably accu-
rate reproduction of the experimental trends as a func-
tion of mass. The effects of configuration mixing in our
calculation are crucial in obtaining this correct mass
dependence, as can be seen from the "ncm" results. If
wave functions corresponding to the leading 1p, /2 and

Og9/2 configurations are used, the single-particle Og9/2 to

1p&/2 transition in Y has twice as large a matrix ele-
ment as any of the higher mass transitions and a factor of
5 larger matrix element than that of the

p&/2t3) g9/2 —1p&/2 g9/z transition in 'Nb. As a re-
sult of configuration mixing the Y prediction is re-
duced, since neither of the wave functions involved
remains a pure single-particle state, while the higher mass
predictions, particularly that for 'Nb, are increased via
positively coherent contributions from the 1p &/z

configurations. The decreasing amplitudes of these com-
ponents as a function of increasing mass accounts for the
diminishing enhancement of the "free" results over the
"ncm" results with increasing mass.

The quenching mechanism for the magnetic hexadecu-
pole operator is similar to that for the magnetic dipole
operator discussed in Sec. III. However, detailed study
of the importance of various contributions is very rare to
date, both because of the paucity of experimental data
and of the complicated structure of the M4 operator.
More theoretical work is certainly called for to obtain a
qualitative understanding of the strong quenching seen in
the present calculations.

V. CHARGE TRANSITION DENSITIES

Electron scattering cross sections at both low and high
momentum transfers qi can be measured very accurately
with modern experimental techniques. By analyzing ex-
perimental cross sections at various values of iqi with the
distorted-wave Born approximation (DWBA) theory, the
transition charge, moment, and current densities at
different spatial points can be determined. Unlike transi-
tion rates and moments, measured in the context of
iqi =co =0, for which only the integrated charge or

TABLE IV. Matrix elements M(M4)=(2J;+1)B(M4) in terms of pz fm X10 for %=50 nuclei.
The experimental data are taken from Ref. 20. The values listed under M„, are calculated with the
free-space normalization of the M4 operator and wave functions corresponding to the single dominant
component of the full shell-model wave function, and the values listed under Mf„, are calculated with
the same operator and the full shell-model wave function. The values M,z are obtained simply by mul-

tiplying the Mf„, values by 0.223.

Nucleus Transition Mexpt Mea Mfree Mncm

9'Nb

"Tc
"Rh

9 +
21
1

21
1

21
1

21

1

2 g. s.
9 +
2 g. s.
9 +
2 g. s.
9 +
2 g. s.

5.3
5.2
8.2

10.6

6.7
6.0
7.8
8.6

30.0
26.8
34.4
38.4

44.0
8.8

17.4
26.0
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p, (r)=ap, (r), (12)

where a is a constant of proportionality. The second is
the Tassie model, for which the radial dependence is

dpoI
( )

—a L —1

dT

where po is the ground-state density. The third is the
Bohr-Mottelson model, in which the radial dependence is

dpo
p, (r)=a

dT
(14)

A fourth general type of core polarization has microscop-
ic origins. The amplitudes of single-particle transitions
from orbits lying outside the model space are calculated
in perturbation theory and used directly with the nucleon
charges and moments to estimate the core-polarization
term.

The total transition density can be written as a sum of

current densities are relevant, these transition densities
thus provide spatially extended nuclear information and
thus invoke extra challenges to any nuclear model. In ad-
dition, electron scattering makes practical the study of
transition multipolarities which are unobservable in elec-
tromagnetic decay because of preferred competing decay
modes. We concentrate here on transition-charge densi-
ties, which are related to the so-called Coulomb (or longi-
tudinal) scattering cross sections in electron scattering.

In the nuclear shell model, the transition-charge densi-
ties can be calculated in terms of single-particle transition
densities in a fashion analogous to Eq. (6). Explicitly,
they can be written as the sum of contributions from the
different pairs of orbital transitions,

DJ J' '(L)&J(r)&J (r)( J ~~ &L, ~~J')
p„(r)= ', (l l)

+2Jf+1
where the R (r) are the single-particle wave functions,

Jf,J,.the D
' '(L) are the spectroscopic amplitudes identified

in Eq. (5) and Jf and J; are the spins of the final and ini-

tial nuclear states. In principle, the sum must extend
over all possible routes of single-particle transitions, but
the shell-model approximation restricts this sum to the
active model orbits. Thus the densities calculated using
Eq. (11) within finite model spaces are called "valence"
transition densities.

Comparison of valence transition densities with experi-
mental results reveals that the configurations excluded
from the active model space typically have significant
"core-polarization" effects upon the overall magnitudes,
as is also the case, of course, for transition rates and mo-
ments. For transition densities, the core-polarization
effects are more complicated than for q =0 data because
their radial dependences must be considered. Four
different kinds of radial dependences are commonly used
for parametrizing the core-polarization densities. The
first is the so-called "valence" model, in which the core-
polarization transition densities are assumed to have the
same radial dependences as the corresponding valence
transition densities:

the valence contribution and the core-polarization contri-
bution,

p, (r)=p, (r)+p, (r) . (15)

The coefficient a of the core-polarization term is typically
adjusted such that the experimental electric transition
rate for the transition is reproduced. Of course, if the ex-
perimental rate is unavailable, some other normalization
must be used. For higher multipolarities one simple tech-
nique is to match the theoretical and experimental first
maxima of the form factors. Of course, a primary virtue
of the microscopic core-polarization models is that they
do not involve an additional parameter at this point.

In principle, the single-particle wave functions used in
the calculations of transition densities should be calculat-
ed from potentials of the Woods-Saxon or Hartree-Fock
type, because the radial dependence of these wave func-
tions may be critical to the radial structure of the transi-
tion densities. However, these more complicated wave
functions do not necessarily provide better agreement be-
tween theory and experiment than do simple harmonic-
oscillator wave functions, at least for light nuclei. Thus,
for simplicity, we use harmonic-oscillator single-particle
wave functions in the following calculations. The oscilla-
tor length parameter b is chosen to be 2.2 fm on the basis
of obtaining agreement between predictions and experi-
ment for the peak position of 8+ state density of the Zr
nucleus. This value is a little larger than the value re-
quired to reproduce the charge rms radius of Zr. The
shell-model transition densities calculated from Eq. (15)
must be modified for comparison with experimental re-
sults in order to correct them for the effects of finite nu-
cleon size and center-of-mass motion. We make these
corrections according to the prescription of Ref. 28.

As examples of the application of our shell-model wave
functions to electron scattering data, we treat the experi-
mental transition densities presented in Ref. 14 for the
transitions from the ground state of Zr to the J=2+,
4+, 6+ and 8+ members of the presumed Og9/p multiplet.
Under this presumption, these states would be populated
via excitation of the Og9/p component of the Zr ground
state.

We discuss the 8+ transition first, since it can only be
reached by a Og9/p transition within the model space and
other high-spin orbits are relatively remote. The Og9/p
spectroscopic amplitude which governs this transition
has a calculated value of 0.406, reAecting the strong mix-
ing between the 1p &/z and Og9/p configurations in the Zr
ground state. An analysis of the 8+ data in Ref. 28 yields
a value of 0.41+0.02 for this quantity.

It follows, as in shown in Fig. 1, that the calculated 8+
transition density is a good approximation to the experi-
mental results. The peak of the density is a factor of 0.92
times the experimental density. This is reAected in a
peak value in the form factor [calculated in the plane-
wave Born approximation (PWBA)], occurring at q = l. 8
fm ', of 4.21X10,relative to an experimental value of
5.00 X 10 . An enhancement of 1.09 in the valence tran-
sition density serves to bring theoretical and experimental
agreement for the maximum values of both the transition
densities and the form factors. The theoretical shape of
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FIG. 1. Charge density from the first 0+ to the first 8+ tran-

sition in the Zr nucleus. The dashed line represents the
valence density calculated in the present model. The dotted line

represents the total transition density in the valence core-
polarization model. The solid line is the experimental density
taken from Ref. 14.

the density agrees well with experiment. Hence we con-
clude that the valence model for core polarization is ade-
quate for E8 transitions and that the required effective
added charge is small, less than 0.1e. Of course, the value
extracted for the effective charge is a function of the pre-
dicted one-body transition amplitude, and a value slightly
larger than 0.406 would result in the deduced effective
charge being zero or even negative.

Analyses of the experimental data for the 8+ transi-
tions in Sr and Mo have resulted in extracted values
for the E8 spectroscopic factor of 0.36+0.02 and
0.58+0.02, respectively, as compared to our predictions
of 0.145 and 0.658. The deviations between our predic-
tions and these experimental results are comparable to
those quoted for other shell-model calculations in Refs.
14 and 30. Analysis of our wave functions for Sr sug-
gests that a significant reason for our predicted Sr den-
sity being too small is that only about 50%%uo of our lowest

Sr 8+ wave function can be characterized as the Og9/2
two-particle state, not just that the Dg9/2 occupation in
the ground state is too small.

Our model predictions for the first 6+ transition in
Zr are similar to those for the 8+; the results are shown

in Fig. 2. The shell-model density is smaller than the ex-
perimental density by a factor of 0.81 in the region of the
peak. An effective charge of 1.23 in the valence core-
polarization model serves to normalize the peak theoreti-
cal density to the experimental peak value and to produce
a PWBA form factor with a maximum value, occurring
at 1.4 fm ', of 2.DX 10,which also matches the experi-
mental value. '

The shell-model transition amplitudes for the Og+ to 4&+

transition in Zr produce a PWBA form factor peaking
at 1.0 fm ' with a value of 4.75X10 . In the valence
core-polarization model an E4 effective added charge of
0.52e is thus required to normalize the experimental and

FIG. 2. Charge densities from the first 0+ to the first 6+ tran-
sition in the Zr nucleus. Different curves have the same mean-

ing as in Fig. 1.

I

4

r(fm)
10

FIG. 3. Charge densities from the first 0+ to the first 4+ tran-
sition in the Zr nucleus. Different curves have the same mean-

ing as in Fig. 1, except the heavy-dotted curve represents the to-
tal transition density in the Tassie core-polarization model.

theoretical form-factor maxima. The corresponding tran-
sition densities are shown in Fig. 3. Again, the theoreti-
cal density with this core-polarization correction is simi-
lar in shape to the experimental density, but now the ra-
dial position of the model peak falls inside of the experi-
mental peak position to an appreciable extent. Of course
this could be cured by use of a different oscillator length
than the constant value we are using here. As an alterna-
tive we explore the Tassie care-polarization model. The
valence density together with same 0.52e added effective
charge in the Tassie model produces a form factor and a
transition density which have smaller maximum values
than are found experisnentally, even though the B(E4)
values of the two composite models are the same. An
added charge of 0.85e is needed in the Tassie model to
bring the theoretical form-factor maximum up to the ex-
perimental value. Even so, this value still leaves the cal-
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culated density with a smaller peak value than is extract-
ed experimentally. At the same time, the Tassie result
greatly exceeds the experimental value in the surface re-
gion.

In qualitative terms, both the calculated and the exper-
imentally based densities are characterized by a dominant
maximum arising from the Og9/2 amplitude and a small
interior peak of the opposite sign. This interior peak
arises in the model from the Of5/z-lp, /z amplitude and
the correspondence between experiment and theory is re-
lated to the relative strengths of this terms in the model
and actual wave functions. The negative sign of the inte-
rior peak corresponds to constructive interference of the
two amplitudes in the surface region.

The 2+ transition density (see Fig. 4) calculated from
the model amplitudes is much smaller than the experi-
mental values in the peak region. In order to normalize
the theoretical and experimental form-factor maxima in
the valence core-polarization model an added effective
charge of 0.96e is required. As with the 4+ data, this
normalization produces a density with a maximum well
matched to the experimentally derived density but one
which has its peak at too small a value of r. The conse-
quences of using a Tassie core-polarization model are also
similar to those obtained for the 4+ transition, but accen-
tuated. In order to match the experimental form-factor
maximum a Tassie-model added effective charge of 1.1e
is required. This leaves a theoretical transition density
which has a smaller maximum value than is experimen-
tally extracted and which is significantly larger than the
experimental shape near the nuclear surface.

The experimental transition density for the first 2+
transition shows an appreciable interior peak of the same
sign as the dominant Og9/2 peak. Our model result has
an interior peak of the opposite sign, which originates, as
in the case of the 4+ transition, from the Of~/z-lp, /z
term. In order to obtain a positive (relative to the main)
interior peak we would have to have an opposite sign for
the Of5/z-lp, /z contribution, such that it yielded destruc-
tive interference with the Og9/2 term in the surface re-

CI 4

0 /

gion, or, alternatively, have much smaller Of~/z-lp, /z
amplitudes and much larger 1p3/2 1p&/2 or 1p3/p ampli-
tudes. If the 1p amplitudes were to be the source of the
positive interior peak they would have to have opposite
signs to the very small terms in the presently calculated
one-body amplitudes.

VI. CONCLUSIONS

The comparisons we have presented here suggest that
our four-orbit N =50 shell-model wave functions correct-
ly account for the collective and single-particle features
of the lowest-lying states in these nuclei. Most of the ma-
trix elements available for study are dominated by the
Og9/2 and 1p&/z orbits. In particular, many of the
magnetic-moment and B (E2) values stem from states
which are dominated by Og9/p configurations. For these
states the variations in magnitude with the number of
protons are reproduced quite well with the model wave
functions, but these results are not essentially different
from those obtained previously with smaller orbit spaces.
Simple renormalizations of the M1 and E2 operators, an
enhancement (quenching) of the orbital (spin) part of the
M1 operator, and a constant added effective charge of
1.0e for the E2 operator, serve to reproduce the absolute
experimental magnitudes. These same renormalizations
serve adequately to also reproduce some of the more
complex transitions in Zr and lighter nuclei, in which
mixing between competing Og9/2 and 1p»2
configurations and the onset of dominance of the 1p3/2
and Of5/z orbits greatly expands and complicates the
simple Og9/2 regime. However, the paucity of elec-
tromagnetic data below Zr precludes definitive con-
clusions about the less-well-studied Of, /z-lp3/z struc-
tures. Additional experimental information on the nuclei
below Zr is essential to fully evaluating the overall suc-
cess of our model space and Hamiltonian.

The M4 isomers in the odd-mass nuclei from A =89 to
95 also illustrate the transition from rather pure Og9/2
wave functions for the heavier nuclei to transitions in the
lighter systems which can only be understood quantita-
tively with the introduction of configuration mixing
across Sr as introduced in our model.

Much information' ' ' ' from electron scattering
remains to be analyzed. While the Og9/2 dominated tran-
sitions analyzed here are adequately described with con-
ventional effective charge models, data for higher-lying,
more complex states might accentuate the discrepancies
between our current model results and experiment which
are suggested by the deviations in B (E2) values noted in
Table II. With the insight into excited-state wave func-
tions provided by these experimental transition densities,
it should be possible to correct the data set of level ener-
gies which we used in Ref. 1 and thereby to produce an
improved Hamiltonian and model wave functions.

r(f rn)

10

FIG. 4. Charge densities from the first 0+ to the first 2+ tran-
sition in the Zr nucleus. Different curves have the same mean-

ing as in Fig. 3.
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