
PHYSICAL REVIEW C VOLUME 38, NUMBER 6 DECEMBER 1988
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The nonrelativistic multiple scattering formalism of Watson and Kerman, McManus, and Thaler
is applied to the deuteron-nucleus elastic scattering system. An optical potential is constructed to
second order in the nucleon-nucleon effective interaction t matrix and is organized in such a way
that the usual Watanabe folding potential appears as the leading term. The Watanabe folding po-
tential is constructed by integrating nucleon-nucleus optical potentials evaluated at half the deute-
ron incident kinetic energy over the deuteron s-state wave function. Corrections to the folding po-
tential are identified which arise from deuteron-nucleon double scattering effects, the deuteron d
state, virtual deuteron breakup, additional nuclear medium effects, additional target nucleon corre-
lation effects, and relativistic processes. Many of these corrections do not appear in folding model
approaches based on effective, rather than microscopic, deuteron-nucleus Hamiltonians. These ad-
ditional multiple scattering corrections are second order in the nucleon-nucleon t matrix as is the
case for the virtual deuteron breakup process which is often included in numerical calculations. Es-
timates of several of these additional multiple scattering corrections are provided for 700 MeV
deuteron-nucleus elastic scattering. Most are found to be quite small. However, the additional
effects of the nuclear medium beyond that already included in the input nucleon-nucleus opt'ical po-
tentials are significant and are comparable in magnitude to the effects of virtual deuteron breakup.
It is intended that this multiple scattering approach be applied to deuteron-nucleus elastic scatter-
ing at energies of several hundred MeV. Calculations based on this method are presented and com-
pared to recent data for 700 MeV d + Ca and "Ni elastic scattering.

I. INTRODUCTION

Recent, high quality intermediate energy deuteron-
nucleus (dA) elastic scattering data' from the SPES l
spectrometer facility at the Saturne-2 synchrotron have
dramatized the need for theoretical models for the
scattering which are appropriate for intermediate ener-
gies, which are based on microscopic, many-body ap-
proaches to composite projectile-nucleus scattering, and
which are readily calculable. The methods that have
proven. successful throughout the last decade of research
in intermediate energy proton-nucleus (pA) scattering are
based on multiple scattering theory; either of the nonrela-
tivistic Watson and Kerman, McManus, and Thaler"
(KMT) types or relativistic Dirac equation generaliza-
tions of these.

The success of these multiple scattering models stems
mainly from the accuracy of the impulse-approximation
representation for the effective interaction between the
projectile nucleon and the target constituent nucleons at
energies of several hundred MeV. The utility of the ap-
proach is a result of its rapid convergence with respect to
expansions in powers of the effective interaction. ' ' At
intermediate energies off-shell dependences, ' medium
modifications, " correlations, ' ' and relativistic virtu-
al pair processes ' are significant in pA scattering.
Presumably such effects are also important in d A scatter-
ing. Multiple scattering formalisrns provide a straight-
forward method for including such effects in a rapidly
convergent manner.

In the past, studies of dA elastic scattering have been

carried out for deuteron energies less than 100 MeV. Nu-
merical analyses of these data are often based on the non-
relativistic folding model approach as presented in the
seminal paper by Watanabe. ' In the simplest version of
this model the d A optical potential is obtained by folding
proton-nucleus and neutron-nucleus optical potentials
evaluated at half the incident deuteron kinetic energy
with the deuteron wave function. Such approaches, when
augmented with additional tensor potentials, ' ' pro-
vide qualitative descriptions of low energy d A

phenomenon.
Numerical improvements to the Watanabe folding

model have most often involved calculations of virtual
deuteron breakup. The dA (A+2)-body problem is
reduced to a three-body system, consisting of a proton,
neutron, and target nucleus. The three-body wave func-
tion is expanded in terms of eigenstates of the interacting
proton-neutron system; a set of coupled equations is ob-
tained and solved in which the continuum of proton-
neutron states is discretized. Alternatively, models
which utilize the adiabatic approximation are derived for
which numerical evaluation is greatly facilitated.
The calculations indicate significant effects in the dA
elastic and reaction channels due to virtual deuteron
breakup and general improvement in the description of
the data occurs. It is significant, however, that folding
model predictions which include virtual breakup
corrections still do not adequately explain the recent 700
MeV d A elastic scattering data.

It is important to point out, however, that the theoreti-
cal starting point in all of these numerical applications in-
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volves an effective Hamiltonian for the dA many-body
system which depends on nucleon-nucleus elastic scatter-
ing optical potentials. Since the folding models are not
based on a careful mathematical reduction of the
(A +2)-body problem a number of intermediate scatter-
ing processes are likely to be omitted. For example, dou-
ble scattering processes involving both nucleons in the
deuteron with intermediate target nucleus excitation are
precluded in these models. It is shown here that the fold-
ing model is only accurate to first order in the nucleon-
nucleon (NN) effective interaction t matrix; additional
multiple scattering terms occur which are second order in
the NN t matrix, and are therefore of the same order as
the virtual deuteron breakup contribution.

Other, nonrelativistic theoretical approaches for the
dA system exist. A cluster expansion formalism with
full ( A +2)-body antisymmetrization has been presented

by Kozack and Levin. These authors point out that the
full (A +2)-body Hamiltonian can be reduced to the
effective, folding model Hamiltonian plus three-body
correction terms which they discuss. Austern and
Richards also point out that nonlocal, three-body
operators appear in the full dA Hamiltonian in addition
to the usual effective folding model terms. Junkin and
Villars presented a formal linked-cluster expansion of
the d A optical potential. A three-body model of
deuteron-nucleus elastic scattering and stripping reac-
tions using the Faddeev formalism has been developed by
Bencze and Doleschall and applied to 10 MeV deuteron
induced reactions. Bencze, Polyzou, and Redish ob-
tained effective three-body equations of motion for the
dA system using the nonrelativistic many-particle reac-
tion theory of Bencze-Redish-Sloan and determined
corrections to dA scattering arising from intermediate
nucleon pickup-stripping channels. Antisymmetrization
effects and three-body like, virtual target excitation
corrections in d A scattering have been studied by Pong
and Austern using a nonrelativistic, effective d A Hamil-
tonian with a modified neutron-proton interaction.

The multiple scattering approach presented here essen-
tially specifies the leading order estimates of these addi-
tional, three-body terms in the d A optical potential. The
results are given in terms of the NN scattering amplitudes
in a clear, physically interpretable fashion which is quite
amenable to numerical evaluation. Mukherjee present-
ed a Feshbach type projection operator reduction of the
full ( A+2)-body Hamiltonian and also obtained formal
corrections to the folding model potential. The formal-
isrn presented here is essentially equivalent to that of
Mukherjee. However, the corrections obtained in this
previous work were given in terms of the fundamental
NN interaction rather than in terms of the effective NN
interaction of multiple scattering theory for which con-
vergence of the expansion series is much more rapid.

Formal developments of relativistic models for the dA
system have also been presented. Applications of the
Bethe-Salpeter, Proca, and Weinberg equations have been
formally studied by Santos and collaborators. Calcula-
tions for dA observables utilizing a two-particle Dirac
Hamiltonian with phenom enological nucleon-nucleus
Dirac optical potentials have been applied to 80 MeV

d + Ni data. A phenomenology based on the relativis-
tic, spin-1 Kemrner-Duffin-Petiau equation has been ap-
plied to 400 MeV d+ Ni data and is being applied to
the 700 MeV d A data. '

The principal goals of the work presented here are (I)
to obtain a formal description of d A elastic scattering us-

ing the techniques of multiple scattering theory and (2) to
provide numerical calculations of the resulting multiple
scattering theory corrections to the lowest order,
Watanabe folding potential model. A dA optical poten-
tial is derived which is accurate to second order in the
NN effective t matrix, and numerical calculations for 700
MeV d+ Ca and Ni elastic scattering differential cross
sections and spin observables are presented. The best
available pA optical potentials, both theoretical and phe-
nomenological, are used in the lowest-order folding po-
tential. Relativistic virtual pair effects have been includ-
ed implicitly in the pA optical potentials and explicitly in
the nonrelativistic multiple scattering formalism by way
of effective, three-body interactions which are treated as
perturbations to the dominant two-body effective interac-
tion t matrices. Most of the multiple scattering correc-
tions obtained here are small for the case studied at 700
MeV. However, those due to additional nuclear medium
effects and virtual deuteron breakup are significant.
These results suggest that folding model calculations
which include both the additional nuclear medium effects
discussed here and virtual deuteron breakup correc-
tions could provide the best theoretical description
of the 700 MeV d A data presently available.

In the following section the nonrelativistic multiple
scattering formalism is applied to the nucleon-deuteron,
nucleon-nucleus, and deuteron-nucleus scattering sys-
tems. In Sec. III methods for estimating the multiple
scattering corrections are given along with details regard-
ing the calculation of the leading order folding potential.
Numerical results for 700 MeV d+" Ca and ' Ni are
presented and discussed in Sec. IV, followed in Sec. V by
a summary of these results and some conclusions.

II. MULTIPLE SCATTERING FORMALISM

A. Nucleon-deuteron scattering

It is assumed that the nucleon-deuteron (N +d)
scattering system can be described by the three-body,
Schrodinger operator equation given by

2

h~d+ HD+ g V;,. + Vq, ~ P~(, ) d )

EN(j ), d ~ PN(j), d ~

where h~& is the relative N+d center-of-momentum sys-
tem (c.m. ) kinetic energy operator, HD is the deuteron
Hamiltonian, U, is the two-body interaction, and V&. -

represents relativistic virtual pair effects in the N+d
scattering system which are assumed to be described by
an effective three-body interaction. Subscripts (i) and (j)
refer to the nucleons in the deuteron and the projectile
nucleon, respectively. The wave function for the system
is given by ~)('j)v(J) d ). In Eq. (l) and throughout this sec-
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tion the projectile nucleon and the target constituent nu-
cleons were assumed to be distinguishable. Use of an-
tisymmetrized projectile nucleon-target nucleon effective
interaction t matrices in the final expressions restores
projectile-target antisymmetrization to leading order in
the two-body effective interaction.

The nucleon-deuteron t matrix is given by

2 2

Tdj — g v;q+ Vd /+ . X Vij+ Vd. J GNd 1DTdj

(2a)

where

where the relativistic correction included in the last term
in Eq. (Sb) was not discussed in Ref. 33 but was later add-
ed in an article by Adams and Bleszynski.

For later use in obtaining the deuteron-nucleus optical
potential it is convenient to introduce projection opera-
tors PD and PD which project the relative I=O and 2
states of the deuteron ground state, respectively, where it
is assumed that PD—:~+(h' ) ( qi(k)'~ =PD+PD. Projecting
the nucleon-deuteron t matrix onto initial and final deute-
ron ground states, the expressions for Tdj in Eqs. (Sa) and
(Sb) become

2 2

PDTd)PD PD g—t, PD+ g t,
&

""'

and

G(vd '=(Ett()) d h~d
—HD+—ie) (2b) 2 2

+PD g g tijGiI)d'1Dt~ PD
i =1 m =1

(3)
all A.

where 1D projects intermediate N+d scattering states
onto the complete set of neutron-proton basis states,
~%D). The summation in Eq. (3) includes the deuteron
ground state along with all continuum states of the
neutron-proton system. Explicit dependence on the two-
body interaction potential in Eq. (2a) is eliminated by
substituting the free nucleon-nucleon scattering t matrix,
t,",given by

2—PD g t,,gt, PD+PDVd PD+.

and
2 2

PDTd, PD PD g t—
, PD+ g t(~&

'"'

2 2

+PD g g t jgt~JPD+PDVd JPD+.
i=1 m =1

imam

(Sc)

where

u„u,~gt.j (4a)

respectively, where

(Sd)

g = (Ettiv —h (v+(vi e ) (4b)
(5e)

2—g t,,gt,, +V„., +
i=1

(Sa)

A simpler form for Td can be obtained by neglecting
the internal, neutron-proton interaction during inter-
mediate scattering states. This further approximation re-
sults in the omission of deuteron matrix elements of the
operator t; ( G('vd '1D —g )t . This simplification yields
the N +d scattering amplitude evaluated by Alberi,
Bleszynski, and Jaroszewicz given by

2 2 2

Td, =g t,, + g g t,, g. t, + V„., +
i=1m=I

i+m

(5b)

The quantities Ez& and hzz are the assumed NN energy
parameter value and kinetic energy operator, respective-
ly. In introducing the two-body t matrix, t;, , it is tacitly
understood that the arbitrary two-body energy parame-
ter, Etviv, in Eq. (4b) is judiciously chosen so as to mini-
mize matrix elements of the operator quantity(+)
t;~(G~d lD —g)t;~. The choice of Breit frame, two-body
kinematics ' for nucleon-nucleus scattering is partly
motivated by such considerations. Keeping terms to
second order in t; and lowest order in Vd. , the following
approximate form for the nucleon-deuteron t matrix is
obtained:

2 2 2

Td -gt;+g g t; G(vd lDt
i=1 m =1

Deuteron matrix elements of Td. result in 12 indepen-
dent scattering amplitudes, four of which do not depend
on nucleon spin. Of these four amplitudes, one is spin in-
dependent, one depends on the component of the deute-
ron spin-1 vector operator normal to the scattering plane,
and two depend on deuteron spin-1 quadrupole or tensor
operators. The tensor amplitudes are contained in the
single scattering d-state contribution and in the double
scattering terms in Eqs. (5c) and (5d). A complete
description of the numerical evaluation of the first three
terms in Eq. (5d) is given in Ref. 33 in terms of the free
NN scattering amplitudes and the deuteron wave func-
tion.

B. Nucleon-nucleus scattering

In a similar manner the many-body Schrodinger opera-
tor equation for the nucleon-nucleus system can be ex-
pressed as

A A A

h~~+H~+ g v;, + g g V;,Jk lg(v((), ~ )
j=1 j=1 k =1

j&k

N(i), A ~WN(i)

where h~A is the nucleon-nucleus kinetic energy opera-
tor, HA is the target nucleus Hamiltonian, and the first
summation includes all two-body interactions between
the ith-projectile nucleon and the jth-target nucleon con-
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stituents. The second summation, which hereafter will be
referred to as V3', represents relativistic virtual pair
effects involving the projectile nucleon in intermediate
negative energy states between scatterings from two
different target nucleons (j) and (k). ' As in the previ-
ous section, projectile nucleon-target nucleon antisym-
metrization will be approximately treated through the
use of antisymmetrized XN t matrices.

The nucleon-nucleus t matrix for the ith-projectile nu-
cleon is given by

where

i=1 j=1

(7a)

and

G;A+'=(Ei(i(;( A
—h~A HA+—i)e (7b)

all j}(.

(7c)

The summation in Eq. (7c) includes all antisymmetric
states, lsp„), of the target nucleus. Convergence of the
infinite scattering series is most efficiently achieved
through the construction of an optical potential operator,
8', , defined by

yields an integral equation for W, in terms of the interac-
tions, v, and V 3'. Eliminating explicit dependence on v,.

by using the free, two-body t matrix in Eq. (4a) yields the
following expression for the nucleon-nucleus optical po-
tential operator to second order in t; .. The result is

A A

W, = g r,, + g r,j(G,'„+'Q, g—}t,,j=l j=1

+ y y r,,G,(A+'Q, r,„+V", +.
j=l k=1

j&k

where Qo= 1 „Po p—rojects intermediate excited nuclear
states and the two-body kinematics implicit in t," are
chosen to be that of the Breit kinematic frame.

Matrix elements of the above operator equation, when
taken between the ground-state wave function of the nu-
cleus l+g„'), yield the optical potential function for
nucleon-nucleus elastic scattering. The first term corre-
sponds to the so-called "tp" form or single scattering
contribution. The second term accounts for medium
modifications to the free XN t matrix arising primarily
from Pauli blocking and binding energy effects in the nu-
clear medium as required by G „+'Qo." The third term
includes efFects due to two-body correlations in the target
nucleus while the fourth term is an effective interaction
representing relativistic processes.

T, A
= W, +8', 6,'A+'POT (8a) C. Deuteron-nucleus scattering

where

P
I

@g.s.
& ( @g.s.

I (8b)

projects the nucleon-nucleus elastic channel in intermedi-
ate scattering states. The solution of Eqs. (7a) and (8a)

I

The deuteron-nucleus scattering system may now be
examined by a straightforward generalization of the
derivations presented in the previous subsections. The
many-body Schrodinger operator equation for a deuteron
projectile is given by

2 A A 2

hdA+HD+HA+ y rj uij+ X vd;j+ X v3 I+dA & ~dAI+dA &

i =1 j=1
(10)

and

TdA Vtot tot GdA 1D1A TdA
(+) (1 la)

where subscripts (d A ) refer to the deuteron-nucleus c.m.
system and all other terms in Eq. (10) have been previous-
ly introduced.

The d A scattering t matrix, Td„, and optical potential
operator, Ud„, for elastic scattering are defined by

P =
I
q(g' & & 4'g'

I I
qi" ) & qi"

I (1 le)

which projects the d A elastic channel.
Solving Eqs. (1 la) and (lib) for Ud„ in terms of V„,

and eliminating explicit dependence on u;j using Eq. (4a}
yields the formal operator expression for UdA. In carry-
ing out the operator algebra the following projection
operators are used:

TdA = UdA+ UdAGd+APTdA,

where
2 A A 2

V„,= g g u;, + g Vd.j+ g V3'
i =1 j=1

and

(1 lb)

(1 lc)
and

A,+g.S.

(12a)

(12b)

Gd„+'=(Ed„hd„HD H„+Is—)——(1 ld)
Q»= X IqD&&qDI y I~~A&&q~AI. (12c)

In Eq. (11b), P is defined by The definition, Q=QA+QD+Q„D, will be used in the
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following. Note also that Q„+Q&D =QolD. This result
is manipulated into a form where the summation over
nucleon-nucleus optical potentials, 8;, appears in leading
order. The resulting dA optical potential operator is

I

then projected between initial and final deuteron ground
states. The final expression for UdA, to second order in
the NN t matrix and to first order in the three-body, rela-
tivistic effective interactions, becomes

2 A 2 A 2 2 A

PDUd„PD P—n g W;PD+ g g t(J.
""+PD g g g t;Jgtm)PD+PD g Vd JPD.

j=li =1 j=1 i =1 m =1
i~m

A A 2 2 A A 2 2

+PD Q g g g t(~GdA QDtmkPD+PD g g g g tljGdg (Qg+QgD)trnkPD
j=1 k = 1 i =1 m =1 j=l k=li =1 m =1

j&k i&m

A 2 2 A A 2

+PD g g g t~) [Gdq'1DQo —g]t~JPD+PD g g g to[Gd„+'1D G„+'—]Qot(kPD
j=l i =1 m =1 j=l k=li =1

i~m j~k
A 2

+PD g g t;J[Gd„'1D Gtw+—']Qot, JPD .
j=li =1

(13}

In obtaining this result, very small contributions arising
from deuteron d-state corrections to some of the double
scattering terms (i.e., those which are second order in t,)"
and relativistic terms were ignored.

The energy parameter implicit in t," through the prop-
agator g, is usually chosen so as to minimize corrections
of the form t J(Gd„+'Q —g )t;, . The nucleon-nucleus kine-
matics implicit in the operator W; and in the propagator
6„+' are consequently selected so as to minimize the
second term in Eq. (9) given the specification of g. For
the calculations presented here the nucleon-nucleus and
nucleon-nucleon laboratory kinetic energies were there-
fore assumed to be one-half that of the deuteron in the
dA system as is the usual case in folding model calcula-

tions.
The physical significance of the operators in Eq. (13)

can be understood in terms of their elastic channel matrix
elements. The first term gives rise to the usual %'atanabe
type folding model in which the proton-nucleus and
neutron-nucleus optical potentials are folded with the
l =0 component of the deuteron wave function. The
second term is the lowest order, single scattering correc-
tion due to the d-state structure of the deuteron. The
third term corresponds to target constituent nucleon dou-
ble scattering from the two nucleons in the deuteron.
The fourth term represents relativistic effects in the tar-
get constituent nucleon-deuteron system. The fifth
term represents the leading order deuteron breakup
correction. Note that for this term, the target nucleus
remains in the ground state during intermediate scatter-
ings. The sixth term includes additional target nucleus
correlation effects which are not contained in the
nucleon-nucleus optical potential, 8'. The summations
include all pairs of target nucleons and the two combina-
tions of scattering from both nucleons in the deuteron.
Note that two distinct processes are accounted for in this
term. That proportional to intermediate projection
operator Q„corresponds to pure target nucleus correla-
tion effects where no internal excitation of the projectile
deuteron takes place. That containing operator Q„D in-

eludes additional virtual deuteron breakup processes
which are not accounted for in coupled-channels or adia-
batic folding models of deuteron breakup. These
represent breakup-correlation effects. The next term ac-
counts for additional medium modifications which are
not included in W, . The summation includes all process-
es in which the jth target nucleon is scattered and rescat-
tered by both the neutron and the proton in the deuteron.
These latter two terms as well as the breakup contribu-
tion are estimated in the following to be among the more
important additional multiple scattering corrections to
the folding model.

The last two terms in Eq. (13) are correct for the use of
nucleon-nucleus optical potentials in the leading order
term by requiring deuteron propagation and projection
onto physical states of the projectile proton-neutron sys-
tem during intermediate scattering of the composite
deuteron projectile. The first of these corrects the corre-
lation terms included in (g; W, ) while the second [last
term in Eq. (13)] corrects the medium modifications con-
tained in (g;W, ). In Eq. (13), matrix elements of the
second and third terms contained in (g,. W, ) [refer to Eq.
(9)] taken between the ground states of the deuteron and
nucleus, result in intermediate scattering states in which
the target nucleus is elevated into an excited state, the ith
nucleon in the deuteron is scattered, and the other nu-
cleon in the deuteron acts as a spectator. Such intermedi-
ate states do not completely account for the proton-
neutron spectrum which is assumed in the deuteron-
nucleus t matrix in Eq. (11a}. These last two terms in Eq.
(13) should produce only small corrections to the correla-
tion and medium modifications and are therefore neglect-
ed.

III. DETAILS OF THE CALCULATIONS
AND ESTIMATES OF CORRECTIONS

The deuteron-nucleus elastic scattering optical poten-
tial is obtained in coordinate space by forming the
ground-state matrix element of the operator expression in
Eq. (13) and is given by
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U ( r) = ( eg' Ps '
~
U (14a)

For the calculations presented here only the spin-
independent, spin-orbit, and Coulomb parts of U&„(r) are
included, where these are given by

U&„( ) = Ud„"(")+Ud'„(r)S 1+Ud„'"'("), (14b)

and S is the usual spin-1 vector operator.
The first term in Eq. (13) represents the dominant con-

tribution by far. Ideally the nucleon-nucleus potential
should be obtained from a theoretical model of the
nucleon-nucleus system as described in Sec. IIB, and
should be one which provides a quantitative description
of data at the relevant energies, The cases to be con-
sidered here depend on nucleon-nucleus scattering at 350
MeV. At this energy the best theoretical models include
the following: (1) the nonrelativistic density dependent
6-matrix optical potential of von Geramb;" (2} the rela-
tivistic one-meson exchange model of Murdock and
Horowitz which includes pseudovector pion-nucleon
coupling, explicit exchange, and Pauli blocking correc-
tions; and (3) the relativistic, covariant meson exchange
model of Tjon and Wallace. 36 Each of these provides
qualitative descriptions of the p+ Ca elastic scattering
observables in this energy region. The Dirac phenome-
nology provides an excellent, quantitative description of
these data and produces Schrodinger equivalent central
and spin-orbit optical potentials which are similar to
those of the above theoretical calculations. Therefore for
the d+ Ca calculations presented here both the Dirac
phenomenology and the Murdock and Horowitz poten-
tials were used. Calculations using the former utilize pA
optical potentials which accurately fit the 362 MeV
p+ Ca elastic scattering data whereas the results using
the latter employ pA potentials which are microscopic in
structure.

The analytic form and the parameters of the phenome-
nological scalar and timelike vector Dirac optical poten-
tials which were fitted to the p+ Ca, 362 MeV data are
given in Table I. For the d+ Ni 700 MeV calculations
the same Dirac potentials were assumed where each ra-
dius parameter was scaled by A' . The same scaling
procedure could also be applied to the 700 MeV d+' 0

l(1+1)
tr2 r

2~dA 00 2
Uda I (r)+kda pr (r)=0 .

(15)

case, however this involves a much larger range of extra-
polation for the Ca Dirac phenomenology and was not
attempted.

The Dirac equation with local scalar and timelike vec-
tor optical potentials can be reduced to an equivalent
second order differential equation which can be solved for
the large, "upper" components of the p A four-
component Dirac wave function. The solution involves
effective, nonlocal potentials. Usually the nonlocal terms
are eliminated by a transformation resulting in a second-
order Schrodinger-like equation with local, effective po-
tentials, the solution of which yields a scattering wave
function which asymptotically approaches that of the
upper component of the original Dirac wave function.
The equivalent, local potentials also contain Coulomb
squared terms which generally have negligible effect
and are omitted in this application. The pA optical po-
tentials used in these calculations result in on-shell
scattering predictions which are equivalent to that of the
Dirac equation except for the small Coulomb squared
effects. The off-shell characteristics of these so-called
Schrodinger equivalent optical potentials differ from that
in the effective, g.onlocal potentials in the original
second-order reduction of the Dirac equation. Use of ei-
ther the local or nonlocal effective potentials could result
in different predictions for the deuteron-nucleus scatter-
ing system. Such effects were not studied here but should
be considered in future work.

At these energies the nucleon-nucleus elastic scattering
optical potentials are largely isoscalar, hence the
neutron-nucleus optical potential was assumed to be
equal to the proton-nucleus potential. The contribution
to the deuteron-nucleus optical potential was obtained by
folding the central and spin-orbit parts of the local,
Schrodinger equivalent optical potentials with the 1=0
component of the deuteron wave function as described
in Ref. 16.

The d A optical potential in coordinate space was sub-
stituted into the radial Scrhodinger equation with relativ-
istic d A kinematics which is given by

Term

Real scalar
Imag. scalar
Real vector
Imag. vector

V (MeV)

—419.92
98.98

294.62
—97.03

ro (fm)

0.9990
1.1212
1.0066
1.1193

a (fm)

0.6681
0.5380
0.6411
0.5516

TABLE I. Phenomenological Dirac scalar and timelike vec-
tor optical potentials for 362 MeV p+~Ca from Ref. 37. The
Dirac optical potential is given by U(r)=U&(r)+y Uo(r),
where U&(r) and Uo(r) are both complex and each part is
parametrized by the Woods-Saxon form:

V/I 1+exp[(r ro 3 ' }la ]], —

where A is the nuclear baryon number. The following parame-
ters were also assumed for ' Ni.

where ed„=EdE„/(Ed+E„), Ed and E„are the total,
relativistic energies of the deuteron and target nucleus in
the dA c.m. system, respectively, kd~ is the dA c.m.
wave number, and Ud„ ij(r) is obtained from Eq. (14b) for
the (l,j) spin-angle partial wave matrix element. The
Coulomb potential is assumed to be that due to a uniform
sphere of charge with radii 4.162 and 4.578 fm for
d + Ca and Ni, respectively.

The second and third terms in Eq. (13}were calculated
using the nucleon-deuteron scattering model of Alberi
et al. who explicitly separate the scattering amplitude
into contributions from single and double scattering and
into terms dependent on only the s state of the deuteron
and terms which depend on the d state of the deuteron.
The resulting invariant amplitudes were converted into
nucleon-deuteron scattering amplitudes in the N +d c.m.
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given by fz~, , these in turn were converted into N +d
scattering t matrices, tetv ~&„, , evaluated in the dA
c.m. frame of reference using relativistic kinematics and
the Mgfller invariant relationship for t matrices. ' These
results are summarized as follows:

g(i)
& dN c.m.

dN, invariant &

dN c.rn.

and (see Ref. 4)

i =1,2, . . . , 12 (16a)

d N

(16b)

where dN refers to the N+d system. In each of these
equations the superscripts (i) represent each of the 12
nucleon-deuteron scattering amplitudes, kdN, is the
dN c.m. wave number corresponding to the d A laborato-
ry kinetic energy, FdN Invariant are the 12 invariant ampli-
tudes computed by Alberi et al. , ez (eiv) and Ez (Ett)
are the total energies of the deuteron (nucleon) in the dN
c.m. and dA c.m. systems, respectively. The difference
between the full calculation of t~gz„, and that com-
puted assuming single scattering only and no deuteron d
state yields the on-shell portion of the two correction
terms,

2 2 2

g t,, ""'+PD g g t,,gt, PD
i=1 m=1

i~m

appearing in Eq. (13). Matrix element operations of this
quantity when taken between the nuclear ground-state
wave function (for J"=0+, spin-saturated nuclei} reduce
the contribution of 12 dN amplitudes to four. The two
remaining tensor amplitudes were neglected since these
terms are not expected to be very significant at intermedi-
ate energies for the observables considered here. ' The
dN spin-independent and spin-orbit t-matrix corrections
were assumed to be local, were folded with realistic tar-
get nucleus densities, and the resulting central and
spin-orbit dA optical potential corrections added to the
Watanabe folding potential discussed at the beginning of
this section.

Relativistic corrections to the nucleon-deuteron
scattering system primarily affect those observables
which depend on the nucleon spin. The effects of rela-
tivistic dynamics in the deuteron polarization observables
mainly appear at fairly large momentum transfers beyond
3—4 fm . Relativistic corrections in dN scattering are
less important for example, than the double scattering
terms in Eq. (5b). Therefore the dN relativistic correc-
tion in Eq. (13) is not expected to be significant for dA
scattering. Estimates of these effects could readily be
added to the present model in a manner similar to that
just described for the deuteron d-state and double scatter-
ing corrections.

The fifth term in Eq. (13) explicitly accounts for virtual
deuteron breakup via the lowest-order nucleon-nucleus
ground-state optical potential. A number of calculations
of this process are given in the literature where both
coupled-channels22

—25 and adiabatic ' models are uti-

lized. The calculations in these references sum over con-
tinuum states of the interacting neutron-proton system
while the nucleus is required to remain in its ground
state, as is the case specific to the QD projection operator
in the fifth term of Eq. (13). Calculations of this correc-
tion are not presented here but have been carried out for
700 MeV d+ Ni in Ref. 22. Other contributions to d A
elastic scattering from virtual deuteron breakup are im-
plicitly included in the elastic channel matrix elements of
the nucleon-nucleus optical potentials and in the remain-
ing terms in Eq. (13}.

The multiple scattering approach presented here pro-
vides a theoretical basis for understanding the virtual
deuteron breakup corrections obtained from effective d A
Hamiltonians (as opposed to microscopic dA Hamiltoni-
ans) and as calculated by many authors, for example
those in Ref. 22. Numerical evaluation of the contribu-
tions of the fifth term in Eq. (13) can be carried out as-
suming either a coupled-channels procedure as in Refs.
22-25, an adiabatic approximation as in Refs. 26 and 27,
or by way of explicit evaluation of the nonlocal potential
term appearing in Eq. (13).

The sixth term in Eq. (13) represents additional target
nucleus correlation contributions to d A scattering which
are not accounted for in the sum over nucleon-nucleus
optical potentials, g; W;. These additional correlation
contributions are due to target nucleus excitation-
deexcitation via diferent nucleons in the deuteron pro-
jectile. Two distinct processes, proportional to projection
operators Q„and Q„D, are represented in this term.
Projection operator Q„requires the deuteron to remain
in its ground state while the nucleus is in an excited state
whereas Q„D requires both the deuteron and nucleus to
be in excited levels [see Eqs. (12a) and (12c)]. The deute-
ron breakup-target correlation correction proportional to
operator Q„D has not been included here nor has it been
included in the coupled-channels and adiabatic breakup
calculations in Refs. 22-27. It is expected to be compa-
rable to the other correlation effects implicit in g; W; and
in the Q„portion of the sixth term in Eq. (13).

In order to estimate the Q„portion of the additional
c'orrelation contribution, the correlation potential in the
deuteron-nucleus optical potential, given in terms of the
N +d effective interaction t matrix by

A A

g TeJG&„+'Q„Tz&,
j=l k=1

j&k

was considered. This term was estimated using the
methods of Refs. 9 and 12—14 along with the N+d on-
shell scattering amplitudes of the model of Alberi et al.
The above expression is analogous to the correlation
(third) term in Eq. (9) for the nucleon-nucleus system.
The additional dA correlation correction [sixth term in
Eq. (13)] is approximately one-half of the full d A correla-
tion potential so evaluated.

To obtain numerical estimates for the dA correlation
potential, the calculations of Ref. 9 for the proton-
nucleus correlation potential, given in Eqs. (42) —(44),
(50), and (56) in Ref. 9, were used where k~ and pc in
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these equations of this reference are interpreted as the d A

c.m. wave number and reduced total energy. These terms
account for correlations due to target nucleon antisym-
metrization, short-range NN repulsion, and target
center-of-mass constraints. Pauli correlation contribu-
tions to the deuteron-nucleus spin-orbit potential were
also included. For purposes of these correlation esti-
mates the N+d c.m. amplitudes of Alberi et al. were
parametrized with Gaussian functions according to [see
Eq. (16a}]

fd~, = A +iCS &+

where

(17a)

4m
(17b)

(17c)

S is the deuteron spin-1 vector operator, 8' is normal to
the N +0 scattering plane, and in Eq. (17c) M is the pro-
ton mass. The parameters (cr, a,8) and (H, a„8,} for 700
MeV dA scattering are o =56.6 mb, o.'=0.345, 8=0.9
fm, 8= —57.1 mb, a, = —5.17, and 8, =0.8 fm . These
parameters are used directly in applying the equations for
the correlation potentials from Ref. 9. The Pauli, short-
range NN repulsion, and center-of-mass correlation func-
tions are taken to be the same as in Ref. 9. The same tar-
get densities used in the deuteron d-state and N+d
double scattering correction estimates were assumed for
the correlation estimate. One-half of the resulting dA
correlation potential was added to the preceding d A opti-
cal potential to represent the contributions from the Q„
portion of the sixth term in Eq. (13).

The seventh term in Eq. (13) represents additional
medium modifications to the dA optical potential which
are not accounted for in the Watanabe folding potential.
It has a structure similar to the nucleon-nucleus medium
correction in Eq. (9). In order to estimate this effect the
medium modification to the 350 MeV proton-nucleus
elastic scattering optical potential was obtained by sub-
tracting the impulse approximation (no medium correc-
tions) pA optical potential ' from that obtained assum-
ing the density dependent effective NN interaction of von
Geramb" where realistic nuclear densities were as-
sumed. The resulting correction to the pA optical po-
tential was folded with the deuteron s-state wave function
and this result added to the previous dA optical poten-
tial.

Based on this estimate the additional medium corI'ec-
tions make a significant contribution to the dA elastic
scattering observables (see the following section). The
potential significance of such effects warrants a careful
study of medium corrections in the deuteron-nucleus sys-
tem and indicates the need for developing a medium
modified deuteron-nucleon, density dependent effective
interaction analogous to the NN model of von Geramb. "
The results of calculations and the numerical significance
of these additional multiple scattering corrections are dis-
cussed in the following section.

IV. RESULTS AND DISCUSSION
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FIG. 1. Experimental data from Ref. 39 and theoretical cal-
culations for 362 MeV p+ Ca elastic scattering differential
cross section (upper portion) and analyzing power (lower por-
tion). The curves represent Schrodinger equation calculations
using the local, Schrodinger equivalent potentials corresponding
to the Dirac phenomenological optical potentials given in Table
I (solid curves) and the microscopic, relativistic optical poten-
tials of Ref. 35 (dashed curves).

The nonrelativistic multiple scattering model was ap-
plied to the 700 MeV polarized deuteron elastic scatter-
ing data' from Ca and Ni. The lack of 350 MeV
p+' 0 elastic scattering data prevents a similar set of
calculations from being performed for the 700 MeV
d+' 0 data. The application of the multiple scattering
approach to deuteron-nucleus scattering at 1ower energies
demands a careful treatment of medium effects in the
N+d effective interaction and lies beyond the scope of
the present work. This model was, therefore, not applied
to the 200 or 400 MeV d+nucleus data. ' The applica-
tion of the lowest-order Watanabe folding model to
d+ Ca and Ni is described first followed by a descrip-
tion of the effects produced in the 700 MeV d+ Ca elas-
tic scattering observables due to the various correction
terms in Eq. (13) as discussed in the preceding section.

The predictions of the local, central and spin-orbit
Schrodinger equivalent optical potentials for 362 MeV
p+ Ca elastic differential cross section and analyzing
power data are shown in Fig. 1. The calculation
represented by the solid lines incorporated the phenome-
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nological Dirac potentials of Ref. 37, given in Table I,
while those indicated by the dashed lines utilized the mi-
croscopic, relativistic model of Murdock and Horowitz.
The Dirac phenomenology provides an excellent fit to the
data. The microscopic prediction of Ref. 35 provides a
quantitative description of the analyzing power data and
a qualitative representation of the forward angle (8~ 30
c.m. ) differential cross section data. The overall decline
of the microscopic prediction with increasing scattering
angle is not quite as rapid as given by the data and the
predicted diffraction minima are too shallow relative to
the heights of the maxima.

The differences between the Dirac phenomenology and
the relativistic, microscopic model descriptions of the
p+ Ca data are reflected in the corresponding

10 I

Watanabe model predictions for the d+ Ca, 700 MeV
elastic scattering data as shown in Fig. 2. The calcula-
tions displayed in this figure utilize just the first term in
the dA optical potential in Eq. (13) where the solid and
dashed curves correspond to using the local, Schrodinger
equivalent nucleon-nucleus optical potentials of the Dirac
phenomenology and the relativistic, microscopic model,
respectively. Both predictions underestimate the overall
magnitude of the differential cross section and the general
rate of decrease with increasing scattering angle is too
rapid. Results of this quality are typical of those ob-
tained with nonrelativistic Watanabe models, although
the results shown here do not underestimate the data as
much as in other calculations. The predictions for the
vector analyzing power are reasonable while those for the
tensor analyzing power, A, are only fair.

The Watanabe model predictions for 700 MeV d+ Ni
elastic scattering using the scaled Dirac phenomenologi-
cal potentials for p+ Ca are compared with data in Fig.
3. In general the description of the data is similar to that
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FIG. 2. Experimental data from Ref. 1 and theoretical pre-
dictions for 700 MeV d+ Ca elastic scattering differential
cross section (upper portion), vector analyzing power (middle
portion), and tensor analyzing power (lower portion) ~ The solid
and dashed curves represent %atanabe folding model predic-
tions [using just the first term in Eq. (13)] corresponding to in-

put nucleon-nucleus optical potentials from Dirac phenornenol-

ogy and microscopic, relativistic theory, respectively.

FIG. 3. Same as Fig. 2 except for 700 MeV d+' Ni elastic
scattering. Only the Watanabe folding prediction using the
Dirac phenomenological nucleon-nucleus optical potential is
shown by the solid curves.
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for d+ Ca.
Next, the second and third terms in the d 3 optical po-

tential in Eq. (13) were computed as described in the
preceding section and the results added to the Watanabe
d A optical potential corresponding to the case for which
the Dirac phenomenological pA optical potential was
used as input. The effects in the 700 MeV d+ Ca elastic
scattering observables due to the deuteron d-state and
N+d double scattering corrections are separately fairly
small and in combination the two effects tend to cancel.
The resulting very small changes are shown in Fig. 4
where the solid curves represent the Dirac
phenomenology —Watanabe model prediction exactly as
shown by the solid curves in Fig. 2 while the dashed

curves correspond to calculations including deuteron d-
state and N +d double scattering corrections. The com-
bined effects are very small except for A and A near
the minima at larger angles.

The effects in the 700 MeV d+ Ca elastic scattering
observables due to the additional correlation corrections
are shown in Fig. 5. The solid curves represent the Dirac
phenomenology —Watanabe model with d-state and dou-
ble scattering corrections included as discussed in the
preceding paragraph (i.e., identical to the dashed curves
in Fig. 4). Calculations including the correlation term
represented by the sixth term in Eq. (13) (Qz part only)
are indicated by the dashed curves in Fig. 5. Again very
small perturbations are found. This result is consistent
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FIG. 4. Effects of deuteron double scattering and d-state
corrections [second and third terms in Eq. (13)] for 700 MeV
d + Ca based on calculations which use the Dirac phenomeno-
logical nucleon-nucleus input potentials. The solid curves
represent just the Watanabe folding model prediction and are
identical to the solid curves in Fig. 2. The predictions
represented by the dashed curves include, in addition, the deute-
ron double scattering and d-state corrections. The data are
from Ref. 1.

FIG. 5. Effects of additional correlation corrections [Q„por-
tion of sixth term in Eq. (13)] for 700 MeV d+ Ca based on
calculations which use the Dirac phenomenological nucleon-
nucleus input potentials. The solid curves represent the
Watanabe folding model prediction including the deuteron dou-
ble scattering and d-state corrections and are identical to the
dashed curves in Fig. 4. The predictions represented by the
dashed curves in this figure include, in addition, the correlation
corrections. The data are from Ref. 1.
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with calculations of target nucleon correlation effects in
the proton plus nucleus system at these energies" where
the spin-independent, isoscalar NN effective interaction is
at a minimum. At higher energies, for example 800
MeV, correlation effects in the p A system are more im-

portant, particularly in the spin observables. Therefore
effects of this type should be kept in mind whenever
higher-energy d A data are being analyzed.

The estimated effects due to additional medium correc-
tions [seventh term in Eq. (13)] are demonstrated in Fig.
6 where significant changes in the 700 MeV d+ Ca pre-
dictions are seen. The solid curves in Fig. 6 represent the
same calculation shown in Fig. 5 by the dashed curves.
Calculations including the estimate of the seventh term in
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FIG. 6. Effects of additional medium corrections [seventh
term in Eq. (13)] for 700 MeV d+ Ca based on calculations
which use the Dirac phenomenological nucleon-nucleus input
potentials. The solid curves represent the Watanabe folding
model prediction including the deuteron double scattering and
d-state corrections as well as the additional correlation correc-
tions and are identical to the dashed curves in Fig. S. The pre-
dictions represented by the dashed curves in this figure include,
in addition, the medium corrections. The data are from Ref. 1.

Eq. (13) are indicated by the dashed curves. Significant
increases in the predicted differential cross sections are
produced which move the calculated values toward the
data. Significant changes in the structure of the A pre-
dictions are also noted. These changes in the d A Ay are
qualitatively similar to the changes produced in the
analyzing power for p+ Ca by medium effects. Unfor-
tunately, these additional medium corrections worsen the
agreement between experiment and theory. The predic-
tions for A ~ are not substantially altered by these addi-
tional medium corrections.

Corrections for virtual deuteron breakup [fifth term in
Eq. (13)],where the target nucleus remains in the ground
state, have been calculated for d+ Ni at 700 MeV by
Yahiro et al. using the coupled discretized continuum
channels (CDCC) method. These authors show that
deuteron breakup processes increase the predicted magni-
tudes of the differential cross section maxima by
significant percentage amounts which become larger as
the scattering angle increases. Spin observables A and

Ayy are not significantly affected by breakup processes
according to these calculations.

Both of the latter two corrections significantly affect
the 700 MeV differential cross section predictions. The
additional d A medium corrections have greater impact in
the region of the diffractive minima while the effects of
the virtual deuteron breakup process are more significant
near the maxima. Both perturb the angular distribution
predictions by comparable amounts. The virtual deute-
ron breakup contribution alone, however, is not sufhcient
to explain the discrepancy between the folding model pre-
diction and the differential cross section data (see Fig. 6
in Ref. 22). Inclusion of the intermediate deuteron break-
up process in the 700 MeV d + Ca calculation
represented by the dashed curves in Fig. 6 (i.e., the one
which includes all the corrections evaluated here) would
be expected to yield further improvement in the descrip-
tion of the differential cross section data and provide the
best overall theoretical, parameter-free representation of
these data currently available.

Finally, note that the virtual deuteron breakup-target
nucleus correlation correction [i.e., the Q„D portion of
the sixth term in Eq. (13)] has not been calculated and in-
clusion of this term might result in further perturbations
in the d A predictions.

V. SUMMARY AND CONCLUSIONS

In this article, standard, nonrelativistic multiple
scattering formalism was applied to intermediate energy
deuteron plus nucleus elastic scattering. The utility of
this approach to the d A system becomes apparent when
the results are compared with those of folding models,
such as that originated by Watanabe. ' Additional physi-
cal processes in the dA scattering system were readily
elucidated by a straightforward application of a many-
body scattering formalism which is based on a fully mi-
croscopic Hamiltonian for the (A +2)-body system. The
additional dynamics, beyond that contained in the simple
folding model, which are required to properly describe
the dA system have been formally discussed elsewhere.
Herein these quantities have been expressed in terms of
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effective XX t matrices and put into forms which are
readily calculable with standard techniques developed for
analysis of proton-nucleus scattering data. The addition-
al terms in the d A optical potential obtained in this work
were identified with deuteron-nucleon double scattering,
relativistic virtual pair processes in the deuteron-nucleon
subsystem, target nucleon correlations, deuteron-nucleon
medium modifications, virtual deuteron breakup-target
nucleus correlation effects, and projection of intermediate
two-nucleon projectile scattering states onto physical
neutron-proton basis states. All of these additional terms
in the deuteron-nucleus optical potential arise, even if
nucleon-nucleus optical potentials are employed in the
d A folding model which are very well understood
theoretically and which accurately describe nucleon-
nucleus scattering data.

Relativistic processes, which are important in proton-
nucleus scattering at intermediate energies, ' ' ' are
also likely to be very significant in multinucleon cluster
scattering from nuclei. The relativistic virtual pair pro-
cess which is evident in proton-nucleus scattering in-
volves three nucleons, in lowest order, and was treated in
this nonrelativistic model as an effective, three-body in-
teraction. The relativistic corrections to the dA optical
potential were included to leading order.

Generally the additional multiple scattering correc-
tions obtained here are small for the 700 MeV case stud-
ied. The additional medium corrections were, however,
quite significant. At lower deuteron energies such effects
are likely to become even more important while at higher

energies the additional correlation corrections could be-
come larger. The effects of virtual deuteron breakup ap-
parently continue to be important at 700 MeV according
to the calculations in Ref. 22. However, the virtual
deuteron breakup-target correlation correction remains
to be calculated and should be studied in future work.

The general success of the multiple scattering ap-
proach for the description of intermediate energy
nucleon-nucleus scattering (when augmented with relativ-
istic efkcts) warrants the application of these theoretical
techniques to intermediate energy deuteron-nucleus
scattering. The results obtained here indicate that nonre-
lativistic multiple scattering approaches with perturba-
tive relativistic corrections, provide an efficient and satis-
factorily convergent model for organizing the complex,
many-body scattering problem into a manageable,
effective one-body problem which is readily amenable to
numerical analysis. Further work along these lines is en-
couraged.
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