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Nucleon-nucleon interaction with nonlocal tensor contribution for the 'S, - D, state

Mustafa M. Mustafa
Faculty ofScience (Sohag), Assiut University, Sohag, A R .Eg. ypt

Elbadry S. Zahran
Faculty ofScience, Assiut University, Assiut, A.R. Egypt

(Received 10 February 1988)

A nucleon-nucleon interaction for the 'Sl-'Dl state consisting of a local part plus a nonlocal
separable tensor contribution of the form Ag (r)g (r')S» is presented. The nonlocal part is repulsive
and short ranged in agreement with the quark-exchange model. Ten potentials with ten diferent
values of A, are considered.

I. INTRODUCTION

There is an extensive interest in the literature in inves-
tigating the nucleon-nucleon interaction at small radii us-
ing the quark model, because it is believed that one gluon
exchange between quarks plays the most important role
in the nucleon-nucleon interaction. '

Cvetic et al. argued that the interaction between clus-
ters of quarks representing nucleons is expected to mani-
fest itself in a nonrelativistic potential to a good approxi-
mation. Qka and Yazaki claimed that the short-range
repulsion of the nuclear force can be explained as a
quark-exchange force with appropriate quark-quark in-
teractions and that the quark-exchange force between
two baryons is short-ranged and nonlocal.

A nonlocal potential model for the coupled S,- D,
state is presented here. It is the sum of a local and nonlo-
cal part. The nonlocal contribution is both repulsive and
of short range, in agreement with properties of the
quark-exchange force.

The nonlocal potential of McKerrell et al. also con-
sists of a local and nonlocal part. The mixing between
the S and D states in their model is partly carried out by
adding a term of the form

A,„g(r)fg(r')to(r')dr'

model is carried out by the tensor potential, avoiding the
inconsistency of attributing spin-dependent properties to
spinless quantities. The model of McKerrell et al.
would agree with our model if the relative strengths of
the nonlocality parameters A,„,A, , and A,„oftheir mod-
el were constrained such that A, „=O and 1,„ /A, = —~2.

II. SITUATION OF THE EXPERIMENTAL PHASES

The c., of the energy-dependent analysis of Amdt
et al. has a negative minimum in the low-energy range.
The e, of the recent analysis of Amdt et al. has a posi-
tive minimum which is almost at the same energy as the
old negative minimum of Amdt et al.

The S~ and the D, phases of the energy-dependent
analysis of MacGregor et al. 7 are practically the same as
those of Amdt et aI. ' The values of the e& of this
analysis are believed to be relatively small at low energies.
A local potential of Reid's type [see Eqs. (3.3)] is given as
an example. This potential fits the scattering parameters
of MacGregor et al. to a very high degree of accuracy,
(chi-squared/datum=10 ). Its binding energy, quadru-
pole moment, and D-state probability are —2.2237 MeV,
0.151 fm, and 2.62%, respectively. The small values of
the quadrupole moment and the D-state probability are a
direct consequence of the smallness of the c.

&
at low ener-

to the S-state radial equation and
TABLE I. The values of the free parameters of the local po-

tential with Q =0.151 fm~.

A,„g(r) fg (r')u (r')dr' (j)ac (j)
aL.s

(j)
aT

to the D-state radial equation, where u (r) and tv(r) are
the radial wave functions of the S and D states, respec-
tively. These nonlocal terms are spin independent. The
mixing between the two coupled states in the present

2 29559077 ( —4) 20128682 ( —5) 10507 101 ( —4)
3 —57983870 ( —3) —72961221 ( —4) —14978902 (—3)
4 35786100 ( —2) 38832595 ( —3) 82785484 ( —3)
5 —87 576 714 ( —2) —71 641 255 ( —3) —17 710272 ( —2)
6 72390761 ( —2) 40119935 ( —3) 12410548 ( —2)
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FIG. 1. The (a) central Vc, (b) spin-orbit VL&, and (c) tensor VT components of the local potential of Table I (solid lines) are corn-
pared to the Reid hard-core potential (dashed lines).

gies. The free parameters of this local potential are given
in Table I. The radial dependencies of the potential and
the deuteron wave functions are compared to the Reid
hard-core (RHC) potential in Figs. 1 and 2, respectively.

The variations of c.
&

vs energy are shown in Fig. 3 for
the three analyses and some realistic potential mod-
els. ' The c. j of these models are more consistent with

the c.
~
of MacGregor et al. at low energies.

The situation of c.
&

at low energies is still unclear.
Thus, the present potential model is chosen to be one that
fits the experimental scattering parameters of MacGregor
et al.
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FIG. 2. The radial deuteron wave functions of the local po-

tential of Table I (solid lines) are compared to the Reid hard-
core potential (dashed lines). The upper (lower) curves are the u

(m) wave functions.

FIG. 3. The low-energy behavior of the c, , of MacGregor
et al. (Ref. 7) (squares), Amdt et al. (Ref. 5) (triangles), Amdt
et al. (Ref. 6) (circles), and some realistic potentials (Refs.
9—12). The references to the potentials are indicated on the cor-
responding graphs. Dashed lines have been drawn through ex-
perimental points. The line of the local potential of Table I is
indistinguishable from the "experimental" line of MacGregor
et al. (Ref. 7).
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III. THE NONLOCAL POTENTIAL MODEL

V = V&SIz ——A,g (r)g (r')S, z (3.1)

The nonlocal potential V has been assumed to be a sum
of two parts, one is a separable nonlocal tensor potential
V of the form

VSD
——VDs ——2&2( Vz. + Vz ),

VDD= Vc —3Vls —2( Vz+ Vr ),
with the usual definition of the integral operator Vz-. k
is the energy in units of fm . In the case of the deute-
ron, k = —y, where y fm is the binding energy.

with g (r) =e ", a=2. 1 fm ', and the other part is a lo-
cal potential V consisting of central (C), spin-orbit (LS),
and local tensor ( T) contributions

V = V + V = Vc+ VLsL S+( Vr~+ Vr )S, (3.2)

The choice of +=2. 1 frn ' ensures the short range of the
interaction.

The radial dependencies of Vc, VLs, and Vz are as-
sumed to be as the following:

IV. THE NONLOCAL POTENTIALS
WITH VARIOUS VALUES OF A,

Ten potentials with A, =5, 25, 55, 80, 110, 140, 160,
200, 275, and 375 fm have been produced by fitting the
energy-dependent scattering parameters of MacGregor
et al. (0-260 MeV lab), the deuteron binding energy E&,
and the quadrupole moment Q, in a computer search
scheme. The values of the free parameters of the poten-
tials are listed in Table II.

A. The potential A.200

V. =V + ga 'r 'e»", i=CorLS
I l

J=2

Vz~ VropEP+ ——An [1+3/(nPr)+3/(nor) jr 'e

where

l

A = —14.94714 MeV, @=0.7 fm ', n =6,

(3.3a)

(3.3b)

The radial dependencies of the Vc, VL,s, and V~ of the
nonlocal potential A,200 (i.e., with A, =200 fm ) are illus-
trated in Fig. 4, where they have been compared to the
RHC potential. This particular potential has the rela-
tively best fitting of the quadrupole moment Q =0.283
fm (Table III).

The deuteron wave functions are compared to those of
the RHC potential in Fig. 5. The w wave has a small
negative minimum ( —0.0152) just 0.08 fm outside the
hard-core radius.

B. Potentials with

A, =5, 25, 55, 80, 110, 140, 160, 275, and 375

VQPEP g —1 —Prr e

VLs
——0,OPEP

and

Vr = A [1+3/(pr)+ 3/(pr)~]r 'e

u"=(Vs+ —k )u + Vow,
w"= VDzu +(6/r —k + VDD)w,

where

(3.4a)

(3.4b)

Vss= Vc

The second term in (3.3b) removes the r and r singu-
larities of Vz . It is not altogether necessary since a
hard-core radius r, =0.54833 fm is assumed. It is the
same as that of the Reid hard-core potential to ease com-
parison with Reid's results.

The coupled radial Schrodinger equations in this case
will have the following form:

The simplest way to see that we have repulsion is that
the binding energies of the local parts V (A, =O) are rela-
tively large. It is seen from Table III that the values of
the quadrupole moment Q, the D-state probability PD,
and the asymptotic D- to S-state ratio g increase as the
short-ranged nonlocality become more repulsive. The
deuteron wave functions for some of the values of A, are
illustrated in Fig. 6.

The short-ranged nonlocal repulsion is obvious near
the hard core (Fig. 6). An increase in A, leads to a de-
crease in the slope, and to an increasing shift of the maxi-
ma of the u and w wave functions towards larger radii
(see also, Table IV).

A correlation may exist between the values of As, rd,
r„and a, and, the sign of the deuteron wave functions
just outside the hard core. This may be noticed in Tables
III and IV. By increasing A, , the values of As, rd, r„and
a, increase (Table III), except for the cases of A, =5, 275,
and 375 where there is a discontinuity in the pattern.
The w wave function of the potential with A, =5 does not
have a negative minimum and the u wave functions of the
potentials with A, =275 and 375 have negative minima un-
like the other members of Table IV.
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The radial dependencies of the V&, Viz, and Vz for the
potentials with various values of A, are shown in Fig. 7.
The cases of A, =55, 110, 160 have not been drawn to
avoid clutter. It is worthwhile to notice that as A, changes

(Fig. 7), an increasing attraction (repulsion) in the Vc po-
tential would be partly compensated by an increasing
repulsion (attraction) in both of the VLz and the Vr po-
tentials.

TABLE II. The values of the free parameters of the nonlocal potentials.

(j)ac (j)aT

25

55

80

110

160

375

2
3

4
5
6

2
3

5
6

2
3
4
5
6

2
3
4
5

6

2
3
4
5

6

2
3
4
5

6

2
3
4
5
6

2
3
4
5

6

2
3
4
5
6

2
3
4
5
6

—07217334 (—8)
—46886128 ( —6)

28818305 ( —4)
—21723175 ( —3)

20973571 ( —3)

0
0
0

—31707218 ( —4)
22073 180 ( —4)

0
0
0

—76820768 {—4)
11702495 ( —3)

0
—51715001 ( —6)

0
—10781631 ( —3)

18973839 ( —3)

0
0
0

—16007936 ( —3)
30164618 ( —3)

0
0
0

—20085 143 {—3)
39632616 ( —3)

0
0
0

—22456011 ( —3)
45325346 ( —3)

0
0
0

—26932262 ( —3)
56280723 ( —3)

0
19783529 ( —5)
11070086 ( —3)

—96907690 ( —3)
15468 172 ( —2)

0
15543613 ( —4)

0
—69599718 ( —3)

13761023 ( —2)

—15 726902 ( —6)
89257073 ( —6)

0
—10847838 ( —3)

25 5634S4 ( —3)
—15726902 ( —6)

89257073 ( —6)
0

—21 156642 ( —4)
59703691 ( —4)

—15 726902 ( —6)
89257073 ( —6)

0
—23031527 {—S)

24261516 ( —4)
—15 726902 ( —6)

89257073 ( —6)
—10607215 ( —4)

73377707 ( —4)
—S3 344488 {—4)
—15726902 ( —6)

89257073 ( —6)
0

31 870508 ( —4)
—43415531 ( —4)
—15 726902 ( —6)

89257073 ( —6)
0

45113777 ( —4)
—70124008 ( —4)
—15 726902 ( —6)
—89257073 ( —6)

0
54640591 ( —4)

—894404S7 ( —4)
—15726902 ( —6)

89257073 ( —6)
0

67460089 ( —4)
—11 546276 ( —3)
—15 726902 ( —6)

89257073 ( —6)
0

13722913 ( —3)
—27000410 ( —3)
—15726902 {—6)

S9257073 ( —6)
0

15 141 184 ( —3)
—29544909 ( —3)

50019677 ( —5)
—11 320147 ( —3)

82006231 ( —3)
—21791780 (—2)

19215226 {—2)

62241518 ( —5)
—12191427 ( —3)

82006231 (—3)
—21791780 ( —2)

19215226 ( —2)

60389613 ( —5)
—12301680 ( —3)

82006231 ( —3)
—21791780 {—2)

19215226 ( —2)

60092785 ( —5)
—12409688 ( —3)

82006231 ( —3)
—21799093 ( —2)

19215226 ( —2)

60843430 ( —5)
—12624104 ( —3)

82006231 ( —3)
—21791780 ( —2)

19215226 ( —2)

61898482 (—5)
—12824815 ( —3)

82006231 ( —3)
—21791780 {—3)

19215226 ( —2)

62657480 ( —5)
—12959939 (—3)

82006231 ( —3)
—21 791 780 ( —2)

19215226 (—2)

64316912 (—5)
—13229272 ( —3)

82006231 (—3)
—21791780 ( —2)

19 215 226 ( —2)

58492749 ( —5)
—13154455 ( —3)

82006231 ( —3)
—21965495 ( —2)

19215226 ( —2)

67 831 952 ( —5)
—14200260 (—3)

82062231 ( —3)
—21 791 780 ( —2)

19215226 (—2)
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FIG. 4. The (a) central V&, (b) spin-orbit VL&, and (c) local tensor VT components of the potential A,200 (solid lines) are compared
to those of the Reid hard-core potential (dashed lines).

TABLE III. Deuteron properties and low-energy parameters of the nonlocal potentials. Experimental values are also listed.

k fm-' Eb MeV
Eb (MeV)

A, =O Q fm' PD% ~s fm r, fm r, fm a, fm P

5
25
55
80

110
140
160
200
275
375

—2.224 48
—2.224 60
—2.224 60
—2.224 86
—2.224 67
—2.224 89
—2.224 75
—2.224 81
—2.224 39
—2.224 66

—3.136 14
—7.50007

—17.052 66
—26.041 34
—37.772 86
—49.394 76
—57.054 52
—71.991 03
—91.892 42

—124.4193

0.239 53
0.259 23
0.26408
0.266 81
0.272 18
0.275 84
0.278 55
0.282 97
0.295 87
0.302 70

4.9989
6.0531
6.2821
6.4891
6.7744
6.9940
7.1493
7.3743
8.3292
8.8181

0.8861
0.8815
0.8851
0.8876
0.8894
0.8913
0.8923
0.8945
0.8853
0.8856

0.021 98
0.023 26
0.023 46
0.023 49
0.023 75
0.023 86
0.023 97
0.024 11
0.025 54
0.025 70

1.968 80
1.962 79
1.971 05
1.976 63
1.981 76
1.986 40
1.989 20
1.994 59
1.981 63
1.985 47

1.7665
1.7351
1.7585
1.7736
1.7857
1.7972
1.8032
1.8174
1.7611
1.7660

5.4274
5.4045
5.4220
5.4334
5.4427
5.4516
5.4568
5.4683
5.4267
5.4313

—0.0147
—0.0119
—0.0126
—0.0131
—0.0130
—0.0126
—0.0132
—0.0133
—0.0132
—0.0149

Exp.

—2.224 575
+0.000 009

Ref. 13

0.2859
+0.0003
Ref. 14

0.8781 0.0271
+0.0044 +0.0008
Ref. 15 Ref. 16

1.953
+0.003
Ref. 17

1.759
+0.005
Ref. 18

5.424
+0.004
Ref. 18
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FIG. 5. The radial deuteron wave functions of the potential
A,200 (solid lines) are compared to those of the Reid hard-core
potential (dashed lines). The upper (lower) curves are the u (w)
wave functions.
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FIG. 7. The (a) central V&, (b) spin-orbit VL&, and (c) local tensor VT components of the nonlocal potentials. The numbers on the
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V. CONCLUSION

A simple nucleon-nucleon interaction incorporating a
short-ranged repulsive nonlocality to take account of
quark exchange is considered. The D-state probability
PD, the asymptotic D- to S-state ratio g and the quadru-
pole moment Q are sensitive to the nonlocality strength.
They change uniformly with the strength of the repulsive

nonlocality.
The values of the asymptotic S-state amplitude Az, the

root-mean-square radius of the deuteron rd, the triplet
scattering length a„and the triplet effective range I', are
sensitive to the sign of the deuteron radial wave functions
outside and close to the hard-core radius.

The experimental value of the quadrupole moment of
the deuteron' Q,„„=0.2859 fm suggests that one value

of A, (A, =236.48 fm ) is best. When correcting for the
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mesonic and relativistic effects (bQ =0.0063 fm ),
' the

value of Q =Q,„b,—Q =0.2796 fm suggests A. =168.80
fm

It was difficult to At simultaneously rd, Az, and a, .
Such difficulty is also found for the standard nonrelativis-
tic potential models of the deuteron. '

VVe gratefully thank Dr. Mark %'. Kerrnode for read-
ing the manuscript and suggesting numerous improve-
ments.
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