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In an accompanying paper, we have described a new approach to the computation of ground-

state energies and of correlated particle-hole excitations in terms of a phenomenological pseudo-

Hamiltonian containing two- and more-body smooth effective potentials which sum the results of
short-range correlations and of density fluctuation amplitudes which describe long-range correla-
tions. In this paper we study the problem of relating the pseudopotentials to a (possibly singular)

microscopic interaction with the aid of tools developed within the framework of the coupled cluster

theory of Kiimmel and his collaborators, the results containing both familiar and unfamiliar ele-

ments. For example, the formulas derived, which depend on Bethe-Goldstone and Bethe-Faddeev
amplitudes, include new definitions of particle-hole scattering matrix elements. An important con-

sistency check is satisfied, in that the problem of defining the phenomenological potentials in terms

of the microscopic ones must yield two separate but equivalent solutions, once within the frame-

work of the theory of the ground-state energy and a second time within the framework of the theory
of excitations. The entire package is studied with the aid of a modified version of coupled cluster

theory, and shown to form a self-consistent entity. Among the desirable features of the formalism is

that the large gap in the single-particle energy spectrum often utilized in existing formalisms is nat-

urally absent from the current one.

I. INTRODUCTION

The purpose of this paper is to supply the microscopic
foundations for the phenomenological theory of binding
energies and correlated particle-hole excitations de-
scribed in an accompanying paper (referred to as I). In
the latter we replace the "fundamental" many-particle
(nonrelativistic) Hamiltonian,

tab&aWb+-, ' ~abcd 4a4b4d 4c =&+ t

where we refer to I for notation, by a pseudo-
Hamiltonian,

H=k+ V, (1.2)

where V, given in Eq. (2.2) of I, is a pseudointeraction
consisting of a sum of two-, three-, . . . body smooth po-
tentials. The basic strategy is superficially elementary in
that we write (dropping the carets)

V = V+( V —V) —= V+ V, (1.3)

where the last term may be called the fluctuation interac-
tion. We demand that V be replaceable by V, the pseu-
dointeraction, for the purpose of describing the ground-
state energy and particle-hole interactions. In other
words, we require that the fluctuation interaction con-
tribute nothing to the value of these observables.

What is possibly nontrivial is the process of transform-
ing this elementary idea into a self-consistent theory. For

this purpose, we have chosen some tools from coupled
cluster theory' (CCT) and shown how these provide the
necessary connections. Assuming a microscopic two-
body interaction which contains a singular short-range
repulsion, we demonstrate in Sec. II how the requirement
that the microscopic and phenomenological Hamiltoni-
ans yield the same ground-state energy can be manipulat-
ed to provide definitions of the effective interactions. In
this development, the structure of CCT introduces a dis-
tinction among different sets of matrix elements of the
potential with respect to the chosen single-particle basis,
which generalizes the familiar distinction between hole
and particle single-particle energies. Thus, certain matrix
elements of the interaction, including those necessary to
calculate hole energies, are already well-defined by the
two-particle Bethe-Goldstone (BG) function, whereas the
particle-hole scattering elements necessary to define the
particle energies involve the three-particle BG function
even in lowest approximation. The definitions discovered
involve in an essential way generalized BG wave func-
tions.

In paper I we have insisted on using the same pseudo-
Hamiltonian not only for the ground-state energy, but
also for the construction of an extended random-phase
approximation (RPA). We are faced thereby with a po-
tentially severe consistency problem, in that this poses an
additional set of requirements on the pseudo-Hamil-

.tonian, a quantity that we had managed to define fully
within the framework of the theory of the ground state.
It is the burden of Sec. III to resolve this issue. We out-
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line a demonstration that the independent definition of
the smooth interaction from the standpoint of the equa-
tions of motion is equivalent to the definition found in the
previous section.

In Sec. IV we turn to the problem of evaluating the
effective potentials according to the definitions previously
established. After a brief review and reformulation of the
variational basis for CCT in its customary form, we show
that the summation of the effects of microscopic interac-
tions into effective potentials can lead to modified equa-
tions for the coupled cluster amplitudes and suggests a
new method of solution in powers of the effective interac-
tion. After further study, we see that one very desirable
outcome (see below) is that particle as well as hole ener-
gies include potentials and that the gap in the single-
particle spectrum which is natural to the usual form of
CCT is effectively removed (Sec. V). We also regain in
Sec. V the relation of the two-body effective potentials to
the Brueckner K matrix, albeit in modified form.

Thus we end up with a reasonably coherent theoretical
structure satisfying our aims to the order to which the
theory is developed. Higher-order effects of potential in-
terest will be described in subsequent publications.

Because we claim a new rearrangement of coupled
cluster theory which fully includes long-range correla-
tions, it is appropriate to comment on related CCT work.
Thus Bishop and Luhrmann have shown how to deal ex-
clusively with long-range correlations within the frame-
work of CCT, but their elegant work assumes smooth mi-
croscopic potentials and is therefore not applicable to nu-
clear systems. The most elaborate coupled cluster calcu-
lations of Day, ' which includes some ring diagrams, do
not, apparently, include them fully. This has been dis-
cussed by jackson, who has argued that these calcula-
tions predict homogeneous nuclear matter in regimes of
negative compressibility. The hypernetted chain varia-
tional calculations reported by Pandharipande and Wirin-
ga are subject to the same criticism. The theory dis-
cussed in our paper, since it contains the RPA computed
with self-consistent effective forces, should exhibit the ap-
propriate singular behavior in regions of negative
compressibility.

One feature of our work to which we draw special at-
tention is that we have made no use of model spaces in
the sense of Ma and Kuo, who have used this device to
remove the energy gap at the Fermi surface and utilized
it as part of a study of higher-order corrections to
Brueckner theory. The desirability of removing the ener-

gy gap in the single-particle spectrum has been advanced
by Brown and collaborators ' precisely in connection
with their study of effective interactions within the frame-
work of Landau theory and by Mahaux and his col-
leagues in their study of nuclear matter and of the optical
potential. "'

II. RELATION OF Ek'FKCTIVE HAMILTONIAN
TO MICROSCOPIC HAMILTONIAN BY MEANS

OF COUPLED CLUSTER THEORY

A. A decomposition theorem

We utilize a decomposition theorem due to
Liihrmann. ' We shall write as in the CCT

I
G) ="Iy&r(((( I.'"'I((&)'", (2.2)

where
I p) is the reference Slater determinant for the

ground state, and S is the operator which describes the
sum of linked clusters

S —$ 1

(n t)2 P) P„h„h)
xs„(p& p„ I h& "„), (2.3)

with S,(p I
h) =0. (In the case of nuclear matter, S, =0

is guaranteed by momentum conservation. The case of
finite nuclei will be dealt with in future work. } The rela-
tions among the various amplitudes which occur in CCT
and will be utilized below are summarized in Appendix
A. We also introduce the unnormalized ground-state
vector customarily employed in the CCT,

(2.4)

Thus consider the matrix element

& G
I
tt'. 4h6f. I

G &

&Nl e"O'Wh"IN 2e '0 0,"14&

(2.5)

Here IN z is the unit operator for the (N —2) particle
space, which may be written

p( 4h~0h, I 0 0 I 4h( |(h2+ g) Pp) Ph3 Ph~ Ph)

x (P I g„,f„f„,P + (2.6)

By inserting (2.6) into (2.5), utilizing the definitions (2.2),
(2.4), and the new definition (see below for discussion)

X'„' '(a, a2p3 . p„ I h, . . . h„)

hole excitations based upon a Hamiltonian containing a
series of smooth effective interactions of two-body,
three-body, . . . , type. In this paper, we shall show how
these effective interactions can be related to the funda-
mental interaction which we allow to have a strong
short-range repulsion or even a hard core. We calculate
from (1.1)—(1.3),

II =&G IH IG&

=&GIHIG&+&GI(t' —I')IG&

=rv+&G I(t —vIG&. (2.1)

We have previously evaluated W. Since we want W = W
our goal is evident: to relate the elements V,b,d,
V'b', def . to the elements V,b,d so as to make the
second term of (2.1) vanish. Remarkably this can be done
provided we make use of a theorem from coupled cluster
theory (CCT} and recognize the role played by many-
body effective forces.

In the preceding paper we have described a phenome-
nological theory of ground state energies and particle- we find the decomposition
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Qb0dQ I
G& &G

I Qofbfb @b I
G)Xz (cd Ihihz)+ 3i

&G If,gbp~ gb gb gb I

G)X',"'(cdp, Ih, hzh, )

+ —,—&G
I 4.'6'0,', 0,',6, . 6, I

G &X4"'(«pi pz I hi . h4}+ (2.8)

The importance of this decomposition is the following: Suppose V actually contains a hard core. Let d and c in (2.8) be
spatial coordinates (suppressing spin and isospin). Then because it is a physical amplitude, we demand that

&G
I g, gbg(r')@(r)

I
G) =0,

I
r —r'

I &r, , (2.9)

where r, is the hard-core radius. The quantities X'„' ' defined by (2.7) are generalized Bethe-Goldstone (Bethe-Faddeev)
wave functions, each of which also possesses the property (2.9). Thus (2.8) is a decomposition in which each term
preserves the property (2.9}. We next describe how the decomposition theorem (2.8) provides a basis for the solution of
the problem posed at the beginning of this section.

$. Conditions for determining the effective potentials

We are now prepared to study the conditions for the vanishing of the last term of (2.1). In this study the essential
role of the multiparticle contributions to the effective forces will soon be apparent. From (2.1) and (2.8) and with
V = V —V and V = V ' ', the equations to determine the matrix elements of the effective forces are of the form

0=
z Vbd

i
X'z' '(cd—

I h, hz}& 6
I ~, ~b~bz~bi I

G )+—iXz' '(c dpz I h, hzh3}& G
I ~,~b~~3~b3~bz~bi I

G)

+,X4"'(«p3 p41hihzh3h4)& G 14'.%bing, 4p, 4b, A, A, itb, I
G &+

1

3i z
v obcd f 3i x3 (de f I hi hzh3 )& G

I 0'itbW ~h 4h 4h

+ ,
X4'"'(«fu4—1hihzh3h4)&G

I 0'4bf'0l', 4b, 4h Vb Wb I
G&+(123)

(4i)z 0 ye gg+d fgb 4i
X4' '(efgh

I h, hzhzh4)& 6
I p' pdQh Qb I

G &+ +
4 1

(2.10}

We can verify that the matrix elements
& G

I f, gb I
G ) are independent variables if the

number of f and P therein are different and/or the
suffixes on these operators are difFerent. Therefore we ob-
tain many equations by setting the coefficients of such in-
dependent variables in (2.10) equal to zero.

Before recording and studying these conditions, let us
also note the basic assumptions by which we shall be en-
abled to understand their significance. (i) The terms
VP'„' ' involving the microscopic two-body interaction
must be kept together as a unit. (ii) The smooth effective
interactions V may be treated perturbatively. (iii) The
various orders may be identified by the use of decomposi-
tions of the X„defined in Appendix A, of which the sim-
plest and most familiar is (A3), namely,

fi(a ] h ] )fi(az —hz )

—5(az —hi)5(a, —hz)

+Sz(a, az Ih, hz) . (2.11)

It is then justified, when multiplied by V (as opposed to
V} to treat Sz as small compared to unity.

These assumptions are equivalent to the statements
that S„+i and VX'„'+'i are of the order (Sz)" and that

I

V'"+" is of order (Sz)" in lowest approximation. We
shall make repeated use of these statements in the subse-
quent discussion.

As an illustration of this reasoning, from the coefficient
of & G

I g, /blab pb I

G ) and (2.11) we obtain the condi-

tion

V.bb, b,
=

z VabcdX'z"«d
I hihz)

——,
'

Vabp...Sz(pipz I
h ihz } . (2.12)

According to our assumptions, the second term on the
right-hand side of (2.12} is a correction term. Two re-
marks must be appended to this equation. First, it
remains for us to specify a calculation procedure for the
various amplitudes of CCT which appear here and will
appear below. Since the phenomenology of the previous
paper utilizes certain partial summations foreign to CCT,
there will also be some modifications of the usual equa-
tions of this theory. These will be studied in Sec. IV. For
the moment we assume only that these quantities are well
defined and calculable. Second, as already emphasized,
we are assuming in the rearrangement (2.12) that the
second term on the right-hand side is a correction term.
Here we seem to be somehow generating our special ver-
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sion of a folded-diagram expansion. ' Thus, in first ap-
proximation Eq. (2.12) determines the V,hh h . For

1 2

(ab)=(ph), (hp), or (hh'), the correction terms will also
be well specified, but for (ab)=(pp') we require higher-
order terms of the theory than considered in this paper.

Next, the coefficients of (6
~ g, gh1tip gh 1tih 1tih

~

G )
and & 6

l gh 4h 4h A, lh, 1tih, I
6 & yield the equations

V hp d fX3 '(de f ~
h1h2h3 )

Vghcd X3"'( c dp 3 I
h 1 h 2 h 3 ) —( a ~p 3 } ( b ~p 3 )

(2.13)

Vhh'h" d fX3' '(def
I h, h2h3)=0 (2.14)

According to our approximation scheme, to order (S2 ),
(2.13) may be rewritten as

h h h
———,'[Vh, dX'3' '(c dp3 I h1h2h3) —( a~p 3) (b~—p3)]—~(h;)[V,'hp pph S2(PP I h1h2)], (2.15)

where A(h, ) means the term as written minus (h3~h1) minus (h3~h2 }, i.e., it antisymmetrizes in the h; between fac-
tors, where this is lacking.

We continue the analysis by considering the various choices for the pair (a, b) in (2.15). For (a, b) =(h, h') the right-
hand side of (2.15) contains the matrices Vhh, d which are already given by (2.12), and thus (2.15) determines
V hh'p h „„to order (S2), namely

Vhh'p3, h&h&h3 & I z Vhh'cdX3 '( P l h 1h2h3) ~( i )[ Vhh'hip'S2(p p I h2 3)]I (2.16)

The derivation of (2.16) requires the application of (2.12) as well as the formulas of Appendix A.
For the case of (a, b) =(h,p2), the right-hand side of (2.15) contains Vh h. , which is so far undefined even in order

(S2)'. If we form a contraction by setting h3=h and summing over h, we obtain an equation which relates Vhph to
V+3 and V hp p h h h Since it is highly undesirable for the definition of V ' "' to depend on V ' "+", this suggests that
we impose the condition

(3)V
hp2p3, hihzh—

In turn, this provides an equation to determine the so-far unknown Vhph p which is, in lowest order,

[A(h;)Vh „S2(p'p3
~
h2h3)]h „,'Vh, dX——3'—'(cdp3

~
h, h2h) .

(2.17)

(2.18)

With Vhph, thus given [see Sec. V for an approximate evaluation of (2.18}],Eq. (2.15) defines V h
'

h h h . To the order
(S2), we have

V'h'p', p, h, h, h, =,'~(P;)I ,'Vhp, cdX'3"'(c-dP3
~
h1h2h3) —~(h;)[Vhp, h, pS2(P'P3

~
h2h3)]I ~ (2.19)

For the remaining choice (a, b) =(p1,p2), the previous strategem fails. Although the right-hand side of (2.15) contains
the unknown Vp h, we cannot form a contraction of V' '

h h h which is not trivially zero. Equation (2.15) will»~2&3 & Z 3

work as a definition of this latter three-body matrix element provided we can determine V~ ~ h. in some independentP )P2P3
manner (to be determined below).

Returning to (2.14), which has been ignored so far, it can be written to order (S2 )

V hh h , h&h&h&'"2~(hi )[V hh'h",
&

ppS2p23(plp2 I
h 1h2 }](3) (3) (2.20)

According to (2.19), (2.20) is well-defined and shows that the left-hand side vanishes to order (S2 ) .
To complete our account, we return to (2.10) and consider the coefficient of (G

~ p, tphiiip 1iip gh gh ph 1tih
~

G ). We
quote the consequent conditions only to the leading order (S2 ), namely

V',„p p h . . . h
———,', [VhdX4' '(cdp3p4

~
h, . h4}—(a~p3) —(a~p4) (b~p3) (b—~p4)+(a~p—3),(b~p4)]

( ,
', )[V abp, d—efX—4 "(de fp4 I h1 ' ' ' h4) (p3~p4) (a~& —4) (b~p4—)] ~— (2.21)

For the choice (a, b}=(h,h') we encounter the undefined element Vhh'. p h h p, and therefore, in analogy to the above,2~'
setting V hh» h h» ——0, we eventually obtain the definition(4)

1 3~4

~(pi)[~(hi)V'hh'„hh, pS2(P'P, 4 ~
"3"4)]h =h' 2[Vhh cdX4 (c dP'3P4

l
h1h3h3h')] .

Similarly for (a, b) =(h,p2 ), by setting V hp' p p h h h h
——0, we arrive at the equation

A(p;)[A(h;)Vh '
h h S2(p'p4

~
h3h4)]h h

———,'A(p;)[Vhp cdX4' '(cdp3p4
~
h, h2h3h)],

(2.22)

(2.23)



38 PSEUDO-HAMILTONIAN APPROACH TO A THEORY OF. . . 1901

which determines V hp p h h p..(3)
1 2P'

The analysis of (2.23) is still incomplete. If we apply the formulas of Appendix A to X4" ', we see that to order (S2),
it has the form

X4' '(cdp3p4
I
h). . . h4}-=A(h;)[5d, S3(dp3p4 I

h2h3h4) —(c~d)]+A(p(
I h;)[Si(cp3 I h)h3)S2(dp4 I h2h4)] . (224)

The terms -(S2) are multiplied by elements Vi, pp. , so

far undefined. This opportunity provides us with the
missing definition of these elements. To see how this may
be done in principle, we first replace (2.23) by the unsym-
metrized version

~(hi }[VhpI p3, h&h&p'S2(p p4 I h~h)1

=—,
' V„,dX4' '(c dp2p~ I h, h~h3h), (2.25)

that can be rewritten in the form

V~
'

h, ~, , A (hh (h2p', h)hqhqp4)
hp2p, ,h, h2p

h, p3, h1'h2

g V Ip, Xd' '4'(cdp2p3
I h, h2h3h), (2.26)

h, c,d

where

A (hh', h2p', h, h2h3p4) = 5„,„5„,„S2(p'p4
I
h3h)

1 1 2 2

+ h'I I 'I S2(p'p4
I

h &h)
1 2 2 3

+51, ~ 51, ~ S2(p p4 I
h2h} .

1 3 2 1

(2.27)

III. DEFINITION OF EFFECTIVE INTERACTIONS
WITHIN FRAMEWORK OF EXTENDED RPA

CONSISTENCY WITH PREVIOUS DEFINITION

A. Equations of motion

In the preceding paper we have also described a phe-
nomenological theory of particle-hole excitation, an ex-
tension of the RPA (RPA + damping) that was based on
the pseudo-Hamiltonian. In this section we consider the
means of deriving this model from the Hamiltonian (1.1)
in which the interaction V may contain a repulsive core,
even an infinite core. By writing again V= V+(V —V)
= V+ V, we shall have as our goal to derive from the
Hamiltonian (1.1) an equation of motion from which V,
the short-range interaction is completely absent at least
to the same order of accuracy to which the extended
RPA was justified. This requirement must provide a set
of definitions of the matrix elements of the effective po-
tential. Furthermore, for consistency, these definitions
must agree with those derived in Sec. II, as we have
verified they do.

From the usual definitions

(3.1)

Provided A has an inverse, we can solve (2.26), I'~(p
I
h) = & A

I fafp I
G & (3.2)

VII ph3)h~ p g~g'p'~dX4 (c dp2p3 I
h lh2h3h

X A '(h')h2hip4, hh(h2p') . (2.28)

we derive from the appropriate matrix elements of the
commutators of Ppgi, and gi, fp with H the following
equations of motion:

As the inverse matrix A is not antisymmetric in the in-
dices h and h, we can contract these indices in (2.28) and
set the result V'„P'P h„p. ——0, thus providing the long-P2P3~ 2P

sought definition

Vz, , dX4' '(c dpzp3 I
hihzh3h'}

X A '(h )h~h'ip4, hhh2p')=0 . (2.29)

In summary, we have by means of Eqs. (2.12), (2.18},
and (2.29) provided the basis for computing the lowest

approximation for the matrices V,b h h 7 Vphp h 7 and
1 2

Vpp p h namely, all elements of the two-body part of the
effective interaction needed for the phenomenological
theory of the preceding paper. We have also shown how
the parts of V' ' needed can also be obtained. It seems
intuitively clear that the very natural approach of setting
certain averages of many-body effective forces to zero as
a way of determining lower-order pieces should general-
ize, though we shall not pursue this point further here. A
more urgent task, postponed to Sec. V, is to explore the
content of the formulas obtained thus far for V.

where

ci)~ ——W~ —8 G (3.5)

is again the excitation energy of the state
I

A ).
We assume that the terms involving t and V can be

treated precisely as in the preceding paper and carried to
the level of approximation which gives rise to the extend-
ed RPA. If the latter is understood to be a suitable phe-
nomenology, then the task of this section consists of

—~axa(p I
h) = tl„& A

I @pkc I
G &

—
& A

I etc 6 I
G &r p

+ ,'(Verde+ V-a.de }& A
I PplckeA I

G &

——,'(V,dp, + V,dp, )& A
I g, /de, gi I

6),
(3.3)

—~~ I'~(p
I
h) = rp. & A

I fa@. I
G &

—
& A llew I

G &t.i

+ ,'(Vpede+ -Vpcde)& A
I f~fcitekd I

G &

——,'(Vere+ Vedic)& A
I 0,'Pd@, fp I

G &

(3.4)
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finding the independent statements which will eliminate
the contributions of V to the required level of accuracy.

(2.2)—(2.4) we introduce a representation for the state
A & in terms of an operator acting on the ground state,

B. A decomposition theorem

In order to carry out our discussion we shall extend the
decomposition theorem of Sec. II A. In addition to Eqs.

I

I
A &=QA

I
G& .

Thus consider the matrix element

(3.6)

& A
I O'Wbldl. I

G &=&4
I

e"QA@'.1tbe'4 2e '64, e'14&&4
I

e "e'l 0&
' (3.7)

Here IN 2 is the unit operator for the (N —2) particle space, Eq. (2.6). By inserting this quantity into (3.7) and utilizing
(2.2), (2.4), (2.6), and (3.6},we find, for instance

&A 1444bkdfc I
G&=

2, & A
I 441tbfh2fh11 G&~2 (cd I1~2)

+—
& A 14.Nba 4h 0h 4h I

G&~3 '(c41 II1~2~3)

+—
& A

I W. Phd, lp24h4 Ph1 I
G&~4 (cdr 172 l

I1 ~4)+ (3.8)

This decomposition theorem is essential for the study of the term Vh, d, & A
~ g p, f,pd ~

G & of (3.3), where d and e take
on all possible values. Thus in terms of special coordinates, e ~r, d ~r (suppressing spin and isospin), the matrix ele-
ment

(3.9)

when V has a hard core of radius p, . Just as argued in Sec. II, each term of (3.8) maintains the hard-core property ex-
pressed by (3.9) because of the dependence on generalized Bethe-Goldstone wave functions. However, these observa-
tions are insufficient for the second relevant term of (3.3), namely V,dp, & A

~ $,11(dg, gh ~

6 &. In this case, in order to
enforce the hard-core condition, we can derive an alternative to (3.8), in the form

& A
I O'Pbldfc I

G&= 21&z'A'"(ub II11I 2)&G
I Ah, fh, Cd'. I

G&+

where

(3.10)

(3.12}

In Appendix B we show that the second term of (3.19) is a kind of "blocking" correction to the first term of relative or-
der ( I/N); it will, therefore, be neglected in what follows. It is also shown that we can apply Liihrmann s decomposi-
tion to the first term, the result being

&G
I f.'PbQAfdP, I

G&= —,&2"'*(~b
I ~1~2)& A

I Ph Ph Adf

&"A"«1&2p3 p. 1
~1 ~.

}=&Al�eph

6h @p
.

0p e '4. P. I
A &~&ale"e'14&l'" (3.11)

are excited-state, generalized Bethe-Goldstone wave functions. ' Though these functions have the same properties with
respect to hard-core behavior as the set X'„' ', they are not useful to us in our present endeavor. Whereas we assume
that the X'„' ' (at least for n =2, 3, and perhaps 4) are known from the CCT theory of the ground state, the calculation
of the X'„'„' requires an independent theory of the state

~

A &, a theory that we are, in fact, trying to cast into the form of
the extended RPA.

In order to circumvent this problem, utilizing (3.6), we write

& A
I W.'Pbfdf, I

G&=&G 0'fbQAPdP, G&+&G
I lQA 0.'Pb)AP, I

G& .

+
31

&'3""(~bp11~1)'12~3)&A
I A, A, Ph, P„AP, I

G &

+
41 21+4 (~bJ21P2

l
~1 ~4)& A

I Sh 4h 4p Pp 4d4, l
G &+ (3.13)

This result should be compared with (3.8). The considerations which follow are based on the application of (3.8) and
(3.13).

C. De6nition of the effective potentials

We study the terms of Eqs. (3.3) and (3.4) which depend on V in order to see to what extent we can make them van-
ish. In the course of doing so, we hope to thereby derive expressions for the matrix elements of V. We shall include the
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contributions of V' ' explicitly in the formulas below, but not V' ', though it should be remembered that the latter is
also necessary to complete the program carried out in Sec. II. Thus with the help of (3.8) and (3.13) and their corre-
sponding generalizations for the three-body Green s functions, we obtain from (3.3) the following two sets of conditions:

0-=V„,d, 2, X,'"'(de
~
h, h, )& A

~ gpss, gb pb ~

G&+
&,

X'3"'(delhi
I "i"2"3)&~

I Ppf. kp, A, Pb, fb, I
G&

+ —X—4"'(de@,p2 ~
h, h4)& A

~ f g, g p gb
. . fb I

G&

Vbb b o g(X3 (ttla2o31hlh2h3)& ~
l 4p4b Pb 0h 4h 4h

(123)+ —,X&'"'(oio&o3pi Ihi h&)&~
I Vpeb, Vb, V, , Vb,

'
Vb, IG&+ ''' (3.14)

~, Xz (cd lhih2)&~ IA 4b PeA I
G&+ (X3 "(cdpi hih2h3)&~ IA 6 6 4p PeA IG&

+ —,—X4""(cduiPz lhi h4)&~ IO', '' '
6b, 0p, 4p, 4eA I

G&

0 pb b $)X3 (olo2o3 I hlh2h3)& ~
l Ph Ph eh eb Pb Ph l

G &

+
g) X4 (tt ltt2o3p1

l

h 1 h4)& ~
I

0'h Wh 0p 4b 4b fh I
G & + (3.15)

where all the required X functions are defined in Appen-
dix A. We need not add the conditions which follow
from (3.4), since up to complex conjugation they will be
the same as those which follow from (3.14) and (3.15).

We shall not undertake a complete analysis, ab initio,
of the context of Eqs. (3.14) and (3.15). All that is re-
quired is to show that this analysis can duplicate the re-
sults found in the preceding section. We shall only illus-
trate the basis for this desirable (and correct) conclusion.
For instance, from the two-body Green's function terms
of (3.14) and (3.15), we conclude that

Vbob~Xz' '(bc
l
hih2)=0,

Vp, b, X2" '(bc
I h, h2) =0 .

(3.16)

(3.17)

IV. VARIATIONAL PRINCIPLE FOR MODIFIED
COUPLED CLUSTER THEORY

We have so far described a theory of ground-state
binding which utilizes two sets of quantities, a set of
effective interactions and a set of (extended) RPA ampli-
tudes. The latter can be computed from equations of
motion for fixed effective interactions, whereas the

Together, we see that these equations duplicate (2.12) of
Sec. II. The duplication of the remaining conditions of
Sec. II requires some attention to questions of antisym-
metry, but again occurs in pairs. We spare the reader the
details.

We thus alarm the consistency of our theory to treat
both the ground state and the low-lying excited states of a
nucleus.

I

effective interactions have been shown to be determined
from the microscopic Hamiltonian in terms of general-
ized Bethe-Faddeev amplitudes, as these are defined in
CCT. A remaining task is therefore to explain how to
calculate the latter.

We could, it appears, refer to a standard account and
so bring this paper to an abrupt conclusion. We shall
show, however, that this is not necessarily consistent with
the rules of the game we have set up. In this game, the
role of the effective interactions is to represent partial
summations of the short-range correlations. Somehow
the presence of these summations in a form not previous-
ly studied should be reflected in the equations which we
utilize to compute the amplitudes that describe these
correlations. To present this apparatus we shall employ a
variational formulation of CCT due to Kummel and
Liihrmann, ' of which we have recently given an ac-
count. ' In this section, in order to introduce the tools,
we shall first give a concise derivation of the previous re-
sults and then show how they are modified by the re-
quirements we have set. The basic tool is another decom-
position theorem which combines the algebraic technique
of the decomposition of Green's functions used in the
previous section with certain well-known properties of
their diagram expansions.

A. Another decomposition theorem

As an example, consider the two-particle Green's func-
tion

&G~P P @ Q, ~G&=&G ~g @ I P Q, ~G&, (41)
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where IN 2 is the projection operator for the space of
(N —2) particles given in Eq. (2.6). We substitute the
latter into (4.1}and utilize the definitions

F„(p, p„ lb' . . h„)

(2.2) and (2.4)],

IG&=V, le&,
9' =&/le e

(4.4)

(4.5)

(4.2)

Pn(a&azp3 . p„ I
h, h„)

(4.3)

where
I
4 & is the unnormalized ground-state vector,

favored in CCT and related to
I

G & by the scale Vo [cf.
I

The relations between S and the amplitudes (4.2) and (4.3)
are summarized in Appendix A. They will be needed
below. [We recall that both (4.2) and (4.3) describe "re-
ducible" clusters which may contain unlinked parts and
that (4.3) are subsystem wave functions' particularly use-
ful in connection with hard-core interactions. ]

The result of utilizing (2.6) and (4.3)—(4.5) in (4.1) al-
lows the latter to be written

& G
I @ply fbi. I

G & = &, ,
&[&oFn'(pp'p3 p. I hi h. 4'. «hp3 p. )

I hi h. )] (4.6)

where the symbol X means that only linked diagrams should be retained on the right-hand side of (4.6). Here we are
making use of the property that diagram expansions of Green's functions contain only linked diagrams. By utilizing
(4.4} and (4.5) we have "artificially" introduced unlinked pieces through the factors Po, and therefore we must remind
the reader that all unlinked contributions will cancel. As argued in Ref. 16 a convenient way to rewrite the sum (4.6) is
in the form

N

&G
I f,f, Nba. I

G&= 2, ,
Q:(pp'p3 p. I

hi h. )4.(abp3zn!n —2! (4.7)

Here Q„has no definition in terms of matrix elements (that we are aware of), but rather is a subset of diagrams which
guarantees that the product Q„'f„consists only of the requisite linked diagrams. Thus Q„* may be considered a subset
of the diagrams of F„', first recognized by Kummel and Liihrmann' as a natural set of variational quantities for the
purposes at hand. We have Qo ——1 and for nuclear matter 0& ——0.

Other examples of results of the form (4.7) needed to evaluate (2.1) are

«
I P, Alba. I

G&= X. . . Q:(ppz p. Ihi h. )4.+i(abpz p. Ihhi
( —1)

&
n!n —1! (4.8)

&G
I f»g» fbP, I

G&= g Q„'(p, p„ I h, h„)f„+z(abp, p„ I
hh'h, h„),.=o (n!)'

(4.9)

&G
I k»A I

G&= 2, 1, Q:(pi p. I hi h. ih'Wn(pi
, n!n —1! (4.10)

& G
I kt ft, I

G & = & „,„Q:(ppz ' ' ' p. I
h i

' ' ' h. )4.(p'pz ' ' p. I

h i
' ' ' h'. } ~

n=1
(4.11)

B. Variational princip1e and equations of motion

We apply the previous decompositions to the ground-state expectation value of Eq. (2.1), written in the form

W= t»» & t»»&G
I
@»O'—

I
G &+2 tpp&G I @pfp I

G&+ ,'~pp' b&G
I Pp0p'—4b0

h P

+ V»ob & G
I 0 4» 64o I

G & + o V»»' b & G
I 4» 4»'4b'4 I

G &

With the help of (4.7)—(4.11),we can write (4.12) as

w =t»»+ ,' v»». ,biz(ab
I

hh')—

1
Q„'(p, p„ I

h, . . . h„)
z (n!)z

x[n(t t»» ]g„(p, —. p„ I h, . h„)+ ,n(n —1}v,b—p„(abp3 . . p„ I h, . . . h„)

, n V~ »,bg—„+—,(abpz ' p. I
hh, . h„)+ , V»», bp„+z(abpi . —p.

I

hh'h, . h„}].

(4.12)

(4.13)

By varying (4.13) with respect to Q„and taking due note of the necessity of antisymmetrizing the coeScient of M„ in
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the p; and h,. indices, we obtain the equation of motion in its most concise form, suitable for use with a potential which
has a hard core, ' namely,

0=~(P
I h)[(t», rh—

, h, )4.(P1 P. I
~1. ~.)+,~„„.bf. (~bP3. . .P. I ~1

Y~p h b4 +1(abp2 P. I
~~1 . ~.}+.Vh-h' bf ~2(~bP1 P ~

~~ )11 ~ )], (4.14)

where A, as previously, is an antisymmetrization operator for each set of indices indicated, which requires exchanges
only between two or more functions in an expression (not internally in f„or V) and includes the usual factor of ( —1)
for each exchange. Equation (4.14} is transformed into an equation for the Bethe-Faddeev amplitudes X'„' ' by means of
the equation

P„(ala2P3 P„~ hl h„)=A(P
~

h)[X„' (ala2P3 P„~ hl h„}

where, in a definition equivalent to (2.7),

+~ —2(+lu2P3 P —2 I ~1 ~ —2)+2(P. 1P. I ~. 1~. )

+ +~2 (+1~2 I
I1 1122)+ —2(P3 P ~

~3 ~ }] (4.15)

(4.16)

For further details, we refer to our previous work, ' but more particularly to Refs. 1 and 17. Note, in particular, that in
view of (4.14) the exact value of %is given by the first two terms of (4.13).

If we could solve Eqs. (4.14) exactly, we would, presumably, not need the auxiliary theory discussed below. The equa-
tions of this latter theory, insofar as our definitions of effective interactions are consistent, can only be a rearranged
form of (4.14). The importance of this rearrangement, however, is that it suggests a new method of approximation.

For the new formulation we start with (2.1) and in accordance with our program drop the second term on the right-
hand side since it is zero to the order of approximation to which we work. This can be verified directly, by using the
decompositions (4.7}—(4.11) and the definitions of the effective interactions given in Sec. II. For this to work out we
must include the elements V'3', . . . . Similarly for the exact equivalence asserted these must then be included in W.
An equivalent way of justifying that the second term of (2.1) can be omitted is to show, to the appropriate order, that
the resulting equations of motion given by (4.25) below are equivalent to (4.14). For this again we have to include terms
dependent on V ' '. However, for the sake of brevity, these terms are omitted in the remainder of this section.

Now the main new feature of W compared to the expression %treated in (4.12) is that the normal ordering has been
carried out. Therefore in order to obtain a variational principle, we need some decompositions of the type (4.7)—(4.11)
not given in the previous list. The additional expressions required can be obtained by examining Eqs. (2.6)—(2.11) of the
accompanying paper, remembering that we have chosen to omit (2.12) from consideration. The following additional
equations are derived by the same techniques used to derive (4.7)—(4.11):

«IW, LAW, IG&= X,2&:+1(PP1 P. III1 &. )4.+1(P'Pl P. I&'I l
1 (n!)

(4.17)

&G
I f, fp 4'h'kh I

G & = & 2 ~m(PP'Pl ' P. 21~~ ~1 hn —24n —2(Pl Pn —21~1 ~n —2} &

2 [(n —2}!]
(4.18)

«
I Ah6 0, 0, I

G & = 2, 2 II:(Pl P. I ~1 ~. )4.+2(PP'Pl.=O (n!)2
(4.19)

«
I P,AP,'P, -l G&= X. . . II:+1(pp'p2 p. I

~i l. I.W. (p"p2 . p. 1~1. (4.20)

I .W. +1(PP'P2 . (4.21)

~G
~ &P&h"&h'&h ~

G = + „1„11+n+1P» '
Pn ~" " "2 ' ' " )&» '( —1)

n=1

. P. 1~~2 . h. )@.+1(PP1. . .P. I~'h"~2 . . ~. )
( —1)

n=1

(4.22)

(4.23)

For the expression which "replaces" (4.13) (but as written is only an approximation to it because of stated omissions)
we have
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IV= rhh + 2 Vhh'hh'+ 4 Vhh'pp'42(PP

Q„(p, .p„~ h, . h„)
1

2 (n!)

X[n(ep —eh )f„(p, . p„~ h, . h„)+n V hh p„(pp2 . . p„~ hh2 . . h„)

+ 4n (12 1} Vp p h h 1(' —2(p3
' 'p

I h3 . h„)+ , Vhh —pp 4„+2(pp'pi p. l

hh'h, h„)

+ , n—(n—1}V h f„~(pp 3 p„~ h2 h„}+, nVhp—p p„+&(pp'p 2 p„~ hh, h„)

, n——(n —1)V „h h g„,(p2 . p„~ hh3 h„) , nV—hh—. h p„+(pp, . p„~ hh'h2 h„}]. (4.24)

The derivation of the equations of motion proceeds as in the transition from (4.13) to (4.14) and yields

h. }+Vp, hh„0. (PP2 p. I »2

+ Vp p h h $„(2p 3. p„~ h3 . h„)+ , Vhh p—pf„+2(pp'p( p„~ hh'h, h„)

+ Vp p2h&pkp &(PP3
' ' 'Pn

I h2 ' ' ' hn)+ 2 Vhp&pp'1(p+](PP'P2
'

Pg hh& ' ' '
hpg )

'p.
I
hh3 ' ' ' hn) , Vhh h—

,pN—n+i(pp& p. I
hh'h2 (4.25)

At this point there remains the exercise of proving that (4.25), with the addition of the terms depending on V ' ' and to
the order of the accuracy of the definitions of V and V' ' presented in Sec. II can be transformed back to (4.14). We
have verified this result for n =2 and n =3 explicitly, but choose to spare the reader the details, which are somewhat
lengthy, especially for n =3. The main point to emphasize once more is that (4.25} presents us with a new aspect of
coupled cluster theory, suggesting, insofar as the effective potentials are smooth and suSciently weak, that we can solve
the equations by perturbation in powers of V.

As the remaining task that we have set for ourselves in this paper, we consider below an approximate evaluation of
the two-body effective potentials.

V. APPROXIMATE EVALUATION OF TWO-BODY EFFECTIVE POTENTIALS

A. Two-body equations

Let us start with the full form of (4.25) for n =2, rewritten (and rearranged) with the aid of (4.15), (A3), and (A4). We
find

(&h + h,
—

&p
—'p } 2(»P2 ~ "~ »= Vp, p, h, h +~(p

I )Vp, hh, p 2(PP2I h»

+-2[Vh„pp S3(pp P2 1
hh ih2) —(s» P2) l

—
—,'[Vhh ph S3(pptp2 I

hh'h2) —(h, ~h2)]

+—4'XI Vhh pp [S4(pp pip2 I
hh'h&h2)+~(p

I
h)S2(pp'

I
hh')S2(p&p2

~
hih2)])

(5.1)

According to our elementary notions, we are to solve (5.1) as a series in V. Since S2 is then at least first order in V, S3
(as we shall see) second order, etc. , the leading approximation is

(eh +eh —6p —
Ep )S2(P,P2 ~

h, h2}= Vp p h h ,
'

Vp p,bX2' '(ab——
~

h—,h2) ——,
'

Vp p p p S2(PIP&
~
h&h2) (5.2)

If we agree to ignore the last term of (5.2) since it is of the order of other terms of (5.1) which have been shelved, the re-
sulting equation is of the familiar Bethe-Goldstone form, except that not only are the hole energies modified by a hole
potential related to (2.17) but also the particle energies include a potential which is to be calculated according to the re-
cipe given at the end of Sec. II involving three-particle contributions (and to be discussed further below). Thus we must
consider, as we shall shortly, the three-body problem. Before proceeding, however, we shall use (5.2) to define what we
shall mean by the Brueckner K matrix for the remainder of our discussion [that, except for the presence of the ep in
(5.2) is the standard definition],

+abh&h2( h&
+ h&

}=z VabcdX2 '( d
I

h ih2 }

If we define an o6'-shell version by the equation

(5.3)
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1
abhIh&[ l abhIh2+I X abp»& E

PIP2 Pl P2

(5.4}

which is an equation for (a, b}=(p,p } and a definition otherwise. The solution of (5.2) is provided through (5.3). Thus
we see in lowest approximation an essentially familiar result, namely

VabhIh2 +abhIh2(~h|+~hz} (5.5)

From (5.2) we note furthermore that Sz —V, which is the basis for past and subsequent reasoning.
Before continuing on to study three-body equations for other matrix elements of V, it is necessary to comment that in

just one sense our scheme is not strictly perturbative in V. This proviso applies to the treatment of the single-particle
potentials. Here it is natural to treat the complete single-particle energies as zero-order quantities. This point of view
arose in a natural way from the structure of the phenomenological theory.

B. Three-body equations

Here, for orientation and for utilization below, we keep only the leading terms, namely

«h lhzh31» Ipzp3 }S3(pl pzp31h I hzh3 }=&(P
I

h }[Vp,p, h, pSz(PP31hzh 3 }—V„hh, h Sz(pzpz I
hh3)]

where

e(h, hzh3 IPIpzp3)=eh +eh +eh, Ep ep— ep—. —

(5.6)

(5.6a)

In the second term of (5.6) we substitute (5.5). For the first term, we recognize the combination which occurs in (2.16).
Together with the help of (A3) and (A4), we can now write (5.6) in the form

e(hlh2h3 IPIP2P3}S3(PIP2P31hlh2h3} ~(p
I
h}V(p!Pzp31hlhzh3}+~2(p}V ~ S3(PIP2P31hlh2h3»

P&P2P P2

where

V(P I P2P 3 I
h I h 2 h 3 }= Vp, p, h, p S2 (Pp 3 I

h 2 h 3 ) Sz (p Ip z I
hh I }&„hh,h, ( &h, +&h, }—6 V,",'„„h,h, h, (5.8)

To simplify the discussion and reduce the result we are looking to a familiar form, we seize upon a distinction among
the three terms of (5.8). For a strong short-range repulsion only the first term becomes singular [that singularity cancel-
ling against the remaining term of (5.7) which arose from the decomposition of Xs" ']. For this reason and by power
counting in Sz it seems reasonable to retain initially only the first term of (5.8). Under these circumstances (5.7) be-
comes a version of the Bethe-Faddeev equations, modified only by the new energies. We review briefly the treatment of
this equation by multiple scattering theory.

It is important for the sequel to notice that here and also below the partial antisymmetrizing operator A is equivalent
to a sum over cyclic permutations of the indices involved. Conversion to a familiar form of multiple scattering theory
occurs when we first introduce a three-body T matrix,

T3(PIP2P3 I
h lh2h3 } ~(h lhzh3 I PIP2P3 }S3(PIP2P3 I

h 1h2h3 }

and further decompose T3,

T3 ——T3 '+T3 '+T3",

(5 9)

(5.10)

where, for example, TI3 ' is that part of T3 where the last interaction is between particles 1 and 2 (and thus 3 is the spec-
tator). This decomposition also expresses the sum over cyclic permutations, and therefore each TI3' is antisymmetric in
a single pair of particle indices.

By means of (5.9) and (5.10) the simplified version of (5.7) becomes equivalent to the equation

T3 '(plpzp31hlhzh3)=A(h)[V „,Sz(pzp31hzh3)]+ —,
' V . . . , T3(plpzp31h, hzh3), (5.11)

I & »2 e(h, hzh31PIpzp3)

plus the two equations obtained by cyclic permutation of pl, pz, and p3. Equations (5.10) and (5.11) may be combined,
and a further standard algebraic manipulation carried out in order to replace the elements of V by those of a suitable K
matrix, as defined by (5.4). This yields, for example,

? 3 '(p, pzp3 I
h, hzh3 )= A(h)& „,(eh +hh +Eh —ep )Sz(pzp3 I hzh3 )

+ —,'K, , (eh +eh +eh E)e(hlb—zh3 I pIpzp3 }
PIP2P P2 I 2 3 P3

X [T3 '(p Ipzp3 I h, hzh3)+ T3 '(p Ipzp3 I h, hzh3)], (5.12)
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and cyclic perturbations.
Before applying these (well-known) results to the "solution" of (2.18), one further remark is necessary for later use.

Note that just as Eq. (4.3) is an equation to determine Ep p „„(E),but that for any other matrix element E,hh h (E), it
~1~2 1 2 1 2

is a definition of the latter, in the same way, we may extend Eqs. (5.11}to general elements T'3'(a &a2p ~
h, h2h 3), where

a; may be a particle or hole label.
We wish to apply these results on the three-body problem to Eqs. (2.18), which represents our definition of Vph h. In

order to do so, we must note that our approximation to the right-hand side of (5.7) may also be written

~(p,. ) V. ..„y'3"'(c dp,
~
h, h, h, ) . (5.13)

Comparison with (2.18) is highly suggestive and taking due note of (5.9) and sequel, we find that (2.18} is equivalent to
the equation

[A(h;)Vhp h pS2(p'p3
~
h2h3)]h h

——T3 '(hp2p3
~
h~h2h) . (5.14)

Though strictly against the rules of the hole line expansion, let us for orientational purposes replace the right-hand side
of (5.14) by the first term of the right-hand side of (5.12), its Born approximation. We thus obtain

[~(hi )Vhp2h/p'S2(p p3 I h2h3)]h3 ——h =[~( i ) hpih/p'(~h/+ h2++h$ +pp)S2(p p3 I h2h3)]hp ——h

If the E matrix depends only weakly on its starting energy, this equation has the approximate solution

Vhph&p& =+hph~p&(~h& +~p& } '

(5.15)

(5.16)

Even though a more accurate solution of (2.18) will differ quantitatively from (5.16), the main qualitative point which
emerges from this consideration is that we expect our definitions to largely remove the gap in single-particle energies at
the Fermi surface. It is easy to believe that a result similar to (5.16) can be extracted from (2.29) for the elements
Vh, in further support of the above conclusion. We will spare the reader the somewhat more arduous details of this

uS'1P& '

demonstration, however.

VI. CONCLUDING REMARKS

In this paper we have supplied the microscopic underpinnings of a new phenomenology for low-energy nuclear phys-
ics in the particle-hole channel. The theory utilizes in an essential way the tools of coupled cluster theory. We have
purposely avoided the introduction of model spaces. Within CCT, we have produced what appear to be consistent
definitions of the two-body effective forces. It also became clear why many-body effective forces are necessary, and we
have shown how some of these may be calculated. A major result of our presentation is the proof that the same
pseudo-Hamiltonian can be utilized for the ground-state energy as for the theory of low-energy excitations based on the
RPA including damping.

Though we have presented sufficient grounds for optimism, it remains to be seen whether the formalism can be fully
extended to higher order. But even to the order to which the theory has been developed in this paper, it appears to pro-
vide a natural foundation for Hartree-Fock theory and a systematic approach to the calculation of correction terms, in
a form which can be carried out for finite nuclei.
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APPENDIX A: SUMMARY OF THE PROPERTIES OF THE GENERALIZED BETHE-GOLDSTONE FUNCTIONS

We study first the functions which occur in connection with two-particle interactions

(A 1)

Considering the separate possibilities for a, , namely hole or particle label, using the anticommutation relations, the
properties of

~ p ) that it is annihilated by imp
or itch, the definitions (4.2) and (4.3) as well as the statement

[(('„e ]=e [f„S], [a]= [p (A2)

we easily find for 7'„' ',
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X'„' '(a, a2P3 . p„ I
h, h„)= 5„&[5(ai—hi )5(az —h2) —(a, ~a&)]

+~(a
I
hi(ai —hi)&N I

O' O'
Wp Pp [it. S)14&

+&414', 0'„4„[l4...[4., s))+[4...sl[4. , s)) 10&

= 5„~[5(a,—hi)5(a2 —hi) —(a, ~a2)]

+A(a
I
h)5(a, —h, )S„,(a2 . .p„ I h2 . . h„)

+F„'"'(aiapp3 p„ I
h i h„),

where

Fn (ala2p3 p. I hi h. }=S.«ia2p3 pn I

h i h. }+X~(p I
h)s.

, «ip3 pn)+i I
h i

n&

&&S. ..(ae. , +2 p. I b. , +i h. ) ~

(A3)

(A4)

In (A3) and (A4) the symbol A (a
I
b

I
c ) means carry out all distinct permutations of each of sets

[a ), [b ), [c),which involve exchanges between or among two or more functions of a product, with the appropriate
sign factor according to the parity of the permutation.

Following the same elementary decomposition rules, we also find

&"."'(a
i a2a3P4 p. I

h i

= 5„+(a
I
h)[5(ai —h~ )5(a2 —h2)5(ai —hi)]

+A(a
I
h)[5(a, —h, )5(a2 —h2)S„2(a&p4 p„ I

h3 h„)]
+~(a

I
h}[5(ai—hi)F""i(a2a3p4 p. I

h2 h }]

+F (aia2a3P4 p„ I
h i h„)

where

F„" '(a, a2aip4 p„ I hi h„)=&(('I gz tP& Pz fz [[f, , [f, , [Q, ,S]]]+[tl, ,s][4, , [g, ,s]]
+ [P, , [P, S]][/. ,s]+[/. ,s][1(, , [1(. ,s])

+[y. ,s][q. ,sl[q. ,sl} 1(t &

=A(p
I

h )[ S„(ata2aip4 p„ I
h, . h„ )

+g [ S„ (a, a2P4 p„ +, I hi h„ )S„
n&

x(a,p„+2 P„ I
h„„.

+(a2~ai }+(a&~ai, a i~a2, a2~a3)]

S„(a,p4 p„„I
h, . h„}S„

nln2

x( 2pn +2' pn +.,+4'lh. +i ''h. +. }

n —n —n (a3pn +n +5
' ' 'pn

I hn +~ +] ' hn)l

(A5)

(A6)

Various special cases of these formulas are applied in Sec. IV.

APPENDIX B: STATE INDEPENDENCE OF
THE EFFECTIVE INTERACTIONS

The immediate aim of this appendix is to show that in
Eq. (3.12) of the text,

& ~ 10.4b@d&c I
G&= &G

I Oafi Qggd&, I
G&

+«
I [Q„~.'~,')&,e, I

G &,
(Bl)

I

the second term is O(N '} compared to the first. Here
Q„ is defined by the equation

1»=Q,'
I

G & (B2)

We shall carry out the demonstration in a form which is
strictly valid in the presence of a hard core and for a
more general class of matrix elements than the left-hand
side of (Bl).

Reverting to a coordinate space representation (and
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neglecting spin and charge), we require for any two eigen-
states

I

A &,
I
B & and for any operator 0 which is a finite

polynomial in the f and P that

0
I

~&=() if
I x1 x21 &r

(B4)

Since both terms on the right-hand side of (B4) are finite
and of the form (B3), it follows that the left-hand side is
finite and vanishes for

I xt —x21 &r, . This requirement
puts definite restrictions on the form of the operator Q„.
Its general form is

Q„= f dx 0,'W„q„",(x
I
x

+f dx dx ' pt g„.p„.g„q&2 (xx '
I
xx ') + .

, (B5)

i.e., it is a functional only of the local density, P„P„. One
verifies on the one hand that this form leads to the com-
mutator

&G
I [Qg P.', 4.,10 I

G&

= & G
I
gt gt [q„',(x,

I x, )

+qA1(x21x2) )0
I
G &+ (B6)

where each term of the sum conforms to the structure
(B3). On the other hand, any effort to introduce a nonlo-
cal density dependence will violate this same property.

This point may be made obvious by the following re-
marks: Let p, (x, xN), i =1,2 be two completely an-
tisymmetric 1V-body wave functions with the hard-core

because this quantity is a building block for observables.
Now, as in (B1), we write for

I

IJ & =
I
G &

&G
I [Q e.',e.', 10

I
G&= & A

I e.', e.',0
I

G&

—&G
I
0'„0„' Q„o I

G& .

property tt), =0 for
I x; —x.

I
&r, . Then the two wave

functions can obviously be related by the equation

~2(x1 xN ) 'q21 x1 xN tt 1 x1 xN (B7)

& G
I V'VbQ. Vde. I

G &

/be IN —2e QA1)tdV, I

G & (B8)

Introducing IN 2 from Eq. (2.6) and also noting that we
can write Q„ in particle-hole or shell-model form, name-

ly as a polynomial in the operators pb g, it follows that

[Qg, f, l = [Q~ 6' l =o (B9)

so that we can shift e t and Q„ together to act to the left
on &1I)1 and turn it into & A . At this point the deriva-
tion of (3.13) shadows that of (3.8).

where q2, is a finite symmetric function of its arguments.
Equations (B5) and (B7) are equivalent statements, if for 1

one reads 6 and for 2 one reads A.
To complete our discussion, we first remark that every

term on the right-hand side of (B6) is of the same order in
It fft s th to o p &G

I
ft, pt, Q„O

I

G &

with

& G
I @',@',[q~ 1(x11x1)+q~1(x21x2)]0

Note that Q„ is an operator of order unity since it carries
a normalized ket into another normalized ket. From (B5)
it follows that q„,(x I

x) is 0(N '). Thus the second
term of (Bl) is 0(ltl ') compared to the first one, and
this result is not confined to this special choice 0 =/de, .
Our conclusion is that for a large system, the effective in-
teraction is state independent. For finite nuclei there may
be non-negligible corrections, but this is as far as we wish
to carry the current investigation.

We must also consider the derivation of Eq. (3.13). We
have
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