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Semicentral Ar+KC1, La+La, and Ar+Pb collisions at 800 MeV/nucleon were studied using a
streamer chamber. The results are analyzed in the framework of the transverse momentum analysis
and in terms of the average sphericity matrix. A critical examination of the analysis procedures,
both experimental and theoretical, is given. New procedures are described to account for overall
momentum conservation in the reaction, and to correct for azimuthal variations in the detection
efficiency. Average transverse momenta per nucleon in the reaction plane are presented for deute-

rons emitted in the forward hemisphere, as these provide the most reliable information. A Vlasov-
Uehling-Uhlenbeck calculation with a stiff equation of state gives a good At to the momenta in the
Ar+Pb reaction. Flow effects parametrized further using the sphericity tensor are found stronger
than in the cascade model and consistently weaker than predicted by hydrodynamics. Parameters
from the sphericity tensor exhibit a larger variation as a function of multiplicity than do the average
momenta per nucleon.

I. INTRODUCTION

The collective flow of nuclear matter has recently been
observed in high-energy nucleus-nucleus co11isions, ' in
observations which have been made possible by the devel-
opment of "4m" detectors such as the Streamer Chamber
and the Plastic Ball. ' These detectors measure most of
the charged particles emitted in the reaction. However,
much work remains to be done to make a quantitative
comparison between the extremely complex 4m data and
the predictions of theoretical models such as hydro-
dynamics. To select the relevant features of the measure-
ments, new methods of pararnetrizing the data have been
devised, such as the sphericity (flow) analysis and the
transverse momentum analysis. In addition to the
difficulties intrinsic to such a comparison, there are prac-
tical problems, particularly in understanding the effect of
detector acceptance limitations on the results. While 4m

detectors are nearly complete in their angular coverage,
they are not perfect in their ability to identify particles,
measure mornenta over the full dynamic range, etc.

In this paper we present measurements of the three re-
actions Ar + KC1, La + La, and Ar + Pb at 800
MeV/nucleon, obtained using the Streamer Chamber fa-
cility at the Bevalac. We describe the transverse-
rnomentum-analysis method and introduce some new de-
velopments of it, testing each step by direct reference to
the new data. We find that it is necessary to pay atten-
tion to overall momentum conservation, and provide a
method for taking it into account. We also consider
corrections for azimuthal variations in detection

efficiency, and provide a method for making these correc-
tions. The only other experimental problem is that of in-
complete particle identification, which we discuss in de-
tail. We conclude that the most reliable information on
the average transverse momenta per nucleon in the reac-
tions studied is provided by deuterons emitted in the for-
ward hemisphere. We perform the transverse momentum
analysis which leads also to the average sphericity tensor.
Both the tensor parameters and the transverse momenta
serve to display an 3 dependence and energy dependence
of important collective flow effects.

II. EXPERIMENTAL PROCEDURE

The experimental procedure has been described previ-
ously. ' ' In this section we present some details specific
to the present measurements, a discussion of measure-
ment losses, and a discussion of particle identification
based on ionization measurements supplemented by kine-
matic considerations.

A. Streamer chamber exposure

The experiment was carried out at the Bevalac Stream-
er Chamber facility. The targets used were 0.60 g/cm
and 0.18 g/cm KC1, 1.31 g/cm Pb304, and 0.62 g/cm
La. The KC1 and Pb304 targets were exposed to beams
of Ar, and the La target to a beam of ' La, all at 800
MeV/nucleon. A plastic scintillator counter covering an
angle around the beam axis of +8' in the laboratory, '

with a signal proportional to XZ, , has been used to select
central events. In the Ar-KC1 reaction this trigger was
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adjusted to accept a fraction of 50% and 10% of the total

inelastic cross section. The corresponding cross sections

of 0.85 and 0.17 barn correspond in the geometrical pic-

ture to impact parameter cuts at 5.3 and 2.4 fm. The
respective numbers for La+ La and Ar + Pb reactions
are 2.2 (b & 8.5 fm} and 1.0 barn (b & 5. 5 fm}. Reactions

of Ar with oxygen in Pb304 were eliminated by the

trigger.
B. Measurement of events on film

An unbiased sample of events in each reaction was
selected for a semiexclusive measurement. ' The
Ar+ KC1 data were treated as one data sample consist-
ing of 736 events from the more central trigger mode and
470 events from the more peripheral one. The momen-

tum vectors for charged particles in the events were
determined by reconstructing trajectories from the track
images recorded on film in three views. Table I gives for
each reaction the number of measured events together
with characteristic features of the three data samples.
The data for the Ar + KC1 sample at 1.8 GeV/nucleon
(previously referred to in Ref. 7 and again later in this pa-

per} are also shown. The number of charged particles is

deduced from the azimuthal distribution of the recon-
structed tracks, assuming azimuthal symmetry around
the beam axis. ' This accounts for tracks lost at angles
pointing towards and away from cameras. In the forward
c.m. hemispheres of the reactions, the result is compati-
ble with the anticipated value of Z +X,where Z is the

projectile charge and N is the average number of m

mesons per event. Note in Table I that the azimuthal
losses increase with increasing multiplicity in the reac-
tions. This is mainly due to the large number of Bares
and large streamer size caused by the high electric field

required for suScient streamer brightness in absence of
image intensifiers. In the backward hemispheres, the
numbers extrapolated from reconstructed particles show
losses of up to 30% that are due to absorption in the tar-
get and steep streamer chamber tracks.

C. Particle identification

When data are to be subjected to Lorentz transforma-
tions, and/or relative particle abundances are to be stud-
ied, each track has to be associated with a definite parti-
cle. Particle identification in all three reactions is based
on two different and independent methods.

The first method relies on the correlation between the
velocity of a charged particle and the energy loss in the
streamer chamber gas exhibited in track brightness and
streamer density. The quantification of the correlation in
the data is hampered by the varying operation conditions
of the streamer chamber, which lead to brightness varia-
tions even on the same picture. Taking the correspond-
ing uncertainty into account, an ionization decision based
on inspection of the track brightness and streamer distri-
bution was restricted to tracks for which the different
mass hypotheses led to a difference in ionization of more
than 1. The track inclination with respect to the optical
axis was accounted for. Furthermore, a value of the ion-
ization of less than 5 times the minimum was demanded
and the observed particles were assumed to be singly
charged. For comparison, in the Nb + Nb reaction at
650 MeV/nucleon, about 5% He contribution to the
charged particle multiplicity is found. " The visual in-
spection of track density permits separation of ~+ from
protons up to the laboratory momenta of 500 MeV/c.
Protons are separated from deuterons in the momentum
range of 800—1700 MeV/c. The latter separation, how-
ever, is not completely quantitative because of smaller
differences in ionization combined with problems from
track superposition in high multiplicity events.

The second method of particle identification is based
on kinematic considerations, together with the fact that
in the interesting energy range the particle spectra from
central collisions are fairly well described by a thermal
fireball formed from participating baryons. For sym-
metric collisions at 800 MeV/nucleon, the kinematic par-
ticle identification (only for particles for which mass as-

TABLE I. Track statistics in the reactions at 0.8 GeV/nucleon and at 1.8 GeV/nucleon. (a) All tracks, (b) tracks in the forward
c.m. system hemisphere.

Reaction

Number of events

(a)
Ar+ Pb

956

(b)
Ar+ KCl

(a) (b)

1206

La+ La
(a) (b)

217

Ar+ KC1
(1.8 GeV/nucleon)

496

Number of tracks per event
extrapolated (see text)
seen
reconstructed

Percentage of rejected tracks
due to measuring errors
due to Apl, »p„b/3
due to a bad vertex
due to other reasons

Number of ~ per event

Expected number of tracks in
the forward c.m. system hemisphere

58.0
49.6
46.4

2.0%
2.0%
1.8%
3.2%

2.4

25.7

1.1%
1.9%%uo

1.6%
1.5%

31.0
29.3
28.3

1.3

18.3

19.3

103.0
80.2
71.1

4.0

59.0

61

42.3
40.7
38.0

1.5%
0.2%
2.0%%uo

2.7%%uo

4.6
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signment from ionization was not possible) proceeds in
several steps: (i) laboratory momenta of the baryons are
Lorentz transformed into the c.m. system, assuming that
the baryons are protons; (ii) a cut in the c.m. momentum
set at 780 MeV/c selects those particles that are likely
not to be protons; (iii) the laboratory momenta of those
particles are now transformed again into the c.m. system,
assuming the deuteron mass. A similar procedure with a
cut in the c.m. momentum set at 1560 MeV/c separates
the particles that are considered tritons. The kinematic
cuts lead to proton-deuteron separation for laboratory
momenta above 1700 MeV/c in the very forward direc-
tion and above 1100 MeV/c at a laboratory angle of 45',
with a certain overlap with the range of separation ac-
cording to ionization. Figure 1 displays the proton and
deuteron c.m. spectra in the c.m. angular range of
66'-90', for the Ar+ KCl reaction. The smoothness of
the deuteron spectrum indicates the consistency of the
identification procedure, as otherwise the cut in proton
c.m. momenta at 780 MeV/c should yield a discontinuity
in the deuteron spectrum at around 100 MeV deuteron
kinetic energy. Figure 2 displays the spectra for the
La+ La reaction. Here a discontinuity around 100 MeV
is visible, due to reduced efficiency of particle separation
by ionization measurement in pictures with high track
density. The situation for interactions of Ar with Pb is
more complicated because the c.m. system is not a priori
well defined as in symmetric systems. Therefore, a
kinematical cut has been applied in this case at the labo-
ratory momentum of 1750 MeV/c.

Figure 3 summarizes the deuteron identification in the
symmetric reactions at 800 MeV/nucleon. The phase
space of deuterons is projected onto the y-p plane (y be-
ing determined in the laboratory frame assuming the
deuteron mass). The shaded area represents the part of
phase space in which the deuterons are identified.
Specifically, in most of the forward hemisphere, and at
large transverse momenta in the backward hemisphere,
deuterons are identified by the kinematic cut procedure.

m
CL

PROTONS

10 t

La+La 0.8 GeV/nuci

(a)

La+La 0.8 GeV/nucl.
n.

!
DEUTERONS

'lo

10—2
10'

T= 85 MeV

0 0.08 0.16 Q24 Q32

E c.m.

0. 0.1 Q2 0.3 Q4 Q5 Q6

Ec.m (Gev j

FIG. 2. Center-of-mass energy spectra (in arbitrary units) for
(a) protons and (b) deuterons emitted between 66' and 90' c.m.
angle for the La+ La reaction at 0.8 GeV/nucleon. The
straight line is for a Maxwell-Boltzmann distribution with a
temperature of 85 MeV. The spectra are corrected for contam-
inations with d (a), t, and He particles.

In the remaining part of the forward hemisphere, and
some of the backward hemisphere, deuterons are
identified by the visual-inspection procedure. The
remaining low p part of the backward hemisphere is
characterized by no or very limited d/p separation. An a
posteriori illustration for the efficiency of the
identification procedure is given in Fig. 4. The c.m.
momentum distribution is presented in two angular
domains: (a) 0.9&cos8*&1 and (b) 0&cos8" &0.5 for
deuterons from ionization estimate and from the
kinematical cuts. There are overlap regions around 500
MeV/c in (a) and 700 MeV/c in (b) in which the yield of
the deuterons is very similar. Finally the deuteron, and
also proton samples, contain a substantial triton and He
contribution. This has been corrected for in the spectra
of Figs. 1 and 2; its influence on the transverse momen-
tum analysis will be discussed in Sec. IV A.
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FIG. 1. Center-of-mass energy spectra (in arbitrary units) for
(a) protons and (b) deuterons emitted between 66' and 90 c.m.
angle for the Ar+ KC1 reaction at 0.8 GeV/nucleon. The
straight line is for a Maxwell-Boltzmann distribution with a
temperature of 85 MeV. The spectra are corrected for contam-
inations with d (a), t, and He particles.

FIG. 3. The deuteron identification for symmetric reactions
at 800 MeV/nucleon is illustrated by projecting the phase space
of deuterons onto the y-p plane (y being the laboratory rapidi-
ty); the vertically shaded area results from the kinematic cuts
(see text) and the horizontally shaded area indicates the region
of phase space where deuterons can be separated from protons
on the basis of their ionization.
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FIG. 4. Distribution of c.m. momenta of baryons (all treated
as deuterons) in the reaction Ar+ KC1 at 0.8 GeV/nucleon in

the angular range (a) 0.9&cos8*g1 and (b) 0&cos8*&0.5.
Shown are all baryons (dashed line), deuterons identified by ion-
ization (shaded histogram), and deuterons obtained by kinemati-
cal cuts. Note that if the kinematical cut selected particles as
deuterons which previously had been identified as protons by
their ionization the conAict was resolved in favor of the latter
method.

III. THE TRANSVERSE MOMENTUM ANALYSIS

As stated in the Introduction we analyze collective
motion in the reactions at 0.8 GeV/nucleon with the
transverse momentum method. Since its initial formula-
tion, the method has been extensively used in data
analysis. ' Here we subject the method to a thorough
scrutiny. A new form of data presentation is given. The
method is extended with corrections for the overall trans-
verse momentum conservation in collisions, and for the
azimuthal inefficiencies of the experimental apparatus.
Detailed discussions of the corrections are given in Ap-
pendices A and B. We show that the method may be
used to evaluate parameters of an average sphericity ma-

trix.
A. The basic concept

The method and data interpretation within the method
rely on a symmetry of the colliding system: The nuclei

approaching each other, in order to undergo a collision,
obey a reflection symmetry with respect to the reaction
plane defined for finite impact parameters by the beam
axis and a line joining the centers of the nuclei. Though
the structure of the colliding nuclei gets destroyed, the
symmetry present in their initial state should be
preserved throughout the course of a collision. The
momentum distribution of nucleons in the nuclei is iso-
tropic in transverse directions. With the spatial distribu-
tion of matter not having that property (for finite impact
parameters), the momentum distribution should, in gen-
eral, evolve from isotropy complying, however, with an
overall reflection symmetry. The transverse momentum
method attempts to exploit and quantify possible aniso-
tropies in transverse momenta associated with the reac-
tion plane. Because of the finite number of particles ' a
reflection symmetry with respect to the reaction plane
may not be evident in every single final-state measure-
ment. (One has to remark here that presumably for large
deformations of initial nuclei, and sufficiently low impact
parameters, such a symmetry cannot be claimed. } Never-
theless, for finite anisotropies any vector constructed
from transverse particle momenta should, on the average,
point in the direction of the reaction plane. In addition,
the finite anisotropies and associated finite values of aver-
age in-plane momenta should render finite the average
scalar product of transverse momenta and vectors con-
structed from the observed particles' momenta.

It was proposed in Ref. 7 to estimate the direction of
the reaction plane for each event by means of a vector
constructed from momenta p, of observed particles:

Q +~pl

with the weights co, set to minimize the fluctuations of
the vector around the direction of the plane. The weights
u =0 were chosen for pions, while for the baryons co,=1
for y &y, +5, co,= —1 for y, &y, —6, and co =0 other-
wise. For a symmetric collision it is natural to choose
the rapidity y, equal to the value of the overall c.m. sys-
tern, y, =yz/2. The quantity 5 was inserted to remove
particles having negligible correlation with the reaction
plane. The choice of weights followed from dynamic and
symmetry considerations, and was verified a posteriori.

Particle transverse momenta are projected onto the
direction determined from the vector Q to obtain '
the mean components of transverse momenta in the es-
timated reaction plane for different rapidities. The mag-
nitude of the vector Q can be used ' ' to evaluate the
mean components of rnomenta in the true reaction plane
(cop"), at rapidities

~ y —y, ~
& 5. The mean (cop")

serves to rescale the components in the estimated reac-
tion plane which are different from the components in the
true reaction plane by a factor (cosP). The angle P is
here the azimuthal deviation of the vector Q from the
true reaction plane.

B. Factorization of scalar product average

The evaluation of mean momenta in the true reaction
plane (cop") is based on the presumption that the corre-
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lation between particle transverse momenta is due to the
anisotropies of momentum distributions associated with
the reaction plane. For such a correlation the mean value
of the scalar product of momenta of particles v and p at
rapidities y, and y„should be

( p'„(y „).p„'(y„) ) = (p".(y ) ) (p"„(y„)),
with (p"„(y„)) denoting mean in-plane transverse
momentum of particle v at rapidity y„. The possible va-
lidity of Eq. (3.2) has to depend on the magnitude of an-
isotropies associated with the reaction plane, as correla-
tions from other sources can take over in the scalar prod-
uct average. We shall see, indeed, that for weak dynamic
effects in lighter systems, it can be necessary to take into
account the overall transverse momentum constraint.
Still, the analysis of transverse momenta may be carried
out in such a way as to make the effect of an appropriate
correction term to (3.2) negligible.

Equation (3.2) makes a strong prediction with respect
to the data, implying an approximate factorization of a
scalar product average into two functions of rapidity. To
test the validity of Eq. (3.2), we analyze the average scalar
product of deuteron transverse momenta from the
La+ La reaction at 0.8 GeV/nucleon. A contour plot of
the deuteron (p (y, ) p (y2) ) is displayed in Fig. 5. The
data have been collected in rapidity intervals of
hy =ys/6, symmetrically with respect to the center-of-

La+La 0.8 GeV/nucl.

deut. eron ~p ~y1~p ~y2~~

~ ~ ~

mass rapidity y, =yz/2=0. 6, providing 28 significant
data points for the figure. Corrections for the azimuthal
inefficiencies of the apparatus have been applied (Appen-
dix A}. For the graphic display, the data points have
been approximated with a smooth surface for which the
contour lines have been drawn. The features of the aver-
age scalar product of transverse momenta are seen in Fig.
5. There is a positive correlation of transverse momenta
when both deuterons belong to the same outward area
close to the projectile or target rapidity. There is a nega-
tive correlation of the momenta when particles fall into
opposite areas of rapidity. This observation agrees with
the expected opposite values of the in-plane transverse
momenta (p "(y) ) in the two areas of rapidity (y &y, and

y &y, ). By definition, the plot in Fig. 5 is symmetric with

respect to the diagonal running from the bottom left to
the upper right corner. Because of the symmetry of the
colliding nuclei, the plot should be, however, further
symmetric with respect to the diagonal running from the
upper left to the bottom right corner. The lack of that
symmetry indicates the systematic biases. However, if
identification cuts, losses, and particle misidentifications
do not break the azimuthal symmetry around the beam
axis, they should not affect the possible factorization in
(3.2), but, eventually, they will affect the values of average
in-plane momenta.

C. The discretized scalar product matrix A;,.

Next, we turn to the statistical analysis of the average
scalar product of deuteron momenta. The matrix

A;~ = (p (y; ) p (yj ) ), labeled with the discrete values of
rapidity y; =(i —1)by, is symmetric and may be diago-
nalized, A; =+I, A, j, u;"u (i,j,k =1, . . . , 7 in our case).
Here u are eigenvectors normalized to unity. Equation
(3.2} implies that, upon diagonalization, the matrix
should be dominated by one positive eigenvalue k& with
an eigenvector A, I u '(y; )= (p "(y; ) ). The eigenvalues
for the matrix A, - corresponding to the rapidity intervals
are listed in Table II. There is, indeed, one dominant
positive eigenvalue. Components of the associated eigen-
vector are shown in Fig. 6(a). For the fit to the matrix
with the single most positive eigenvalue and associated
eigenvector, A;J. =A, ,u uj', we find X =32. (Any other

TABLE II. Eigenvalues from diagonalization of the average
scalar product of deuteron transverse momenta discretized over
rapidities, for the La+ La and Ar+ KCl reactions at 0.8
GeV/nucleon.

C)
C)

0.0 0.2
I

0.4

Yl/YB
0.6 0.8 1.0

FIG. 5. Contour plot of the average scalar product of deute-
ron transverse momenta as a function of the corresponding two
rapidities, for the La+ La reaction at 0.8 GeV/nucleon. Con-
tour lines are labeled with values of the product in units of 10
MeV /g

La+ La

215+18
53+18
23+11
3+11

—1+12
—3+6

—31+16

~k
(10' Mev /e )

Ar+ KCl

154+24
13+18
5+5

—4+5
—9+9

—18+20
—67+12
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single eigenvalue with a respective eigenvector yields
X &400. ) Still, for the given errors of matrix elements
the diagonalization does not exactly correspond to the
minimization of X . The latter procedure, using Eq. (3.2),
lowers 7 down to 25, and yields the seven values of
(p "(y) ) shown in Fig. 6(c) (these constitute seven param-
eters for the 28 input data points), little changed from the
values in Fig. 6(a).

Subsequently we consider the possible validity of Eq.
(3.2) for the near symmetric reaction of the lighter nuclei
Ar + KC1 at 0.8 GeV/nucleon. A contour plot of
( p (y, ) p (yz ) ) for deuterons from the reaction is shown
in Fig. 7. The data for the plot have been collected in the
same manner as for the La+ La reaction. Following Eq.
(3.2) the scalar product average should be positive
definite along the diagonal yz

——y &, while there are
significant negative values on the diagonal in the figure.
Table II lists the eigenvalues from the diagonalization of
the matrix of average products of transverse momenta.
A fit to the matrix with the largest positive eigenvalue
and the associated eigenvector [see Fig. 8(a) for the com-
ponents] yields X =170. The minimization of X using
Eq. (3.2) lowers its value, but only down to 85. The
failure of the fit is associated with the negative values of
the average scalar product of momenta in the central area
of Fig. 7. Indeed, the eigenvalues in Table II suggest that
the matrix A; should be approximated by more than one
term, i.e.,

1 1 7 7l4tjl tu/ uj+A7u/ uj

Ar+KC1 0.8 GeV/nucl.

deuteron (,p ~yl~p ~y2~~
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FIG. 7. Same as Fig. 4 for the Ar+ KC1 reaction at 0.8
GeV/nucleon.
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FIG. 6. Results from the analysis of (p'(y, ).p'(yz)) for
deuterons from the La+ La reaction at 0.8 GeV/nucleon. (a)
Components of an eigenvector associated with the largest posi-
tive eigenvalue. (b) Components of an eigenvector associated
with the most negative eigenvalue. (c) Values of (p "(y) ) from
the least squares fit.

400 t l t t i i r

0 0.5

FIG. 8. Same as Fig. 5 for the Ar+ KCl reaction at 0.8
GeV/nucleon.
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where A,7~0. Components of the eigenvector associated
with the most negative eigenvalue are shown in Fig. 8(b).

D. Modification for momentum conservation

In order to explain this failure of the fit, we consider in

Appendix B a general uncorrelated emission subject to
total energy-momentum conservation, assuming a fixed
direction of the reaction plane. We find that the trans-
verse momentum conservation modifies Eq. (3.2} to

&p'„(y„) p„'(y„)&= &p"„(y,)&&p„"(y„)&

—a&p'„'(y„) & &p" (y ) &, (3.3)

where a ' is approximately equal to the sum of the parti-
cle transverse momenta squared in the final state of the
system, a '=

& X~„&.The correction term in (3.3) is of
the order of p /N, where N is the number of particles in
the final state. The term might be comparable with the
first term in (3.3), for weak collective effects in the trans-
verse momenta, &p" & « & p &. The origin of the
correction term is essentially the following. As the trans-
verse momentum p of a fragment v fluctuates around the
average & p„& =( &p"„&,0), the rest of the interacting sys-

tem absorbs the recoil. For any given particle the share
of the recoil is -(p,—

& p„& )/N, and a contribution from
the recoil to the average scalar product of momenta of
two fragments is then approximately

&p', (p'„—&p'„&)&/N=&p'„'&/N .

More properly, however, the result should be symmetric
in the two fragments v and p, and this is accounted for in
Eq. (3.3). Kinematic correlations between momenta from
transverse momentum conservation had been observed in

I

the high-energy hadron-hadron collisions ' and used

for estimating the number of missing neutrals in the final

state of the reaction.
Using Eq. (3.3) we repeat the fit to the deuteron data

from the Ar+ KC1 reaction, mapping out the values of
the deuteron &p (y) &, and treating a as a free parame-
ter. We get now 7 =18.0, with values of &p "(y) & un-

changed within errors from those obtained using Eq.
(3.2}, and a '=16.3+2. 1 (GeV/c) . For comparison,
with A denoting the total nucleon content of the collid-
ing system, and &p /a & the average per-nucleon trans-
verse momentum squared of identified nuclear fragments,
we find in the Ar+ KC1 reaction A &p /a & =13
(GeV/c) .

In the case of the La + La reaction, Eq. (3.3) brings no
improvement of the fit over Eq. (3.2), as X changes to 24.
The momenta & p "(y) & are unchanged within errors from
those obtained using Eq. (3.2), and the deuteron data are
consistent with large values of a '~74 (GeV/c) . For
the La-La reaction we obtain A &p /a & =58 (GeV/c) .

To summarize the analysis up to this point, we do find
that the deuteron data are explained by Eq. (3.2) for
La+ La, and by the extension (3.3) for Ar + KC1, which
in turn assume an approximately uncorrelated particle
emission in a coordinate system associated with the reac-
tion plane.

E. Determination of average in-plane transverse momenta

In Eq. (3.3) an averaging may be introduced over rapi-
dity and/or particle type for one or both particles in the
product. This can be used for evaluating average in-

plane transverse rnomenta and a in an alternative manner
to the fit. With a weighting such as for the vector Q, Eq.
(3.1), in the equations deriving from (3.3),

(3.4)

~~p~ ~pp (3.5)

&p'. p„'&, „„=&p-&„, „&p-&„, ,
p c

(3.6)

the role of the recoil corrections can be reduced. If
&p "(y) & has different signs in the two areas of rapidity,

y &y, +5 and y &y, —5, then the contributions to & cop" &

from the two areas are additive, and to &cop & subtrac-
tive. When particles occur with similar frequency in the
two areas of rapidity, the value of &cop & can become
negligibly small. In that case the use of Eqs. (3.4) and
(3.5) to determine & cop" & and &p "(y) & is essentially
equivalent to the procedure of Ref. 7. In general, howev-
er, the use of Eqs. (3.4) and (3.5) requires the knowledge
of a the value of which can be determined arithmetically
by solving the set of equations:

&p'. p„'&, „,=&p"&,'„,— &p" &,'„„,

F. Test of the procedure using cascade-model events

The procedure for determining average in-plane trans-

verse rnomenta may be tested in the Cugnon cascade
model where the direction of the reaction plane is under

control. In Table III the results following from Eqs. (3.5)

and (3.6) are compared with the results obtained using

the known direction of the reaction plane, for the follow-

ing three reactions at 0.8 GeV/nucleon: Ar + KCl,
La+ La, and asymmetric Ar+ Pb. Good agreement of
the results is found. In the asymmetric Ar + Pb reaction,
the rapidity y, has been chosen smaller by 0.1 than the

participant y, from protons' ' with p & 270 MeV/c.
Table III contains further entries for parameters of the

average per-nucleon sphericity matrix that can be found

using the transverse momentum method.

G. Evaluation of the sphericity matrix

The average sphericity matrix associated with the reac-
tion plane is defined as &s'~& =& wp'pj/a &. Here w is a
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weight taken usually as 1/2m or 1/p, a is the mass num-
ber of a baryon, the momenta are in the c.m. system, and
only baryons from the forward c.m. hemisphere,
y)y, , are used for matrix evaluation. The difficult
part in matrix evaluation is finding the element (s ') and
resolving the transverse elements (s ) and (sr'), as

I

otherwise (s")=(wp' /a), (s"")+(s ) =(wp /a),
and elements (s ') and (s"r) vanish by refiection sym-
metry with respect to the reaction plane. Under the as-
sumption of uncorrelated emission, the element (s")
may be obtained from an equation analogous to (3.4):

(u„p~'„co„p„'), „=(s"'&&cup")i, y i„—a(wp"p'&„, &~p"&iy y i,s. (3.7)

The resolving of the elements (s"') and (s~~) necessarily brings in a qualitatively new feature into the analysis.
Specifically, one has to construct a two-dimensional tensor associated with the reaction plane with known average
values of matrix elements, which is to be convoluted with the sphericity matrix. The tensor may be constructed using
the momenta of two particles, and the following formula can be used for evaluating average elements of the sphericity
matrix:

(w„„ Ip", (p„' p') —2(p'„p„')(p'„p')I ),„=I ( ")—(s"")
I (cup")I

~, r

(3.8)

The recoil corrections cancel out at the rhs of Eq. (3.8) to
leading order. The use of Eq. (3.8) requires, unfortunate-

ly, considerably better statistics than, e.g., the use of Eq.
(3.7).

When the sphericity matrix elements are known a diag-
onalization for the flow parameters is straightforward.
The eigenvalue that corresponds to an axis pointing out
of the reaction plane is identical with (s ), f2 = (s ).
The remaining eigenvalues and the flow angle 0I are re-

lated to matrix elements with the equations

(f3 f, )sin29—I—2(s"')

(f3 f ) )cos28I ———(s")—(s"") .
(3.9)

As can be seen in Table III, results for the flow parame-
ters from the transverse momentum method are fairly
consistent with those obtained with a known direction of
the reaction plane.

TABLE III. Comparison of the results from the cascade model (Ref. 24) obtained using the known direction of the reaction plane
(A) and using the transverse momentum method (B) for 1540 Ar + KCl events, 276 La+ La events, and 1000 Ar + Pb events at 0.8
GeV/nucleon. The Ar+ KCl events are combined from two samples for which impact parameter cuts are set according to the two
trigger cross sections in the experiment, with event numbers, respectively, proportional to experimental event numbers for the two
trigger modes. In calculating average momenta a value of 5=0.15 is used and in the asymmetric Ar + Pb reaction the rapidity y, is
taken smaller by 0.1 than the participant y, (Refs. 10 and 2). The value of a ' for the Cugnon cascade model should not be com-
pared with an average sum of the final particle transverse momenta squared, but with a sum denoted in Table by 4, of the final and
initial transverse momenta squared, excluding nucleons that have not undergone a collision. This is because the total initial trans-
verse momentum in the model is not constrained to zero, but varies with the initial Fermi momenta of individual nucleons. Further,
the nucleons that have not undergone a collision do not participate in the momentum exchange. For the sphericity matrix a weight
w = 1/p has been used. The eigenvalue ratios are r„=f; /f, and r =2f, /(f, +f 2).

Ar+ KCl 0.8 GeV/nucleon La+ La 0.8 GeV/nucleon
b (8.5 fm

Ar+ Pb 0.8 GeV/nucleon
b &5.5 fm

(cop")
~~ r i)z (MeV/c)

(p")r, r +q (MeV/c)

(p")y, y g (MeV/c)

S [(GeV/c) ]
a ' [(GeV/c)']
Og (deg)

31

732

(A)

32.2+1.7
32.4+2.2

—31.9+2.2
12.1+1.0

8.0+0.6
1.804+0.018
1.820+0.019
0.991+0.012
1.812+0.014

(B)

33.2+3.6
32+6

—34+7

13.5+0.8

8.2+2. 1

1.81+0.13
1.82+0. 14
1.00+0. 15

1.813+0.021

(A)

65.2+2.2

65.6+2.9
—64.9+3~ 1

32.6+0.9

12.8+0.5
2.322 0.036
2.204+0.035
1.053+0.019
2.262+0.027

(B)

64.7+2.6
64.2+3.7

—66.7+3.7

33+6
12.3+1.0
2.33+0.07
2.19+0.06
1.06+0.05

2.253+0.036

(A)

43.3+1.5
45.7+2. 1

—40.3+1.8
23.88+0. 18

14.3+0.7
1.681+0.018
1.658+0.017
1.014+0.011
1.670+0.014

40.0+2.2

42+4
—37+4

27.2+2.8
11.8+1.6
1.72+0.06
1.58+0.05
1.09+0.07

1.649+0.021
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H. Correction of azimuthal detector e%ciency variations

We complete this section with some discussion of
corrections in data analysis for the azimuthal
inefficiencies of the apparatus. The lack of uniformity in
detection efficiency with respect to the azimuthal angle
can generate a finite average of the scalar product of
transverse momenta for particles emitted originally iso-
tropically in the azimuthal angle. The main result of Ap-
pendix A is that weak nonuniformities may be remedied
by correcting the transverse momenta entering into scalar
products such as at the lhs of Eqs. (3.2) —(3.7). The
amount of correction for each of the laboratory com-
ponents of the transverse momentum is equal to the aver-
age value of that component for a given rapidity and
fragment type. An illustration for the role of corrections
in the determination of the reaction plane can be found in
Ref. 9.

IV. RESULTS AND DISCUSSION

We are now ready to present results from the analysis
of the data, selecting those parts which we find to be most
reliable, and to compare them with theoretical expecta-
tions.

A. Average transverse momenta per nucleon

Average transverse momenta per nucleon in the reac-
tion plane, resulting from Eq. (3.4), are shown in Fig. 9,
for the three reactions at 0.8 GeV/nucleon: Ar+ KC1,

A+A 0.8 GeVlnucl ~

(only deuteronsj
X

(p la) I I I I I I I I I (gevlc)

150 - ~,t g
~ 't -15o

too „ t. ' t -~oo
50- ii 50

0 o Ar+Pb
-50—

-100—
-150-

0
-so—

-100—
-150—

0

t
-100—
-150—

— 150
— 100

50
o Ar+ K(:1

—150
— 100

50
o La+La

-- 50
—-100
—-150

-0 8 -04 0 04 08

yc. m.

FIG. 9. Mean transverse momenta per nucleon in the reac-
tion plane as a function of rapidity. Open squares for the
Ar+ Pb reaction indicate a prediction of the VUU calculation
(Refs. 27 and 28).

La + La, and Ar + Pb. The momenta are evaluated from
deuterons only, for the following reason. As has been
stated, the low-momentum deuterons belonging to the
backward c.m. hemisphere cannot be differentiated in the
streamer chamber from protons; when they are classified
as protons, some fall in the backward and some in the
forward hemisphere. As for a given rapidity the deute-
rons tend to have about twice as large transverse momen-
ta in the reaction plane as protons, they bias the back-
ward proton momenta towards high values, and the for-
ward proton momenta towards low values. Specifically,
one backward deuteron identified as a forward proton
may neutralize the transverse momentum excess of two
forward protons. The situation is more favorable for the
deuteron sample. In the forward hemisphere all the pro-
tons are identified, and the He particles have the same
transformation characteristics as the deuterons because
of the same charge to mass ratio. The triton and He
contribution to the deuterons is of the order of 35%. Ex-
tensive data simulations have shown, however, that the
effect of the triton contribution on the deuteron sample is
counterbalanced by the He particles due to their
different charge to mass ratios. The systematic errors on
average deuteron transverse momenta from misidentifi-
cation in the forward c.m. hemisphere turn out not to be
larger than the statistical errors in this experiment.

High values of the average transverse momenta in the
reaction plane in the backward c.m. hemisphere in Fig. 9,
as compared with the forward hemisphere, are mostly
due to the lack of identified deuterons with low p .
(When a hole is cut out artificially in the forward hemi-
sphere, analogous to the hole left by deuteron
identification in the backward hemisphere (cf. Fig. 3)
equally high average momenta in the reaction plane re-
sult in the forward as in the backward hemisphere. ) Not-
ably, a dependence of the average transverse momentum
in the reaction plane, on the modulus of the transverse
momentum vector, (p "(y,p ) ), deserves some future
study.

It may be mentioned that while we quote the results for
momenta from deuterons only, we use all baryons in the
reference average (cop") ~» ~

s ln Eq. (3.4) to reduce
C

statistical errors. When average in-plane transverse mo-
menta of particles identified as protons are studied in the
forward hemisphere, they are found lower by a factor of
2.5-3.5 from the full deuteron momenta. In the data and
detection efficiency simulations this conforms with the
supposition that the proton momenta are twice lower
than the deuteron momenta for a given rapidity.

The average forward in-plane transverse momenta per
nucleon are seen in Fig. 9 to increase with the mass of the
colliding system, from about 50 MeV/c for the Ar + KC1
system, through 70 MeV/c for La+ La, up to about 140
MeV/c for Ar + Pb, cf. Table IV. The absence of
geometric scaling for the symmetric systems may be
considered as a gradual onset of the hydrodynamic be-
havior with increasing mass of a system (see also Ref. 26).
Indeed, if judged from the ratio of the trigger cross sec-
tion to total inelastic cross section, the La+ La events
are even more peripheral than the Ar + KC1 events. For
the flow defined as a slope of (p "/a ), with respect to the
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TABLE IV. Mean transverse momenta in the reaction plane in the forward rapidity region y &y, +5. For the reactions at 0.8
GeV/nucleon, transverse momenta are evaluated from deuterons only and 5=0.15. For the Ar + KC1 reaction at 1.8 GeV/nucleon
5=0.3 (cf. Ref. 7). Mean pion momenta evaluated with the same weighting as used for baryons are also given. The adopted multipli-
city criteria approximately halve the samples of events for the reactions.

Reaction

Ar+ KC1
0.8 GeV/nucleon

La+ La
0.8 GeV/nucleon

Ar+ Pb
0.8 GeV/nucleon

Ar+ KC1
1.8 GeV/nucleon

Events

all

Mp (21
Mp &21

'all

Mp (55
M~ g55

'all

Mp &37
Mp) 37

all

(p'/a &y, y +~

(Me V/c/nucleon)

50+4
44+4
56+6
72+6
78+8
66k8

139+7
122+6
156%11

95+5

(~p" &

(Me V/c)

—4+7

0+5

12+8

(~p"&,
(MeV/c)

4+6

7%9

11+6

4%8

[(GeV/c }']

16.3+1.2
11.8+1.5
18.5+1.7
110%40
75+50

130%70
38+6
45%17
35+8

33+6

normalized rapidity, ' we find —100 MeV/c for the
Ar + KC1 reaction and —140 MeV/c for the La + La re-
action.

As to the variation with bombarding energy, we ob-
serve that the average momenta in the Ar + KC1 reaction
rise from 50 MeV/c at 0.8 GeV/nucleon, through 70
MeV/c at 1.2 GeV/nucleon, '

up to 95 MeV/c at 1.8
GeV/nucleon. At the last bombarding energy the aver-
age momenta (p "/a

& were determined from all identified
nuclear fragments, as the kinematic conditions for parti-
cle separation were more favorable, and the number of
deuterons was lower than in the reaction at 0.8
GeV/nucleon.

In the asymmetric Ar + Pb reaction at 0.8
GeV/nucleon, it is seen in Fig. 9 that the results for
(p "/a & agree well with the predictions of the Vlasov-
Uehling-Uhlenbeck (VUU) calculation ' with a stiff
equation of state. In the high-multiplicity (Mz &38)
events of the reaction, an interesting phenomenon occurs.
The average number of nuclear charges in the rapidity
area where (p "/a & is positive (in the convention of Fig.
9) is of the order of 35. As this exceeds twofold the num-
ber of protons in the projectile, it is an indication that the
part of the target hit by the projectile gets deflected to the
side together with projectile fragments.

The moments per nucleon (p "/a & in the Ar + Pb re-
action are the highest in absolute magnitude so far re-
ported in the literature. Still, the momenta (p "/a & are
low compared with the rms transverse rnomenta per nu-
cleon in the reaction, (p /a &'/ =520 MeV/c in the for-
ward hemisphere, or the longitudinal mornenta. This is a
rule in all the analyzed reactions ' (but see the efT'ects

in the heavier composite particles in Ref. 29}.

B. Sphericity matrix analysis

Some understanding of the phenomenon may be gained
by considering a single-particle distribution associated
with a reaction plane modeled with a Gaussian: '

p ~ exp( —
—,
' Trs & s &

' },

, (f3
—f ) )»n8, gcos8g,

(p"(p')) =p'
f,cos 8,„+f, sin'8, „

(4.2)

Physically, we expect large flow angles 8,& associated with

shapes close to spherical, f3 f, &&f3. T—he momenta in

the reaction plane are then suppressed by the factor
(f3 f, ) in Eq. (4—.2). Clearly, no finite average momenta
in the reaction plane can be expected for an ideally sym-
metric momentum distribution. On the other hand, we
expect elongated shapes in association with small flow an-
gles. (An exception here might be an emission of the
heavier composite fragments, insensitive to a local spread
of momenta. } Then the momenta are suppressed due to
the factor sin8, & in Eq. (4.2), as no finite values of the mo-

menta can be expected for a shape directed exactly along
the beam axis.

The above consideration indicates the usefulness of the
knowledge of the sphericity matrix parameters for the re-
actions. The parameters are evaluated using formulas
(3.7)—(3.9} from all baryons and are given in Table V. In
the evaluation of the element (s"'& and its error, the con-
tarnination of protons by deuterons is taken into account.
(For a distribution of the flow angles on an event by event
basis in the Ar+ Pb reaction, see Ref. 2.) Comparing
Table V with Table IV, it is seen that the sphericity ma-
trix parameters vary more with multiplicity than do the
average momenta (p "/a & +s. As parametrized by

C

the tensor, the shapes associated with a reaction plane are
generally prolate, with some preference for the momenta
to be perpendicular to the reaction plane. Indeed, low
flow angles are associated in the reactions with the
elongated shapes, and larger flow angles with shapes

with

( &=A (8,„)f,„k ( —8,„),
where f,s

——diag(f„fz, f3), f3~ f&, and P (8,s) is a ro-
tation matrix about the y axis. The average transverse
momentum in the reaction plane increases in the model
linearly with the longitudinal rnornentum p':
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TABLE V. Parameters of the average per nucleon sphericity matrix with a weight w =1/p.

Reaction

Ar+ KC1
0.8 GeV/nucleon

La+ La
0.8 GeV/nucleon

Ar+ Pb
0.8 GeV/nucleon

Ar+ KC1
1.8 GeV/nucleon

Events

all

Mp (21
Mp) 21

all

Mp (55
Mp) 55

all

Mp (37
Mp) 37

all

Of (deg)

9.6+0.8
7.2+0.6

13.7+1.2

16.5+1.7
14.5+1.7
19.3+1.7

35.621.8
28.8%1.2
42.4+1.4

8.5+1.0

31

2.96+0.10
4.36+0.20
2.17+0.09

2.24+0. 10
2.69+0.14
1.94%0.08

1.96+0.26
2.24+0. 13

1.8+0.3

3.20+0. 11

32

2.68+0.07
3.75+0.14
2.00+0.07

2.09+0.05
2.51+0.08
1.80+0.06

1.52+0.07
1.85+0.06
1.34+0.10

3.16+0.11

121

1.11+0.06
1 ~ 16+0.09
1.09+0.08

1.07+0.05
1.07+0.07
1.08+0.06

1.28+0. 12
1.21+0.07
1.36+0.18

1.01+0.06

2.81+0.04
4.03+0.06
2.08+0.04

2.16+0.06
2.60+0.08
1.87%0.06

1.71+0.14
2.03+0.07
1.55+0. 18

3.18+0.05

closer to spherical syrnrnetry. The relation between angle
and elongation of the tensor r =2f3/( f, +f &

) is further
shown in Fig. 10. Tests with the data indicate that this
relation is less sensitive to eventual cuts aimed at a spec-
tator removal than are individual values for given multi-

plicities. The relation, cf. Fig. 10, shifts upward in angle
with increasing mass of a system. Another quantity, that
we actually refrain from evaluating here for reasons dis-

cussed at the beginning of the section, which can be ex-

pected to vary significantly with multiplicity, is the trans-
verse momentum deposition discussed in Ref. 7.

C. Comparison with theory

First we compare the data with the predictions of the
cascade model that we have already used in Sec. III. As
can be seen from Table III and Fig. 10, the values of the
flow angle from the Cugnon cascade model fall below the
values inferred from the data for a given elongation of the
tensor. With the exception of the La+ La reaction, the

70 I i I ] g

(1}high H

60 - (2) all
(3) low M

L Ar+ Pb

~ La+ La

~ Ar+ KCl

at 0.8 GeV/&Ucl.
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30—
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20—

10—

~ 2~'a
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FIG. 10. Variation of the Aow angle Of with elongation of
the flow tensor r =2f, /( f, +f2 ).

average transverse momenta in the reaction plane are
significantly lower in the cascade model than in the data
(see Tables III and IV). For the studied symmetric reac-
tions at 0.8 GeV/nucleon (Ar+ KCI and La+ La), the
discrepancies, however, are not as large as for the
Ar + Pb reaction or the Ar + KC1 reaction at 1.8
GeV/nucleon.

The measured transverse mornenta and angles are both
considerably lower than those from the ideal-fluid hydro-
dynamic model at respective impact parameters or
tensor elongations. (For a proper comparison, the results
from the hydrodynamic model ' ' for the symmetric re-
actions must be rescaled according to the c.m. energy
and size of the system. )

Macroscopically, what differentiates the cas-
cade, Boltzmann-Uehling-Uhlenbeck ' (BUU), or
VUU, ' ' ' and the hydrodynamic models, are the
equation of state and the transport coefficients. A stiff
equation of state enhances a collective motion. ' On
the other hand, an increase of the transport
coefficients, ' or equivalently a reduction of particle
cross sections, ' reduces the flow effects. In the Cugnon
cascade model the equation of state should be close to
that of an ideal gas, and the coefFicients are sizable. In
the ideal-fluid calculations the transport coefficients
come in only from a numeric computation procedure.
The equation of state is modified, in relation to that of an
ideal gas, by adding a potential term depending on
baryon density to the energy density. In first BUU and
VUU calculations ' ' ' ' the equation of state is con-
structed as in the hydrodynamic model, while transport
coefficients are the same as in a cascade model.

Smaller than for other reactions, discrepancies between
the cascade model results and the experimental results for
the Ar + KC1 and La + La reactions at 0.8 GeV/nucleon
are presumably due to the fact that the equation of state
in the model is stiff for the nuclear densities p 2po. (The
energy per baryon extrapolated to zero temperature is
that of a degenerate ideal Fermi gas, without a minimum
at p=po)

The good agreement of the VUU model with experi-
mental results from Ar + Pb at 0.8 GeV/nucleon,
Ar + KC1 at 1.8 GeV/nucleon and 1.2
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GeV/nucleon, '5' and Nb + Nb at 0 4
GeV/nucleon ' ' reactions, shows that in that model a
proper balance has been achieved between the stiffness of
the equation of state and the magnitude of the transport
coefficients. Still, it is not dear whether the equation of
state and the coefficients could be changed simultaneous-

ly in such a way (see in that respect Ref. 35) that some
agreement with these data is retained. If with the current
parameters the VUU model underestimates the collective
motion for lighter systems or large impact parameters at
lower bombarding energies (such as the Ar+ KC1 and
La + La reactions studied here), this could mean that
transport coefficients need to be reduced and the equation
of state softened. Not all of the pressure at high excita-
tions, in addition, needs to be associated with a potential
term in the energy density.

D. Summary

To summarize this paper we have presented new exper-
imental results for the semicentral Ar + KCl, La+ La,
and Ar + Pb reactions at 0.8 GeV/nucleon, and analyzed
them for collective motion using the transverse momen-
tum method extended with corrections for azimuthal
inefficiencies of the apparatus and transverse momentum
conservation. The validity of the method has been tested
using deuterons from the symmetric reactions. For all
three reactions at 0.8 GeV/nucleon, we have obtained the
average components of transverse momenta per nucleon
in the reaction plane, as a function of the rapidity. These
rise significantly with the mass of a colliding system
reaching over 150 MeV/e/nucleon in the Ar+ Pb reac-
tion. From comparison with other data, a variation of
the transverse momenta with bombarding energy has
been observed in the Ar+ KC1 reaction. Furthermore,
we have been able to evaluate parameters of an average
sphericity matrix associated with the reaction plane for
the reactions. The flow angle rises with the mass of a col-
liding system, and the flow parameters exhibit a larger
variation with multiplicity than do the average momenta
in the reaction plane.
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APPENDIX A

We discuss here the corrections for the nonuniforrnities
in the azimuthal angle in the particle detection efficiency.
The corrections may be applied in the data analysis when
nonuniformities are weak.

We start with a consideration of the invariant distribu-
tion function of two fragments v and p, p~2~{p,y, p„,y„),
assuming that the direction of the reaction plane is arbi-
trary from event to event, and that the distribution is

normalized to unity with respect to integration over
transverse rnomenta. We can put the distribution func-
tion into the form

p(2)(p'. y. p„' y„)= p(p'. .y. )p(p„' y„)
i

+~p(2)(pv yv pp. yp ) (A 1)

The effect of D on averages from (A3) may be classified as
twofold. The dependence of the efficiency on the
modulus of the transverse momentum p, as, e.g. , a high
momentum cutoff, or a low momentum cutoff, for rapidi-
ties close to zero, changes an interpretation of the aver-
ages in such equations as (3.2)—(3.8). The averages are
then not only restricted to a given rapidity or range of ra-
pidities, but are also weighted in a certain manner with
respect to the moduli of the momenta. (Such a feature is
in practice common to any type of experimental analysis. )

The dependence of D on the azimuthal angle, on the oth-
er hand, may simulate dynamic effects, by making an
average scalar product of transverse momenta finite, in
the absence of physical correlations between the direc-
tions of the momenta. The effects may be properly isolat-
ed when nonuniformities of the efficiency in the azimu-
thal angle are weak. We split D into

D(P' y) =Do(p' y)+Dl(p' y) (A4)

where Do is equal to D averaged out over the azimuthal
angle, and D, describes the nonuniformity in the angle.
In that case, D, is related to an average momentum of a
particle at given rapidity, as measured in a coordinate
system associated with the apparatus, (p (y) )",with

fdp'p'D, (p', y)p(p', y)
=(p'(y))'" .

dpDop ypp»
(A5)

When
~
D(

~
&&Do [((p (y))" ) &&(p )], the

efficiency D„can be absorbed as a weighting function in

Here p are the single-particle distributions (subject to an
arbitrary direction of the reaction plane) and 5p(2) is the
correlation function responsible for the nonvanishing of
an average scalar product of transverse mornenta:

P PI Pv Pp P(2) Pv~y PI yI = P 3' 'Pp 3'p

(A2)

As demonstrated by the smallness of the scalar product
averages compared with the average mornenta squared
(Secs. III and IV), 5p(2) has to be considered a small
correction to the product of single-particle distributions,

&P(2) «PP
The apparatus modifies the two-particle distribution

function with the factors of detection efficiency, D (p,y),
which depend on components of the momenta in a coor-
dinate system associated with the apparatus, making the
observed distribution function equal

obs i i i i i ip„,(p„,y„,p„,y„)=D(p„y.)D(p„,y„)p„,(p„y„p„,y„) .

(A3)
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the physical averages, and to the second order in D, and
first order in 5p(2), the following equality holds:

(p'(y„) p„'(y„))= (p'„(y„) p„'(y„))' '

—(p'„(y„))"'.(p'(y ))"', (A6)

where ( ) refers to the physical scalar product average,
and ( )' ' to the measured average.

The correction for nonuniformity of the efficiency in
the angle, the second term on the rhs of (A6), can be tak-
en into account in the data analysis by mapping out the
averages (p (y))" for different fragments and then sub-
tracting the product of the average laboratory momenta
from the scalar product of the transverse momenta. Al-
ternatively, the average laboratory momentum at a given
rapidity may be subtracted from the momentum that
enters into the scalar product, for one or both fragments
in the product.

A similar consideration, adequate for the evaluation of
the second moments of a distribution, Eq. (3.8), shows

I

APPENDIX 8

We consider here a general uncorrelated emission in
the coordinate system associated with the reaction plane,
subject to the energy-momentum conservation constraint.

The assumption leading to Eq. (3.2) is that of an un-

correlated emission in the coordinate system associated
with the reaction plane, taking for an invariant distribu-
tion function of two fragments v and )M the form

j.
P(2)(p &yvpvp~yp ) =P(pv~y'v )P(pq~yp ) ~ (Bl)

with the product of single-particle distributions associat-
ed with the reaction plane on the rhs. On evaluating the
average scalar product of transverse momenta at fixed
fragment rapidities, one obtains, from (Bl),

that there the nonuniformities in the azimuthal angle can
be remedied to the leading order by subtracting average
laboratory momenta from transverse momenta of each of
the reference fragments, p and v.

(p (3' )'p„(y„)&=f d pA p„p 'ppp(2)(p, V, p„y„)~fd pA p„p(2)

p p+ p y v pp pp py„pp
=(p"„(y.)) (p„"(y„)), (82)

with x denoting vector components in the reaction plane.
The assumption of uncorrelated emission ignores the energy-momentum constraint. Putting in the constraint implies

a final-state exclusive distribution of particles of the form

N N

P(N)(pl 3 ( ' ' ' PN 3N) gP(P y, ) 5 g p, —Pj. (4)

v=1 v=1
(83)

with the four-momentum P =(O, E) in the c.m. system. In (83) it may be assumed that

N

g (p, &=P
v=1

(84)

where (p„) are the single-particle averages

(p )=fd p dyp plfd p dyp,

and o =0, 1,2, 3 designates the components of a four vector. This is because otherwise the single-particle distributions
may be renormalized for (84) with a factor exp( —P g p„) on the rhs of (83), and no alteration to the ]hs of (83).
With the central-limit theorem one gets, from (83) for the two-particle distribution,

p(2)(p'. y. p„' y„)—p(p'. ,V. )p(p„',y„)exp[ ——,
' &,(p„+p„—(p„&—(p„) ) (p„+p„—(p ) —(p„))'], (85)
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where 3, satisfies P{2)(P» P„'3'„)=p(P 7 )P(P„»„)e"P( ~p p„)

(86)

and the sum runs over particles in the final state. The
energy-momentum conservation constraint introduces an
anticorrelation between the particle four-momenta. This
is of the order of 1/N. Of concern to us is the anticorre-
lation induced on the transverse particle momenta, and
this might have been ignored, if not for the weakness
of the collective effects (cf. Secs. III and IV) (cop")
«(p ):

with

—{ y (pJ.2) y ( J.2)
y&vI y

In (87) we use the very weakness of the collective eff'ects

in transverse momenta. On expanding the exponential in
(86), we finally obtain Eq. (3.3). The similarity of the
correction term for the momentum conservation to the
basic result in the Goldhaber model of statistical frag-
mentation should be noted (see also, Ref. 41).
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