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Estimate of the triton asymptotic D to S ratio
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The role of the deuteron asymptotic D to S normalization ratio g in the calculation of triton
observables is emphasized both within a simple model and in an exact numerical calculation. We
suggest a new correlation among g'/g and E, in dynamical three nucleon calculations, where g'
is the triton asymptotic D to S ratio and E, is the triton binding energy. Studying this correlation
we obtained g'/g =1.68+0.04.

I. INTRODUCTION

A strong correlation between the three-nucleon low-

energy observables —especially between the spin doublet
neutron deuteron (n-d) scattering length a„d and the tri-
ton binding energy E,—was first emphasized by Phil-

lips, ' although the pioneering calculation by Aaron,
Amado, and Yam had already indicated such a trend.
Such correlations have great practical importance in that
they have proved to be very useful in predicting experi-
mental values of as yet unmeasured observables or in
confirming or refining known experimental quantities.
For example, Phillips' suggested a value of a„„, by
studying such correlations, which was later confirmed
experimentally. Recently, Friar and co-workers sug-
gested a value of the spin doublet proton deuteron (p-d)
scattering length a d, which contradicts the existing ex-
perimental values. The value of the S wave asymptotic
normalization Cz of the triton was suggested by Girard
and Fuda from a study of its variation with E, using
the partial wave dispersion relations. More recently,
Ishikawa and Sasakawa predicted the value of the triton
asymptotic D to S normalization ratio g' from a study of
its variation with E,.

It has been suggested by Kim and Tubis that the tri-
ton asymptotic normalization parameters Cz and CD
should be given the same importance as other triton ob-
servables, such as, the binding energy E„ the magnetic
moment, etc., in any trinucleon calculation. The impor-
tant role played by the asymptotic normalization param-
eter has been clearly demonstrated in the case of the
deuteron. We shall see that the triton asymptotic D to
S normalization ratio g' is extremely sensitive to the
asymptotic D to S normalization ratio g of the deute-
ron; the specification of E, is not enough to determine g'
uniquely.

Ishikawa and Sasakawa did not worry about having
&he correct information for the D wave asymptotic nor-

malization built into their model calculation. In this pa-
per we show that, in addition to other few nucleon ob-
servables, a correct representation of the deuteron
asymptotic normalization is important for a precise eval-
uation of q'. In particular, we suggest a new correlation
among the ratio ri'/g and E, . Both in a simple analytic
model and in a numerical separable potential model we
find that g' is linearly correlated with g at a fixed triton
energy E„when the other two nucleon properties are
fixed. Thus g" plays a more important role in any calcu-
lation of g' than had been realized. Using the correla-
tion between ri'/ri vs E, we make our theoretical esti-
mate of g'/g consistent with E,=8.48 MeV:
ri'/ri = 1.68+0.04.

The paper is organized as follows. In Sec. II we devel-

op a simple model for the ratio g'/g which exhibits its
explicit dependence on E, . In Sec. III we present our
numerical results based on a separable potential three
body model calculation. Finally, in Sec. IV several con-
cluding remarks are presented. A short version of this
paper has already appeared. '

II. A SIMPLE MODEL FOR g'/g

The nucleon-nucleon tensor force and, corresponding-
ly, the deuteron D state have been essential in producing
the electric quadrupole moment and refining the value of
the magnetic dipole moment which are considered to be
basic deuteron properties. Any nucleon-nucleon interac-
tion to be used in a trinucleon calculation must have the
correct deuteron properties built in, in addition to the
on-shell properties of the singlet state. Will the trinu-
cleon observables, especially g', be sensitive to any
specific property of the deuteron D state? The study of
Gibson and Lehman" suggests that the deuteron D wave
probability PD should be important in a triton calcula-
tion. They studied the correlation among Cs (and CD)
and PD which should be considered important for pre-
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dieting a precise value of Cz and CD of the triton.
The deuteron D state probability PD had been con-

sidered to be an important property of the deuteron ever
since the D state was introduced. Recently, Amado and
co-workers' commented that PD should not be con-
sidered an observable of the deuteron. Because of
theoretical difficulties, ' no experiment, however accu-
rate, will ever be able to fix the value of PD. A theoreti-
cal calculation of PD will be model dependent, as it will
be sensitive to the deuteron wave function in the interior
region. Thus a classification of triton properties as a
function of PD will be model dependent even if the
"correct" value of PD is known. To make matters worse
there is no hope of determining PD correctly. Amado
and co-workers have suggested that PD should not be
given the status it has enjoyed, and have suggested that

I

it is the deuteron asymptotic D to S normalization ratio
which should be given the "experimental" status of a

single quantity to "measure" the D state. An analysis of
the experimental data leads to a precise value of
II =0.0271(4). ' Therefore if a certain triton observable
is sensitive to the value of g", apart from other few nu-
cleon observables, a model must incorporate the correct
value of g in order to make a model independent esti-
mate of the particular triton observable. We shall see
that the triton asymptotic normalization ratio g is sensi-
tive to g, and this fact should be remembered while
making a model independent estimate for g'.

The correlation between g' and g" can be understood
using some very general assumptions. The S and D
wave triton asymptotic normalizations Cz and CD are
defined by
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in units of 1ri=m= 1, where I is the nucleon mass, (td1

is the deuteron wave function between particles 2 and 3,
P, is the triton wave function, and V; is the nucleon-
nucleon interaction between particles j and n where
i&j &n&i. In Eqs. (1), k is the relative momentum be-
tween particle 1 and the deuteron (23), J, is the total
spin of the triton, l is the orbital angular momentum of
neutron 1 with respect to the. deuteron (23), S is obtained

by coupling the total spin of the deuteron (23) and the
spin of the neutron 1, and @=+4(E, Ed)/3 wh—ere E,
is the triton binding energy and Ez is the deuteron bind-
ing energy.

It is easy to see that (1) can be written in terms of the
Faddeev components p; (Ir/, = g3, p;) of the triton
wave function as
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where p1 is the relative momentum between the particles
2 and 3 forming the deuteron (23).

As expression (2) does not explicitly contain the
nucleon-nucleon interactions, it is easy to see that this
expression contains information about the asymptotic
properties of the triton wave function Ir/„or its Faddeev
components g;, because the integrations in this expres-
sion will extend beyond the range of the interaction Vi.

We shall present very plausible arguments for an ap-
proximate calculation of (2), which will clearly yield the
desired correlation between g' and g . For our purpose
we evaluate expression (2b) approximately by maintain-
ing only those parts of $2 and I)/3 in which the nucleon
pairs, (13) and (12), are in the spin triplet state. Assum-
ing that particle 3 is a neutron and that only the S wave
nucleon-nucleon interaction is important, only p3 can
contain two nucleons (12) in the spin triplet state, be-

[2(E )1/2j1/2
3(r3, R3)=

—tE +(3/4)q~]'/2R

f d'q3CS
R3

Xe ' 'X(q3) . (3)

This is the exact form of $3 outside the range of V3, in-
dependent of the form of the nucleon-nucleon interac-
tion. We assume the form (3) to be valid over all space.

cause in $2 the two nucleons (13) are neutrons which can
exist only in the spin singlet state. Thus only lt/3 will
contribute. The Faddeev component $3 outside the
range of V3 satisfies a free Schrodinger equation. As-
suming that the S wave nucleon-nucleon interaction is
the only interaction responsible for triton binding, the
form of 1(3 must be
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Cs
Yoo(R 3 )

2
1//3(r3, R3) [2(Ed )' ]' Cs
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Here Cs is the S wave asymptotic normalization of the
deuteron. In Eq. (3}, (r3, R3) is the usual set of Jacobi
coordinates: R3 is the relative separation between parti-
cles 1 and 2 and r3 that between particle 3 and pair (12).
All the information about the interaction of the nucleons
inside the triton is contained in the spectator function
X(q3). Asymptotically, as r3 ~ oo, g3 has the form

—3/EdR3
1

Qd(P) =
Ed+&' .

4(E )I/2
Cd gl M(p )

where p3 is the relative momentum between particles 1

and 2, and q3 is the relative momentum between particle
3 and the deuteron (12). In Eq. (6) the deuteron is as-
sumed to be in the S state only.

In order to evaluate expression (2) we employ the
minilnal (zero range) deuteron wave function given in
momentum space by'

—PI'3
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I

Condition (4) requires that the spectator function
X(q3) of (3) has a pole at q3 =ip, which is taken as

' 1/2
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X(q3) =
1T p +$3

The Fourier transform of (3) yields the momentum
space wave function
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where PLs is the spin-angular momentum function
defined by

'PL,s(p)= g CM M M YL,M (P) ISMs & .
Ms, ML

If we now allow the deuteron (12) also to be in a D
state, then the modified version of Eq. (6) can be easily
written, using Eq. (7), as (now including the spin func-
tions)
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Next, substituting Eqs. (7) and (8} in expression (2b), and maintaining only terms linear in ri, we obtain, after some

straightforward angular momentum algebra,

'0 ~ [(tu /Ed)+q ] —l 1 —~(p /Ed)+q +(i'/Edl~2)qx
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t 2
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where y is a constant which can be obtained by fitting
the result of Eq. (9).

Equation (10) is the principal result of this section,

It is expected from Eq. (9}that if E, is held constant in a
dynamical calculation, g' varies linearly with g, assum-
ing that Cs varies very slowly in the process. In the lim-
it E,~Ed, from Eq. (9) we find that g'/ri -p, where
p =(E, Ed )/Ed. In th—e other extreme, E, »Ed,
p~ao, Eq. (9) yields ri'/ri -P. We can easily combine
these analytic behaviors in the following simple form:

I

which clearly demonstrates two interesting properties.
First, if the ratio of the triton and deuteron binding en-
ergies and the parameter Cs are held fixed in dynamical
calculations one clearly sees a linear correlation between
g' and g, which we shall confirm in a separable poten-
tial model in Sec. III. Second, it is obvious from Eq. (10)
that as Et/Ed increases in such calculations, the ratio
g'/g increases, which will also be verified in Sec. III.
The linear correlation between g' and g was observed
recently by Ericson and Rosa-Clot. They did not give
any explanation of the behavior, however.

III. NUMERICAL RESULTS

To test the above ideas we performed a Faddeev cal-
culation using a separable 'So and S&- D, interaction



37 ESTIMATE OF THE TRITON ASYMPTOTIC D TO S RATIO 367

TABLE I. Values of g' for some choices of g and 'rp, with 'ap ———23.7 fm ( —17 fm) which yield E, =8.48 MeV. Also shown
are the parameters of the Yamaguchi tensor interaction, (pJLM

~

V
~

p'JL'M ) = —A,„„~L(p)gL (p'), where go(p) =1/(ao+p') and
g&(p)=tp'/(a&+p ), for the N-N triplet parameters: a& ——5.424 fm, Ed =2.225 MeV, and a deuteron quadrupole moment of
0.2859 fIQ .

'rp (fm)

2.010 (1.820)
2.780 (2.628)
3.059 (2.917)

A,„„,(fm )

1.2799
2.3950
3.0135

ap (fm )

1.1881
1.2619
1.2925

a& (fm ')

2.1079
1.6938
1.4659

—6.6142
—2.6413
—1.5188

0.0250
0.0275
0.0300

0.0419 (0.0427)
0.0462 (0.0473)
0.0502 (0.0514)

with Yamaguchi' form factors. In our calculation we
always keep the triplet parameters —deuteron binding,
triplet scattering length a&, and electric quadrupole
moment —fixed and vary g . The parameter Cz remains
practically constant in our analysis. We keep the pro-
vision of varying the singlet effective range 'ro and
scattering length 'ao. We use 'ao ———17 and —23.7 fm
to simulate the neutron-neutron and the proton-neutron
systems, respectively. The variation of ro is motivated
by an attempt to better understand the origin of certain
low energy correlations. We shall comment on this vari-
ation later. Apart from this flexibility our model is very
similar to that of Ref. 11. Our model uses a deuteron
binding energy of Ed ——2.225 MeV, a& ——5.424 fm, a
deuteron quadrupole moment of 0.2859 fm, and an g
from 0.025 to 0.030. From these quantities we obtain
the four parameters of the Yamaguchi S,- D, separable
interaction. The triton D state appears in our model
only when we include the tensor S, - D, nucleon-
nucleon interaction, which produces a D wave com-
ponent in the deuteron. The single quantity which mea-
sures the deuteron D state is the asymptotic quantity g .
In order to study the correlation between g' and g in
our model we chose 'ro at each value of g such that our

model produces the experimental triton binding energy
of 8.48 MeV, with the other deuteron parameters and
'ao fixed, as we show in Table I. We plotted the result-
ing g' vs g in Fig. 1, which yields a linear curve passing
through the origin g =g'=0. This result is consistent
with Eq. (10).

We also calculated the neutron-deuteron scattering
length a„d for these points. The variation of 'ro in the
range 1.8 to 3.6 fm generated a small variation in the
value of a„d, which contributes to the width of the Phil-
lips plot at a fixed energy. Therefore we observed from
Fig. 1 that in our model, when we keep the deuteron
properties a

&
and Ed fixed and vary g, then g' varies

linearly with g and is insensitive to small variations of
a„d. This conclusion will be confirmed in the plot of

Fig. 3, which is in part motivated by this conclusion.
Therefore any attempt at a theoretical evaluation of g'
must take into consideration the correct value of g .
The parameter g', being an asymptotic observable, is ex-
pected to be insensitive to the interior part of the triton
wave function, and, hence, to a„d, except for the infor-
mation about a„d which is indirectly contained in E,.

To see the importance of g in a model three nucleon
calculation of r1', we plot in Fig. 2 the values of q'/rl, „„,
as a function of the triton binding energy, where g, pt
(=0.0271) is g from Ref. 13. This plot is equivalent to
that of g' vs E, as g,„p, is just a constant.

In Fig. 2 we show the results for g, and E, for several
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FIG. 1. q'-g correlation at a fixed E, (=8.48 MeV) using
the present separable potential model with 'ap ———17 and
—23.7 fm. We vary 'rp to generate the points which lie on the
straight lines passing through the origin.
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FIG. 2. g'/g", „~,-E, . The open circles are from Ref. 7, the
solid circles from Ref. 16, the open triangles from Ref. 15, the
open squares from Ref. 11, and the solid inverted triangles
represent our separable potential calculations with 'ap = —17
fm for various values of 'rp and g .
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realistic potential models with and without three-
nucleon forces, ' separable potential models, "' and
our calculations for 'ao ———17 fm which we obtained by
varying both 'ro and g . As the various models have
different values of g, the width of the band for g' vs E,
is enhanced when compared with that of Ref. 7, which
makes a model independent estimative for q' dificult.
We must stress that the differences in (Cs } between the
realistic model and our model are less than 0.5%.

Motivated by the linear correlation of g' vs g of Fig.
1, we plot in Fig. 3 ri'/r) vs E, . In Fig. 3 we show re-
sults corresponding to all the calculations of Fig. 2. In
addition, we exhibit results of our separable potential
calculations for 'ao ———23.7 fm, which we generated by
varying both 'ro and g . Our results of 'ao= —17 and
—23.7 fm fall on two straight lines and the calculation
of Gibson and Lehman" for 'ao= —16.85 fm coincides
with our calculation of 'ao ———17 fm. We see that all
the calculations fall within a very narrow band, in sharp
contrast to the results of Fig. 2. In our calculation we
varied 'ro and rl . (The variation of 'ro has been shown
in a different context to simulate' the off-shell variation
of two-nucleon interactions in three-nucleon calcula-
tions. ) We verify that the parameter ri'/rfd does not con-
tain much information about the off-shell behavior of
nucleon-nucleon interaction except that contained in the
value of E, .

In order to do complete justice to Eq. (10), we utilize
it for extrapolating each of the calculated values of
gt/g to the experimental energy E, =8.48 MeV. Equa-
tion (10) can be rewritten as

2.0—

l.8-

expt o
0

l.6- 0

0

0
0

l.4-
I

8
E t (MeV)

FIG. 4. {q'/g ),»,-E, . Values of g'/q extrapolated to the
experimental triton binding energy. For explanation see Fig. 3.

(12)

The constant K of Eq. (11) was determined by a least
squares fit to all points of Fig. 2, and the value of y =1
is obtained by fitting (11) to an exact numerical evalua-
tion of (9} for a wide range of P. The extrapolation of
ri'/ri to the experimental E, was made in the following
simple way, which is independent of K:

2.0-

1.8-

l.6-

0

0
0

where calc and expt denote the theoretically calculated
and extrapolated values of the quantity concerned. In
Fig. 4 we present the extrapolated rl'/ri and the calcu-
lated binding energies for all points of Fig. 3. The extra-
polation of ri'/g to E, =8.48 MeV by our procedure
shows its reliability and the desired model independence
is revealed to some extent. All the realistic calculations
fall in a very narrow band, and the nonlocal separable
model calculations have a large dispersion which
represents, for rf'/r), general off-shell variations. Our
theoretical prediction of ri'/gd is calculated by taking
the arithmetic mean of the points presented in Fig. 4.
The arithmetic mean for the local potentials yields
ri'/r) =1.66+0.02 (K =1.58+0.02). The overall average
of all the points yields ri'/ri = 1.68+0.04
(K = l.60+0.04).

lh 0 r &r
l4-

a
I

8
Et(MeV)

FIG. 3. g'/g -E, correlation. The straight lines are gen-

erated by varying both 'ro and g in the present separable po-
tential model for 'ao ———17 and —23.7 fm. The open circles
are from Ref. 7, the solid circles from Ref. 16, the triangles
from Ref. 15, and the open squares are from Ref. 11; the points
marked E and E' are experimental results of Refs. 17 and 19
~jth q"=(0.0271+0.0004) of Ref. 13.

IV. CONCLUSION

We have studied new correlations between the triton
and deuteron asymptotic normalization parameters.
These correlations are important for making theoretical
estimates of the triton asymptotic D to S ratio. We
showed within a simple model the origin of the strong
correlation between g' and g" for a fixed triton binding
energy and verified this in a separable potential model
calculation. In view of our discussion, one must bear in
mind that a good theoretical evaluation of g' cannot be
separated from the precise knowledge of g .

In addition, we obtained a model independent analyti-
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cal formula which expresses the behavior of rl'/g as the
triton binding energy is varied. We have used this ex-
pression to extrapolate the theoretical potential model
values for g'/g to the experimental value E,=8.48
MeV, and with that we have made an overall average to
obtain this quantity. We found that the value of
q'/g =1.68+0.04 is associated with a wide class of pos-
sible off-shell variations in triton calculations. This indi-
cates that unless the experimental error for this observ-
able can be lowered to less than 3%%uo, we cannot choose
the best model, due to the strong model independence
which is broken only at the level of a very few percen-
tage points of precision.
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