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The "Ne spectrum is investigated with microscopic wave functions defined in the generator-
coordinate formalism. This nucleus is described in a three-cluster model, involving an ' 0 core sur-

rounded by a dineutron and an a particle. The "0cluster is projected out on the 0+ and 2+ states.
We propose a band structure of 'Ne with experimental candidates. The model suggests the ex-

istence of a 0+ band presenting a marked a+ ' 0 cluster structure. We present the a+ ' 0(0+,2+ )

collision matrices, and discuss the resonance properties in the "0(a,a)"0 scattering. Electromag-
netic transition probabilities in the 'Ne nucleus are calculated. From the theoretical Coulomb
shifts between the mirror 'Ne and 'Mg nuclei, we suggest spin assignments for different "Mg
states. The "0(a,y ) 'Ne capture cross section is calculated, and is used for determining microscop-
ically the nonresonant reaction rate.

I. INTRODUCTION

Microscopic calculations provide information on the
properties of the collision between two composite parti-
cles, and on the spectroscopy of the unified nucleus.
They represent a basic approach since, except in the
nucleon-nucleon interaction, they do not contain any free
parameter. Furthermore, microscopic theories give a
unified description of bound, resonant, and scattering
states of a dinuclear system. This property is especially
useful in radiative capture calculations, for example,
which involve bound and scattering states simultaneous-
ly. The generator-coordinate method' (GCM) has been
shown to represent a powerful method for the microscop-
ic investigation of many systems. Recently, we have ap-
plied the GCM to several reactions and to the study of
light nuclei (see, e.g. , Ref. 2 and references therein). The
a clustering is well known in many nuclei. A large num-
ber of microscopic investigations have been devoted to its
study. However, these approaches are usually restricted
to nuclei involving an a particle and a nucleus whose
description in the harmonic-oscillator model is rather
easy. Recently, we have applied a microscopic three-
cluster model which allows us to go beyond the usual
one-center description of the nuclei involved in the reac-
tion. We have shown in the three-cluster study of the
a+ Be system, that the clustering in Be has to be taken
into account for reproducing reasonably the ' C proper-
ties. We have extended the three-cluster model to the
a+ Ne study, where the Ne nucleus is described in
the a+' 0 cluster structure. In this paper we aim at in-
vestigating the a+' 0 structure of Ne in the same
framework. The ' 0 nucleus can be described, for the
lowest states, by an ' 0 core surrounded by a two-
neutron cluster (dineutron). Owing to the fiexibility of
the model, we may include the a+' O(0+, 2+) channels
simultaneously. It is well known that the inclusion of
excited configurations enlarges the variational basis, and
improves the wave functions. Moreover, it leads to a
number of Ne states larger than in a single-channel ap-

proach. The a+' 0 system has already been studied by
Langanke et al. in single-channel and multichannel cal-
culations, with a filled p shell, and two neutrons in the sd
shell within the jj coupling scheme. In their multi-
channel calculation, Langanke et al. introduce an excited
0+ state of ' 0 while our study takes account of the
' O(2+ ) first excited state.

After discussing the Ne spectrum, we aim at suggest-
ing spin assignments for low-lying states in the mirror nu-
cleus Mg. Although this nucleus has been recently in-
vestigated experimentally, its level scheme remains poor-
ly known. Our model provides Coulomb shifts which are
expected to be reliable since the Coulomb interaction is
treated exactly. The last point of this paper concerns the
' O(a, y) Ne capture reaction. The level scheme of ~2Ne

has been experimentally studied' near the a+ ' 0
threshold. However, spin assignments remain sometimes
uncertain. Moreover, the nonresonant contribution at
low energies is based on a very simple approach of the
direct-capture process. ' For these reasons, the
'sO(a, y) Ne reaction rate recommended for astrophysi-
cal applications presents important uncertainties. "

The paper is organized as follows. In Sec. II we
present briefly the microscopic model by emphasizing on
the three-cluster structure of the wave functions. In Sec.
III we present a new method for deriving the energies
and widths of resonances. Section IV is devoted to the
study of the Ne spectrum; the band structure and the
electromagnetic transition probabilities are discussed
with respect to the available experimental data; we also
determine the Coulomb shifts between the Ne and Mg
states. In Sec. V we give the microscopic ' O(a, y) Ne
capture cross section, and provide a simple parametriza-
tion of the nonresonant reaction rate. Concluding re-
marks are presented in Sec. VI.

II. THE THREE-CLUSTER MODEL

The microscopic wave function with total spin J and
parity m. of the 22 nucleon system is defined in the GCM
as
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"= g&(t(~(t(ieo(t(2„[Y((Q(,) Yr (Q(, }] G(q (p,p'),
1L

where A is the antisymmetrization projector, p is the rel-
ative coordinate between the a and ' 0 clusters, and p'
between ' 0 and dineutron. The internal wave functions

P, P&eo, and $2„, of the a, ' 0, and dineutron clusters are
defined in the harmonic-oscillator model. In (1), I is the
angular momentum relative to p and L relative to p'. In
the GCM, the function G(L (p,p') is written as

G(~i"(p,p') = JF(L (R (,R2)I ((b(,P, R ()

XI L (b2, p', R&)dR(dR2, (2)

where F1L is the generator function depending upon the
generator coordinates R, and R2. The parameters b,
and bz are given in the present case by b( ——( —,", }' b and

b2 ——( —,', )'~ b where b is the oscillator parameter common
to all clusters. Function I

&
is a projected displaced

Gaussian function (see Ref. 4). With (2), the total wave
function (1) can be written as a linear combination of pro-
jected Slater determinants 4&z, yielding

= QF(L(R„,R2 )4(L (R„,R2 ), (3)

where the integrals in (2) have been replaced by finite
sums over two sets of generator coordinates. We have
shown in Ref. 4 that the calculation of the matrix ele-
ments between projected Slater determinants involves
five-dimensional integrals which represent an enormous
increase of calculation times with respect to the two-
cluster model.

Let us now consider the ' 0 wave function

(t(iso" =~(t((eo(t(2„g (p') YL (Q ), (4)

where g "(p') is a radial wave function between the ' 0
and dineutron clusters determined by the 18 nucleon
Hamiltonian, and cu denotes the level of excitation in the
relative motion. According to Ref. 4, the three-cluster
wave function (2) can be expanded as

GIL (P P }=X g(L (P}g (P ) (5)

which allows one to write (1) as

+JM = gAP [Y((Qp)(t((eO] g(L, (p) .
IL co

(6)

The three-cluster problem is therefore replaced by a mul-
tichannel two-center model where the radial functions
g(L (p} are determined by the Hamiltonian of the 22-
nucleon systero. In the GCM notation, one has

q(JMm y fJn. (R )@JMw(R

1L cubi

where f(r and 4(L are, respectively, a new generator
function and a combination of Slater determinants, de-
pending on the R, coordinate only.

The microscopic Hamiltonian contains the Volkov V2
force and the exact Coulomb interaction. The oscillator

parameter b is chosen equal to 1.8 fm. The ' 0 wave
functions are defined with a single generator coordinate
R2 ——1.8 fm. This restriction to a single generator coordi-
nate has been shown in the a+ Ne case to be accurate
enough for the description of Mg in the three-cluster
model. A similar conclusion is expected here as far as the
clustering is weaker in ' 0 than in the a+' 0 system.
The 0+ ground state and 2+ first excited state of ' 0 are
included in the calculation. The Majorana parameter of
the nucleon-nucleon interaction is chosen as M=0.6155
for positive-positive states, and M=0.6166 for negative-
parity states. These values are determined by fitting the
experimental energies of Ne states presenting a marked
a+' 0 structure (see below}, and therefore well described
by the model. Notice the very small difference between
both values of the Majorana parameters. This indicates
that the parity effect in Ne is well reproduced. With
our parameter choice, the excitation energy of the
' 0(2+ ) state is about 0.9 MeV for both parities, which is
somewhat too low with respect to the experimental
value' (1.98 MeV). Let us remark that our model does
not include the 'Ne+n channel, that is open 0.70 MeV
above the a+' 0 threshold. The main reason is that a
'Ne wave function cannot easily be defined in the

present approach. However, since the neutron channel
presents a strongly repulsive centrifugal barrier, it is not
expected to inhuence significantly the Ne wave func-
tions when the angular momentum is different from 0.

III. DERIVATION OF REDUCED WIDTHS

We have shown in Ref. 13 that the width of a narrow
resonance can be estimated in the bound-state approxi-
mation (BSA). This method assumes a Gaussian behav-
ior of the wave function for large interdistances between
the clusters. Here, we aim at presenting a new method
which goes beyond the BSA, and gives more accurate
values even in multichannel calculations. We start from
the Bloch-Schrodinger equation'

(H +g(L) EJ~}q/J ~ g(L)ql— (8)

where X(L) is the Bloch operator, depending on a set of
L values which can be chosen freely. Equation (8) is
solved in the microscopic R-matrix (MRM) framework. '

In this method, the configuration spaced is divided in two
regions: an internal one (of radius a) where the antisym-
metrization between the colliding nuclei is taken into ac-
count, and an external one, where the antisymmetrization
and the nuclear interaction are negligible. Accordingly,
the wave function (7) is given by (3) in the internal region;
in the external region, A can be removed and the asymp-
totic behavior of g(L (p} in (6) is given by Eq. (4) of Ref.
14. We have shown in that work that a convenient
choice for the L values is

L =ka0('( ka ) IO(( ka )

or

L =2ka W'
~ (+(,(2((2ka) I IV „(+~,&2((2ka)

according to whether the channel is open or closed. In
these equations, 01 is an outgoing Coulomb function, and
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W is a Wittakher function; q is the Sommerfeld parame-
ter and k is the wave number. As it has been shown in
Ref. 14, the resonance and bound-state energies corre-
spond to the eigenvalues of the equation

IV. BOUND-STATE AND RESONANCE PROPERTIES
OF Ne AND Mg

A. Band structure of Ne

g(L)qIJMvr 0

Using (7) and (8) yields

g de„, (4iL (R„}
~
0+X(L)

llLGJ

(9) The different states obtained in the a+' O(0+, 2+)
model are gathered in Tables I (positive parity) and II
(negative parity). The reduced a widths calculated at
a=9 fm are presented as

(R„))e ——0, (10) ~L g XIL /Yw
2 2 2

I

(14)

where the index P means that the equation is solved on
the internal region. ' This equation is nonlinear since the
constants L depend on energy. In practice, one solves
(10) iteratively by starting with all constants L equal to
zero. The convergence is reached after a small number of
iterations. Equation (10}has been established in Ref. 16
for bound states; it is extended here to resonances. In
this case, the eigenvalues of (10} are complex since the
Bloch constants at a positive energy contain an imaginary
part. The energy and the width of a resonance are given
by

E =Re(e "),
I "=—2Im(s ) .

The sign minus in the definition of the width arises from
the present choice of the L constants. The wave function
at a resonance is obtained from (6) where the radial part
reads'

g, „,(p)=[256m'/(21 + I)]' g d, ;I',(b„p,R„) .

(12)

Equation (12) leads to the definition of the reduced width
in the channel lL

(yil ) =(A'~/2p)
~ gIr „„„(a)

~

(13)

where p is the reduced mass. This expression holds for
resonances as well as for bound states. The method
presented here improves the method of Ref. 14, where
the background contribution to the collision matrix is
neglected. We have tested the validity of (13) by compar-
ing the values of the widths with a Breit-Wigner parame-
trization of the collision matrix. The determination of
the partial widths in a multichannel calculation from a
Breit-Wigner parametrization is not easy. The method
proposed here provides straightforwardly these quanti-
ties, with remarkable accuracy. The MRM radius chosen
here is 9 fm. Such a large value is necessary for systems
involving a sd nucleus. The physical quantities such as
the energy and width of a resonance are nearly insensitive
to this radius provided that it is large enough to render
negligible the nuclear interaction and the antisymmetri-
zation e6'ects between the colliding nuclei.

i.e., in units of the Wigner limit y~. For the sake of
comparison with experiment, we present the GCM values
of E, deduced from the c.m. energies by adding the ex-
perimental threshold (9.67 MeV). A band is formed by
states presenting similar reduced a widths, and enhanced
E2 transition probabilities between them (see below}. The
band structure is summarized in Figs. 1 and 2. Let us
now discuss each band.

The 0&+ band. This well-known band has too small a
rotational constant in the GCM. This indicates that the
model slightly overestimates the clustering in the
ground-state band. Therefore, high-spin states are locat-
ed significantly too low. This band can be described in a
single-channel approach, but the reduced o. widths
presented in Table I show that the mixing between the
a+' O(0+) and a+ ' O(2+ ) configurations is not negligi-
ble.

The 2+ band This b. and has mainly an a+' O(2+)
structure, as it is suggested by the reduced a widths. As
for the ground-state band, the GCM overestimates the
binding energies. The origin of this overestimation is
most likely due to the lack of saturation of the ' 0 nu-
cleus and of the a particle. Because of the equal oscilla-
tor parameter assumption for the ' 0, dineutron and o.
clusters, the a+' 0 threshold is underestimated. This
problem is well known in the a+ ' C system, ' for exam-
ple, and leads to too strong a binding energy for the
unified system. The assignment of the 2+ (4.46 MeV), 3+
(5.64 MeV), and 4+ (6.35 MeV) to the 2+ band is well es-
tablished. ' Broude et al. ' propose the 7.41 MeV level
as candidate for the 5+ state. However, if one keeps in
mind the theoretical underestimation of about 2 MeV on
the binding energies, we rather suggest the 9.61 MeV lev-
el whose spin is well established, as experimental counter-
part for the 5+ state. The GCM predicts 6+, 7+, and 8+
states which should be located respectively near 12, 14,
and 16 MeV.

The 1+ band. The model suggests the existence of a
1+ band, built on the 5.34 MeV level, and whose rota-
tional constant is smaller than the one of the 2+ band (see
Fig. 1). The reduced a widths presented in Table I favor
an a+' O(2+) structure for this band. Our study sug-
gests to assign the 7.31 MeV level, whose spin is 3 or 4
and whose parity is positive, ' to the 3+ state of this
band. The theoretical 5+ state might be identified to the
7.41 MeV level, ' whose spin is 3 or 5 and whose parity is
positive. The model predicts 6+, 7+, and 8+ states
whose experimental counterparts should be located
around 8, 9, and 11 MeV, respectively. The 8+ state
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TABLE I. Energies and reduced a widths (in %) of Ne positive-parity states.

0+
2
4+
6+
8+

EexP
X

0.0
1.27
3.35
6.31

11.00

EGCM
c.m.

—10.45
—9.69
—8.24
—6.17
—2.95

EGcM
X

K =0)+
—0.78
—0.02

1.43
3.50
6.72

g2

2.2x 10-'
4.0x 10-'
5.3x 10-'
4.8x 10-'
3.4x 10-'

g2

5.5x10 '
6.6x 10-'
5.0x10 '
1.2x10-'
3.8x 10

Ref.

17
17
17
17
18

2+
3+
4+
5+
6+
7+
8+

4.46
5.64
6.31
9.61

—7.41
—6.37
—5.06
—3.45
—0.72

1.04
3.73

K =2+
2.26
3.30
4.61
6.22
8.95

10.71
13.40

2.1 x 10

6.0x10-'

4.1x 10-4

5.6x 10-'

1.5 x 10-4
3.1x 10-4
8.0x10-'
7.9x 10-'
4.4x 10-'
2.2x10-'
1.0x 10-'

17
17
17
18

1+
2+
3+
4+
5+
6+
7+
8+

5.34
5.36
7.31
5.52
7.41

—6.32
—6.96
—5.84
—6.04
—4.62
—4.02
—2.49
—0.74

K"=1+
3.35
2.61
3.83
3.63
5.05
5.65
7.18
8.93

4.9x 10-'

9.1x 10-'

1.4x 10-'

4.1x 10-'

2.3 x 10-4
3.8x10-'
1.6x 10-4
7.4x10-'
1.1 x 10
2.2x 10
3.6x10-'
3.6x10-'

17
17
18
17
18

0+
2+
4+
6+

6.24
7.64
9.64

10.41

—5.30
—3.25
—1.50

0.43

Km 0+
4.37
6.42
8.17

10.10

1.7x 10-'
2.9x 10-'
3.5 x 10-'
2.1x 10-'

3.7x 10-4
5.3 x 10-4
1.7x 10-'
9.3 x 10- 4

17
17
19
18

0+
2+
4+
6+

10.28
10.86

0.61
1.25
2.55
4.56

K"=0+
10.28
10.92
12.22
14.23

3.5
2.9
1.0
0.3

0.4
1.2
5.9

15.4

10
10

10-

0
X

S-
CQ

X
UJ

t0-

0 ~

01 2 3

FIG. 1. Band structure for positive-parity states in Ne. The
GCM states are represented by open circles, and the suggested
experimental counterparts by black circles.

0
01 2

FIG. 2. See Fig. 1 for negative-parity states.
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TABLE II. Energies and reduced a widths (in %) of ' Ne negative-parity states.

Eexp
x

7.49
8.74

10.75

EGcM
c.m,

—1.86
—0.43

2.04
4.60

EGCM
X

K =Oi
7.91
9.24

11.71
14.27

02

0.14
0.23
0.34
0.14

02

0.05
0.06
0.14
0.21

Ref.

17
17
10

3

7.05
7.66
7.72
9.07

10.61
11.11
11.48

—2.36
—1.85
—1.62
—0.31

0.31
2.50
3.36

6.53

K =1
7.31
8.05
7.82
9.36

10.08
12.17
13.13

16.20

0.07

0.02

0.01

9.7X 10

0.07
0.13
0.13
0.18
0.21
0.27
0.54

0.64

17
17
17
19
10
18
18

11.47
12.88

1.80
2.91
5.10

K =02
11.47
12.58
14.77

0.60
0.42
0.22

2.1

5.5
14.4

10
17

3
9.10
9.64

—0.51
0.65
2.25
3.70

K =2
9.16

10.32
11.82
13.37

0.03

0.01

0.21
0.28
0.35
1.3

17
19

might be identified to the 11.13 MeV level observed by
Trautvetter et al. '

The 0&+ band. Like in the Mg nucleus, ' the theoreti-
cal model gives rise to an excited 02+ band whose head is
located below the a+' 0 threshold. The 0+ and 2+
theoretical states are unambiguously assigned to the 6.24
and 7.64 MeV experimental levels, ' while a valuable
candidate for the 4+ state has been observed by Szanto
et al. ' at 9.64 MeV. The 6+ state might be identified to
the experimental 10.41 MeV state' whose spin is 6 or 8.

The 03+ band. This excited band is located close to the
Coulomb barrier. Its band head has a marked
a+' O(0+ ) structure as revealed by the reduced a
widths. Let us notice that, for a channel radius lower
than 9 fm, the reduced a width is significantly increased
(for example, at 6 fm one gets 80=67%). The band head
is assigned to the 10.28 MeV state for which a J"=0+ as-
signment is most likely. ' This state will play an impor-
tant role in the ' O(a, y) Ne capture reaction. Let us

point out that the upper limit quoted in Ref. 10 for its to-
tal width (2 keV) is obviously overestimated. Since the
0+ (10.28 MeV) state is located below the n+ 'Ne
threshold, its width is nearly equal to the a width. Using
the experimental upper limit for the a width leads to a re-
duced width (at 6 fm) of more than 6. 10 times the
Wigner limit. In view of its energy, the GCM 2+ state
can be assigned to the 10.86 MeV state, whose spin is
lower than 4+ (see Ref. 10). The 4+ and 6+ levels of this
band are aligned with the 0+ and 2+ states in a J(J +1)
diagram (see Fig. 1), with a rotational constant of 94
keV. Since the locations of the 0+ and 2+ states are in

fair agreement with experiment, one could expect a simi-
lar property for the 4+ and 6+ states. Therefore, the pre-
diction of a 4+ (12.12 MeV) and a 6+ (14.23 MeV) states
should be considered as reliable. A striking property of
the reduced a widths in the 03+ band is observed in Table
I. The 00 values systematically decrease when J in-

creases, while the L9z values increase. This can be ex-
plained as follows. For each excited states, the orbital
momentum in the a+ "O(0+) channel is I =J and the
lowest value in the a+' O(2+) channel is I =

~

J —2
~

.
Since the excited configuration presents a small threshold
energy, the effective barrier (Coulomb plus centrifugal
germs) in the a+' O(2+ ) configuration is shifted below
the effective barrier of the a+' O(0+) configuration
when the spin increases. The states of the 03+ band being
located close to their effective barrier, the reduced a
widths in the a+ ' O(2+ ) configuration increase with in-

creasing values of J.
The 0& band. The 3 state of this band is the second

3 state found in the GCM (see the discussion of the 1

band below). Therefore, the assignment of the experi-
mental 3 (8.74 MeV) state is most likely; this is also sup-
ported by the good agreement between theory and experi-
ment for the energy. In view of the 1 —3 theoretical
gap, the 1 (7.49 MeV) experimental state can be con-
sidered as a good candidate for the 0& band head. A 5

state has been observed by Trautvetter et al. ' at 10.75
MeV and could belong to the 0, band. Our calculation
predicts a 7 resonance located near 14 MeV with a a
width of about 1 keV.

The 1 band. This band is characterized by reduced a'
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widths larger in the a+' O(2+) channel than in the
a+' O(0+) configuration. Its states can be accordingly
considered as a+' O(2+} bound states. As it is seen
from Table II and Fig. 2, valuable experimental candi-
dates exist up to J =7 . From the energy difference be-
tween the 1 states of the 0, and 1 bands, the experi-
mental 7.05 MeV level can be considered as a valuable
counterpart for the band head. The 2 and 3 states are
unambiguously assigned to the 7.66 MeV and 7.72 MeV
levels, respectively. ' A 4 state has been observed by
Szanto et al. ' at 9.07 MeV, an energy close to the
theoretical one. The theoretical 5 state is probably the
5 level proposed by Trautvetter et al. ' at 10.61 MeV.
Broude et al. ' have identified two levels at 11.11 and
11.48 MeV. The former has a spin 6, 7+, or 8 and the
latter 7. According to their energies, these states might
be assigned to the theoretical 6 and 7 levels of the 1

band.
The 02 band. This band presents a strong clustering,

as indicated by the large reduced widths in the
a+' O(2+) channel. The 1 state is identified to the
11.47 MeV experimental state, which presents an impor-
tant y width for transition towards the ground state, ' '

in agreement with our investigation (see Sec. IV C). Ac-
cording to its energy, the 3 resonance can be assigned to
the experimental 12.88 MeV state' which is observed in
the ' O(a, a)' 0 and ' O(a, n) 'Ne channels. The 5
theoretical state follows a rotational law (see Fig. 2) and
its location is predicted near 15 MeV.

The 2 band. The model gives rise to a 2 band whose
head is located near 9 MeV. Consequently, the 9.10 MeV
state' whose spin is 1,2, or 3 might be a good can-
didate for this level. A state with spin 3 or 4 has been ob-
served by Szanto et al. ' at 9.64 MeV, and could be as-
signed to the 3 state of the 2 band. The GCM pre-
dicts 4 and 5 states located, respectively, near 12 and
13 MeV.

0+ 2'

B. The ' Q(a, a)' O(0+) and ' Q(a, a)' Q(2+) scatterings

In Figs. 3 and 4 we present the ' O(a, a}' 0 collision
matrices. They are parametrized by

0
2X

1,0 1,2 5,0

0 2 4 6 0 2 4 6
E, (MeV)

0 2 4 6

FIG. 4. See Fig. 3 for negative panty.

Jm Jn ~ Jn
Il., ( L = 9u„('I, ex'p( ~u. , I L'). (15)

where rl~" and 5J are real. In Figs. 3 and 4 only the di-
agonal phase shifts 5J (corresponding to I =l' and
L, =L, ') are presented. For the transmission coefficient
g ", we select L=O, I =J. The values of I' and L' are in-
dicated on the curves. In Table III we give the energies
and widths deduced from (11). For J =0+, the phase
shift presents a sharp variation near 2.8 MeV. This reso-
nance can be assigned to the 0+ (E, =2.59 MeV) state
observed experimentally. ' The theoretical and experi-
mental (70 keV) widths are in fair agreement. The 2+
phase shifts present several resonances in addition to the
states classified in the band structure discussed in Sec.
IV A. The theoretical state at E, =2.2 MeV is a valu-
able candidate for the experimental 2.02 MeV resonance
whose width (9 keV) is in nice agreement with our result.
From its location and width, we suggest that the theoreti-
cal 3.2 meV resonance has been observed at 3.14 MeV.
The calculation predicts two 4+ resonances located near
3.7 and 5.4 MeV, which have not been observed experi-
mentally.

The negative-parity phase shifts present a broad bar-
rier resonance for J =1 and 3 . When the spin in-
creases, the coupling between the elastic and inelastic

TABLE III. Energies and widths of resonances in
"O(a,a)"0scattering.

0,0
2,0 EGcM

c.m. EexPc.m.

2, 2

0 2 4 6 0 2 4 60 2 4 6
E, (VeV)

FIG. 3. Positive-parity collision matrices (15) as a function of
the c.m. energy; the curves are labeled by the indexes I'L' (see
Sec. IV B).

0+
1

2+

2.8
-3.5

2.2
3.2
4.3
2.9

-4.5
3.7
5.4
5.2

0.16
—1

1.3 g 10-'
3.0X 10—'
0.11
2.7 X 10-'

—1

0.09
0.10
3.2~ 10-'

0.01
-0

1.6 && 10
7.8 &&

10-'
1.2x 10-4
1.4g 10-'

—1

0.06
0.36
0.24

2.59

2.02
3.14

3.19
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3

0+
2+
2+
4+

K"=0, ~K =Ol+

2.4y10 '
4.9 &&

10-4
3.2 &&

10-'
9.1y 10-4

I ~ IeV)

8.1y 10-4
0.13
1.35
0.23

3

3

3

2+
2+
3+
4+

p+
2+
2+
4+

p+
2+
2+
4+

K =Ol ~K =2+
6.2X10-'
1.9 y 10
1.9 &&

10-'
1.2 X 10-'

K =0) ~K"=0~+
7.8 X 10-'
1.3 y 10-'
1.4y, 10-'
6.9 X 10-'

K =Oq ~K"=01+
1.0y10-'
8.7 X 10-'
1.5 X 10-'
4.5 X 10-4

0.06
0.34
0.21
1.10

0.17
0.16
0.16
4.1g 10-'

9.8
6.9
1.5
0.3

TABLE IV. E1 reduced transition probabilities in Ne in
W.U.

8(E2,J~J—2}= Qo
1677 4J (16)

where Qo is an intrinsic quadrupole moment almost con-
stant in a band. It is easy to show that Qo can be approx-
imately related to the mean distance (p ) ' between the
clusters by

'2 1' 2
A2 A)

QO=2 Z,
A

+Z2 (p') (17)

from the lack of reaction channels. We have shown in
Ref. 6 that the introduction of excited configurations
reduces the El matrix elements, especially for strongly
clustered states like the 1 (11.48 MeV) state. In the
present case, it is most likely that the introduction of the
n + 'Ne or other a+ ' 0' configurations would reduce
the y width of this state.

The E2 transition probabilities presented in Table V
are in fair agreement with the available experimental
data. Let us point out that no effective charge is em-
ployed in the present calculation. The experimental
lower limit for the 8+~6+ transition in the ground-state
band seems largely underestimated. For transitions in a
E=O band, the 8 (E2) follow qualitatively the law

channels becomes more important, and these broad reso-
nances disappear. The 1 and 3 resonances have a lo-
cation and a width similar to these obtained in the
single-channel calculation of Langanke. In addition to
these broad resonances, we obtain a 3 resonance at 2.9
MeV, which can be assigned to the 3.19 MeV experimen-
tal state. The GCM also suggests a 5 resonance near
E, =5.2 MeV.

C. Electromagnetic transition probabilities in Ne

The El and E2 reduced transition probabilities, ex-
pressed in Weisskopf units (W.u. ) are presented in Tables
IV-VI. The M1 operator gives rise to vanishing matrix
elements because of the closed-shell character of the nu-
clei involved in the present three-cluster model. ' Let us
first discuss the 8 (El) displayed in Table IV. The radia-
tion width for the 1 (7.49 MeV} state towards the
ground state is found very small. We suggest that this
state decays to the 2+ or 02+ band preferentially. The y
widths for transitions between the 02 and 0&+ bands are
significantly stronger. The 8(E1) from the 1 (11.48
MeV) state of the Oz band to the ground-state band has
been measured by Chouraqui et al. and by Trautvetter
et al. ' Both investigations agree for giving strong tran-
sition probabilities. However, the values quoted in these
references are significantly different (I r=0. 16+0.02 eV
in Ref. 10 and I =0.9+0.2 eV in Ref. 20). The still
larger value obtained in the present model probably arises

In the ground-state band, the 8 (E2) values nearly corre-
spond to (p )' =3.3 fm, which is smaller than the sum
of the u and ' 0 radii (=4.6 fm). This indicates a weak
clustering in the ground-state band. Let us recall that
this theoretical clustering is probably still too important,
according to the GCM rotational constant of the band
(see Sec. IV A). The transitions in the 2+ band are
significantly stronger than between the 2+ and 0&+ bands.
For these transitions, the agreement between theory and
experiment is quite acceptable. In the 02+ band, the
(p )'~ values resemble the ones of the ground-state
band; the 02+ band can therefore be interpreted as a weak-
ly clustered band. On the contrary, the mean distance
between the clusters in the 03+ band is nearly equal to 5.2
fm, indicating an important clustering since this value is
larger than the sum of the internal radii. Transitions be-
tween the 03+ and 0~+ bands correspond to small 8 (E2),
but the large energy differences make the y widths of the
order of 1 eV.

The 8(E2) between negative-parity states are present-
ed in Table VI. In the 0 band, the E2 reduced transi-
tion probabilities lead to a Qo value of about 50 efm,
which corresponds to a (p ) ' value of 4 fm. The clus-
tering is therefore expected to be more important in this
band than in the ground-state band. Table VI confirms
that transitions inside a band are stronger than transi-
tions between two different bands. The 02 band presents
a mean distance between the clusters of about 4.7 fm,
which is similar to the sum of the ' 0 and a radii. Hence
the 02 band can be considered as a molecular a+' 0
band.
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TABLE V. E2 reduced transition probabilities (in W.u. ) between Ne positive-parity states.

B (E2)GCM I ~ (rneV) B(E2),„p Ref.

2+
4+
6+
8+

p+
2+
4+
6+

8.4
9.5

10.2
7.9

K"=0+-K =0+
6.3 x 10
0.18
F 1
8.1

1.36+1.6
20.1+3 o

12 8+~ i

& 0.02

17
10
10
10

3+
4+
5+
6+
7+

2+
2+
4+
4+
6+

18.5
4.9
6.4
6.4
1.6

K =2+-K"=2+
6.6x10-'
1.0
0.20

29.6
7.8x10-'

2+
2+
3+
4+

p+
2+
2+
2+

5.5x10 '
0.30
0.16
0.70

=2+ K"=0)+

4.2x10-'
54x10 '
0.19
4.4

& 0.3
& 0.05

21
21

2+
4+
6+

0+
2+
4+

5.9
7.1

6.5

K =0+ K =0+
0.64
0.36
0.52

2+
p+
2+
4+

0+
2+
2+
2+

7.0x10 '
2.0x10-'
5.7x10 '
4.2x10-'

K"=0~+~K =0)+
4.0x 10-'
9.5x10-'
0.19
4.7

2+
4+

p+
2+

41.1
50.3

K"=03+~K =03+
1.4x 10-'
5.5 x10-'

2+
p+
2+
4+

0+
2+
2+
2+

0.73
2.8
0.86
0.91

K"=0+~K =0)+
474
960
397
738

D. Mg spectrum E„"'""=E„'"~( Ne)+bEGcM ~EGcM(g. s ) (19)

Although the Mg spectrum has been recently investi-
gated by Alford et al. , some uncertainties remain on the
spin assignments. The present study offers a powerful
way for a Mg investigation, since it provides Coulomb
shifts based on the exact two-body Coulomb interaction.
By comparing these quantities with the Ne energies, it
is possible to predict accurately the spectrum of low-lying
states of Mg. In Table VII the Coulomb shifts EEGcM
are given by

AEGcM E( Mg) E( Ne——) —E(' Ne)—+E(' 0), (18)

where all energies are theoretical. The energies of Mg
are calculated similarly to those of Ne. The predicted

Mg energies are deduced from

Table VII shows that the GCM Coulomb shifts succeed
in reproducing the observed energies of the low-lying
states in the ground-state band. In the 2+ band, the nat-
ural parity states are reproduced reasonably well. We
suggest 3+ and 5+ states near 5.6 and 9.6 MeV, respec-
tively. The head of the 1+ band is predicted at 5.34
MeV. This excitation energy is in nice agreement with
the 5.32 MeV state whose spin is controverted. Endt and
van der Leun' suggest a spin 1, 2, or 3, while Alford
et al. propose a relative orbital momentum 4. Our cal-
culation supports a 1+ assignment, which is consistent
with the data of Ref. 17. The 2+ and 4+ energies found
in the model have valuable experimental counterparts. '

Notice that the 1+, 2+, and 4+ state are not resolved in
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TABLE VI. E2 reduced transition probabilities (in W.u. ) be-

tween Ne negative-parity states.
hEGCM Ep«dtcted

X

TABLE VII. Coulomb shifts and energies in Mg.

EexP
X

3

3
3

3
3
3

2
2

3

B(E2)

K =01 ~K"=01
20.6
27.5
17.2

Krr

15.5
17.5
17.2
22.2

K =pl ~K =1
24.6
4.9
4.0
1.2
0.4

I ~ (meV)

0.37
7.5
5.7

1.5 x 10-'
1.1x10 '
3.5 x 10-'
5.7x 10-'

2.1x10 '
3.9x10-'
6.8x10 '
8.2 x10--'
8.5x10 '

p+
2+
4+
6+
8+

2+
3+
4+
5+

1+
2+
3+
4+
5+

1.25
1.25
1.22
1.26
1.37

1.14
1.17
1.24
1.22

1.24
1.25
1.21
1.24
1.21

K'=0+
0
1.27
3.33
6.32

11.12

4.35
5.56
6.34
9.58

5.34
5.36
7.27
5.51
7.37

0
1.25
3.31

4.40

6.22

5.32
5.29

5.46

3
3

p
— Krr p—

38.8
36.5

0.21
0.18

the experiment of Alford et al. The Coulomb shifts ob-

tained for negative-parity states are somewhat smaller
than in positive parity. We suggest a 1 band whose
head is located near 6.9 MeV.

Let us come back to the full GCM approach. In Table
VIII, we present the theoretical 8 (E2) between low-lying

Mg states. In the ground-state band, the B(E2) values

are larger than in the analog band of Ne. This suggests
a more important clustering in the 0&+ band of Mg than

of Ne.

V. THE "0{a, y ) ~Ne CAPTURE REACTION

The ' O(a, y) Ne capture reaction plays an important
role in astrophysical applications since it is one of the
basic reactions from which heavier elements can be pro-
duced. ' The capture cross section has been experimen-
tally investigated by Adams et a1. in the energy range
E =2.15-3.70 MeV. Since the energies of astrophysical
interest are significantly lower, Trautvetter et al. ' have
studied the Ne spectrum near the a+' 0 threshold,
and deduced the coy values of the relevant resonances.
However, the direct contribution was determined in a
very simple theoretical model. Since the direct-capture
process strongly affects the reaction rate at low tempera-
tures ( T9 & 0.1, from Ref. 10), it is worthwhile to
reanalyze it in the present microscopic framework.

Let us first discuss the results at energies close to the
Coulomb barrier. The data of Adams et al. are corn-

pared with the GCM calculation in Fig. 5. The final

states involved in the calculation are the 0+ (g.s.), 2+
(1.27 MeV), 2+ (4.46 MeV), 0+ (6.24 MeV), 1 (7.05
MeV), and 1 (7.49 MeV) states. The capture cross sec-
tion in this energy range mainly arises from the 1 ~0+
(g.s.) and 1 ~2+ (1.27 MeV) El transitions. At the
lowest energies, the theory agrees with experiment. The

1.11
1.05
1.05
1.04
1.06

6.91
7.46
7.52
8.26

10.42

TABLE VIII. Theoretical E2 reduced transition probabilities
(in W.u. ) in Mg.

2+
4+
6+
8+

B(E2)

K"=01+ K =0,+
0+
2+
4+
6+

13.3
17.7
12.9
7.3

2+

3+

K =2+ K =2+
p+
2+
4+
2+
4+

1.6
3.4
2.3 x lp-'
2.2
0.3

experimental data are consistent with a resonance near
1.8 MeV due, in our calculation, to the 1 (E, =1.8
MeV) resonance. Beyond 2 MeV, the GCM underesti-
mates the data. Most likely, the experimental points are
affected by many resonances which are missing in the
model. Near 2.2 and 2.8 MeV, the sharp bumps in the
GCM curve correspond to the 2+ and 3 resonances, re-
spectively (see Sec. IV B). Let us now turn to the capture
reaction at low energies. The E1 and E2 S factors labeled
by the final states are displayed in Fig. 6. Both com-
ponents present sharp resonances at 0.61 MeV (0+ ), 0.65
MeV (3 ), 1.25 MeV (2+), and 1.80 MeV (1 ). Below
0.5 MeV, the S factor is dominated by the contribution of
the 0+ resonance, which is expected to determine the re-
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100

10

0(a y) Ne
plications. " For this comparison, we use the lower limit
of Ref. 11, which is based on the assumption (supported
by our theoretical study) that no additional state exists in
the vicinity of the o;+ ' 0 threshold.

For temperatures higher than 10 K, the reaction rate
is given by the contribution of low-lying resonances. The
resonant reaction rate is completely defined by the loca-
tion of the resonances, and their strengths coy. Although
several low-lying resonances are present in the model,
some relevant resonances, such as the lowest one at
E =10.20 MeV, are missing. The structure of the miss-

ing resonances is probably different from the
a+ ' O(0+, 2+ ) structure adopted here. Therefore, a
valuable theoretical description of the ' O(a, y) Ne reso-
nant capture rate should require additional configur-
ations.

0.1
1.5 2Q 2.5

E, ~ (MeV)
3.0

FIG. 5. "Q(a,y) Ne capture cross section as a function of
the c.m. energy. The experimental data are from Ref. 23.

Xexp( 40.04T9 '~
)—. (20)

This term represents the dominant contribution to the re-
action rate for temperatures lower than 10 K, In this
range the present reaction rate is about five times larger
than the reaction rate recommended in astrophysical ap-

]Sp(0(T) 22N E2107

106

10
O
X 103
(R

102

10

action rate at low temperatures. Trautvetter et al. '

have observed a state at E, =0.54 MeV, i.e., below the
0+ resonance, but the spin is uncertain. However, this
state is certainly not a 0+ state, ' and hence it is not ex-
pected to affect the S factor at stellar energies. Our cal-
culation does not support the existence of other states in
the vicinity of the u+' 0 threshold. With the present S
factor, the reaction rate can be determined by numerical
integration of the cross section times a Maxwell-
Boltzmann distribution. The reaction rate is divided in a
direct capture and resonant terms. The direct-capture
contribution, essentially due to the 0+ partial wave can
be parametrized by

(cru ) =1.18)&10 (1 4.9T' +12—. 1T )T9

VI. CONCLUSION

In this paper we have shown that the three-cluster
model succeeds in reproducing many properties of the

Ne nucleus. We have suggested the existence of several
bands, and have proposed experimental candidates. The
model predicts a 03+ band located around the Coulomb
barrier and whose states present a marked a+ ' 0 struc-
ture. It is interesting to point out that a similar band has
been obtained in the a+ Ne study of Mg. Without
any effective charge, we reproduce fairly well the 8 (E2)
in the Ne nucleus. We have also suggested spin assign-
ments for differen states in the Mg mirror nucleus,
based on the experimental energies of Ne and on the
GCM Coulomb shifts.

We have presented the E1 and E2 components of the
' O(a, y) Ne capture cross section, which is dominated
by several resonances. The most important one is the 0+
(10.28 MeV) state which determines the S factor at stellar
energies. We have proposed a parametrization of the
GCM nonresonant reaction rate, which is larger by a fac-
tor of 5 than the recommendation of Caughlan et al. "
Trautvetter et al. ' have suggested that additional reso-
nances could exist in the vicinity of the a+ ' 0 threshold,
and therefore the reaction rate could be significantly
enhanced. The present study does not support this con-
jecture, and hence does not suggest any modification to
the resonant reaction rate of Trautvetter et al.

The model could be improved by the introduction of
the n+ 'Ne channel open 0.70 MeV only above the
a+ ' 0 threshold, or by describing the ' 0 nucleus by an
a+' C structure. This description would allow one to
introduce negative-parity states of ' 0 and hence to
reproduce different Ne states missing in the present
model. However, both improvements require a tremen-
dous increase in the complexity of the calculation. The
present description of the Ne nucleus provides satisfac-
tory results, and remains relatively simple in its principle.
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