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The a-cluster structure of the Ti nucleus is investigated within a local potential model descrip-
tion, starting from the unique optical potential which describes elastic ~Ca(a, a) scattering on
broad angular and energy ranges, and which has recently been shown to describe the broad oscilla-
tions seen in the low energy fusion excitation function as well. It is found that the various a-
cluster states group into quasirotational bands whose properties are not dissimilar to those of the
well-understood ' Ne nucleus. The lowest lying band is composed of states of even parity with
moderate cluster character at low spin; it agrees within a few MeV's in absolute energy with the

Ti experimental ground state band, and the experimental intraband quadrupole transition proba-
bilities are reproduced with good accuracy. The potential supports an excited positive parity band
with strong cluster character, starting a few MeV's above the a+ Ca threshold; the states of this
band with spins ranging from 6 to 12 are responsible for the oscillations observed in the fusion ex-
citation function. It supports, in addition, a negative parity band starting just above the threshold
and composed of narrow states with intermediate cluster character; the latter has up to now no ex-

perimentally known counterpart. The states of higher lying bands are very broad and overlapping
but they play an important role in enhancing the Ca(a, a) backward angle cross section. Our re-
sults are discussed in terms of the available experimental evidence and of the various, often
conflicting theoretical interpretations which have been put forward to describe the Ti a-cluster
spectroscopy.

I. INTRODUCTION

Whereas the independent particle model has been able
to correlate many experimental data throughout the
Periodic Table, it is well known that some nuclear levels
(the so-called "intruder states") are very difficult to un-

derstand within the frame of the shell-model approach,
while the detailed properties of some other levels —as
their electromagnetic transition rates —can only be de-
scribed qualitatively. These difficulties, which can be as-
cribed to the inevitable truncation of the shell-model
basis, can in some cases by alleviated by taking into ac-
count the underlying cluster structure of these states,
which amounts to shifting to a calculational
configuration space better adapted to their description.
While activity has primarily been focused on relatively
light systems, recent developments' have revived the in-
terest for a-particle clustering in the lead and actinide
regions in connection with the interacting boson model
approach to the collective properties of heavy nuclei.

The most fully investigated system within the a-
cluster approach is Ne, where various rotational bands
have been described in terms of a+ ' 0 (g.s.) and
a+' 0' cluster states. Not only do the energies EJ of

these states follow an approximate J(J+1) behavior,
but they are characterized by large a-particle widths and
large 8 (E2) intraband transitions. The best candidates
to such a description are the K"=Oi+ (ground state) and
the excited E =0 and 04+ bands, all of which can be
viewed as corresponding to an a-particle orbiting an in-
ert ' 0 core. However in the ground state band there is
appreciable overlap between the clusters, and the a-
particle character of the states decreases with increasing
spin (antistretching effect); its main properties are con-
sistently explained within conventional shell-model ap-
proaches, and indeed the a-core relative motion wave
functions are found to have substantial overlap with the
simple SU(3) wave functions of the leading (A, ,p)=(8, 0)
representation. In contrast, both the K =0 and 04+

bands consist of states where the rms separation between
the clusters is large, and whose reduced a widths are
close to the Wigner limit. Their shell-model description
would require inclusion of numerous high excitation
basis states; they are more economically described in a
cluster model basis. In fact, because of the Pauli princi-
ple there is a large overlap between these seemingly very
different descriptions; in addition, mixing between both
types of states is expected to occur. The coexistence and
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coupling of both types of structure has been investigated
by Tomoda and Arima in a hybrid model space combin-
ing ( ls Od } shell-model and a+ ' 0 cluster components.

Alpha-particle cluster states have likewise been
identified in lower mass systems ranging from ' 0 to ' F.
The importance of a-particle clustering in p-shell nuclei
has also been emphasized. For non-alpha nuclei, the in-
terplay between a-cluster states and t- and d-cluster
states has to be taken into account. '

The extension of the a-cluster spectroscopy in the re-
gion of the sd-shell closure has met with more limited
success. In particular, the structure of Ti, which is the
analog of Ne in the fp shell and is thus of considerable
interest, is the matter of contradictory interpretations.
The symmetry-breaking effect of the growing spin-orbit
interaction on the SU(3) classification has often been in-
voked to explain why a cluster model description should
progressively lose its usefulness in this mass region.
Moreover, the relative "softness" of Ca as compared
with ' 0 makes it a less favorable candidate for acting as
an inert core. On the other hand, the higher level densi-
ty observed in Ti as compared with that of Ne makes
the experimental identification of a-cluster candidates
more intricate.

In this paper we will strive to demonstrate that the
present understanding of the a- Ca interaction which
has been extracted from the analysis of the numerous ex-
isting Ca(a, a) elastic scattering data, and the recent
advances made in the interpretation of the oscillations
displayed by the a+ Ca fusion excitation function,
make possible an unambiguous elucidation of the long-
standing problem of the a-particle structure of the Ti
nucleus. A preliminary account of this work has recent-
ly been presented in Ref. 5.

The organization of the paper is as follows. In Sec. II
we summarize the experimental situation by enumerat-
ing the various Ti a-cluster states candidates most
often quoted in the literature, and we present the (often
conflicting) theoretical interpretations which have
emerged from cluster, shell, and hybrid model calcula-
tions. Section III is devoted to a discussion of the local
potential approach to cluster spectroscopy, with particu-
lar emphasis on its relation with the optical model; novel
results illustrating the continuity of the two descriptions
are presented for the well-understood case of the a+ ' 0
system. In Sec. IV we apply the local potential ap-
proach to the a+ Ca system, starting from the unique
optical potential which has emerged from the analysis of
experimental elastic scattering data extending on broad
angular and energy ranges. The results of these calcula-
tions and their implications for the cluster spectroscopy
of Ti are discussed in depth in that section, while a
summary and our conclusions appear in Sec. V.
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of even parity states with spins ranging from 0 to 12,
and whose quasirotational appearance is reminiscent of
that of Ne —a narrow level located at E„=8.54 MeV,
strongly populated in the Ca( Li, d) reaction, which
has tentatively been assigned J =0+ by Strohbusch
et al. , and a narrow (I =40 keV ) J =1 state at
E„=11.7 MeV, which was identified by Frekers et al.
by inspection of their Ca(a, ao) excitation function;
this state is already clearly visible in the older data of
John et al. Broader states with J =0+, E„=11.2
MeV; J =2, E„=12.17 MeV; and J =3,E„=12.76
MeV were subsequently extracted from high resolution
elastic Ca(a, a} data and postulated to form a mixed-
parity molecular rotational band together with theJ"=1,E„=11.7 MeV state. ' These various states are
presented in Fig. 1(a}. [For completeness let us mention
two narrow levels" with J =2+, E„=9.123 MeV and
J =4+, E, =9.182 MeV, strongly excited in Ca(a, a)
scattering, which have been proposed as band partners
of the J =(0+ ), E, =8.54 MeV state].

On the theoretical side, existing cluster model calcula-
tions lead at least to three convicting interpretations of
the Ti structure.

Resonating group method (RGM) calculations carried
out by Kihara et al. ' using an adjusted Volkov V2 in-
teraction' succeeded in reproducing the ground state
band structure of Ti, including the B(E2) intraband

II. PRESENT STATUS OF THE Ti
a-CI.USTER SPECTROSCOPY

The states which are most often quoted in connection
with the a-cluster spectroscopy of Ti are —besides the
members of the ground state band which is composed

FIG. 1. (a) Experimental ground state band (Ref. 6) and a-
particle cluster-state candidates (Refs. 7 and 10}in Ti; (b} Ti
N =12, N =13, and N =14 states supported by the local poten-
tial (with Vo ——180 MeV). Energies are given with respect to
the a+ Ca threshold.
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transitions without having to introduce any additional
effective charge. In addition, this calculation predicts
another positive parity band whose band head lies near
the J =(0+ ), E„=8.54 MeV state, and an excited nega-
tive parity band starting not far from the J = 1

E =11.7 MeV state. The main difficulty in this picture
is that the calculation also locates a low energy negative
parity band just above the a+ Ca threshold, whose
members have no known experimental counterparts;
also, it fails to reproduce the mixed parity band starting
with the J =0+, E„=11.2 MeV state. We note that
these features are consistently observed in calculations
attempting to reproduce the ground state rotational
band of Ti.

On the other hand, generator coordinate method
(GCM) calculations of the Miinster group' using the
Brink and Boeker 81 interaction" predict a single band
of states with negligible parity splitting, whose low spin
members appear at a relatively high excitation energy
(E„—10 MeV) and are in good agreement with those of
the experimental mixed parity band starting at E„=11.2
MeV; in these and similar calculations, the Ti ground
state band is not reproduced and is considered to lie out-
side the a-cluster model space, and, likewise, the
J =(0+), E„=8.54 MeV state has no theoretical coun-
terpart.

Finally, in a recent calculation carried out with an ad-
justed Volkov V1 interaction, Horiuchi' predicts a posi-
tive parity band whose band head agrees with the
J =(0+), E„=8.54 MeV state, and a negative parity
band starting at an energy compatible with that of theJ"=1,E„=11.7 MeV state; here also the Ti ground
state band is not reproduced, nor are the J =0+, 2+ ex-
perimental levels thought to be the band partners of the
J =1,E„=11.7 MeV state.

Shell-model calculations' have also been reported for
this system; as they generally suppose an inert Ca core
and limit the active space to the fp shell, their predic-
tions are restricted to positive parity states. They give a
satisfactory account of the ground state band properties,
although detailed agreement with experiment is lacking
for the energy spacings of the low spin members of the
band, and large effective charges (5e -0.5 e) have to be
introduced to reproduce the intraband B(E2) experi-
mental values. Subsequent calculations showed that it is

possible to remedy these defects by supplementing the
(fp) shell-model basis with a+ Ca cluster com-
ponents. ' Examination of the calculated wave functions
reveals a non-negligible admixture of cluster components
for the low spin members of the g.s. band, which is in-

strumental to the reproduction of the intraband B(E2)'s
with more reasonable effective charges; it is to be noted
that the explicit consideration by Arima and Tomoda'
of the inQuence of spin-orbit coupling showed that its
presence is not incompatible with a sizable a-cluster
component in the Ti ground state band, although corn-

parison with similar calculations by the same authors of
the Ne properties shows that the Ti states are more
shell-model-like than the latter. In addition, the same
calculations produce excited rotational bands with a
stronger cluster character: the most elaborate calcula-

tion, performed by Itonaga, ' predicts two negative pari-

ty bands and an excited positive parity band in essential
agreement with those disclosed by the RGM calculation
of Kihara et al. '

III. THE LOCAL POTENTIAL MODEL APPROACH

A more phenomenological but powerful approach to
the description of cluster structure in nuclei was initiat-
ed some ten years ago by Buck et al. : they showed
that simple deep local intercluster potentials, similar to
those generated by folding model calculations, are cap-
able of reproducing —often with remarkable
accuracy —many properties of cluster states such as
their energy spacings, a-particle widths, and electromag-
netic properties.

A direct support has recently been given to this ap-
proach by Horiuchi, ' who succeeded, by relying on the
semiclassical approximation, in deriving from the com-
plicated intercluster RGM nonlocal kernels effective lo-
cal equivalent potentials, to be used in a relative motion
one-body Schrodinger equation, and giving phase shifts
close to those derived in the complete microscopic calcu-
lation; these potentials generally display mild energy and
angular momentum dependence. Mention should also be
made of the alternative methods of Friedrich et al. ,
which derive the intercluster potential from the micro-
scopic intrinsic or angular momentum projected energy
surfaces of the GCM, and lead to an energy-independent
(but possibly 1-dependent) interaction, and of the fixed-
energy inverse scattering methods used by Baldock
et al. and by Lipperheide et al. , which lead to an l-
independent, slowly energy-dependent nucleus-nucleus
potential. Whatever the particular method used, howev-
er, all these potentials are deep, since they have to ac-
commodate a number of bound states corresponding to
that of the forbidden states of the RGM.

The local potential description of a- and t-cluster
states has been successfully applied to many nuclei of the

p and of the sd shell. In particular, the model has been
highly successful in accounting for the detailed proper-
ties of the j; =0&+ and 0 a-cluster bands in Ne, as
the level energy spacings, the a-particle widths, and the
ground state band electromagnetic transition rates using
only a small renormalization of the effective charge.

There have been fewer applications of the local poten-
tial model in the sd-shell closure region; to our
knowledge calculations have thus far been limited to the
~Ca, Sc, and ~Ti systems. As, in the ~Ti case,
the calculations have been restricted to states of the
ground state band, ' they shed no light on the
identification of higher energy o.-cluster states in that
system. However, it is interesting to note that some of
the intercluster local potentials built by Pal and Lovas
give a fair account of the energies of the low spin
members of the Ti ground state band and of the excit-
ed 4p-4h band in Ca based on the J =0+, E =3.35
MeV state, which in a weak coupling picture should
have closely similar properties; moreover the calculated
intraband quadrupole transition probabilities between
these states were found to be in satisfactory agreement
with the available experimental data, without having to
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introduce any effective charge. More recently, Mer-
chant has investigated within the frame of the same
model the case of the Sc nucleus, which is the fp-shell
analog of ' F, and whose a-particle states should, there-
fore, in a weak coupling picture be related to those of

Ti as the a-particle states of ' F are related to those of
Ne. Although the problem is complicated by the

nonzero spin of the K core, a good description of the
energy location of the low-lying positive parity states of

Sc and of the enhanced B (E2)'s between these states
was obtained in that work.

Despite its success in accounting for many detailed
properties of the Ti ground state band, the local poten-
tial model does not allow us to decide in an unambigu-
ous way which of the a+ Ca cluster model calculations
summarized above provides the most physically satisfy-
ing picture. Indeed it is unable —because of its essen-
tially phenomenological nature —to predict absolute en-
ergies with respect to the threshold, and its precise depth
is usually fixed by reference to some set of well estab-
lished cluster levels of the unified system. The local po-
tential should, however, share with the more complicat-
ed microscopic interaction it is supposed to represent the
property to describe in a unified way the bound, quasi-
bound, and scattering properties of the system under in-
vestigation; therefore, it is expected to bear a close con-
nection with the optical model potential describing low
energy a-particle scattering from the core nucleus.

This condition is unfortunately of little help in most
cases of practical interest since the empirical nucleus-
nucleus optical potentials deduced from experiment are
known to suffer from various ambiguities, in particular
at low energies where strong absorption usually dom-
inates the scattering. An exception to this general be-
havior is, however, supplied by the a+ ' 0 and a+ Ca
systems, where the closed-shell nature of the targets
makes the absorption substantially weaker than for most
neighboring systems, causing a spectacular enhancement
of the low energy elastic cross sections at large angles
(the so-called ALAS phenomenon). ' This exceptional
transparency made possible an unambiguous determina-
tion of the underlying potential, the discrete ambiguity
being lifted by extending the analysis to high energy data
satisfying the Goldberg's criteria. '

The case of the a+' 0 optical potential is a very im-
portant one to investigate in order to test the above
ideas. In fact, extrapolation towards low energies of the
real part of the unique optical potential of Ref. 30 pro-
vides an excellent description of the K =0~+, 0, and
04+ rotational bands in Ne. In particular, it automati-
cally locates the ground state band —that is, the one
composed of states with N—:2n, + l =8, where n„
denotes the number of radial nodes of the wave
function —within a few MeV's of its experimental coun-
terparts; states with N & 8 are discarded since they cor-
respond to the states forbidden by the Pauli principle in
a cluster model approach. Moreover, the same potential
predicts electromagnetic properties and n-particle
widths for these states in remarkable agreement with ex-
periment. As an example we list in Table I the elec-
tromagnetic B(E2) transition probabilities within the
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Ne ground state and first negative parity bands; the
calculations were carried out using the real part of the
potential of Ref. 30, after finely tuning the parameter
(denoted as a) controlling its depth in order to locate
each state at the correct experimental energy. [For
states located above the threshold the calculation was
carried out in the bound state approximation. This pro-
vides results nearly independent of the exact way the ap-
proximation is implemented provided the state is located
well below its barrier. For states nearer to the barrier
top, which correspond to broader resonances, the calcu-
lated B (E2)'s are more sensitive to the details of the cal-
culation, and the corresponding experimental measure-
ments are extremely difficult; therefore, we have restrict-
ed the calculation for the E =0 band to the 3 ~1
and 5 —+3 transitions. ] A very small renormalization
of the bare electron charge was needed in order to bring
the absolute B (E2)'s in agreement with the ground state
band data: use was made of an effective charge e,~= 1.05
e, which as can be seen from inspection of Table I brings
the theoretical values within a few percent of their ex-
perimental counterparts. For the first negative parity
band no effective charge was introduced in the calcula-
tion, since the experimental data are restricted to the 3
(E„=7.156 MeV) ~1 (E„=5.785 MeV) transition;
because of the stronger a-cluster character of the
K"=0 band, the predicted intraband B(E2)'s are seen
to be considerably enhanced with respect to those of the
g.s. band, and indeed the only experimental result is seen
to be in very gratifying agreement with that prediction.
We have likewise calculated the a-particle widths of the
members of the K =0 band from the energy variation
of the corresponding phase shifts, as 1

~
——2/(d5& IdE) at

the energy where 5& passes m. /2. Although the calculat-
ed widths are some 1.2 to 1.5 times too large with

TABLE I. Comparison of the calculated intraband quadru-

pole transition probabilities within the N =8 and N =9 Ne
bands with the experimental data (an effective charge e,z ——1.05
e has been used for the N =8 transitions, see text), and of the
calculated widths within the N =9 band with their experimen-
tal counterparts.

g(E2) (J~J—2) (e fm )

This work Expt. (Ref. 32)
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respect to experiment (Table I), our simple model gives
an excellent account of the enormous 15000-fold in-
crease of the widths spanned by the data.

We defer a more complete discussion of the low ener-

gy properties of the a+' 0 system to a forthcoming
publication; the results presented here suffice, however,
to demonstrate the virtues of an extrapolation towards
low and negative energies of the optical potential used to
describe the scattering properties of the system at higher
energy. They show in particular that the use of simple
local, l-independent, weakly energy-dependent empirical
potentials is not restricted —contrary to what has some-
times been claimed' —to incident energies above the
Coulomb barrier. It is to be noted in this respect that a
very recent microscopic calculation by Wada and Horiu-
chi has confirmed the main properties of the real part
of the a+' 0 empirical potential of Ref. 30 in a wide
energy range. For the nucleon-nucleus system the merits
of such a unified description of bound state and scatter-
ing properties has been recognized for a long time.
The link between the optical and the shell-model poten-
tials has very recently been investigated by Mahaux and
Sartor in the case of nucleon scattering within a disper-
sion relation approach; although the energy dependence
of the transition is not necessarily simple, these calcula-
tions indicate that it is a continuous one, and that it can
be represented by a relatively small readjustment of the
parameters of the real part of the optical model potential
used at positive energy.

IV. THE a+ Ca OPTICAL POTENTIAL
AND a-CLUSTER SPECTROSCOPY OF Ti

V(r) = —Vo I 1+ exp[(r —R )la ] I (4.1)

with R =4.685 fm and a =1.290 fm. It is supplemented

The a+ Ca system has focused considerable experi-
mental and theoretical interest in connection with the
spectacular backward angle enhancement seen at low en-
ergy in the elastic scattering cross sections. Although
there was much speculation at one time on the possible
origin of the ALAS phenomenon, there is now general
agreement that the only anomalous feature of the system
is its particularly low absorption, ' which is due in
all likelihood to the closed-shell nature of the partners.
This anomaly could —as was the case for the a+' 0
system, see above —be turned to an advantage, as it has
allowed a precise determination of the underlying optical
potential on a wide energy range. ' Although compar-
ison with experiment is complicated at low energy by the
occurrence of Ericson fluctuations and compound elastic
scattering, it has recently been shown in Ref. 41 that the
global potential originally extracted by Delbar et al.
for energies ranging from E =24 to 166 MeV could be
successfully extrapolated down to at least 12 MeV in-
cident energy, and that good agreement could even be
obtained with the very low energy (E =5.0 to 12.5
MeV) excitation functions of John et al.

The real part of this globa1 potential, which will con-
sistently be used in the following, is of Woods-Saxon
squared type:

Vo ——198.6(1—0.00168E~ ) MeV . (4.2)

However, this prescription does not prove entirely satis-
factory at the low energy end of this range, since it leads
to volume integrals per nucleon pair J, /4A of some 370
MeV fm, while model-independent analyses of the same
data ' point to a value lower by approximately 20
MeV fm, which corresponds, if the effect is ascribed to a
decrease of the potential depth, to U0~180 MeV. This
reduction is not to be considered as an arbitrary manipu-
lation, since two effects have recently been described
which both result in a saturation of the real potential
depth at low energy. The first one is the energy depen-
dence which emerges when localizing the nonlocal RGM
interaction; this effect has been thoroughly investigated
by Aoki and Horiuchi in the case of the X+' 0 sys-
tems, where X denotes any light-ion projectile with
A (4. The second effect is due to a dispersion correc-
tion to the real potential connected with the rapid open-
ing of nonelastic channels above the threshold; it has
been studied in detail by Mahaux et al. for the a+' 0
and a+ Ca systems. As their magnitude and localiza-
tion in energy are rather similar, these two effects will
probably be difficult to disentangle in concrete cases.
We note that the changes they induce in the potential
are not restricted to a simple renormalization of the
depth; however, for the sake of simplicity and in view of
the uncertainties which affect both the theoretical esti-
mates and the empirical potential itself, we will content
ourselves in the following of tuning the Vo parameter
when required.

A. The ~Ti ground state band

In the case of the a+ Ca system, states with
N:—2n, +I & 12 correspond to states of the RGM forbid-
den by the Pauli principle, and they should therefore be
discarded. The first states susceptible of physical inter-
pretation are those with N=12. We have calculated
their energy location using the real part of various low-
energy potentials belonging to the unique potential fami-
ly fitting the higher energy data, including the global po-
tential discussed above; the energy of the states located
above the threshold, which are found to lie well below
their respective effective potential barriers, was calculat-
ed in the bound state approximation. Quite remarkably,
these states are found to group into a quasirotational
band (with even spins ranging from 0 to 12), whose band
head falls within a few MeV's from the Ti ground
state. Moreover, the average energy spacing is found
to be compatible with that of the Ti ground state band,
although the spacing between the 0+ and 2+ states tends
to be smaller than experiment, and the calculation fails
to reproduce the collapse observed at the high energy
end of the band (it has to be remarked in this respect
that, as has also been emphasized by Pal and Lovas,

with the Coulomb potential due to a uniformly charged
sphere of radius R, =4.446 fm. The energy behavior of
Vp (which is the only energy-dependent parameter for
the real part) found adequate to represent the evolution
of the data between 24 and 166 MeV is
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the local potential built by Pilt to mock up this col-
lapse is a highly artificial one, in that its geometry and
depth are totally incompatible with those of potentials
fitting the low energy scattering data).

A comparison of the Ti experimental ground state
band with the states of the N = 12 band, calculated using
the potentials derived by Gubler et al. from an exten-
sive analysis of their very detailed experimental angular
distributions, is presented in Fig. 2. The latter have a
Woods-Saxon raised to the fifth power form factor; only
the potentials deduced from data extending on the whole
angular range, which are determined with the best accu-
racy, were retained in our calculation. Although their
parameters were determined independently at each ener-

gy, all these potentials lead to remarkably similar results.
In particular, the N =12 band head is located at about 6
to 9 MeV below the threshold, that is, 1-4 MeV below
the Ti ground state, confirming the need for a slight
reduction of the potential depth when energy decreases.
We also show in Fig. 2 the location of the states calcu-
lated with the global potential of Eq. (4.1), where the
depth Vz was fixed to the value V0=180 MeV (which
corresponds to a volume integral J„/4 3 of 350
MeV fm ); this value is seen to locate correctly the inter-
mediate part of the spectrum, which on the whole ap-
pears to be somewhat too compressed with respect to ex-
periment.

To investigate further the capabilities of the local po-
tential description of the Ti ground state band, we cal-
culated the intraband quadrupole transition probabilities
and rms intercluster separations from the model wave
functions. Here and in the following, use was made of
the global potential of Eq. (4.1), whose depth Vp was
finely tuned to locate each state at the correct experi-
mental energy. Values derived for the 8 (E2)'s and rms
radii are presented in Table II, together with the depths
Vo needed for each state and the experimental transition
probabilities. It can be seen that the latter are nicely
reproduced by the calculation without having to intro-
duce any effective charge, whereas large effective charges
are required in (fp) shell-model calculations to repro-
duce the data. For illustration we also list in Table II
the B(E2) values obtained by Itonaga' iv a pure shell-
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FIG. 2. Comparison of the Ti experimental ground state
band with (a) the N =12 states supported by our local potential
with Vo ——180 MeV and (b) the N =12 states supported by the
real part of the various Woods-Saxon raised to the fifth power
a+ Ca optical potentials of Gubler et al. (Ref. 40).

model calculation, and the values he obtains when his
configuration space is enlarged by introducing additional
a-cluster components. It is seen that mixing of the
latter into the shell-model components alleviates the ini-
tial discrepancy, although the values obtained are still
too low with respect to experiment (and to those ob-
tained in our calculation).

On the other hand, the rms intercluster distance is
seen to decrease from 4.50 to 3.83 fm when going from
the 0+ to the 12+ member of the band. As the sum of
the radii of the free clusters amounts to 5.16 fm, the
overlap between the clusters, which is already significant
at low spin, thus becomes severe for the last members of
the band; this antistretching effect makes the cluster
character of these states much weaker than that ob-
served at low spin, as will be confirmed more quantita-
tively below, and in accordance with the findings of Ito-
naga. ' We note in passing that the result we obtain for
the ground state agrees well with the charge radius de-

TABLE II. Calculated rms radii and quadrupole transition probabilities for the states of the Ti
N =12 band; the second column lists the depths Vo used to locate each state at the experimental ener-

gy of its Ti ground state band counterpart. The theoretical B(E2) s are compared with the experi-
mental data (Ref. 45) and with the shell-model and shell-model plus cluster calculations of Itonaga
(Ref. 18).

Vo

(MeV)
(B2)1/2

(fm) Expt.

B(E) (J~J—2) (e fm )

This Shell
work model

Shell model
plus cluster

0+
2+
4+
6+
8+
10+
12+

184.1
182.5
181.2
180.7
179.0
181.8
186.8

4.50
4.51
4.47
4.38
4.27
4.06
3.83

120230
280+60
160+20
) 14

140+30
40+8

107.3
146.4
140.2
118.1
74.9
33.6

40.0
53.4
51.6
44.0
32.0
17.3

83.8
111.6
105.0
77.9
47.4
16.8
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duced from the analysis of electron scattering and muon-
ic x-ray data, which unfortunately are only available for
""Ti. Indeed the rms charge radius corresponding to an
intercluster rms distance (R )'~ is given by

(4.3)

where (r )'~ and (r )c~ denote the a-particle and
Ca rms charge radii. Taking the values

(r )'~ =1.674 fm and (r )c, —3.48 fm, together
with (R )' =4.50 fm, we find (r ),'&~ ——3.597 fm, to
be compared with the experimental value (r ),'h =3.60
fm. 4'

Before we embark upon a closer inspection of our rel-
ative motion wave functions, it is useful to comment on
the link of the local potential wave functions with those
supplied by the microscopic approaches. Our wave
functions, which will hereafter be referred to as uI(r),
are supposed to mimic orthogonality condition model
(OCM) -type wave functions. As has been emphasized

by Buck, Friedrich, and Wheatley, the most justified
interpretation of the OCM equation

A((T+ V E—)A($1 ——0 (4.4)

where Kl stands for the RGM overlap kernel; in an har-
monic oscillator (HO) description where the cluster wave
functions are represented as Slater determinants with a
common HO parameter v=mcoi2fi, the eigenstates of
(1 E&)—are known to be HO wave functions ug (r)
with HO parameter v'=JMv, where p denotes the reduced
mass number of the system. Denoting the corresponding
eigenvalues by pN we thus have the spectral decomposi-
tion

+I XPh' I uNI )( uNI (4.6)

The eigenvalues of (1 E&) are —expressible in closed
form; in the case of the a+ Ca system they are given
by48

is that it provides a relative motion wave function which
is a good approximation to the exact RGM wave func-
tion 71 through the relation

(4.5)

r

4 k k r T +1
1)k y 2r —k( ]i )2(k —r) y { ]] )Pe(N p 2k 2 )

'
(1 ilk )N —P 2k+2r—

I N k ~ 40 p 40 (N —p —2k +2r )!

(4.7)

The first eigenvalues are equal to zero; they correspond
to the exactly forbidden states of the RGM, which are
HO wave functions

l ug ) with N & 12. The operator
AI of Eq. (4.4), which projects out these states, is thus
written

y((r)= g(p, ~)' c~lu~( (r),

S~ = g pNCNl
2

N

(4.13)

(4.14)

AI=1 g I &Nl )—(uNI
N &12

(4.8)

yi =(1—&()X(,

or, taking Eq. (4.5) into account

(4.9)

(4.10)

the associated spectroscopic factor 5 is written

S = I drys(r) .
0

(4.1 1)

Expanding the relative motion wave function of Eq. {4.5)
in the HO basis,

l(f) g CNIQNI (P)
N

(4.12)

makes possible the calculation of the reduced width am-
plitude and spectroscopic factor in terms of these expan-
sion coefficients and the overlap kernel eigenvalues ac-
cording to

It is interesting for estimating the cluster properties of
the physical states to evaluate the reduced width ampli-
tude yI, which is defined in terms of the RGM wave
function XI by

Although the evaluation of these quantities can, strict-
ly speaking, only be performed within the frame of an
HO description, it is reasonable to extend this formalism
to our local potential wave functions u&(r). Indeed, the
latter are directly comparable to the OCM wave func-
tions PI(r), and they are automatically orthogonal to the
deeply bound states supported by the potential, which
simulate the RGM forbidden states and turn out to be
very similar to HO wave functions provided a choice is
made of a convenient HO parameter. The often used
prescription Aco=41A ' MeV, which leads to an oscil-
lator parameter v-=0. 14 fm, fulfills this requirement
with excellent accuracy, especially for the most deeply
bound of these states. For example, the overlaps of the
six J"=0+ unphysical states supported by potential
(4.1), using Vo = 180 Me V, with HO states
(v'=@v=0.509 fm ) with {N,l)=(0,0) to (10,0), range
from 0.999 to 0.936, and the overlap of the only spurious
J =10+ state with the (N, l)=(10,10) HO wave func-
tion is 0.994.

We have expanded the local potential wave functions
of the states of the %=12 band in the HO basis with
v'=0. 509 fm, to evaluate their reduced width ampli-
tudes and spectroscopic factors, using Eqs. (4.12)—(4.14)
with u&(r) replacing P&(r) in Eq. (4.12). In these calcula-
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tions the depth parameter of Eq. (4.1) was fixed to the
value Vo ——180 MeV. The results of this expansion are
presented pictorially in Fig. 3 for a few representative
cases, together with the corresponding wave functions
and reduced width amplitudes; the wave functions are
compared with the HO wave functions with quantum
numbers corresponding to the (A, ,p) =(12,0) SU(3) limit,
i.e., (N, l)=(12,1). The values obtained for the spectro-
scopic factors are listed in Table III.

Whereas the SU(3) (12,0} component of the J =0+
wave function is seen to amount to only 50%%uo, this pro
portion increases progressively with spin to reach 95%%uo

for the J =12+ state. This evolution within the band is
paralleled by that of the spectroscopic factor which falls
from 0.205 for the 0+ state to 0.084 for the 12+ state;
these values should be compared with their SU(3) limit
of 0.069. Even in the case of the 0+ state, the strength
is seen to be concentrated on a limited number of HO
states. Examination of the wave functions likewise indi-
cates that they do not extend considerably in the surface
region with respect to their HO counterparts, corro-
borating the view, already expressed in connection with
the examination of the rms radii, that the N = 12

TABLE III. Spectroscopic factors S calculated for the
states of the N =12 and N =13 bands in Ti.

0+
2+
4+
6+
8+
10+
12+

S

0.20
0.20
0.18
0.16
0.13
0.11
0.08

3
5

7
9
11
13

S

0.42
0.41
0.38
0.34
0.29
0.23
0.19

band —and thus the Ti ground state band which we as-
sociate with it—does not have a strong cluster charac-
ter, and that the higher spin states are nearly pure shell-
model states (this could explain why the energy location
of the latter is badly described in the simple local poten-
tial picture). It has to be stressed again, however, that
even a modest amount of cluster components in the
wave functions proves instrumental in enhancing the
electromagnetic transition rates, as has been illustrated
by Tomoda and Arima in the case of Ne.

05
Ql

CV

~0.5-

0.5

0.5

0+

4+

8'

B. The excited positive-parity band

In addition to the ground state band, the potential
supports an excited N =14 positive-parity band located
well above the threshold. These states are displayed in
Fig. 1(b) together with those of the g.s. band and addi-
tional states to be discussed later; the theoretical ener-
gies were calculated using the average potential depth
Vo ——180 MeV.

The N =14 excited band is composed of states located
near the top of their respective effective potential bar-
riers, and have therefore rather large widths of the order
of 1 MeV. The corresponding reduced widths '

y&

can in principle be deduced from the reduced width am-
plitude yI(r) of Eq. (4.13) evaluated at some conveniently
chosen channel radius a; they are given by

(4.15)

The dimensionless reduced width 8I defined as the ratio
of y& to the Wigner limit reads

05
12'

2JLLQ
2

I 3~P XI (4.16)

I I I I I I I

2 4 6 8 10 12 14161820222426
r (fmI N

FIG. 3. Normalized wave functions ui(r) (full line), reduced
width amplitudes yI(r) (short-dashed line), and harmonic oscil-
lator wave functions uz» I (r) (long-dashed line) for the
J =0+, 4+, 8+, and 12+ states of the N =12 band calculated
with the local potential with Vo ——180 MeV (left-hand side).
Square of the expansion coefficients of the wave functions of
the same states in the harmonic oscillator basis with v =0.509
fm as a function of N (right-hand side).

I,=2PIy 2 (4.17}

where PI denotes the penetration factor estimated at the
channel radius, which is expressed in terms of the usual
Coulomb wave functions FI and GI. The tota1 width I I
itself can be extracted from the energy behavior of the
phase shift as

I I
——2/(d tII /dE ) (4.18)

evaluated at the resonance energy E„(defined as the en-

On the other hand, yi can directly be deduced from the
total width I I from
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ergy where the phase shift crosses m. /2 up to a constant
multiple of ir). The very detailed study of Arima and
Yoshida ' has revealed that formula (4.17) gives esti-
mates of the total width which are stable as a function of
the channel radius only for narrow resonances; for broad
resonances it has to be generalized to

, +S P — —P, (4.19}
ka y, 6,

II ——2

TABLE IV. Resonance energies and widths of the members
of the Ti %=14 excited positive parity band, together with
the corresponding dimensionless reduced widths OI calculated
with a channel radius a =7.5 fm.

0+
2+
4+
6+
8+
10+
12+
14+

E, ,
(MeV)

6.6
7.1

8.4
10.4
13.1
16.6
20.8
25.7

E„
(MeU)

11.7
12.3
13.6
15.5
18.2
21.7
26.0
30.8

r, .
(MeU)

1.10
1 ~ 15
1.20
1.13
0.91
0.59
0.25
0.05

g2

(%)

122
112
97
78
55
32
12
2

where S and P represent the usual shift function and
hard sphere phase shift of standard 8-matrix theory,
and the overdots denote energy derivatives. Formula
(4.19) reduces to Eq. (4.17) for narrow resonances; it pre-
dicts total widths I I which do not depend on the chan-
nel radius, provided the pure Coulomb wave functions
F& and GI are replaced by modified Coulomb wave func-
tions F& and G& in the evaluation of P, S, and P (F& and

GI are defined as satisfying the full Schrodinger equation
including the nuclear term, and they have the same
asymptotic behavior as their pure Coulomb counter-
parts).

In the following, the choice of a channel radius
a =7.5 fm was made, scaling the values a =5-6 fm often
used in the much studied Ne case according to an

prescription. It was checked in the case of narrow
and medium width resonances to be discussed below,
where reduced width amplitudes are readily available
that estimating the reduced width y& through Eq. (4.15)
or through Eqs. (4.18) and (4.19) leads to nearly identical
results. For broader resonances like those of the N =14
band we are considering here, it is difficult to obtain
properly normalized relative motion wave functions
ul(r), and hence convenient reduced width amplitudes

y&(r), because these states can no more be treated mean-

ingfully in the bound state approximation. In that case
we restricted ourselves to the use of Eqs. (4.18) and
(4.19) to derive the reduced widths y& and 0&2 from the
phase shift energy behavior.

The extracted reduced widths as well as the total
widths and resonance energies of the states of the N =14
band are reported in Table IV. The total widths of the
first five states are seen to be of comparable magnitude
I -1 MeV, while they become smaller for the last

members of the band. The reduced widths, which are of
the order of the Wigner limit for the first states, corre-
spondingly become very small for the J =12+ and 14+
states. It has to be remarked that the last states of the
band are predicted to lie at an appreciable excitation en-

ergy, where coupling with other channels could lead to
observable widths differing somewhat from the real po-
tential estimates of Table IV. In particular, the growing
importance of absorption is likely to make these states
completely unobservable in the elastic channel. Also,
the predictions could be sensitive to the exact energy lo-
cation of the states with respect to the effective potential
barriers.

The correctness of the energy location of the predicted
states with respect to the threshold has, however, recent-
ly received an independent confirmation from a study of
the present authors ' of the experimental a+ Ca fusion
excitation function of Eberhard et al. between 10 and
27 MeV. Indeed we showed in that work that the broad
oscillations observed in the data could be ascribed to the
J =6+ to 12+ members of the N =14 band, and that
the location and width of the experimental structures
could be described within a simple fusion model using
the same real potential as here with Vo ——180 MeV.

The contribution of the low spin states of the band
(J =0+ to 4+) is predicted to lie outside the range
spanned by the fusion data. However, the calculation lo-
cates the first two members at excitation energies very
close to those of the broad experimental positive parity
states observed in elastic scattering' with J =0+,
E, =11.2 MeV and J =2+, E =12.2 MeV. A closer
examination of these states reveals that they can be con-
sidered as strong candidates for the band head of the
N =14 band. In fact, the extraction of their dimension-
less reduced widths from the experimental total widths,
using the same channel radius a =7.5 fm as above, leads
to Hii=117% and Hz

——30%; the first value is in excellent
agreement with our predictions, while the second one is
somewhat too low (see Table IV).

As pointed out above, it is difficult to calculate re-
duced width amplitudes, spectroscopic factors, and rms
radii for states as broad as those considered here. How-
ever, examination of the relative motion wave functions
shows that they extend considerably further out than
those of the states of the ground state band. This is
displayed in Fig. 4 where we compare the wave func-
tions of the lowest spin states of the band with their
(A, ,p)=(14,0) SU(3) limit. The much stronger cluster
character of these states (at least at low spin} is
confirmed by the proximity of the reduced widths to
their Wigner limit. The N =14 band thus appears to be
the exact analog of the well-known "higher nodal"
N =10 band built on the J =04+, E„=—8.3 MeV state in

Ne.
We end this subsection by examining the status of the

narrow J =1,E„=11.7 MeV state found by Frekers
et al. s'o in their analysis of high resolution Ca(a, ao)
excitation function and postulated to belong to a mixed-
parity rotational band with the 0+ and 2+ states we
have just discussed as band partners. (A J =3 state
with I =220 keV was extracted by the same group' at
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FIG. 4. Comparison of the relative motion wave functions
of the first members of the N =14 band (full line) calculated in
the local potential, with the harmonic oscillator wave functions
uz &4 I(r) (long-dashed line) (the wave function normalization
is arbitrary).

E =12.8 MeV, but its spin determination is far less con-
clusive and should be confirmed independently. ) The in-
terpretation of this state as a simple a+ Ca (g.s.) clus-
ter state not only disagrees with the present picture, but
it is untenable because of the incompatibility of its very
small width (1 =40 keV) with its position with respect
to the l =1 barrier. Indeed the calculation of its re-
duced width (using the channel radius a =7.5 fm) leads
to 8&

——4.4%, to be compared with the value 8O ——117%
found for the J =0+, E„=11.2 MeV state (for the ten-
tative 3 state at 12.8 MeV, we likewise find 8&

——19%).
[Note that the large reduced width sometimes quoted for
this state results from the choice of an unrealistically
small value of the channel radius and the use of the sim-
ple formula (4.17) with pure Coulomb wave functions.
For example, in Ref. 12 use is made of a channel radius
of 5.5 fm, which leads to a dimensionless reduced width
for this state of some 40%; however, at r =5.5 fm the
nuclear interaction is far from being negligible, as with
our potential it amounts to more than 20 MeV. At the
channel radius of 7.5 fm chosen here it has dropped to
less than 2 MeV.] On the other hand, the GCM calcula-
tion of Langanke, ' which is used to support the inter-
pretation of this mixed-parity rotational band, leads to

8/=93% and 8&
——91% (for the 0+ and 2+ states of the

same calculation one finds 80=62% and 82 ——69%). Al-
though the spin determination of the J =1,E = 11.7
MeV state seems to be unambiguous, the very small
value of its reduced width with respect to the Wigner
limit —and with respect to that of the neighboring 0
and 2+ states —clearly demonstrates that this state does
not have the same simple structure of an unexcited-core
cluster state.

TABLE V. Calculated rms radii and quadrupole transition
probabilities for the states of the Ti N = 13 band.

B(E2) (J~J—2)
(e fm)

3
5
7
9
11
13

5.35
5.28
5.15
4.95
4.71
4.43
4.14

264.7
279.1

243.6
184.5
118.1
54.9

C. The N =13 negative-parity band

The calculation invariably locates a N =13 negative-
parity band halfway between the N =12 and the N =14
positive-parity bands; its band head is predicted to lie
slightly above the a+ Ca threshold (see Fig. 1). As
these states fall considerably below their respective
effective potential barriers they are much narrower than
those of the N =14 band and their wave functions can
be calculated within the bound state approximation.

We have also calculated the B (E2) intraband transi-
tion rates for the states of this band using the average
potential depth of 180 MeV; these are listed in Table V,
together with the corresponding rms radii. Both the
stronger B (E2)'s and larger rms radii, as compared with
those of the ground state band, indicate that the N = 13
band has a stronger cluster character than the latter.
Also, examination of the evolution of the rms radii
within the band reveals a strong antistretching effect
which reduces significantly this cluster character for the
high spin members of the band.

To give more quantitative support to these remarks,
we also expanded the local potential wave functions of
the states of the N =13 band in the HO basis with
v'=0. 509 fm, and evaluated their reduced width am-
plitudes and spectroscopic factors (see Sec. IVA). The
results of these calculations are presented for a few of
these states in Fig. 5, together with the HO wave func-
tions corresponding to the (A, , /u) =(13,0) SU(3) limit, the
spectroscopic factors appearing in Table III. Whereas
the strength of the members of the ground state band
were found to be concentrated on the first few HO com-
ponents, it is seen to be more widely scattered here for
the first members of the band: the SU(3) (/(, , /u)=(13, 0)
component of the 1 state amounts to only 20%. The
spectroscopic factor is correspondingly enhanced, reach-
ing a value of 0.42 for the same state (to be compared
with the SU(3) limit of 0.157). At the other end of the
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FIG. 5. Same as Fig. 3 for the J =1, 5, 9, and 13
members of the N =13 band.

TABLE VI. Resonance energies and widths of the members
of the Ti N =13 negative parity band, together with the cor-
responding dimensionless reduced widths 0& calculated with
the channel radius a =7.5 fm.

1

3
5
7
9
11
13

Er, c.m

(MeV)

2.83
3.63
5.01
6.97
9.49

12.55
16.11

E„
(MeV)

7.95
8.75

10.13
12.09
14.61
17.67
21.23

r, .
(keV)

2.0X 10-'
33.5 X 10-'
0.347
1.14
1.34
0.656
0.107

g2

(%)

16
14
10
6.4
2.8
0.8
0.1

band, the (13,0) component of the 13 state has in-
creased to 89%%uo, while S has dropped to a value not far
from the SU(3) limit, again pointing out the progressive
loss of the cluster character of the states with increasing
spin.

Finally, we calculated the total and reduced widths of
these states (using a channel radius a =7.5 fm); the reso-
nance energies and widths are listed in Table VI. It is
seen that these states are expected to have exceedingly
small widths ranging from a few eV's to about 1 keV;
again the exact location of these states could alter these
estimates significantly. The dimensionless reduced
widths, on the other hand, are an appreciable fraction of
the Wigner limit at the beginning of the band but they
drop to very small values at high spin. Even for the first

states they are nearly an order of magnitude smaller
than those of the N =14 states. The N =13 band has
thus an intermediate cluster character between that of
the shell-model-like ground state band and the strongly
clusterlike N =14 positive-parity band. Its cluster char-
acter seems to be somewhat less than that of the "inver-
sion doublet" E =0 negative-parity band in Ne, of
which it is the close analog.

Examination of Fig. 1 reveals no known experimental
counterparts to the states of our N =13 band. However,
the theoretical band head is not far from the J"=(0+),
E„=8.54 MeV state extracted by Strohbusch et al.
from their Ca( Li, d) transfer experiment; this very
narrow level is strongly excited by ( Li, d) transfer, and
it is also copiously populated in the Ca(' 0, ' C) reac-
tion. The spin of this state was suggested by compar-
ison with the predictions of a standard distorted-wave
Born approximation (DWBA) calculation; the analysis
was, however, complicated by the fact that this state is
located above the a+ Ca threshold, and therefore the
spin deduced was only tentative. The level near
E„=6.03 MeV, strongly excited in both ( Li, d) and
(' 0, ' C) transfer reactions, ' ' can also be considered
as a plausible band head. A few isolated states, located
higher in energy, and strongly excited by ( Li, d)
transfer, but lacking spin assignments, can also be con-
sidered as possible candidates for other low spin
members of the band. Clearly additional experimental
work is needed to clarify the situation. As the standard
DWBA analysis often leads to ambiguities in the spin as-
signments, particularly at high excitation energy, the
measurement of d-a angular correlations in the ( Li, d)
transfer reaction can be considered as an interesting al-
ternative for identifying the low spin states of the N =13
band. Another possibility could be to locate directly
these states in a resonance scattering experiment, as has
recently been achieved by Mac Arthur et al. for the
J =1, E =5.782 MeV and J"=3,E„=7.156 MeV
states of the E"=0 band in Ne (in addition the same
group succeeded in measuring the quadrupole transition
rate between these two states). In the case of the Ne
J"=1 state the measured width amounts to only 28
eV, and the interference with pure Coulomb scattering
at 8, =160' does not exceed 5%%uo of the Rutherford
cross section. In contrast, if we locate the J =1 state
of the N =13 band in Ti at the energy of the E„=8.54
MeV level of Strohbusch et al. by slightly reducing our
potential depth (a depth VO=177.7 MeV is required for
that purpose), its width shifts from 2 eV (cf. Table VI) to
about 100 eV and the interference with Coulomb scatter-
ing is predicted to reach 100%%uo. This is likely to be a
delicate experiment, however, because of target thickness
and energy resolution problems; if feasible it would be
possible to decide unambiguously whether the spin of
the resonance is 0 or 1 by a simple inspection of the
0, =90' excitation function which should display no
structure in the latter case.

D. Higher lying excited bands

Examination of the potential phase shifts (Fig. 6) indi-
cates the existence at still higher energy of very broad
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FIG. 6. Absolute phase shifts and bound states calculated
with the local potential ( Vo =180 MeV).

states belonging to incomplete bands with higher N
values. The most conspicuous are the J =11, 13, and 15
members of an N=15 band, and the J =14 and 16
members of an N = 16 band (lower spin members are
lacking since the corresponding phase shifts hardly
exceed m/2 or even display no resonant behavior at all).
At higher energies genuine resonant contributions die
away since the effective potential loses its inside "pock-
et" for 1&17, E~ ~55 MeV. As these states are very
broad and overlapping their individual contributions
cannot be isolated in the elastic scattering angular distri-
butions and excitation functions, the more so as absorp-
tion has become comparatively important at these ener-
gies: it seems more adequate to view the scattering as
dominated at each energy by those segments of the
Regge pole trajectories associated with the potential
which are nearest to the grazing angular momentum
value L, at that energy (we define Ls, as the particu-
lar angular momentum for which the top of the effective
potential barrier is equal to the incident energy). As a
result the backward angular distribution behaves ap-
proximately as the square of a Legendre polynomial of
order L close to Lg, increasing with energy as E'; plot-
ting the energies where fits of Legendre polynomials are
performed at backward angles as a function of L (L+1)
therefore automatically results in a quasirotational se-
quence. This mechanism produces a regular succession

of alternating odd and even PI backangle behaviors,
whereas the underlying rotational bands are in essence
split in parity. However, it would be misleading ' to
deduce from this plot, as was the case in early rotator in-
terpretations of anomalous large angle scattering, the
existence of a single rotational band, since the grazing
angular momentum trajectory in the {E,J(J+1))plane
crosses several of the bands (labeled by principal quan-
tum numbers N =2n„+l ranging from 14 to 16) support-
ed by the potential. Similarly, the particular Regge tra-
jectory which dominates the scattering at a given energy,
which can be labeled by the radial quantum number n„,
changes with increasing energy. This crossing of the
various Regge trajectories has recently been shown
to be responsible for the very broad oscillations observed
in the elastic scattering backward angle excitation func-
tion above 20 MeV incident energy (which alternatively
can be viewed in terms of a barrier-wave-internal-wave
interference effect ). These findings are in line with the
very recent investigation by Ohkubo ' of the mechanism
of the backward angle enhancement.

V. SUMMARY AND CONCLUSIONS

A rather clear-cut and unambiguous picture of the
Ti a-cluster spectroscopy is seen to emerge from the

present study, whose findings are brieAy summarized
here.

Starting from the unique optical potential describing
Ca(a, ao) scattering from low (E~-=10 MeV) to high

(E =166 MeV) incident energies, as well as the a+ Ca
fusion data between 10 and 27 MeV, we were able to
enumerate and classify the various a+ Ca (g.s.) cluster
bands of the Ti nucleus. Although there exist quanti-
tative differences with respect to the archetypal case of

Ne, the Ti cluster properties are not dissimilar to
those of the latter nucleus. Indeed its ground state (posi-
tive parity) band is composed of states whose cluster
character, which is moderate at low spin, becomes very
small near the end of the band as the corresponding rela-
tive motion wave functions become nearly identical to
their simple SU(3) limit there. This decrease of the clus-
ter character is testified by the evolution of the rms radii
and spectroscopic factors within the band. However,
these rather modest cluster admixtures have been shown
to be instrumental for a correct description of the intra-
band quadrupole transition probabilities without having
to introduce unrealistically large effective charges as is
needed in shell-model calculations.

The potential supports, in addition, an excited positive
parity band, with spins ranging from 0 to 14, starting a
few MeV's above the a+ Ca threshold, whose low spin
states have total widths of the order of 1 MeV and re-
duced widths close to their Wigner limits; this band is
the close analog of the well-known "higher nodal"

=04+ band of Ne. States of this band with spins
ranging from 6 to 12 have recently been shown to be re-
sponsible for the broad oscillations seen in the experi-
mental e+ Ca fusion excitation function between 10
and 27 MeV. The first two members of this band nearly
coincide in energy with the broad experimental J =0+,
E =11.2 MeV and J =2+, E =12.2 MeV levels ob-
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served by Frekers et al. ' in their high resolution elastic
scattering excitation functions, which we consider as
serious candidates for the head of this band.

Halfway between these two positive parity bands the
potential inevitably predicts the existence of a negative
parity band starting just above the threshold. The clus-
ter character of the states of this band is found to be in-
termediate between that of the two above-mentioned
positive parity bands; as the ground state band, it
displays a strong antistretehing effec which reduces the
cluster character of its high spin members. The analog
of this band in Ne is the "inversion doublet" E =0
band built on the J =1, E„=5.782 MeV state. Al-
though there is up to now no known experimental coun-
terpart to this band, we have raised the possibility that
the J =(0+), E„=8.54 MeV state seen by Strohbusch
et al. in their Ca( Li, d) transfer experiment could
have spin 1 and therefore provide the missing band
head.

Higher lying excited bands predicted by the potential
are incomplete and composed of very broad, overlapping
states; the members of these bands, although not
identifiable individually in the elastic scattering data,
play an important role in enhancing the backward angle
cross section, causing the spectacular anomalous large
angle scattering that initiated interest for the a+ Ca
system.

Although detailed agreement is lacking, the picture
which emerges from the present work agrees best with
the ROM calculations performed some ten years ago by
Kihara et al. ,

' and also with the more recent hybrid
calculation of Itonaga in particular, both predict
parity-split rotational bands and the existence of a nega-
tive parity band starting near the threshold. As these
calculations predict somewhat larger moments of inertia
for the calculated bands, correspondence with experi-
ment is, however, established differently from here for
the excited bands (see Sec. II): the band head of the
second positive and negative parity bands predicted in
these calculations are speculated to correspond to the ex-
perimental J =(0+), E„=8.54 MeV and J"=I
E„=11.7 MeV levels. The recent calculation of Horiu-
chi' does not produce the first two bands, but the band
heads of the first two (decoupled) positive and negative
parity bands found in his calculation are also put in
correspondence with the same experimental. levels.

Our picture is in stronger disagreement with the cal-
culations of the Munster group. ' Indeed the latter pre-
dict the first band to start well above the threshold, and
moreover this band is found to be of mixed parity, at
least at low spin. The first states of the band have been
put in correspondence with levels found in an elastic
scattering experiment specifically designed in view of
their identification. ' However, as was discussed in Sec.
IVB, the strong dissimilarity of the widths of the posi-
tive and negative parity levels extracted in this experi-
ment precludes their interpretation as members of a
common unexcited-core cluster band, despite the specific
coupling rnechanisrns which were invoked in Ref. 10 to
explain this dissymmetry. Moreover, the ambiguities in-
herent to this type of analysis of strongly fluctuating
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FIG. 7. Comparison of the band structure predicted by (a)
potential No. 1 of Gubler et al. (Ref. 40, p. 35) and (b) our lo-
cal potential with Vo =180 MeV.

data make the spin determination of all but the very low
spin states very difficult, so that an independent deter-
rnination of these spins would be highly desirable.

The links of our picture with that emerging from the
microscopic calculations of the Munster group can use-
fully be discussed in terms of the local potential descrip-
tion. Indeed Wintgen et al. have built local equivalent
potentials reproducing the results of the full microscopic
calculation starting from the angular momentum pro-
jected energy curves of the GCM; these potentials are
energy independent but somewhat l dependent, and they
can be expressed in analytical form in terms of a small
number of parameters. Although these potentials are
designed to be plugged into an OCM equation [cf. Eq.
(4.4)], it is sensible to compare them directly with our lo-
cal potential since the scattering states of the latter are
automatically orthogonal to those of the bound states
which simulate (with good accuracy, as was shown
above) the forbidden states of the RGM. We have cal-
culated the first moments of these potentials; the volume
integrals per nucleon pair J„/4A are found to vary be-
tween 260 and 320 MeV fm, while the rms radii (r ) '

assume values between 4.40 and 4.50 frn. These values
are significantly different from those calculated form the
empirical potentials belonging to the unique potential
family; although the latter show some model dependence
and vary slowly with incident energy, they are better
determined than the potential itself, and assume values
of about 350 MeV fm and 4.25 fm at low energy, respec-
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tively. ' ' The values of the volume integrals and rms
radii of the local potentials of the Munster group agree
in fact much better with those of the empirical potentials
belonging to the shallower potential family, whose wave
functions admit one internal node less than those gen-
erated by potentials of the correct family: for these shal-
lower potentials one has indeed J„/4A -=280 MeVfm
and (r )'~ -=4.45 fm. As a result the spectrum ob-
tained by this group is very similar to that generated by
potentials of the shallower family. A comparison of the
physical spectra calculated with potential No. 1 of Gu-
bler et al. (see Ref. 40, p. 35), which has J, /4A =279
MeV fm and belongs to that family, and with the
present potential (using Vo =180 MeV) appears in Fig. 7.
The energy locations of the states common to these two
potentials are found to be nearly identical; however, the
band which we have put in correspondence with the Ti
ground state band and the first negative parity band of
our potential are missing in Gubler No. 1 potential, and
the nature of the higher lying bands is different, as their
principal quantum numbers differ by two units. The
ending of these bands at different angular momenta
makes the rainbow scattering regime appear at too low
an energy with Gubler No. 1 potential, which therefore
is ruled out by experiment. Note that the (small) parity
splitting between the first two bands of the Gubler po-
tential can be suppressed by introducing a weak parity
dependence in the potential, and indeed the local
equivalent potentials of the Munster group, which pre-
dict no splitting at low spin, display such a dependence.
However, we recall that the parity splitting of these two
bands was found necessary for a correct reproduction of
the low energy fusion oscillations. '

The microscopic calculations of the Munster group
were carried out using the Brink and Boeker interac-
tion' B1 without changing any of its parameters. For
lighter systems where part of the spectrum is well estab-
lished, it has been of constant practice to use effective in-
teractions where some parameter is tuned to locate
correctly these states with respect to the threshold; one
of the most popular is the V(l or 2) Volkov interac-
tion, ' where the Majorana exchange parameter m (or

sometimes the depth parameter) is used as an adjustable
parameter. It is well known that in the mass region con-
sidered here the Brink and Boeker interaction used as it
is tends to underbind nuclei (in contrast with the Volkov
interaction which, with its original parameters, has over-
binding properties). This deficiency is not restricted to
the absolute energy of the unified system, but it affects
also the evaluation of the separation energy of the
partners; for example for the Ne system, the original
B 1 interaction predicts too weak binding with respect to
the a+' 0 channel, the Ne ground state being located
above the threshold. It is thus not surprising that the
same situation is found for the a+ Ca system.

The most stringent test of the correctness of our pic-
ture is undoubtedly the presence of a negative parity
band starting just above the a+ Ca threshold, whose
low spin members should display appreciable cluster
character. The first states of this band should be active-
ly searched for; the measurement of d-a correlations in
the ( Li, d) transfer reaction, which has been so efficient
in the sd shell, could make possible the identification
and unambiguous spin determination of these states. Al-
ternatively, a very high resolution experiment could pos-
sibly allow a direct detection of these states through
elastic scattering excitation function measurements.
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