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The (m.+,E+ ) strength functions (cross sections) are systematically calculated in the distorted-
wave impulse approximation for the production of light-to-heavy hypernuclei: ~ C, A 0, ~'Si, „Ca,
A Fe, & Zr (and A 'Pb). The quasifree continuum effects are taken into account in the frameworks of
the Kapur-Peierls method and also of the continuum shell model. The characteristic feature of the
(m+, E+ ) reaction is to provide well-separated series of peaks with high spin corresponding to the
bound and resonant A states, yielding information on deep-lying hyperon states in heavy nuclei as
well. Reasons for this effectiveness are clarified and discussed. The calculated results are in good
agreemept with the recent experiments which further demonstrates that the average A nucleus well

can be simulated by an appropriate Woods-Saxon type potential ( Vo = —30 MeV) over a wide mass

range of hypernuclei to a good approximation.

I. INTRODUCTION

Production of A and X hypernuclei has been performed
mostly by the (K,n)reactio. ns with the incident K
meson in flight' or stopped. The momentum of the K
in flight has been usually chosen to approximately satisfy
the recoilless condition, so that the substitutional states
have been selectively populated in the produced hypernu-
clei. The analyses of the (K,n ) reactions successfully
applied the scheme presented in Ref. 4. In the stopped-
K absorption, the produced hyperon gets a momentum
comparable to the nucleon Fermi momentum (pF =280
MeV/c) and therefore nonsubstitutional states are appre-
ciably populated as well.

In addition to the above K -induced reactions, the
feasibility and interest of the (~+,K+) reaction was
theoretically proposed and actually proved by the
pioneering experiment ' C(tr+, K+ )~ C done at
Brookhaven. With the pion momentum p = 1040
MeV/c chosen, the recoil momentum of A amounts to
q=340 MeV/c, which tends to favor the excitation of
nonsubstitutional states and/or higher angular momen-
turn configurations. In Ref. 7, the particular usefulness
of the (tr+, K+) reaction in studying medium and heavy
A hypernuclei has been stressed and discussed in compar-
ison with other methods. Recently the (m+, K+) experi-
ments have been further extended at the Brookhaven Na-
tional Laboratory (BNL) to cover light-to-heavy hypernu-
clei. '

The (n+, K+) reaction is now going to be applied also
at the National Laboratory for High Energy Physics

(KEK) for study of A and, we hope, X hypernuclei. In-
terests are not only in the structure of light hypernuclei
but also in the deep hyperon orbitals in heavy hypernu-
clei. Also, some coincidence experiments as well as sin-
gles are planned, of which, particularly pertinent to
(tr+, K+ ) reaction, is the production of polarized hyper-
nuclei followed by measurement of angular correlations
of their weak decay products or measurement of the A

magnetic moment in nucleus.
In order to obtain a realistic excitation spectrum for

hypernuclear production, it is necessary to take into ac-
count quasifree continuum effects, since in many cases
states of interest are observed above the hyperon thresh-
old. ' '" For this purpose the continuum shell model'
(CSM) has been applied to the (K, tr ) A-hypernuclear
production process. ' As for the (tr+, K+ ) reaction, only
one application of CSM has been made for the A C pro-
duction. ' For the X-hypernuclear production, several
theoretical attempts including CSM have been made to
evaluate quasifree contributions in connection with the
puzzling narrow X states. '

Io this paper, responding to the challenge of new
(n+, K+) data, we calculate the strength functions for
light-to-heavy A-hypernucleus productions by including
the quasifree continuum effects and analyze their proper-
ties. We adopt the Kapur-Peierls (K-P) method, in ad-
dition to CSM, to treat the continuum effects. The calcu-
lations have been performed in the framework of the
distorted-wave impulse approximation (DWIA). In Sec.
II both the K-P method and CSM are briefly described.
The characteristics of the (m. K+)r+eaction are summa-
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in this order. They include hyperon resonances and
quasifree contributions and are discussed in comparison
with the recent experimental data. Concluding remarks
are given in Sec. V.

II. STRENGTH FUNCTION
WITH CONTINUUM EFFECTS

We consider the (m, K+ ) reaction on the target nucleus
"Z(J;) at K+ forward angles (8=0'). Then the spin-flip
component of the reaction can be neglected and the
differential cross section in the distorted-wave impulse
approximation is expressed as

d cr(Er, 8) dof(8)
dE dn dn S(E, 8)

Y L L
(2.l)

where dofldQ is the cross section of the elementary
mN~ YE+ process in the laboratory system and a is a
kinematical factor accounting for the transformation
from the two-body to many-body laboratory systems.
When considering forward-angle reactions and neglecting
spin-flip term, it may be simply factored, otherwise a
nontrivial mixing of both spin-nonflip f and spin-flip g
amplitudes appears. The strength function (response
function) S(E&,8) is a function of the final hypernuclear
state energy which is given in this paper by the energy E„
relative to the hyperon ( Y) escape threshold.

To evaluate the strength function S(Er,8), we mainly

apply the Kapur-Peierls-type method and additionally
the continuum shell model. ' ' ' Details of both
methods as applied here are suppressed for the sake of
brevity and may be found in Ref. 21.

A. The Kapur-Peierls-type treatment

In the K-P method, the outgoing boundary condition is
imposed at the channel radius r, on the hyperon wave
function. The expression for S (E&,8) in K-P reads

1 NJ„(E),8}
S(E),8)= ——g Q Im

E), Eq „(Er)—(2.2)

where J is the angular momentum of the final hypernu-
clear state and Nj„ is the effective neutron number"
given below. EJ (E„) is the pth eigenenergy with the
eigenfunction VJ „(E„)of the Hamiltonian H which in-
cludes the Bloch operator to account for the outgoing
boundary condition at appropriate channel radius r, .

The transition operator T(8) in the (n.+,E+) reaction
is given by

f'„x(8)=fd rX~ ' (r)X'+'(r) g u (i)5(r —r;)
i=1

(2.3)

rized in Sec. III, where emphasis is put on the possibility
of observing deep hyperon single-particle states and the
comparison between the (n.+,K+) and (stopped E,m )

reactions on typical targets ( Fe and Pb). In Sec. IV,
calculated results of the strength functions are presented
for the (n+, K. + ) productions of

Fe, Zr, Ca, Si, '0, and 'C

with the operator u (i) converting ith nucleon into a
hyperon and X's being the meson distorted waves. The
effective nucleon number NJ „in Eq. (2.2) is defined as

NJ „(Er,8)= (@o i
T (8)

~

O'J „(Er) )

x & +,„(E,) ~

&(8)
~
@,), (2.4)

where 4o denotes the ground-state wave function of the
target nucleus and t is adjoint of %. Note that NJ „and
EJ„are both complex numbers.

For some hypernuclei the strength functions of the
(stopped E,n ) process is also evaluated for compar-
ison with the (m+, EC+) process. In this case, we use the
transition operator T„,~ z defined by the product of I(:
atomic orbital and outgoing m wave functions,

X' ' (r)R I(r)Yt (r),

instead of X' ' (r)X'+'(r) in Eq. (2.3).
For the bound states with Er & 0, the strength function

S(Er,'8) of Eq. (2.2) should be a 5 function multiplied by
the effective nucleon number NJ„. Thus, S(E&,8) in-

cludes not only the production of hypernuclear bound
states but also the effect of continuum states. The latter
actually consists of contributions from hyperon reso-
nances and quasifree processes (QF).

B. The continuum shell model

In CSM, ' ' the calculation is performed in the
Woods-Saxon basis, which consists of a discrete part of
bound states and of a continuous part of unbound or
scattering states. An unbound many-body nuclear state
1//g t' with excitation energy E decaying into channel f is
expanded in this basis. The whole configuration space
employed in CSM includes configurations (Pz ) with all A

baryons in bound states (Q subspace) and configurations
with some baryons in scattering states (P subspace). In
fact, present CSM is restricted to configurations with a
single particle in the continuum.

It may happen that the continuous single-particle spec-
trum exhibits a resonant behavior (shape resonance). In
this case, a single-particle resonance state is defined with
a wave function cut off at a distance r, (analog to the
channel radius of the K-P method}. The oscillating tail
of the quasibound state is healed out by the same Bloch
operator as in the K-P method. Many-body
configurations in which a particle occupies such a reso-
nance or "quasibound" state is then also included in the
Q subspace and the projector Q is extended correspond-
ingly. A double counting is avoided by keeping P corn-
plementary: P= I —Q.

The CSM is related to the K-P method in the following
manner: Defining more and more "quasibound" states by
an appropriate boundary condition and adding them to
the Q subspace, the remaining component becomes small-
er and smaller. In the limit of an infinite number of
quasibound states, all the continuous spectrum would be
fully described by the resonance terms. Then, the
remaining difference would be the single-particle basis
and the discretization procedure (which is physical in
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(P„'
~ Hg(2 ~

P„)=(E„—iI „/2)5„~, (2.5)

H('2(2
——QHQ+QH HQ, E+=E+i rl .E+ —PHP

(2.6)

The full Hamiltonian H includes a contact residual in-
teraction. The matrix element (P

~

f'(8)
~
Po) deter-

mines the effective neutron number for the resonant ex-
cited state described by the wave function P„.

CSM and a formal expansion in K-P method).
In the actual CSM calculation, only those single-

particle resonances are included in the resonance term
which give rise to pronounced bumps in the correspond-
ing excitation function. In this case, the poles of the
propagator which are defined by the eigenvalues of the
effective Hamiltonian H&& describe the positions E and
widths I of the many-body resonances

III. CHARACTERISTICS OF THE (77+,K+ ) REACTION

In order to illustrate the characteristic feature of the
(n+, E. +) reaction, here we show the calculated excita-
tion spectra for the A Fe and A Pb production in compar-
ison with those of the (K, rr ) and (stopped E,m. ') re-
actions. For the sake of clarity, the excitation spectra in
this section do not include continuum effects.

Figure 1 compares the calculated excitation spectra for
three processes producing ~ Fe. The target wave function
is assumed to be described with the two-hole two-particle
state

ft(0f 7/2 )P ( lp3/2 )N 1

with respect to the closed configuration up to the Of7/2

DW IA
-1 h
j/2 j/2

C. Folding of the strength functions

In Sec. IV we display the strength function Sr(E&,8)
obtained by folding S(E&,8) with Gaussian or Lorentzi-
an shapes with a width I which is to take account of the
experimental resolution (present or improved one in the
future) and some spreading of the N-hole strengths. The
folding procedure is as follows (E =Er):
Gaussian:

f ' '(E;E; ) = — exp[ (E E; ) /—( I;/2—) ], (2.7)
rr
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In the present calculation the meson distorted waves
are evaluated under the eikonal approximation (details of
which are described in Ref. 7) by employing the empirical
meson-nucleon total cross sections:

(m+ E+ ). o (rr+N) =41 mb and cr(E+N) =14 mb,

(p„=1040 MeV/c, 8» =0'),
(stopped K, rr ): cr(rr N)= 120 mb,
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The treatment of meson distortions in the eikonal ap-
proximation may be further improved by generating
meson wave functions so as to fit the corresponding
scattering data, but it should not be decisive for the
present analysis.

FIG. 1. Comparison of three DWIA spectra for the A Fe pro-
duction. The abscissa is excitation energy (in MeV) with respect
to the hypernuclear ground state 1g, which corresponds to
EA ———BA= —20.8 MeV. The line spectra are folded with
T=2 MeV Gaussian shape. The neutron-hole states are labeled
as ip3/& (open circle), Of7/z (star), Od3/q (solid triangle), Odz~z

(open triangle), etc.
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orbit. Here, neglecting small p-h interaction v(jV 'A)
and small A spin-orbit splittings, the effective neutron
numbers summed over jh = IA +—,

' and J are plotted in rel-

ative scale as a function of EA ———BA. Each strength is

folded with Gaussian of width I =2 MeV for the p-h
configuration with the surface neutron hole

j)v
' ——(ip3/2 Of 7/2)N and I'=4 MeV for deeper neutron

holes with the excitation energy E& & 15 MeV.
In contrast to the exclusive excitation of the substitu-

tional states in the in-fiight (K,n. ) reaction, a series of
well-separated peaks are obtained in the (n+, K+) reac-
tion as shown in Fig. 1. This is primarily due to the large
transferred momentum q =330 MeV/c at p„=1040
MeV/c. The (rr+, K+) spectrum is more selective and
simpler than that of the (stopped K, rr ) reaction which
also involves a sizable momentum transfer of q=280
MeV/c. The characteristic difference between these two
processes becomes more drastic in a heavier target Pb
as seen in Fig. 2. In the Pb (stopped K,m )„Pb re-
action, many states are rather equally excited and consti-
tute a dense and almost structureless spectrum, so that it
might be difticult to see particular states in a distinguish-
able way.

Figure 3 displays J-separated contributions to the

strongest two peaks of ~Fe. In (m+, K+), a specific p-h
coupling plays a dominant role in each strong peak, while
in (stopped K, vr ) various p-h angular inomenta con-
tribute comparably. The (K,m ) reaction in fiight
would not populate appreciably nonsubstitutional states
of the second group.

Recently the Fe(mr+, K+)„Fe experiment was per-
formed at KEK (Ref. 24) and the preliminary analysis
seems to be consistent with our prediction. Moreover,
the calculated spectrum may be compared indirectly with
the recent BNL data of the 'V(n. +,K+)/, 'V reaction,
since this target has also the neutron closed Of 7/2 orbit.
In the data one observes several peaks suggesting the

f~/2-hole series shown above.
From the above two examples, one may understand

how the (m.+,K+) reaction is selective in character and
useful to provide empirical information on deep hyperon
orbits in heavy hypernuclei. Now we summarize the
characteristic features of the (rr+, K+ ) reaction.

(i) A series of the [(niv l~j ~ ) '(n „l„j„)]~
configurations with nN=n„=O, large I and large J are
selectively excited. The selectivity comes from the fact
that the effective neutron number NJ is related to a
unique partial wave jJ involving large momentum
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FIG. 2. The (m.+,K+) and (stopped E,m ) spectra for the

& Pb production calculated in D%'IA. The line spectra are
folded with I =2 MeV Gaussian shape. The neutron-hole
states are labeled as 2p ' (plus), lf ' (open circle), Oi, 3/2 (star),
Oh 9/z (open triangle), etc.

FIG. 3. Separate contributions (in %) to the large peaks in

different processes leading to the A Fe production. The hatched
part indicates the contribution from the [j,'j ]J J com-

max

bination.
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transfer.
(ii) The particular combinations with stretched angular

momentum and natural parity,

[(j&')N(j &)A]J and [(j&')&(j&)+]~

prevail in the peaks.
(iii) The excitation of high-lz states is important for

their possibility of observing because, even above the
hyperon escape threshold, the high centrifugal barrier
keeps the peaks quite narrow.

IV. RESULTS ON THE STRENGTH FUNCTIONS
AND DISCUSSION

In this section we present the strength functions in-
cluding continuum effects for the productions of „Fe,
AZr, ~ACa, ASi, AO, and ~C in this order. They are
mostly based on the Kapur-Peierls method because essen-
tially the same results are obtained with CSM. In
describing hypernuclear states we use N-hole A-particle
basis

Here we assume small A spin-orbit (SO) potential, which
was suggested by the previous (E,rr ) data. ' Table I
lists the A single-particle energies calculated with this
Woods-Saxon potential. In Table II, the adopted single-
neutron orbits are listed. The single-neutron energies in
Table II are simulated by the Woods-Saxon potential
with

R~ ——1.25A ' fm, a~ ——0.53 fm,

Vo ———50 MeV, V&& ——7.0 MeV, 8'o =0 MeV,

but in some cases the empirical values are employed.
Since the major part of the AN interaction Uz& is taken

into account by the above Woods-Saxon potential Uz, we
assume here that the residual AN interactions are small
and negligible for the present purpose. In the CSM cal-
culations, however, the 5-type AN residual interaction is
introduced and it is seen that the effect of the mixing on
the overall shape of spectra is not big, but it could be dis-
tinguished when the experimental resolution is largely
improved.

U =( Vo+i Wo)f (r)

1 df(r)
(& CT)+&c,„/, b, (4.1)

T dT
+ ~so

m c

f (r)= [1+exp[(r —R)la]I (4.2)

The potential parameters for A hyperon are chosen as

R~=1.1(A —I)'~ fm, a„=0.60 fm,

Vo ———30 MeV, Vso ——2.0 Mev, 8'0 ——0 MeV .

and to generate the single-particle wave functions (nlj),
we adopt the Woods-Saxon potential:

A. The Fe(g+, K+)z Fe reaction

All the spectra have been calculated in DWIA, but a
comparison with plane-wave impulse (PWIA) approxima-
tion is useful for better insight into the mechanism of
production. The patterns of the PWIA and DWIA spec-
tra look quite similar, while the meson distortion-
absorption effects reduce the absolute values of the pro-
duction cross section to 10—17%%uo of the PWIA estimate.
It is interesting to note that, in general, the low-spin par-
tial waves are more reduced by the meson absorption
than the high-spin ones. As a result, the peaks in the
DWIA strength function tend to become "sharp" and
pronounced due to the reduction of the shoulder and tail
made up of the nonselective low-spin states.

TABLE I. Calculated single-particle bound energies of A in the Woods-Saxon potential given in the
text. The positive energies in parentheses indicate sharp resonance states obtained near the A escape
threshold. All entries are in MeV.

0$1/2

OP3/2

OI 1/2

Od 5/2

Od 3/2

1$1/2

often
ofsn
1$'3/2

1$ 1/2

Og 9/2

Og 7/2

1d5/2

1d3/2

2$1/2
Oh„
Oh 9/2

208Pb
h

—25.9
—21.9
—21.7
—17.2
—16.8
—15.4
—12.0
—11.2
—9.5
—9.2
—6.2
—5.1

—3.6
—3.0
—2.8
—0.2

(1.4)

", Zr

—23.0
—16.9
—16.5
—10.2
—9.1

—8.1

—2.8
—1.3
—1.3
—0.9

56Fe

—20.8
—13.3
—12.6
—5.2
—3.9
—3.8

(2.4)
(4.0)

40C

—19.0
—10.5
—9.6
—1.9
—0.4
—1.4

28Si

—16.8
—7.4
—6.3

(1.2)
(2.4)

h
16O

—13.0
—2.7
—1.5

12C

—10.4
—0.3

(0.3)
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TABLE II. The single-neutron energies (cN ) employed in the calculation of strength functions. All
entries are in MeV.

Od5/2

1$1/2
Od 3/2

of7/2

113/2
ofs/2

1J 1/2

Og 9/2

„Zr

—22.5
—16.5
—16.9
—14.6
—12.4

' Fe

—23.2
—20.0
—19.2
—13.3
—8.4

0$1/2

OP3/2

~P 1/2

Od g/2

1$1/2
Od 3/2

„Ca

—44.0
—38.0
—21.1
—18.1
—15.6

28S

—29.6
—25.4
—16.0

16O

—35.0
—20.9
—14.8

12C
A

—34.0
—17.6

In order to visualize features with higher and lower
resolution, we display two DWIA spectra with I =1 and
3 MeV Lorentzian widths in Fig. 4, where the pro-
nounced peaks are based on the Of 7/2Q hole
configuration. Although the fragmentation of nucleon-
hole strengths are not included here, the I = 1 MeV spec-
trum shows a possibility of fixing the A spin-orbit split-
tings (e.g., ds/2 d3/2) if the real Vso is near the adopted
value. With I =3 MeV, the valleys between A major-
shell peaks become shallower and, in addition, the
ground-state peak almost smears. This figure thus illus-
trates how desirable are experimental attempts to im-
prove the resolution beyond the presently achieved value
of I =3 MeV.

It should be noted that the big peak at E„=8 MeV
corresponding to the [Of7/2NOf„]J J state in Fig. 1

(middle) consists of the 6+ and 4+ sharp resonances in
the continuum as shown by dashed QF curves in Fig. 4.
As the nuclear core part ( Fe) is excited in this series of
peaks (Of 7/2 instead of lp 3/p ), i.e.,

E~( v 'sFe)"'=4 9 MeV

56E (
+ K+)56E p =1040MeV/c (Q=o }

C3

DWIA (K-P} N
'"= 0.030

(r=1 MeV}

~h
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dh
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the actual escape threshold for A is shifted up to
EA ——0+Ez ——4.9 MeV. In addition to this, the high cen-
trifugal barrier for Of„supports the realization of the
"high-lying" sharp resonance. Moreover, the width aris-
ing from the couphng with

[( lp 3/2 )/( nI )p]I—I

fg o
N

C3

o
l

0
I

'
I

-25 -20

I I I I ~
s

I I I I I I
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state having lower threshold is very small, as the N 'A
interaction for such a high J is extremely weak. The
peak at EA=8 MeV, however, becomes a little broader
due to the overlap with the adjacent deeper hole states

[Od &/~~Od „]~, [Od s/z+Od A ]4+, etc.

%'ith the chosen Woods-Saxon potential the ground l
state is obtained at EA = —20.8 MeV, while the predicted
energies of the above series of peaks are

E„=—16.3(J =3 ), —8. 1(4+), 0.7(5 ),
and 7 —10 MeV(6+ and 4+),

respectively. The present calculation thus suggests
AcoA=8 MeV for the A-particle major-shell energy inter-
val.

In Fig. 5 is displayed the 0=10 strength function ob-

FIG. 4. Strength functions Sr (EA, O=O ) for the
' Fe(m+, K+)&Fe reaction with p =1040 MeV/c calculated
with the K-P method. The lengths of solid and dashed lines are
proportional to the J-summed effective neutron numbers,

QJN, e[jz jA]J, for positive-parity and negative-parity p-h
states, respectively. Some pronounced peaks are indicated by j&
and J,„ for the structures. N '" means the maximum effective
neutron number for the bound p-h states. The strength function
is drawn as normalized to the maximum value within the indi-
cated energy range EA. The resonance and quasifree contribu-
tions with various angular momenta are shown by dashed
curves (E„&0). The folding is made with Lorentzian width of
I = 1 MeV (top) and I"=3 MeV (bottom).
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tained by the CSM method where the accumulated con-
tinuum contributions from various neutron-hole
configurations are shown to much higher energy. This
spectrum is folded with the I =3 MeV Lorentzian and
hence the EA &20 MeV part should be compared with
the I =3 MeV K-P result shown in Fig. 4 (bottom). Note
that the difference in transferred momentum q for 0=0'
and 10' at p =1050 MeV/c is much less than 10%. The
comparison reveals close similarity between the two spec-
tra in spite of quite a difference in the methods and of in-
clusion of residual contact interaction.

Using the empirical lab. cross section a(der/dQ)
=500pb/sr for the elementary process m+N~AK+, the
DWIA cross sections for the peaks at EA= —8 and 0
MeV are calculated to be

are due in order to illustrate its uncertainty of some
10—20%. The elementary differential cross sections at
small angles bear large experimental errors and it makes
the precise extrapolation difficult. The inclusion of the
Fermi motion of nucleons in the target (via the Fermi
averaging or another more precise procedure ) would
lower the value of do /dQ slightly. The factor a charac-
terizing the off-shell extension of the two-body process as
used in Ref. 5 is necessarily an approximation. The ex-
perimental angle has appreciable range (+2' —4'). Thus,
instead of attempting to precise partially some of above
influences, we prefer to employ some representative value
and 500 pb/sr has been thus chosen.

B. Zr(m+, K+ )z Zr versus the Y(m+, K+ )+ Y experiment

and

dQ f7/2~0pA]=13 pb/sr (8=0'),

dQ
[Of7/z+Od„]=25 pb/sr (8=0'),

Figure 6 displays the calculated (m+, K+) strength
functions (I =2 MeV) for a typical heavy hypernucleus

A Zr. The obtained series of well-separated peaks is attri-
buted to the configurations:

[(Og9/2 )N(nl)A]J

with

respectively. The DWIA effective neutron numbers for
the typical p-h states are summarized in Table III,
whereas the differential cross sections for typical states
are discussed in the text.

In connection with the use of the value 500 pb/sr for
the many-body lab differential cross section, four remarks

nl (J)=OsA(4s+, , 100%) at EA" = —23.0 MeV,

OpA(5;81. 3%) at —16.7 MeV,

Od~(6+;77. 3%) at —9.3 MeV,

Ofh(7;72. 6%%uo) at —1.3 MeV .

'o

LU

0z
O

30"
S

1@I

ssFe(T7+ ~+)
p~ = 3050 MeV I c
8g =%
DWIA {CSM)

10-

E„(wev )

FIG. 5. The continuum shell-model result of the strength function Sr(EA;8=10') for ' Fe(m. +,E+)~Fe with p =1050 MeV/c,
which is folded with Lorentzian width I =3 MeV. The hole thresholds are indicated by arrows at the bottom axis. The top inser-
tions sketch the line spectrum of the effective neutron number for p-h state characterized by [jz j„]J,where bars end at correspond-
ing hole levels indicated by horizontal arrows on the left-hand side. The notations are used as f, for Of, /, , p, for Op, /2, etc. Long
dashed curves at E/, & 0 give contributions of various open channels.
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TABLE III. The DWIA estimates of the effective neutron numbers of the forward angle (m.+,K+ ) reaction leading to the indicat-

ed p h states: [j// 'j /, ]. All entries are N, rr X 10' at 8=0'. In the A Fe case, the PWIA values are also listed in the square brackets [].

Jh

OS1/2

Op3/2

Op1/2

Ods/2
Od 3/2

1S1/2

of~n
ofs/2

lp3/2

1p1/2
Og 9/2

1ds/2

1d3/2

2S1/2

Oh]1/2
OA 9/2

208Pb
h

~ —10~ 13/2

1.4
2.9
3.1

4.8
8.5
}.4
7.5

14.9
1.7
2.2

10.5
22.5
2.5
4.6
0.3

12.5
24.4

'„'Zr

Og 9/2
—1

3.4
7.3
6.7

11.6
17.9
2.3

17.1
32.2
2.9
2.2

56Fe

Of 7/ [PW]

7.4[81.3]
12.6[97.1]

13.0[109.0]
19.2[139.1]
29.5[183.8]

l. 1[9.0]

„Ca
Od 3/2 (Od 5/2 )

6.0(7.9)
17.9(11.2)
0.4(13.1)

33.3(15.1)
1.6(23.0)
0.8(1.3)

Od 5/2

17.7
22.9
24.7

16O
h

Op 1/2 (Op 3/2 )

9.8( 17.0)
20.6( 19.2)
0.5( 16.0)

12C
—1

Op 3/2

34.9
36.6

The percentage indicates the share of the stretched angu-
lar momentum contribution to each peak and again ex-
hibits the high selectivity. The fifth peak obtained in the
continuum (E„=4—9 MeV) consists of three sharp reso-
nances (mainly J =8+ and 6+) and the "bound-state
peak" of

[(Of7/Z)N(Of)A], ,+

configuration at EA =8.5 MeV. The

[(Ofs/2 )iv(™)„]/

p„-)050 sevj c
Sg

A

0

-30 -25 -20 -15 -10 -5 0
~p, (tv)

'((i, (( ) Y

EXPERIMENT

DWIA (K-P)

p ~ 1040 NeV/c(8=0')

NmBX p

series is also sizably excited, but this series is not expect-
ed to be peaked because of the considerable spreading
width of the neutron Of 5/2-hole state.

The obtained peaks can be compared with the observed
data of the Y(m+, E+)/, Y reaction with p =1050
MeV/c, since the sample nucleus Zr has also the Og9/2-
neutron closed shell and a proton hole in Y does not
change the situation if the strengths are summed up over
the final-state angular momenta. In fact, we see three
clear peaks at

EA"~= —16, —9, and —1.5 MeV

t F-2mv) 7/2

ID

R o
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A

and the ground-state signal around EA"~ = —23 MeV in
the experimental spectrum. Thus the calculated series is
in reasonable agreement with the observed peaks. More-
over, it will be interesting to compare the predicted
high-spin resonance and QF behavior with the experi-
mental one in the continuum at EA ~ 5 MeV.

The forward-angle effective numbers for the above four
peaks are calculated in DWIA and listed in Table III.
Experimentally only the ground-state cross section is re-
ported to be 0.6 pb/sr at 0=10'. Considering some
reduction depending on 0, the calculated value for 0=0',

FIG. 6. Calculated strength functions Sz(Eh;8=0 ) for the
Zr{m.+,K+)h Zr reaction (K-P method), where Lorentzian

width of I =2 MeV is employed for surface neutron-hole orbits.
For the deeper orbits below Of, /2, I =4 MeV Lorentzian is
used. For reference, the experimental spectrum (Ref. 8) for the
' Y(sr+, K+)h Y reaction is compared. Comments are the same
as for Fig. 4.

dO

dQ
[Og9/QNOsA]=1. 7 pb/sr (8=0 ),

seems to be reasonable in spite of the simple treatment.
This is due to the fact that the target wave function is
represented with the Og9&2 closed one to a good approxi-
mation.
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C. The Ca( m.+,K+ )+ Ca reaction

In the Ca(m+, K+ )~ Ca experiment the observed

spectrum does not seem to show such a clear series of
peaks as in other cases. Apart from the experimental
resolution, this is partly due to the unfavorable fact that
the target is I.S closed. In fact, Chrien has suggested the
expected configurations in the observed spectrum as indi-
cated in the top of Fig. 7. Here we show how the
(n+, K+) spectrum depends on the peripheral neutron
spin-orbit splitting by changing the value

5=e(d i/2~ ) —e(d, /2~ )

around the empirical one (b, '" =5.5 MeV).
Figure 7 displays three calculated spectra with 6=4.5

MeV, 5.5 MeV(exp), and 7.0 MeV, where the effective
neutron numbers are folded with Lorentzian of width
I =3 MeV. In the calculations, we obtain two series of
strongly excited peaks in the Ca(n+, K+)„Ca spec-
trum. One is the d3/2+ hole series consisting of three
peaks with A being in the Os, Op, and Od orbits, respec-
tively,

[(Od3/2 )NOS A]

l(Od ~ig )DOPA], —

[(Od 3/2 )NOdA ]i+

They are indicated by triangles in Fig. 7. The other is the
corresponding ds/2~-hole series with J =2+, 3, and 4+,

DWIA (K-P} (I'= 3 Me&}

' 6=4.5
II

CZc 4
y

psh

p„=1040 MeV/c

N =0.033(e=d}
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FIG. 7. Change of the K-P calculated strength function Sr(EA, O=O ) for Ca(m+, E+)ACa as a function of the neutron

Odggg —Od3/p splitting h. The lines with triangles indicate the strengths for [Od3/2jA] and those with open circles for [Od, ~zj~].
Lorentzian width I =3 MeV is used in the folding. The experimental spectrum with the suggested structures is taken from Ref. 8.
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as marked by open circles. The obtained major shell in-
terval for A is firoA=8. 5 MeV, which is reflected in the
2+-3 -4+ spacings within each series.

It is easily understood from the above relation of the
energy spacings that, if 6 & 5.5 MeV, the two series tend
to fill in the valleys with each other as shown in the upper
two theoretical spectra. On the other hand, if 6~6
MeV, the 3 and 4+ peaks belonging to the d3/2+ hole
series just overlap with the members in the d5&2&-hole
series within 1.5 MeV distance and as a result we get
well-separated peak spectrum as shown in the insertion
with b =7.0 MeV. It should be noted that the experi-
mental situation of the neutron spin-orbit split tings
points at the former case (rV" =5.5 MeV), and hence one
can understand qualitatively why rather unclear peaks in
the experimental Ca(m+, K+ )A Ca spectrum appear
only.

If the experimental resolution is improved, the two
series of peaks will be observed more distinctly even in
this "heavy" LS-closed target case. In fact the corre-
sponding peaks can be identified in the LS-closed

O(m. +K +) AOcase as will be shown below. Thus the
peak density of the (m+, E+) reaction on the LS-closed
target depends sensitively on the mutual relation between
the peripheral neutron spin-orbit splitting b and the A
major-shell distance Are~.

EXPER INERT
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D. The Si(m'+, K+ )A Si geggtion

As for the Si(m. +,E+)ASi reaction, the K-P result
(8=0', I =2 MeV) and the CSM result (8=10', I'=3
MeV) are shown in Figs. 8 and 9, respectively. The
difference in their transferred momenta due to the
kinematical condition is not large. Both methods give a
similar pattern of spectra, since the third peak obtained
at E„=4 MeV in the CSM spectrum (Fig. 9) becomes
clearer if smaller Lorentzian width I =2 MeV is used as
in Fig. 8.

As far as the pattern of the spectrum is concerned, it
may be justified to simply assume the target to be Ods&2

closed, because the largest angular momentum orbit near
the surface plays a major role and also because admix-
tures of other components in the target wave function
affect the absolute magnitudes of the strengths only.

The observed excitation function is compared in Fig. 8
where the correspondence between the two spectra is
rather good in their peak energies and relative heights.
Three clear peaks are attributed to the following struc-
tures:

I

I ~

e"

10

~ VV'p
III CLN ~

I

v

a& a+a

0
TX

pole
p)

d~ tlO'tB

2sSI ( rT', ~')
p~* 1050 MeVf c
eg 10
DWIA (ASM)

FIG. 8. The KP result for the strength function
Sr(EA', 9=0'), I =2 MeV Lorentzian, for the Si(m+, K+)qSi
reaction is compared with the experimental spectrum (Ref. 8).
Comments are the same as for Fig. 4.

with

[Od s zzN ( nl )A]J 30 (~)

at

nlA(J)=OsA(2+, )

E'„"= —16.8 MeV (EA"r = —16 MeV),

(Op3&2 and Op, zz)A(3

FIG. 9. The CSM result of the strength function
S~(E&,0=10'), I =3 MeV Lorentzian, for the Sj(m+, K+)~Si
reaction with p =1050 MeV/c. To show the dominant p-h
structure [j„jz'];J, the notations are used as d, for Od, ~, , p3
for Op3/2 etc. See also the caption of Fig. 5.
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at

—7.4 and —6.3 MeV ( —7 MeV),

OdA(4+ resonance) at 2.0 MeV (2 MeV),

where the last peak originates from two sharp resonances
just above the A threshold and the broad "bound-state
peak" of

p 1/2 )N( p3/2 )A]g —p+

The good correspondence indicates that the adopted
Woods-Saxon potential for A works reasonably well and
that the A major-shell interval in this mass region is
AcoA=9 MeV. The DWIA cross section for the ground-
state 2+ peak at forward angle is estimated to be

de
dQ

[Ods/z&Os~]=8. 9 pb/sr (8=0') .

IIWIA (K-P)

p = l040Mt g/c

(e=O)

=0.021

(I'= 2 MeV)

C)

A

II 'Q

K
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OJ
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[p,], 0p")

Chrien reported the experimental cross section for this
state at 8=10' to be 1.8 pb/sr. The cross section at
8=10' becomes =50% of the above value, however it
still remains about three times larger than the observed
value. The remedy for this discrepancy may be achieved
by improving further the transition operator and also the
target wave function which is simply assumed here to be
d, /2 closed. It is remarked that the d, /z neutron occupa-
tion number in the Si ground state is experimentally
3.6—4.5 (i.e. 60—75 % ds/2 closure)

K. The ' O(e+, Il +)+0 reaction

O

g AJ

C)

Cl
I I I I I I I I I

0 5 10 15 20 25 30

-20 -15 -10 -5 0 5 10 15 20
(Mev)

FIG. 10. The K-P result of the strength function
Sz(E&,0=0'), I =2 MeV Lorentzian, and the experimental
spectrum (Ref. 8) for the ' O(m+, K+)AO reaction. Comments
are the same as for Fig. 4.

Comparison is made in Fig. 10 for the experimental
spectrum and the K-P result (8=0', I =2 MeV) of the
' O(m+, E+)&0 reaction. Theoretical spectra (the CSM
one is to be found in Ref. 21) show a very good
correspondence to the experimental four peaks. They are
reasonably characterized by the following structures:

[Op, zz~0sA], at EA" = —13.0 MeV
g. S.

(EA"~ = —13 MeV),

12
ao AC

tO ~

I
RO'

0
I ~ I ~ I

"c& '.~') "c
EXP

P„.)050 Mevyc

[Op3/2+Os&], at —6.9 MeV ( —6 MeV),

[Op, ~2~0p3/2/, ]~ ~
at —2. 7 MeV ( —2. 5 MeV),

[Op3/2NOp~] + resonance at 4 MeV (5 MeV) .

The last 2+ peak consists of two sharp resonances at
EA =3.4 and 4.6 MeV in the continuum. The observed
width of the last peak is about 2 MeV and this gives a re-
striction to the A spin-orbit potential. In this respect the
value Vso ——2.0 MeV employed in the present calculation
seems to be an acceptable upper limit. The reaction cross
sections for the above four peaks are estimated in DWIA,
from 1, upwards, as

do
dQ

(8=0')=4.9, 8.5, 10.6, 17.6 pb/sr .

Some of these values are not much difterent from the pre-
vious harmonic oscillator estimates by Dover et al.
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FIG. 11. The K-P result of the strength function
Sq(F&,'0=0 ), I =2 MeV Lorentzian, and the experimental
spectrum (Ref. 8) for the ' C(m. +,K+)& C reaction. Comments
are the same as for Fig. 4.
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(with h.o. size b= 1.71 fm and p = 1100 MeV/c).
Four peaks of the same p-h combinations were first

found in the ' O(K,n.)AO reaction. ' In the present
(m+, E+ ) case, because of the sizable transferred momen-
tum, the last two peaks are not the substitutional 0+
states but the "high-spin" 2+ states, and the first two 1

states are excited relatively more strongly and more
clearly than in the (K,m. ) case.

experiment. The agreement between the two spectra is
good. The two clear peaks are well known to have the
structures

[(Op3/2)N(Os, /3)A]J, at E'„"= —10.4 MeV
g. S.

(EA"~ = —10 5M. eV),

F. The ' C(m'+, K+)~C reaction

Figure 11 displays the calculated strength functions for
' C(m+, E+)AC reaction in comparison with the recent

[(Op3/2)Q(Op)A]J 2
at 0.0 MeV (0.5 MeV) .

In the present DWIA calculation, we get the ground-
state (n+, E+ ) cross sections:

[Op3/zNOs~] =17.4(8=0'), 14.1(8=5'), 8.4(8=10') pb/sr .

These values are in good agreement with the experimental cross sections 12 pb/sr(8=5. 6') and 8.5 pb/sr(8=10. 3').
For the second peak we obtain

dQ [Op 3/z&Op&] =23.7(8=0'), 2l. 3(8=5'), 15.2(8= 10') pb/sr .

The results are consistent with the observed value 17
pb/sr (8=5.6').6

Halderson et al. ' have obtained an analogous DWIA
strength function by employing a version of CSM and the
Cohen-Kurath-type wave functions. There, however,
too much structure with pronounced dips is obtained in
the region above the threshold E„=O, also their ratio be-
tween the peak strength and QF part differs appreciably
from the situation depicted in Fig. 11.

G. The Be(m.+,K+)ABe reaction

Chrien also reported data on the (n+, K+ ) pr. oduction
of ~Be. In the preceding cases (A —F), the single-particle
aspect dominates in their structures, while the cluster as-
pect plays an important role in such light systems as „Be.
In fact the data disclose several bands of levels including
genuine hypernuclear states. Here we only mention that
this new (m+, E+ ) data as well as the (K, m ) spectrum
can be well described by the extended microscopic cluster
model. ' '

V. CONCLUDING REMARKS

In view of the new and wide range of experimental data
on the (m+, K+) hypernuclear production, we have ex-
tended the DWIA calculation of the strength functions so
as to include the continuum effects, resonances and quasi-
free contributions, and hence to allow the realistic com-
parison with the experimental data. The continuum
effects are evaluated by the Kapur-Peierls method and
also by the continuum shell model.

The most noticeable characteristic of the (n+, K+ ) re-
action lies in its striking selectivity which is indeed desir-
able to observe full series of hyperon single-particle orbits
even in heavy hypernuclei. This is an important comple-
ment to the in-flight (E,n ) reaction which selects the

substitutional states only. The selective nature of the
(n+, E+) reaction, which provides well-separated series
of peaks, has been found to persist after the continuum
effects are taken into account. Even a resonant peak in
the continuum can remain quite narrow just because of
its structure pertinent to the (n.+,E+ ) selectivity.

The basic structure input which we have employed in
the present calculation is simple [N-hole A-particle]
configurations. In reality, the wave functions of the tar-
get nucleus and the produced hypernucleus should be
more complicated with substantial configuration mixings
and spreadings of the single-particle strengths. For ex-
ample, the calculated cross sections may change by a fac-
tor of some 2, if more realistic wave functions are used.
The contact residual interaction in CSM does not change
appreciably the pattern of the spectra. The calculated
(n+, E+ ) strength functions show quite a good
correspondence to the observed data for mass 12—89 hy-
pernuclei. The reason should be again in the (m+, K+)
selectivity which favors a particular [N-hole I'-particle]
configuration with stretched angular momentum J.
Another reason is, of course, in the instrumental resolu-
tion of measurements. Usefulness of its improvement has
been demonstrated. If the absolute magnitude of the
cross section and/or more detailed structure of the exci-
tation function come into discussion after new experi-
ments, we can improve our calculation further.

The Woods-Saxon potential with 30 MeV depth repro-
duces the observed A single-particle spectra in mass
12—89 hypernuclei within experimental uncertainty of
about 3 MeV consistently with the early analyses of BA in
light hypernuclei. This seems to imply the success of the
local potential for A. The nonlocality in the A single-
particle potential U~ can arise from the AN exchange in-
teraction due to strange-meson exchanges and from ANN
forces, and also from the AN short-range correlations in
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medium, although there is no Fock term. However, the
nonlocality in Uz is considered to be much weaker than
in the nucleon potential U~ (Ref. 28) and therefore it is
too early to conclude the locality of U~ with use of the
present accuracy of the experimental data. In view of the
apparent success of the Woods-Saxon potential for A and
of the comparison with the nuclear case, Dover made a
discussion on distinguishability or indistinguishability of
A and nucleon and on the possibility of the partial quark
deconfinement deep inside the nucleus. In order to make
a realistic discussion on such a problem, however, it will
be necessary to extend and refine both theoretical and ex-
perimental investigations.

The (n+, I(.'. +
) reaction appears thus at present to be a

very powerful method of hypernuclear production both
theoretically and experimentally. Its usefulness is not
only for revealing hyperon deep orbits but also for more
general hypernuclear spectroscopy.

Note added in proof. As the experimental data taken

from Ref. 8 are preliminary, the readers should refer to
the final version which will be published in due time. The
authors are grateful to P. H. Pile for remarking this point
and also for discussion.
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