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The a+ Ca elastic scattering cross sections in the energy range from 29.0 to 61.0 MeV are
shown to be well reproduced by the resonating-group method by introducing a phenomenological

imaginary potential. The local potential equivalent to the nonlocal potential of the resonating-

group method is found to be very close to the optical potential of Delbar et al. which fits the
scattering data well in a wide energy range. Since the optical potential of Delbar et al. is the so-

called unique optical potential which is free from the discrete ambiguity, this result means that the
resonating-group method is powerful and reliable for the study of the internucleus interaction. By
calculating the bound and quasibound level spectra by the same a+ Ca resonating-group method,
it is found that the lowest positive parity rotational band is located near the observed ground rota-
tional band of Ti. In addition, when we use other effective two-nucleon forces so as to locate the
calculated lowest 0+ state near the observed excited 0+ state with the excitation energy 8.54 or 11.2
MeV, which has large a strength, the fitting of the elastic scattering data by the resonating-group
method is found to be very bad. These results force us to regard that the structure of the Ti
ground band as containing a large amount of a+ Ca clustering component. However our present

resonating-group method predicts the appearance of the negative parity rotational band with its
bandhead 1 state below the excitation energy 10 MeV although there have been reported no such

experimental indications at all of this.

I. INTRODUCTION

In a previous paper' the present authors have shown
that the calculation by the a+ ' 0 resonating-group
method (ROM) with the introduction of a phenomeno-
logical imaginary potential reproduces very well not only
the spectroscopic data of the bound and quasibound
states of Ne but also the a+ ' 0 elastic scattering cross
section in a wide energy range. Furthermore, they have
shown that the equivalent local potential to the RGM
nonlocal potential is very similar to the optical potential
of Michel et al. The optical potential of Ref. 2 is well
known as the best a-' 0 optical potential that fits the
scattering cross section in a very wide energy range up to
E&» ——146 MeV. Since it is now believed that the discrete
ambiguity of the optical potentials for light-ion projec-
tiles such as He and a is no more existent so long as the
high-energy scattering data exhibiting the nuclear rain-
bow effect is reproduced, the above-mentioned good
agreement between the microscopic and optical poten-
tials means the high reliability of the RGM for the study
of the internucleus interaction.

In Ref. 1 the effective two-nucleon force is kept fixed in
all the energy range up to E&» ——69.4 MeV, although at
this highest energy a slight modification of the effective
two-nucleon force gives a slightly better fitting of the
data. A decisive criteria of Ref. 1 for the choice of the
effective two-nucleon force was that the spectroscopic
data of some low-lying levels of Ne including the
ground rotational band should be reproduced well by the

a + ' 0 RGM with the adopted two-nucleon force. This
was because it is known from the accumulated studies of
the Ne structure that some characteristic low-lying lev-
els of Ne including the ground band should be de-
scribed well by the microscopic a+' 0 cluster model
which contains within its model space important SU(3)
shell-model configurations. The effective two-nucleon
force adopted in Ref. 1 was the Hasegawa-Nagata-
Yamamoto (HNY) force. ' By using this force Matsuse,
Kamimura, and Fukushima had already shown that the
a+' 0 RGM reproduces well the spectroscopic data of
the low-lying states of Ne.

In order to advance further the RGM study of the in-
ternucleus potential, we intended in this paper to make a
similar RGM analysis of the a+ Ca elastic scattering.
The reason why we choose the a+ Ca system for the
further RGM study is that like in the a+' 0 system
there exists also in the a+ Ca system a very good opti-
cal model analysis in a very wide energy range up to
E~» ——166 MeV which is by Delbar et al. In this system
it is also regarded that the discrete ambiguity of the opti-
cal potential is no more existent.

In making the RGM study, there is an important
difference between the a+ Ca and a+' 0 systems. The
difference is due to the fact that in the present structure-
study of Ti it is not so much clarified which levels have
large component of the a+ Ca structure. Therefore,
unlike the a+ ' 0 case, it is not easy to use the spectro-
scopic data of the Ti low-lying states in selecting the
effective two-nucleon force. One of the present authors
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(H.H. ) discussed this structure problem in Ref. 8 by com-
paring two possible standpoints. One is the standpoint
that the ground rotational band states should be repro-
duced approximately as the lowest positive parity rota-
tional band states by the e+ Ca RGM calculation. The
other is the standpoint that the observed 0+ state to
which the calculated lowest 0+ state by the a+ Ca
RGM corresponds is not the ground state but the 8.54
MeV 0+ state with large a strength. In Ref. 8 two kinds
of arguments against the former standpoint were present-
ed and they were regarded to suggest that the latter
standpoint is more plausible.

Encouraged by the success of the a+ ' 0 RGM study
in reproducing the data from bound states up to high en-

ergy scattering states with a fixed effective two-nucleon
force, we proceed in the case of the o.+ Ca system as
follows. Contrary to the a+' 0 study, we first try to fit

well the a+ Ca elastic scattering cross section in a wide
energy range by the RGM with some suitably chosen
effective two-nucleon force, and then by using the same
two-nucleon force we calculate the bound and quasi-
bound states of Ti. In this way, we will be able to get
very important information to judge which standpoint
between the above-mentioned ones is more plausible for
the understanding of the Ti structure.

We will see in this paper that we can actually fit well
the elastic scattering data of a+ Ca up to fairly high en-

ergy by the RGM with some kind of effective two-
nucleon forces. Then we will see that the RGM with
such kind of effective two-nucleon forces is favorable for
the standpoint that the lowest positive parity rotational
band states calculated by the RGM should correspond to
the ground rotational band states of Ti. This result is
contradictory to the two kinds of arguments of Ref. 8,
and therefore as we will discuss in this paper we can ex-
pect that the resolution of this contradiction will surely
advance our understanding of the Ti structure. Recent-
ly Michel, Reidemeister, and Ohkubo' '" have analyzed
the fusion excitation function of the o,'+ Ca system by
using the optical potential model approach and reached
the conclusion that the lowest allowed positive-parity ro-
tational band obtained by the a+ Ca local-potential ap-
proach should correspond to the ground rotational band
of Ti. This conclusion is consistent with the conclusion
obtained by the present RGM analysis of the scattering
data. Hence in the discussion in this paper we will often
refer to Refs. 10 and 11.

In this paper, furthermore, we will see that the local
potential equivalent to the nonlocal potentia1 of the
n+ Ca RGM, which fits well the scattering data, is

quite close to the optical potential of Delbar et al. cited
above. This result when combined with the similar suc-
cess of the a+' 0 RGM (Ref. 1) fortifies our opinion
that the RGM is powerful and reliable for the microscop-
ic study of the internucleus interaction including the mi-
croscopic foundation of the internucleus optical poten-
tial.

This paper is organized as follows. In Sec. II we sur-
vey briefly the a+ Ca RGM study of the Ti structure
mainly focusing on what has been the difhculty for the
RGM study. In Sec. III we show that by introducing a

phenomenological imaginary potential the e+ Ca elas-
tic scattering cross section can be reproduced well by the
RGM with some kind of effective two-nucleon forces.
We see here that the lowest positive parity rotational
band calculated by the a+ Ca RGM with such kind of
two-nucleon forces can be regarded to give an approxi-
mate description of the ground rotational band of Ti ~

In Sec. IV we calculate the equivalent local potential to
the RGM nonlocal potential which fits well the n+ Ca
elastic scattering, and then we show that it is quite close
to the optical potentia1 by Delbar et al. Section V is de-
voted to discussion and Sec. VI to the conclusion.

II. BRIEF SURVEY OF THE Ti STRUCTURE STUDY
BY THE a+ Ca RGM

In discussing the Ti structure by the u+ Ca RGM,
in Ref. 8, two kinds of the effective two-nucleon forces
were compared, namely the Volkov No. 1 force' with
the Majorana exchange mixture m=0.623 and that with
m =0.658. In both cases the harmonic oscillator parame-
ter v (=neo/2R) was taken to be 0.14 fm commonly
for a and Ca which are both described by the closed-
shell configuration of the harmonic oscillator shell model.
This value of v corresponds to fico=11.6 MeV the value
around which is usually adopted as the experimental
value of Ace for Ca. The a+ Ca RGM with the former
choice of m yields its lowest 0+ state at the observed en-

ergy of the ground 0+ state of Ti when the energy is
measured from the u+ Ca threshold energy. On the
other hand, with the latter choice of m the a+ Ca
RGM yields its lowest 0+ state at the energy of the ob-
served 0+ state whose excitation energy is 8.54 MeV.
The 8.54 MeV 0+ state was regarded in Ref. 8 to be
lowest among the observed 0+ states with the large a-
spectroscopic strength, except the ground state, accord-
ing to the experimental study of the reaction Ca( Li,d)
of Ref. 9. The comparison of the level spectra by these
theoretical calculations with the experiments is displayed
again as a part of Fig. 1 in this paper. Like in Refs. 1 and
8, the RGM kernel of the Coulomb interaction (direct
plus exchange) is approximated in this paper by

VDCA' where 8 is the RGM norm kernel (direct
plus exchange) and VDC is the direct (or double folding)
potential of the Coulomb interaction.

In Fig. 1 we see that the theoretical spectrum of the
ground band by the Volkov No. 1 force with m=0.623
corresponds well to the observed ground state spectrum.
This theoretical spectrum is quite similar to that of the
a+ Ca RGM study' by Kihara, Kamimura, and
Tohsaki-Suzuki in which it is further reported that the
evaluated E2 transition rates within the ground band are
close to the experimental values. In Fig. 1 we also
display the ca+ Ca RGM level spectra of the ground
band by the use of the HNY force with the E strength
parameter of the medium range part, V ( E)= —546+ 6,
MeV, being given by 5=50 MeV. In Ref. 1 it is shown
that by the use of this HNY force with 5=21.3 MeV the
a+' 0 RGM gives a very good fit to the experimental
data from the bound states up to the high energy scatter-
ing state. The reason why 5=50 MeV is chosen here is
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FIG. 1. Experimental and RGM level spectra of Ti. In the
experimental spectra, only the ground rotational band states
and excited states with large a strength are shown. The
a+ Ca RGM level spectra are shown for four kinds of the
effective two-nucleon force, the HNY force with 6=50 MeV,
the Volkov No. 1 force with m =0.623, that with m =0.658, and
the Brink-Boeker force B1. The oscillator parameter v is
chosen to be 0.14 fm for a and Ca which are both described
by the closed-shell configuration of the harmonic oscillator shell
model and the RGM kernel of the Coulomb interaction {direct

MI/2
plus exchange) is approximated by Iv .VD&.N where lV is
the RGM norm kernel {direct and exchange) and VD& is the
direct {or double folding) potential of the Coulomb interaction.
The unbound states are treated within the bound state approxi-
mation. Energies are measured from the a+ Ca threshold en-

ergy. All the levels have the natural parity and so the parity
designation is omitted. The level spectra by use of the Brink-
Boeker B1 force are slightly different from those reported in
Refs. 18 and 19. This may be due to the difference between ours
and Refs. 18 and 19 of the approximate calculation of Coulomb
kernel and of the energy calculation of the quasibound states
which is done in Refs. 18 and 19 without using the bound state
approximation.

explained in the next section where we try to fit the
a+ Ca scattering data by the RGM.

As is discussed in Ref. 8, although the a+ Ca RGM
seems to reproduce well the ground band levels of Ti,
there are strong arguments that this reproduction is not
appropriate. One is the problem about the excitation en-
ergies of the two theoretical rotational bands, the first
negative parity (E =0, ) band and the second positive
parity (K =02+) band. The K =0& band is of course
calculated to be at the lower excitation energy than the
E =02+ band as is seen in Fig. 1. The levels of these two
calculated bands have well developed a+ Ca dinuclear
structure and therefore they should correspond to the ob-
served levels with large a-spectroscopic strength. If we
regard that the bandhead 0+ level of the calculated
E =02+ band corresponds to the observed 8.54 MeV 0+

level, we encounter a serious difficulty that, in the energy
region lower than the 8.54 MeV 0+ level, we have no ob-
served negative parity rotational band which should cor-
respond to the calculated E =0, band. In other words,
as is seen in Fig. 1, the calculated energy gap between the
bandhead state of the lowest E =0+ band and that of
the lowest E =0 band is found to be smaller than
about 7 MeV, but until now we have no experimental re-
port on the existence of the E"=0 band below the exci-
tation energy 10 MeV. According to the Ca(a, a) ex-
periment of Refs. 14 and 15, aside from the 8.54 MeV 0+
state and the ground band states, the observed states with
large a strength are a group of states with J =0+, 1

2+, and 3 with the excitation energy (E„), 11.2, 11.7,
12.2, and 12.8 MeV, respectively. Thus as explained in
Ref. 8, in our present experimental knowledge the lowest
observed 1 state with large a strength is located at 11.7
MeV. It is very inappropriate to assign the bandhead 1

state of the calculated K =0, band to this observed 11.7
MeV 1 state because the difference of the excitation en-
ergies between the theoretical and experimental 1 states
is too large. It is to be mentioned that this problem about
the location of the E =0& and 02+ bands was also re-
garded to be a serious question on the structure of Ti in
the report' by Arima who discussed the a-clustering
problem of Ti on the basis of the work with Tomoda in
which the a+ Ca RGM was extended so as to include
into its model space all the Of lp shell-model states with

[4] and [31]spatial symmetries.
Another argument against the assignment of the RGM

lowest 0+ state to the Ti ground state is due to the
recognition of the strong effect of the spin-orbit force in
the ground band states. When the configurations, espe-
cially with the broken spatial symmetries, are introduced
into the model space in addition to the [4] symmetry
states of the a+ Ca RGM, the calculated structure of
the ground rotational band may be no more dominated
by the a+ Ca structure by the effect of the spin-orbit
force. Such kinds of theoretical studies were actually
performed by Itonaga' and by Tomoda and Arima. '

Itonaga concluded that the a+ Ca clustering corn-
ponent is very small while in Ref. 16 the a+ Ca com-
ponent was calculated to be 60-70% in its squared am-
plitude. Moreover, Arima suggested that the inclusion of
the broken symmetries [22], [211],and [1111]which were
missing in Ref. 16 might push the ground band wave
functions further toward the (Of 7&&) configurations al-
lowing the appearance of states within the a+ Ca func-
tional space not in the ground band but in some excited
band.

The above-mentioned two arguments were regarded in
Ref. 8 to suggest that the observed 0+ state to which the
calculated lowest 0+ state by the a+ Ca RGM corre-
sponds is not the ground state but the 0+ state at 8.54
MeV. As we see in Fig. 1, if we adopt the Volkov No. 1

force with m =0.658, so as to reproduce the RGM lowest
0+ state at the position of the 8.54 MeV 0+ state, the ob-
served 1 state at 11.7 MeV seems to be well reproduced
by the bandhead 1 state of the theoretical lowest

=0 band. Friedrich and Langanke' ' made
a+ Ca RGM studies by using the same v as ours and
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the Brink-Boeker force 81 (Ref. 20) as the eff'ective two-
nucleon interaction, and they obtained as the lowest rota-
tional band a parity-mixed rotational band '

(J =0+,1,2+,3, . . . ) starting with the 0+ state at 5.1

MeV above the a+ Ca threshold. This calculated band
was regarded' ' to correspond well to a group of ob-
served states with J =0+, 1, 2+, and 3 (with

E, =11.2, 11.7, 12.2, and 12.8 MeV, respectively) which
were interpreted experimentally in Ref. 15 also as
members of a mixed-parity rotational band. The a+ Ca
ROM level spectra by the use of the Brink-Boeker Bl
force are also displayed in Fig. 1.

In the next section we calculate the a+ Ca elastic
scattering angular distribution by the RGM by using
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FIG. 2. Comparison of the experimental data (dots) for a+ Ca elastic scattering with the calculations (solid curves) by the
a+ Ca RGM with four kinds of effective two-nucleon force; the HNY force with 6=50 MeV (a), the Volkov No. 1 force with
m=0.623 (b), the Volkov No. 1 force with m=0.658 (c), and the Brink-Boeker force B1 (d). The experimental data are due to Refs. 7
and 47—50.
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above-mentioned four kinds of the effective two-nucleon
force, the HNY force with 6=50 MeV, the Volkov No. 1

force with m =0.623, that with m=0.658, and the Brink-
Boeker force B1. As seen in Fig. 1, use of the former two
kinds of nuclear force corresponds to the standpoint that
the ground rotational band should be reproduced approx-
imately as the lowest rotational band by the a+ Ca
RGM, while use of the latter two corresponds to the
standpoint that the observed 0+ state which is to be de-
scribed by the lowest 0+ state by the a+ Ca RGM is
not the ground state but some excited 0+ state with large
a strength, either the 8.54 MeV 0+ state or 11.2 MeV 0+
state. Encouraged by the success' of the a+ ' 0 RGM in
reproducing the data from bound states up to high energy
scattering states, we expect that the a+ Ca RGM will
succeed in reproducing the experimental angular distri-
bution up to high scattering energy by using the effective
two-nucleon force based on one of the above-mentioned
two standpoints. This means that we expect the scatter-
ing data will give us powerful new information to judge
which standpoint is more plausible.

10o
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intermediate angle region (60'& 8 & 120') of (c) and (d) of
Fig. 2 has not been able to be diminished by changing the
parameter values of the imaginary potential W(r) from
those of Eq. (3.3).

The good data fitting in (a) and (b) of Fig. 2 leads to the
following two conclusions: Firstly, in addition to the
a+' 0 system, ' also in the a+ Ca system, the RGM

III. ANALYSIS OF THE a+ Ca ELASTIC SCATTERING
CROSS SECTION BY THE RGM 10-8

E 49. 5MQV
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By using four kinds of effective two-nucleon force
which are explained in Sec. II and with which the bound
and quasibound level spectra are calculated as shown in
Fig. 1, we have calculated the a+ Ca elastic scattering
cross sections by the RGM under the introduction of a
phenomenological imaginary potential into the RGM
equation of motion as follows:

[I+&XiW(r)&X E„P]X=0—, (3.1)

where Band 8'are the Hamiltonian and norm ROM ker-
nels, ' respectively. The choice of the oscillator param-
eter and the construction of the Coulomb kernel in 8 are
made in the same way as in the calculation of the level
spectra displayed in Fig. 1. Here E, is the scattering en-

ergy in the center-of-mass frame and W(r) is of the
squared Woods-Saxon form
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In view of the excellent reproduction of the experimental
scattering cross section by the optical potential of Ref. 7,
the values of Wo(E), Rl, and ai have been chosen to be
the same as those of Ref. 7; namely
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Here E stands for the a-particle energy in the laboratory
frame.

The comparison of the angular distributions between
the RGM calculations and the data is shown in Fig. 2 for
E=29.0, 39.6, 49.5, and 61.0 MeV, and for the adopted
four kinds of effective nuclear force. We can see that the
data fitting in (a) and (b) of Fig. 2 is fairly good while that
in (c) and (d) of Fig. 2 is band. The large disagreement of
the dip positions between theory and experiment in the
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FIG. 3. Similar comparison as in Fig. 2 of the a+ Ca elastic

scattering data (dots) with the a+ Ca RGM calculations (solid

curves) with the HNY force. (a) is for 5=60 MeV and (b) is for
5=80 MeV.
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60 MeV, the binding energy of the lowest 0+ state be-
comes smaller by a rather large amount, about 3 MeV,
while the energy of the second 0+ changes by only 0.8
MeV. Thus if the HNY force with 6=60 MeV proves to
be a suitable effective force to be adopted for the a+ Ca
RGM, it will be necessary for the ground-state wave
function of Ti to have rather large amount of other
configurations than the antisymmetrized a+ Ca
configuration in order to reproduce the observed binding
energy.

It is quite important that the result of the RGM
analysis of the scattering data in a wide energy range is
favorable for the standpoint that the lowest rotational
band by the RGM gives an approximate description of
the observed ground band, and therefore we will discuss
what this means in Sec. V.

It is to be noted that the good data fitting in (a) and (b)
of Fig. 2 is obtained by the use of the imaginary potential
of Ref. 7 without any modification [Eqs. (3.2) and (3.3)),
and by using the effective two-nucleon force independent
of the scattering energy. An even better fit to the data
will be obtained in the present RGM framework by modi-
fying the parameters of the imaginary potential and by
changing the parameters of the effective two-nucleon
force for different energies E as was discussed in Ref. 1.

IV. COMPARISON OF THE EQUIVALENT LOCAL
POTENTIAL WITH THE OPTICAL POTENTIAL

As seen in Sec. III we can fit well the elastic scattering
data of a+ Ca up to fairly high energy by the RGM
with some kind of effective two-nucleon forces. We,
therefore, construct the equivalent local potential (ELP)
from this RGM nonlocal interaction by the method of
Ref. 24, and compare it with the optical potential V'~'(r)
of Ref. 7. The imaginary part of this V'~'(r) is given by
Eqs. (3.2) and (3.3) and the real part of its is expressed as

V(r) = —Vo(E) t 1+exp[(r —R ) la] I
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momentum-independent optical potential, we use the l-
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E=29.0 and 61.0 MeV. We see that V " (r) is quite
close to V'~'(r). Together with the similar result in the
o.+' O system, ' we can say that the RGM is powerful
and reliable for the study of the microscopic foundation
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FIG. 4. Ti level spectra calculated by the a+ Ca RGM by
the use of the HNY force with 6=60 MeV and 6=80 MeV.
The experimental spectrum is also shown for the sake of com-
parison.

with fixed effective two-nucleon force has proved to give
a good fit to the scattering data in a wide energy range.
This fortifies our opinion that the RGM is reliable for the
microscopic study of the internucleus interaction process.
Secondly, when combined with the result that the data
fitting in (c) and (d) of Fig. 2 is bad, we are forced to sup-
port the standpoint that the lowest rotational band by the
a+ Ca RGM should be regarded to give us an approxi-
mate description of the ground rotational band of Ti.

In order to see in a more quantitative way how restric-
tive the condition is which the scattering data fitting im-

poses on the selection of the effective two-nucleon force,
we study the change of the scattering data fitting and of
the bound and quasibound level spectra against the
change of the 4 parameter of the HNY force adopted for
the a+ Ca RGM. In Fig. 3, the RGM angular distribu-
tions by the HNY force with b =60 MeV and with 6=80
MeV are compared with experiments. We see that the
data fitting by 6=60 MeV is of similar quality as that by
b, =50 MeV displayed in Fig. 2(a), while that by b, = 80
MeV is bad like in (c) and (d) of Fig. 2. From the com-
parison of the data fittings by 6=50, 60, and 80 MeV, we

may conclude that the allowable range of the value of the
6 parameter of the HNY force is 50 MeV ~ 5 ~ 60 MeV.
In Fig. 4 we show the change of the bound and quasi-
bound level spectra of the RGM against the change of
the 6 parameter of the HNY force adopted for the
RGM. We see that by changing the 6 value from 50 to
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FIG. 7. The same comparison as Fig. 5 by the use of the
HNY force with 6=60 MeV.

V. DISCUSSION

In Sec. III we have seen that the a+ Ca elastic
scattering cross section can be fitted well by the a+ Ca
RGM if the effective two-nucleon force is suitably
chosen. The HNY force with 50 MeV ~ 5 ~ 60 MeV and
the Volkov No. 1 force with m=0. 623 are such kind of
suitable effective two-nucleon force. An important
characteristic property of such kind of suitable effective
two-nucleon force is that the calculated lowest 0+ state is
located below the a+ Ca threshold and the calculated
second 0+ state is located at about 6.5 MeV above the
a+ Ca threshold. On the other hand, we have also seen
that if we use the effective two-nucleon force that locates
the calculated lowest 0+ state at the position of the ob-
served 8.54 MeV 0+ state (3.4 MeV above the a+ Ca

threshold) or the observed 11.2 MeV 0+ state (6.06 MeV
above the threshold), the fitting of the calculated cross
section to the experimental one is very bad.

Based on these two results we have concluded in Sec.
III that the analysis of the a+ Ca scattering data by the
RGM forces us to support the standpoint that the lowest
rotational band by the a+ Ca RGM should be regarded
to give us an approximate description of the ground rota-
tional band of Ti. This result of Sec. III is consistent
with the conclusion of the recent study of the a+ Ca
fusion cross section of Refs. 10 and 11 by the optical po-
tential model approach which was based on the recipe
used extensively by Hatogai, Ohta, and Okai. In Ref.
10, the a+ Ca optical potential of Ref. 7 was adopted
with minor modifications of the strength parameters of
its real and imaginary parts, and the fusion cross sections
were regarded to be obtained by the reaction cross sec-
tion calculated by reducing the imaginary potential ra-
dius. After ascertaining the good theoretical reproduc-
tion of the oscillatory fusion cross section in the region of
E = 10—27 MeV, the authors of Ref. 10 calculated bound
and quasibound level spectra by using the real part of the
adopted optical potential. They found that the lowest ro-
tational band allowed by the Pauli principle appears in
the energy region quite close to the observed ground
band. Thus they insisted' '" that the ground band struc-
ture can be approximated well by the a+ Ca cluster
structure.

It is to be noticed that the approach of Refs. 10 and 11
which uses the phenomenological local potential is not
free from some ambiguities in making quantitative agree-
ments. For example, as is shown in Ref. 30 by the same
authors, the use of the optical potential of Ref. 26, which
also fits the scattering data very well, locates the lowest
Pauli-allowed 0+ level at about 6 to 9 MeV below the
a+ Ca threshold, while in Refs. 10 and 11 it is located
at 3.67 MeV below the threshold. In Refs. 10 and 11, the
wave functions of bound and quasibound states are calcu-
lated by the use of the real part of the optical potential
for E =10-30 MeV. From the viewpoint of the micro-
scopic theory, however, this recipe may not be so reliable
quantitatively. This is because according to the study of
the energy dependence ' ' ' of the equivalent local
potential to the RGM nonlocal potential, the change of
the potential shape, especially in its tail region, is rapid
when the scattering energy goes down to zero in the low-
energy region. Namely the microscopic potential be-
comes more attractive in the inner spatial region and
more repulsive rapidly in the tail region as the energy
goes down. And, furthermore, according to our prelimi-
nary investigation this tendency of the energy depen-
dence continues to be the same as the relative-motion en-
ergy goes down in the negative energy region. In this
respect, it is instructive that the effective a+ ' 0 poten-
tials for the ground band levels constructed in Ref. 6
from the a+' 0 RGM nonlocal potentials and also the
effective a+ Ca potentials for the lowest rotational band
levels constructed in Ref. 13 from the a+ Ca RGM
nonlocal potentials, are even repulsive in the tail region
with their repulsive height reaching to about 5 MeV for
the former and to about 10 MeV for the latter. These
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kinds of potentials are, of course, unable usually to be ob-
tained from the real part of the optical potential.

According to Sec. III the location of the lowest 0+
state by the a+ Ca RGM is determined with an ambi-
guity of about 5 MeV. If we follow the conjecture by
Arima in Ref. 16, in order to construct the ground-state
wave function of Ti, we need to mix other components
than the a+ Ca one more than 40% in their total
squared amplitudes. The location of the lowest 0+ state
by the a+ Ca RGM is strongly correlated with the
magnitude of the amplitudes of the above-mentioned
mixing components in obtaining the good wave function
for the ground state of Ti.

The most serious objection to the result of Sec. III is
just the argument emphasized in Ref. 8 and explained
again in Sec. II. Namely, if the lowest 0+ state by the
a+ Ca RGM should appear in the energy region close
to the observed ground state of Ti, the appearance of
the negative parity rotational band with its band head 1

state below 10 MeV cannot be avoided in spite of the fact
that there have been reported no such experimental indi-
cations at all. This dif6culty was already noticed in Ref.
13 and was regarded in Ref. 16 to be a serious question
on the structure of Ti. This difficulty is equally existent
in the result of the above-cited works of Refs. 10 and 11.
The authors of Refs. 10 and 11 have discussed this prob-
lem seriously and have insisted that there should exist a
K =0 rotational band starting just above the threshold
which should be, therefore, actively searched for experi-
rnentally. The answer of the present authors to this prob-
lem is the same as that of Ref. 10 and 11 mentioned
above because the result of the analyses of Sec. III inevit-
ably leads to this answer. As for the quantitative predic-
tion of the location of the bandhead 1 level, the analyses
of Sec. III suggest that the 1 energy is located in the re-
gion from 0 to 5 MeV above the threshold.

In order to show the outline of the wave functions of
the lowest rotational band levels obtained by the a+ Ca
RGM, we give in Table I the calculated values of the rms
intercluster distance ( R ) ' and intraband B (E2). The
value (R )'~ is obtained first by calculating the ordi-
nary rms radius ( r )T~ by the RGM wave function and
next by using the following equation:

44(r )T;=4(r') +40(r )c,+ (R ), (5.1)

where (r )~ and (r )c, are the rms radius of a and
Ca, respectively, and are calculated by the harmonic os-

cillator closed-shell wave functions with the common os-
cillator parameter v used for the a+ Ca RGM. The
effective two-nucleon forces used in the RGM calculation
are the HNY force with 6=50 and 60 MeV. In Table I
the experimental B(E2) values of the ground band are
shown compared with the calculated values. We see that
the calculated B(E2}values are large and rather close to
the observed values especially in the case of 6=60 MeV.
It is to be noticed here that no efFective charge is used in
the calculation while in (fp) shell-model calculations
one needs large efFective charge (5e-0.5e) in order to
reproduce the observed values. '

The calculated rrns intercluster distance is seen to de-
crease as the spin of the state increases from 0 to 12.
This antistretching effect s is well known to exist in the
ground band of Ne. This effect means that the degree
of clustering becomes weaker when going from the 0+ to
the 12+ state. In Table I we have shown the squared am-
plitude of the SU(3) shell model component (pf) [4]
(12,0) contained in the RGM wave function for each spin
state. These amplitudes clearly show that the RGM
wave function approaches more and more to the SU(3}
shell-model limit as the spin of state increases. Now as
for the comparison with experiments, the observed rms
charge radius of the Ti ground state which is 3.60 fm
(Ref. 37) is the only quantity to be compared with the cal-
culation. The calculated rms charge radius which is
equivalent to (r )T; in the present model is 3.37 fm or
5=50 MeV and 3.39 fm for 6=60 MeV in the case of
the lowest 0+ state.

Here we should point out that a careful treatment of
the antisymmetrization effect is necessary when or&e cal-
culates the quantities like B (E2) values and rms radii by
using the wave functions which describe the states with
strong overlap between clusters. As we show below, the
calculated B (E2) values of Ref. 11 (and 30) and of Ref. 13
are overestimated by about 15-30% compared with the
values by the proper treatment. First consider the calcu-

TABLE I. Values of the rms intercluster, distance, intraband B(E2), and the squared amplitude a'
of the SU(3) shell-model component (pf) [4](12,0), for the states of the calculated lowest rotational
band. Theoretical values are obtained for two kinds of the HNY force, one with 6=50 MeV and the
other with 6=60 MeV. As for the B(E2) values, the experimental ones of the ground rotational band
(Ref. 51) are also shown for the sake of the comparison. Here J stands for the total angular momentum
and is of course equal to the relative angular momentum I between a and Ca.

(R )' (fm)
6=50 5=60

B(E2)(J~J—2)(e fm )

6=50 5=60 Exp. 6=50
2

b, =60
0+
2+
4+
6+
8+

10+
12+

4.09
4.07
4.01
3.94
3.86
3.77
3.69

4.25
4.21
4.14
4.04
3.93
3.82
3.71

72.2
95.2
90.3
74.7
53.0
27.3

83.5
109.2
102.4
83.5
58.2
29.5

120+30
280+60
160+20
) 14

140%30
40+8

0.87
0.88
0.90
0.92
0.95
0.97
0.99

0.80
0.81
0.84
0.88
0.91
0.95
0.98
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lation by the local potential model of Ref. 11 (and 30). In
this model the B (E2) matrix element is simply given by

2("}Y(—z, o(»)
I
yzo(r} I

"(("}Y(o("} &

4X40
y20(r) y20(r} y'2o(r)=r Yzo(~}

44

(5.2)

where u((r) is the eigenstate wave function with the angu-
lar momentum I for a given local potential. As is sup-
posed in Ref. 30, it is usual to link u((r) Y(o(r) to the
RGM wave function,

where X& stands for the total center-of-mass coordinate.
In our present treatment where P(a) and P( Ca) are ex-
pressed by the harmonic oscillator (HO) shell-model wave
functions with common oscillator parameter v, the eigen-
functions of the norm kernel 8' are HO wave functions
u,v( (r)Y( (r) with oscillator parameter y =pv, where (u

is the reduced mass number (p= ~~
) and N the number of

the oscillator quanta, N =2n +l with n standing for the
number of radial nodes. The eigenfunction expansion of
8' is expressed by

—1/2
44

A[(iV' ' u((r)Y(o(9)}P(a)P( Ca)], N 1m

(v( ( }Y( (»)&&u(v( ( }Y( ("}
I

(5.5)

(5.3)

where P(a) and P( Ca) stand for the internal wave func-
tions of a and Ca, respectively, A is the antisymmetriz-
ing operator and 8 the RGM norm kernel. According to
this link, the B (E2) matrix element by the proper treat-
ment of the antisymmetrization effect is given as follows:

u((r}= g CwuN (r),
N

(5.6)

which is because the eigenvalues PN depend only on N
and not on l. ' ' By using Eq. (5.5} and the expansion of
u((r} by u(v(

X yzo(« —XG } (5.4)
we can express the matrix elements M(' and M( as «I-
lows:

M('= g C(v( 2C(v(m(N&N'&I) &

N, N'

1/2 ' 1/2
PN'

C(&(( ~C(v(m (N N 1)

&uivl —2 I
»

I u(v'( & & Y( 2, o I Y2o I
Y(o&

HQ 2 HQ X40
44

PN + g
N&N' PN' N )N' PN

m (N, N', 1)= & ug 2(r) Y( —2o(r) I yzo(r) I
uN''l (r) Y(o(r) &

(5.7)

In the present a+ Ca RGM, PN for N& 12 are zero,
which means that ug (r) with N & 12 are exactly forbid-
den states of the RGM. Therefore, in order for the
above-mentioned link between the local potential model
and the RGM to be sufficiently meaningful, the expan-
sion coefficients CM for N & 12 in Eq. (5.6) should be van-

ishingly small. If this condition for CN& is actually
satisfied, we can put CN& for N & 12 to be exactly zero in
calculating M, by using Eq. (5.7). This point was investi-
gated in Ref. 30 and it was found that CN& for N & 12 are
actually very small. It is to be noticed if u((r) is equal to
u, 2 ((r) (namely C(v(

——5(v,z) @( is exactly the same as the
SU(3} shell model wave function (pf) [4](12,0). In gen-
eral, the coefficient C,2 ( of Eq. (5.6) is just the amplitude
of the component (pf) [4](12,0) contained in 4(. If C(v(
are large only for N =12, 4& is close to the shell-model
limit and expresses the state with strong overlap between
clusters, while if N& represents the well-developed cluster-
ing state, CN& spreads up to high N. Now we compare
the expression of M(' with that of M( in Eq. (5.7}. Since
m ( N, N', /) is nonvanishing only for

I

N N'
I

& 2, it is—

clear that M&' and M& are close to each other if the ratios
((u(v 2/(M(v)' are close to unity. It is well known that
for large N, ((u(v 2I(M(v)' is close to unity because

PN 1 for N~ ~, and therefore M&' and M& are close to
each other in the case of well-developed clustering states
4(. However, on the contrary, for N =12, ((M(v zip(v)'
is appreciably smaller than unity, and therefore M&' and
M& can differ largely from each other in the case of the
states with strong overlap between clusters. In Table II
we compare the B(E2) values calculated by M(' with
those by M& in the case of the potential model of Ref. 11
(and 30). Here the calculation of M(' is done in two ways.
First, like Ref. 11 (and 30), M(' is calculated by not put-
ting C» for N & 12 to be zero. Second, we have calculat-
ed M&' by putting C» for N & 12 to be zero and the result-
ing values are denoted as M(". We see that the B(E2)
values by M&' and M&" are larger than those by M& by
about 15% and 30%, respectively. The reason why

I
M('

I
(or

I
M("

I
) is larger than

I
M( I

for the states
near the shell-model limit is easily understood by the fol-
lowing allowable simplification for u((r):
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TABLE II. Comparison of the B(E2) values calculated by
MI' and Ml" with those by MI in the case of the potential model

of Ref. 11 (and Ref. 30) and in the case of the RGM treatment

of Ref. 13. As for the definition of Mi', MI", and MI, see the

text. The B(E2) values calculated by Mi' in the same RGM
framework as Ref. 13 are slightly different from those reported
in Ref. 13. This may be due to the difference of the calculation

of the Coulomb kernel which is done exactly in Ref. 13.

B(E2) (J~J—2) (e~fm4)

Ref. 11
M M( M

Ref. 13

2+
4+
6+
8+

10+
12+

107.3
146.4
140.2
118.1
74.9
33.6

124.1

171.4
169.1
146.8
98.7
43.3

93.3
128.0
125.2
107.4
72.8
33.5

130.7
173.6
164.0
130.5
84.5
38.3

97.4
129.1

121.7
97.2
64.2
30.5

ul(r)=au, z (ir)+pu, 4 I(r), (5.8)

which is obtained by neglecting the small components
with N ) 16 (and N& 12) and by neglecting the small I
dependence of the expansion coeScients for ¹ 12 and
14. The sign of a is opposite to that of p, ap &0. This is
due to the general property of the expansion coeScient
Czl which changes its sign for the change of N,
N ~N +2. By Eq. (5.8), Mi and Mi are expressed as

P&z
Ml ——Al +

P&4

' 1/2

(5.9)
AI ——a m(12, 12, l)+P m(14, 14,1),

BI aP[m ——(12, 14,1)+m (14, 12, I)] .

It is easy to get the following formulas:

[(N +1 + 1)(N —I +2)]'i

[(N+l+1)(N+I+3)]'"
km N, N+2, I =

4r

[(N —1+2)(N —l +4)]'i'
km N+2N I =

4y I

4g40
kl ( Yl —2, 01 Y20 I Yio&44

(5.10)

From Eq. (5.10) and the relation ap&0, we see that AI
and 81 are of the same sign. Hence, the relation
p, z/p, 4 & 1 (p, z

——0.069, p, 4 ——0.264) (Ref. 41) leads to the
«»tion

i MI
~
)

~
MI ~.

Next we consider the calculation of the 8(E2) values
of Ref. 13. In Ref. 13, the 8(E2) matrix elements are
calculated by the RGM wave function
A [Xl(r)Yio(r)p(a)p( Ca)] in an approximate way as fo]-
lows:

Ml (+I —2( r ) Yl —20(~ )
I 3 20(r» '"

I &( ( r ) Ym( r ) &

= (co/ p(r)YI p Q(r) iypQ(r) i
col(r}YID(r) &

~,(r)YIO(r)=k' 'X, (r)YID(r) .
(5.11)

Thus the calculational procedure of the B(E2) matrix
element of Ref. 13 is the same as that of the local poten-
tial model given in Eq. (5.2). By denoting the coefficients
of the expansion of col(r) by ug (r) also as Czi, we can
express Ml' and the exact 8 (E2) matrix element MI by
Eq. (5.7). The comparison of the 8 (E2) values of Ref. 13
calculated by using MI' with the exact 8(E2) values ob-
tained by using MI is also displayed in Table II. We see
again that the former values are larger than the latter
values by about 30%. In Ref. 13 it is mentioned that in
the case of the ground rotational band of the a+' 0 sys-
tem,

i
Ml'i differs from

i MI i
within about 10—20%%uo.

The reason why the difference between
~

Ml'
~

and

i MI
~

in the a+' 0 system is smaller than that in the
a+ Ca system is largely due to the fact that the ratio
ps/p, o (ps=0.229, p, 0=0.510) (Ref. 41) of the lowest two
eigenvalues of the normal kernel of the a+' 0 system is
closer to unity than the corresponding ratio p, z/p, 4 in
the a+ Ca system.

As for the other spectroscopic problems relevant to the
present analyses, we will discuss them in another part.
One of such problems is the question which state is to be
described by the calculated second 0+ state, 8.54 MeV 0+
state or 11.2 MeV 0+ state. The related question is
which group of observed states correspond to the calcu-
lated E"=0+ band starting with this calculated second
0+ state. Here in this paper we would like to present one
conclusion which can be derived from the analyses of Sec.
III. That is, contrary to Refs. 15, 18, 19, and 21, it is un-
likely that there appears a mixed-parity rotational band
with its band head position around 6 MeV above the
a+ Ca threshold.

Next, in the remaining part of this section, we discuss
the equivalent local potential to the a+ Ca RGM non-
local potential. For this purpose we utilize the I-averaged
ELP V (r) which is obtained by the use of the HNY
force with 6=50 MeV and which has been shown in Sec.
III to be almost identical in shape to the optical potential
by Delbar et al. In Fig. 8 we display the decomposition
of VELP(r) into the direct (or double folding) potential
Vn(r) and the exchange potential b, V(r);
V " (r) = VD(r)+ 6 V (r). The energy dependence of
V " (r) is due solely to that of AV(r), since VD(r) is in-

dependent of the incident energy. In this figure we also
display V' '(r) of Ref. 7 to which V (r) is seen to be
very close.

What we learn first from this figure is the theoretical
explanation of the reason why V'~'(r) is deep. The
reason is attributed to the smallness of the exchange po-
tential b V(r) compared to the deep direct potential
Vn(r). It has often been mentioned that the exchange po-
tential becomes larger (or more repulsive) as the internu-
cleus distance becomes smaller, namely as the overlap of
two nuclei becomes larger. This, however, is not true as
has been extensively studied. ' The reason is as fol-
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lows. As two nuclei overlap more heavily, the exchange
process of larger number of nucleons between nuclei be-
comes possible. Thus it looks like as if the exchange po-
tential became larger. An important point here is the
recognition that the exchange process of larger and larger
number of nucleons yields a nonlocal interaction between
nuclei with longer and longer range of nonlocality. The
long nonlocality range means directly the short energy
range. Namely, as the energy gets higher the wavelength
of the wave function becomes shorter and the nonlocal
potential with long nonlocality range becomes rapidly

more ineffective when integrated with such short-
wavelength wave function. Thus the larger the number
of exchanged nucleons is, the shorter the range of the
nonlocal potential coming from such exchange process is,
not only spatially but also energetically. According to
this general argument, an attractive internuclear poten-
tial U(r) works so as to make the exchange potential due
to many-nucleon-exchange process ineffective in the
whole spatial region. The reason is as follows: Such ex-
change potential can be effective only in the spatial re-
gion of small internucleus distance, but since in such a re-

(b)
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FIG. 8. Decomposition of the real part of the I-averaged equivalent local potential Re[ V (r)] (solid curve) into the direct poten-
tial VD(r) (dashed-dotted curve) and the exchange potential 6 V(r) (upper solid curve). (a), (b), (c), and (d) are for E=29.0, 39.6, 49.5,
and 61.0 MeV, respectively. The HNY force with b =50 MeV is used for the calculation of V " . Here the real part of the optical
potential of Delbar er al. Re[ V'~'(r)] is also displayed by the dashed curve.
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gion the effective energy for the internucleus relative
motion, E,+ U(r), is high even for low incident energy

E„, the exchange potential is forced to be largely less
effective. According to the actual numerical studies, in
the case of light-ion projectiles such as a particle, the ex-
change potentials due to more-than-one-nucleon ex-
change are vanishingly small and hence the total ex-
change potential is almost exhausted by the one-nucleon
exchange potential in the whole spatial region. Note here
that even the one-nucleon exchange potential is reduced
in its magnitude due to the same combined effect of its
nonlocality and the attractive potential.

In Fig. 8 we see that the mild energy dependence of
V't"(r) to become shallower as E gets higher is very nice-
ly reproduced by the energy dependence of AV(r) Th.e
mildness of the energy dependence of V't"(r) is explained
to be largely due to the small magnitude of EV(r). The
tendency of V'~'(r) to become shallower for higher E is
explained to be mainly due to the following three charac-
teristics of b, V(r). ' The first is the attractive nature
of 6 V(r) in the tail region. It has been often argued that
the exchange internucleus potential is repulsive since the
exchange potential originates from the Pauli exclusion
process. This, however, is not necessarily true. A good
example is the exchange potential of the single nucleon
potential. It is the so-called Fock potential and as is well
known to be largely attractive. The second characteristic
is that this attractive part of b, V (r) becomes smaller in its
magnitude as E gets higher. It is due to the genera1 fact
that the exchange effect becomes smaller for higher E.
The third characteristic of b V(r) is that the repulsive
part of b, V(r) in the region of the short relative distance
becomes more repulsive as E gets higher. This repulsive
part of 6V(r) consists mainly of the repulsive contribu-
tion coming from the short range repulsion of the adopt-
ed effective two-nucleon force. In general, as E gets
higher, the exchange potential coming from the shorter
range part of the effective two-nucleon force becomes
smaller more slowly than that from the longer range part
does. Hence the faster diminishing nature of the attrac-
tive component of b V(r) than that of the above-
mentioned repulsive component of b V(r) makes the net
repulsive part of b, V(r) become more repulsive for higher
E.

The magnitude of the energy dependence of V is
largely governed by the adopted effective two-nucleon
force. If we use an affective two-nucleon force which
yields similar bound and quasibound state spectra to the
present eff'ective force (the HNY force with b =50 MeU),
but which has a larger Majorana component than the
present force, the direct potential becomes shallower than
the present one shown in Fig. 8, but the exchange poten-
tial becomes deeper than the present one shown also in
Fig. 8. The net depth of the V ",however, remains al-
most unchanged for the low scattering energy, the reason
of which is discussed in detail in Ref. 42. When the ex-
change potential is larger, the energy dependence be-
comes necessarily large. Thus the fitting of the scattering
data in a wide energy range necessarily imposes rather
strict condition for the character of the effective two-
nucleon force to be selected.

As for the origin of the energy dependence of V' ', in
general, we need to consider other effects than the inter-
nucleus antisymmetrization effect which is fully treated
in the RGM. Among such other effects are included the
renormalization effects on the elastic channel of the none-
lastic processes which have been extensively studied re-
cently. However, in the energy range, E =30—60 MeV,
treated in this paper, we are not faced with any
significant need to take into account such other effects.
On the other hand, when the energy E gets higher than
about 60 MeV, as is seen in Fig. 6 where the energy
dependence of the volume integral jz of the real part of
V' ' (Re[ V'~']) is compared with j~ of Re[ V ], we find
that j„ofRe[ V' '] seems to decrease more rapidly than
j„ofRe[ V ]. Thus in the high energy region, about 60
MeV, where the internucleus antisymmetrization effect is
responsible for a significant part of the energy depen-
dence of Re[V' '], there seems to exist other effects
which also contribute significantly to the energy depen-
dence of Re[ V' '].

VI. CONCLUSION

The a+ Ca elastic scattering data at E=29.0, 39.6,
49.5, and 61.0 MeV are found to be reproduced very well

by the a+ Ca RGM with the introduction of a phenom-
enological imaginary potential if one uses the suitably
chosen effective two-nucleon forces. The adopted imagi-
nary potential is the same as that of the a+ Ca optical
potential of Delbar et ai. which is known to fit the
scattering data very well in a wide energy range.

The angular-momentum-averaged ELP constructed
from the ROM nonlocal potential is found to be very
close to the optical potential of Delbar et al.

In our previous study' of the a+' 0 system we have
already found similar results as above that the a+' 0
elastic scattering data in the energy range 20
MeV~E ~70 MeV are reproduced very well by the
a+' 0 ROM, by the use of a phenomenological imagi-
nary potential, and that the angular-momentum-averaged
ELP is very close to the a+' 0 optical potential of
Michel et al. which fits the scattering data very well in a
wide energy range.

It is now believed that the discrete ambiguity of the op-
tical potentials for light-ion projectiles such as He and a
can be removed by use of the high energy scattering data
exhibiting the nuclear rainbow effect. Therefore, any
microscopic theory of the internucleus potential is now
required to reproduce at least the essential features of
these light-ion unique optical potentials. The real part of
the unique optical potential is always very deep. We
remember well that the anomalous large-angle scattering
(ALAS) phenomena of a particle was nicely resolved by
the introduction of the deep folding-type and weakly ab-
sorptive optical potential by Michel and Vanderpoorten
by rejecting various other explanations such as the parity
dependence of the optical potential. This has allowed
an excellent theoretical explanation of the ALAS phe-
nomena by Brink and Takigawa. The present authors
and their collaborators have been studying the internu-
cleus potentials microscopically by deriving them by the
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RGM and have already shown that the basic properties
of the derived potentials are in good agreement semi-
quantitatively with those of the real parts of the unique
light-ion optical potentials. The a+ Ca optical po-
tential of Delbar et al. and the a+' 0 optical potential
of Michel et al. are well known as the unique optical po-
tentials. Therefore, the above-mentioned results of the
present study of the a+ Ca elastic scattering together
with the similar results of the previous study' of the
a+' 0 system fortifies our opinion that the RGM is
powerful and quantitatively reliable for the microscopic
study of the internucleus interaction including the micro-
scopic foundation of the internucleus optical potential.

According to the extrapolation of the volume integral
value of the real part of the ELP over E=60 MeV, it
seems that the energy dependence of the real part of the
present ELF which comes only from the internucleus an-
tisymmetrization effect is weaker than that of the real
part of the optical potential over E=60 MeV. This
means that in addition to the internucleus antisymmetri-
zation effect, there seem to exist other effects which also
contribute significantly to the energy dependence of the
real part of the optical potential. The expected other
effects should be repulsive effects that increase as E in-
creases. The similar conclusion was also obtained in the
a+' 0 system for E 60 MeV in Ref. 1.

When one calculates the bound and quasibound level
spectra by the a+ Ca RGM which fits the elastic
scattering data well, the calculated lowest 0+ state is ob-

tained below a+ Ca threshold and the calculated
second 0+ state is located around 6.5 MeV above the
threshold. On the other hand, if one uses such effective
two-nucleon force that locates the calculated lowest 0+
state at the position of the observed 8.54 MeV 0+ state
(3.4 MeV above the threshold) or the observed 11.2 MeV
0+ state (6.1 MeV above the threshold) since except the
ground state these states are the lowest 0+ states which
have large a strength, the fitting of the calculated cross
sections to the experimental ones is very bad. These two
results force us to regard that the ground band structure
of Ti contains a large atnount of the a+ Ca clustering
component. This conclusion is consistent with that of the
recent study of the a+ Ca fusion cross section by the
optical potential model of Refs. 10 and 11.

The most serious objection to this conclusion is the fact
that the RGM calculation which locates its lowest 0+
level near the Ti ground state cannot avoid the appear-
ance of the negative parity rotational band with its band-
head 1 state below the excitation energy 10 MeV al-
though there have been reported no such experimental
indications at all. Our present RGM study predicts the
location of the band head 1 state in the approximate en-

ergy region from 0 to 5 MeV above the a+ Ca thresh-
old which therefore should be actively searched for ex-
perimentally. Thus our standpoint is essentially the same
as that of Refs. 10 and 11 whose authors insist that there
should exist a negative parity rotational band starting
just above the threshold.
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