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We present the detailed results of calculations of excitation-energy spectra, quadrupole and mag-
netic moments, and 8(E2) and 8(M1) values for the odd-odd ' ' '" Re isotopes in the framework
of the interacting-boson-fermion-fermion approximation model. Also, calculations are presented
for both positive- and negative-parity excitations in the nearby odd-mass Re and Os nuclides and for
collective states in the even-even Os core nuclides. The calculated results are compared with experi-
mental data.

I. INTRODUCTION

The interacting-boson approximation (IBA) model'
has proven to be able to give a rather accurate descrip-
tion of the properties of low-lying collective states in
even-even nuclei. Likewise, its extension to odd-mass nu-
clei, the interacting-boson-fermion approximation (IBFA)
model, ' is able to reproduce a large variety of proper-
ties in phenomenological calculations. In this paper we
examine the extension of the model to odd-odd nuclei,
where we call it the interacting-boson-fermion-fermion
approximation (IBFFA) model.

Odd-odd nuclei have been calculated before in the
framework of the IBA model. The earliest calculations
were done using supersymmetries" ' and were applied to
nuclei in the Pt-Au region. With the use of these syrn-
metries it becomes possible to treat rather complicated
systems in a very simple manner. This has made it possi-
ble to perform many of these calculations even without
the use of large computers. The disadvantage of such
methods is that they assume the Hamiltonian of the sys-
tem exhibits specific symmetries. In realistic cases such
symmetries are present in only relatively few nuclei. The
large majority of nuclei do not lend themselves to such
treatment; hence, a full numerical treatment has to be
done. Paar et al. ' and Blasi et al. ' have performed cal-
culations of this sort. However, in order to keep the cal-
culations tractable, they had to limit themselves to only
the unique-parity orbits. Similarly, calculations of two-
quasiparticle states in even-even nuclei' ' within the
IBA framework have been limited to unique-parity or-
bits. In our present work we present calculations for
odd-odd nuclei where there is no restriction to unique-
parity orbits. These calculations were made possible by
the particular, very e%cient model-space truncation
scheme used.

We selected the present odd-odd isotopes of 75Re be-
cause of the long-standing interest in these nuclides by
some of us, ' ' and because reasonably well-understood
experimental data exist for all three odd-odd isotopes in a

es20, 22 —24 and for many nearby odd-mass nuclides. In
addition, the even-even Os cores of these nuclei are well
deformed, which makes it possible to compare the IBA
model predictions with those of the geometrical Bohr-
Mottelson model.

In Sec. II we present a short outline of the IBA model
and its applications to the even-even Os isotopes. These
will serve as the cores to which the odd particles are cou-
pled in the subsequent calculations for the odd-mass nu-
clides and odd-odd Re isotopes. In Sec. III we discuss
the case of the coupling of a single odd particle to the
core, the IBFA model. There we present our results for
the odd-mass Re and Os isotopes. These calculations
serve to determine the parameters that govern the cou-
pling of the odd proton and odd neutron to the even-even
Os cores. In Sec. IV we cover the actual calculations for
the three odd-odd Re isotopes, including an outline of the
IBFFA model used and some details of the calculations.
Finally, in Sec. V we summarize our results and make
qualitative comparisons both with experimental data and
with the predictions that follow from the Bohr-Mottelson
model.

II. THKKVKN-EVEN' ' ' OSCORES

A. Excitation energies

To describe the structure of an odd-mass or an odd-
odd nucleus in the IBA model, erst a description of the
appropriate even-even core should be obtained. Since in
the 75Re nuclei the protons are past the middle of the
82-126 major shell, the "7+6 Os nuclei constitute the
even-even cores. The bosons are holelike, and therefore
only the degrees of freedom of a hole should be coupled
to the system of bosons.

In the odd-odd nuclei we will be interested exclusively
in states below 2 MeV in excitation energy. Only the
structures of the lowest-lying states in the even-even core
will enter into the calculations for these odd-odd states.
Since these are predominantly symmetric in the proton-
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neutron degree of freedom, a description in terms of the
IBA-1 model, where no explicit distinction is made be-
tween proton and neutron excitations, is sufficient. A
simplified IBA-1 Harniltonian is used,

182
106

184
108

186
110

TABLE I. IBA parameters for the even-even Os core nuclei.

and

L =&10(dtd )'" (2)

H=nded+a''L L+Kg'Q .

Here nd is the number of d-wave bosons at an energy Ed,
L.I. is the "dipole" or angular-momentum interaction,
and Q Q is the quadrupole interaction. Specifically,

ed (MeV)
~'(MeV)
x (MeV)
g (dimensionless)

XT (dimensionless)

eg (eb)

0.500
0.0000

—0.0200
—0.537
—0.236

0.142

0.470
0.0005

—0.0235
—0.581
—0.212

0.144

0.440
0.0015

—0.0245
—0.514
—0.195

0.147

g =(std +dts )' '+X(dtd )' ' (3)

The constants ~, x', and X are determined empirically.
The set of parameters we used for our calculations, ad-
justed so as to obtain the best overall agreement in the
excitation-energy spectra, are listed in Table I.

(It should be noted that our parameters in Table I
differ slightly from those in Ref. 6, where calculations
were performed for &88 —&96Pt and &s6—&940s. The Hamil-
tonian in general can be written as

H=nded+a"P P+a'L L+ag Q . (la)

For our calculations we used the simplified Hamiltonian
[Eq. (1)] for the SU(3) limit, which corresponds to v'=0.
The calculations of Ref. 6 dealt with somewhat higher-
mass numbers, close to the O(6) limit, which corresponds
to ~=0. Thus, they performed calculations in a per-
turbed O(6) scheme by introducing a finite Q Q interac-
tion, whose strength increases with increasing distance
from ' Pt).

The calculated energies are compared with experimen-
tal energies in Fig. 1. All three isotopes show a
well-developed ground-state rotational band, while some
staggering is observed in the y-vibrational bands. Our

calculations reproduce this, although they overestimate
the staggering in the y-vibrational bands. No other col-
lective excitations, such as P-vibrational bands, have been
observed in these nuclei. In our calculations the P-
vibrational bands lie above 1.1 MeV in excitation.

B. Electromagnetic properties

T' "=e [(std+dts)"'+XT(d d)' '] (4)

where e~ is the boson effective charge. In the E2 opera-
tor the boson effective charge and the parameter XT were
adjusted so as to obtain the best overall agreement with
the experimental 8 (E2) values.

Some calculated and experimental o ' 8(E2) values
for important transitions in the even-even Os isotopes are
shown in Fig. 2, and electric quadrupole moments are

Since at a later stage we shall calculate electromagnetic
properties for the odd-odd nuclei, we need to determine
the boson effective charge and the d-boson g factor by
reproducing the relevant quantities in the even-even core
nuclei.

The operator used in the calculation of quadrupole
properties is

182 0
76

184 0
76

186 0
76
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Th Ex
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FIG. 1. IBA-calculated excitation-energy spectra for the even-even Os core isotopes compared with experimental data.
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The M1 operator can be written as

T(M ) ) g Q 1()(d td )( 1 )

where gz is the d-boson g factor. By comparing Eq. (5)
with Eq. (2), it can be seen that the M 1 operator is pro-
portional to the total angular-momentum operator L in
the boson space. This operator thus does not induce M1
transitions but only magnetic moments. For even-even
medium-heavy nuclei, this is realistic, since 8(MI)
values are indeed very small compared with the magnetic
moments. From the value of the known g factors of the
2&+ states we deduce that g& ——0.25 pN for the d-boson g
factor.

III. THE ODD-MASS NUCLEI

0.3

0.2

0.1

I

182

B(E2;2t ~ 22 )

I

184
A

I

186

A. Short discussion of theory

Odd-mass nuclei are described in the framework of the
IBA model by coupling the degrees of freedom of a single
odd particle to the system of s and d bosons that de-
scribes the even-even core nucleus. The general Hamil-
tonian for such a system can be written as

IBFA IBA + F + ~BF

FIG. 2. IBA-calculated 8(E2) values for the even-even Os
core isotopes compared with experimental values. The squares
are the calculated values; the X 's (with error bars), the experi-
mental values.

shown in Fig. 3. We used the experimental B (E2) values
for the 0)+ ~2)+ and 0)+ ~2&+ transitions (the 2)+ ~22+
transition was not used because of the possibility of M1
admixture; note that the agreement is less good for this
transition) and varied the values for ez and Xz in order to
get the best fit. [It has been checked for ' Os that other
known B (E2) values are also reproduced ].

where HIB~ is the usual s-d boson Hamiltonian as given
by Eq. (1), KF is the fermion Hamiltonian, and VB„ is the
boson-fermion coupling interaction. Since only a single
odd particle is coupled to the bosons, HF contains only
one-body terms:

HF ge, a,~ a,~—, (7)
jm

where a. (or a ) is the creation (or annihilation) opera-
tor for an odd particle in the state

~

jm ) and e~ are the
single quasiparticle energies. Most of the interesting
physics goes into the structure of the boson-fermion in-
teraction:

V&F= p&J,'(Q' '(a~ Xa~ )' ')+ p A~~J:[(d Xaj)'J X(aJ, Xd)'~ ']I) '.+ QAoNq N, ,

where

Q' '=(stXd+dtXs)' '+g(dtXd)' ',
d =( —1) d (10)

and

l

182
I

184
I

186

FIG. 3. IBA-calculated Q values for the 2+) state in the even-
even Os core isotopes compared with experimental values. The
squares are the calculated values; the x's, the experimental
values.

a, =( —1)~ a,

The first term in Eq. (g) represents the direct component
of the quadrupole interaction between the odd particle
and the bosons. Because of the two-particle nature of the
bosons, bringing the Pauli exclusion principle into play,
there is also an exchange component, which is represent-
ed by the second term. The last term, the monopole
force, can result from a variety of causes, in particular
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from the blocking of certain degrees of freedom by the
odd particle. In practical calculations the strength of the
third term is such that it has only a minor inhuence on
the structure of the spectrum.

On the basis of a microscopic model ' one can esti-
mate the dependence of the coupling coefficients I ' and
A 'on the spinsas

181R

183R

185R

g7/2

0.000 MeV
0.000
0.000

d5/2

1.285
1.202
1.125

3/2

2.509
2.522
2.555

$1/2

2.491
2.489
2.487

TABLE II. Single-particle energies for odd-mass Re
positive-parity states.

I,,'=I (u, u,' —U. v')Q, , (12)

and

A,', = 2~5—A(P,,-P, /!(2j "+1)' (13)

with

p,, =(j~~F'"~j~')(u, U, +U, u/)

and

(14)

Qj =1—vj (15)

B. ' ' Re: pdd-ppptpn gpgpljggs

1. Excitation energies

The 75Re isotopes are described in the IBFA model by
coupling the degrees of freedom of a single-proton hole to
an 760s core. The calculations were performed separately
for positive- and negative-parity states. In the descrip-
tion of negative-parity states, in addition to the h~&/2

unique-parity orbit in the Z=50 —82 shell, we also in-
cluded the h9/2 orbit from the next major shell because
states originating from it have been observed experimen-
tally. Since we included the h9/2 state in the basis set, for
consistency we included all positive-parity orbits (g7/2,
d, /2, d3/p and s, /2) from Z =50—82 shell, even though
the last two have rather high single-particle energies.

In the calculation of negative-parity states, all parame-
ters describing the boson-fermion interaction, including
occupation probabilities, were adjusted so as to yield a
best agreement with the experimental excitation energies.
The only constraint on the parameters was that they vary
smoothly and systematically from isotope to isotope. The
same principle was followed for calculating positive-
parity states, except that the occupation probabilities
were calculated via the BCS formalism. The single-
particle energies used in the BCS calculations are listed in
Table II. These values were extrapolated from the exper-
imental single-particle energies of nuclei having closed-
shell configurations. To improve the fit, in some in-
stances they were varied by no more than 200 keV. The
complete sets of parameters used in the calculations are
listed for negative-parity states in Table III and for

The coefficients v. are related to the structure coefficients
of the fermion S-pair state, which is the microscopic
equivalent of the s boson in the IBA model. In practice,
these are taken equal to the occupation probabilities of
the single-particle orbits, as follows from a spherical BCS
calculation. The effects from deformation are taken into
account in the IBFA calculation. The coefficients p,, are
the structure coefficients of the d bosons. A first-order
guess for their values is given by Eq. (14).

TABLE III. IBFA parameters for odd-mass Re negative-

parity states.

181R 183R 185R

Ao

r;
A()

2
h11/2

v hg/2
2

E(MeV) hg/2

1.40
0.736

—0.10
—1.20

0.62
0.05
3.125

1.48
0.627

—0.10
—1.20

0.65
0.05
2.350

1.68
0.510

—0.10
—1.20

0.68
0.05
2.036

positive-parity states in Table IV. Note that the occupa-
tion probabilities are such that all particles in the
Z =50—82 valence shell are accounted for.

The Re isotopes lie in the well-deformed region, and
their excitation-energy spectra clearly show features of
rotational bands. All three isotopes in which we are in-

terested have similar spectra: K =5/2+ for the
ground-state rotational band and 9/2 for the second
lowest-lyingband. Anotherband, having K =1/2 and

originating from the spherical h9/2 state, lies fairly low in
' 'Re, but its energy increases with increasing mass num-
ber, and its position is unclear in ' Re. A point to note
is that the spacing between the 5/2 and 9/2 members
of the K =1/2 band is uncertain because the transition
energy is too low for the y-ray to have been observed. In
Ref. 34 the given systematics for these energies were
determined from coriolis-coupling calculations and sys-
ternatics.

We show a comparison between calculated and experi-
mental excitation energies for the negative-parity
states in Fig. 4. The K =9/2 rotational band has a
large h»/z single-particle component, the only negative-
parity orbit in the Z=50-82 shell. The other band,
1/2, has a large h9/2 component coming from the next
major shell. (Although this band is not too well defined
in ' Re, we show it for consistency. ) Our calculations
reproduce the rotational features of these two bands quite
well, including the strong decoupling in the 1/2 band.
Members of the signature=+1/2 branch of this band
were fit somewhat better than members of the —1/2
branch. It may be necessary to include more single-
particle orbits from the next major shell, e.g. , f7/2, in or-
der to improve the fits to this 1/2 band. However, this
would make the calculation considerably more compli-
cated, which we wanted to avoid. It should be noted that
in our calculations we did not employ a coriolis-force at-
tenuation. Had we included this as a free parameter, as is
often done in calculations for odd-mass nuclei, we would
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TABLE IV. IBFA parameters for odd-mass Re positive-

parity states.

185R183R181Re (For simplicity we have omitted a possible exchange term
in QF. ) We used the e~ values given in Sec. II B for the
Os cores; also ep ——e~. 10

Some selected 8 (E2) values for crossover and stopover
transitions between lower-lying members of the more
well-defined bands are shown in Fig. 6. The contribu-
tions from the odd fermion appear to be rather small for
these transitions, as can be seen from the fact that the
curve for the three isotopes can almost be superimposed.
(This is not always true, as will be noted for the odd-mass
Os isotopes in Sec. III C 2.) The quadrupole moments of
some low-lying band heads are shown in Fig. 7. Unfor-
tunately, the experimental data are relatively few,
making it difficult to obtain quantitative tests of the
values. However, data do exist for the

A+
r+
g+
x

2
V g7/2

5/2
2

V d3/2
2

2
V S]/2

1.013
0.363

—0.10
—1.20

0.966
0.912
0.512
0.545

0.730
0.496
0.00

—1.20
0.970
0.914
0.623
0.631

0.875
0.380

—0.10
—1.20

0.968
0.913
0.574
0.590

certainly have been able to improve our fits.
Results for the positive-parity states are shown in Fig.

5. Fits are very good for the 5/2+ ground-state rotation-
al bands and reasonable for the other hands. The excita-
tion energies for the band heads could probably be im-
proved by varying the single-particle energies in the cal-
culations. But we chose not to do that as long as an
overall reasonable fit could be achieved. Other positive-
parity bands in these three Re isotopes either have higher
excitation energies or are not well known experimentally,
so we do not consider them further in this investigation.

5/2+7 /2[4021] ~5/2+ 5/2[4021 ]
and

5/2+9 /2[402 f ]~5/2+5/2[4021']

transitions in ' Re. The respective experimental (calcu-
lated) B (E2) values are 1.0 (1.24) and 0.31 (0.36) e b.

Z. B(EZ) values and quadrupole moments
3. Magnetic moments and B(M1) values

In the IBFA model the E2 transition operator contains
contributions both from the bosons and from the odd fer-
mion:

Contrary to the case of the electric quadrupole proper-
ties, the magnetic properties of odd-mass nuclei depend
strongly on the properties of the odd particle, so they
should provide a good test of the wave functions. For
our M1 operator we used

T =egQii+eFQF(E2)

Here Q~ is the same as Q defined in Eq. (4), while

(16)

185 R
75

R
75

183
R

75

Th ExTh ExTh Ex Th ExTh Ex Th Ex

8.0 29
25

1,5
25 25

1919
1.0 21 21

17 7
3
1
9

)7

15151715 17 or
50.5

7
3

13
1
9
5

~ ~

13

1
9
50.0

FIG. 4. IBFA-calculated excitation energies for negative-parity states in the odd-mass Re isotopes compared with experimental
data. States are labeled with 2J.
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T' "=V3/4m g„/10(d d )"'—g g,,'Vj (j +1)(2j+1)I3(a,~,')'" (18)

where

g '=[(2j —1)g, +g, ]I2j f«j =I+ ,' =j—',

gj,'=[(2j +3)gl —g, ]/2(j+1) for j=I——,
' =j',

g" =(gi —g, )& 21(1+1)/j (j + 1)(2j+1)(21+1)JJ I S

(19)

We extracted the boson g factor from the magnetic mo-

32ment of the 2&+ states in the even-even Os cores, obtain-
ing a value of gd

——0.25 nm. Following the procedure
used for similar calculations in the Eu isotopes, ' we

quenched the value of g, by a factor of 0.7 from the
single-particle estimate down to 4.0 nm.

Some selected magnetic moments are shown in Fig. 8.
It can be seen that they are determined essentially by the
fermion part of the operator, Eq. (18). Some calculated
B (M 1 ) values are shown in Fig. 9. Unfortunately, no ex-
perimental data exist at this time to test the predictions.
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in t e odd-mass Re isotopes compared with experimentalFIG. 5. IBFA-calculated excitation energies for positive-parity states in the od -ma
data. States are labeled with 2J.
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FIG. 7. IBFA-calculated Q values for selected band-head
states in the odd-mass Re isotopes compared with a few experi-
mental data. The squares are the calculated values; the X's, ex-
perimental values. (The 5/2+ point for "'Re is an indepencfent-

ly calculated rather than an experimental value. )
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C
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d

FIG. 6. IBFA-calculated B{E2)values for selected crossover
and stopover transitions in low-lying bands in the odd-mass Re
isotopes. Top, the values for ' 'Re; middle, for ' Re; and bot-
tom, for ' 'Re. Within each figure the curves represent transi-
tions in bands as follows: a, 9/2 stopover; b, 9/2 crossover;
c, 1/2 crossover; d, 5/2+ stopover; e, 5/2+ crossover. The
left-most point represents the lowest transition of its kind in

that band, with the successively higher transitions following in
order. Thus, in 9/2 crossover set (curve b), the transitions
would be, from left to right, 13/2 ~9/2, 15/2 ~11/2
17/2 ~13/2, 19/2 ~15/2, and 21/2 ~17/2

2

I

181
l

183
I
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FIG. 8. IBFA-calculated p values for selected band-head
states in the odd-mass Re isotopes compared with a few experi-
mental data. The squares are the calculated values; the )&'s, the
experimental values.
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Q e TABLE VI. IBFA parameters for odd-mass Os positive-
parity states.

0.5— b

C

A+
r+
A+

2.
U 113/2

181O

2.820
0.486

—0.10
—1.00

0.375

183OS

2.021
0.468

—0.10
—1.00

0.600

185os

2.010
0.307

—0.10
—1.00

0.780

e

0.5—

FIG. 9. IBFA-calculated B(M1) values for selected transi-
tions between low-lying rotational-band members in the odd-
mass Re isotopes. The points correspond to the following
bands. '"Re: a, 9/2 band. b, 5/2+ band. '"Re: c,
9/2; d, 5/2+. '"Re: e, 9/2; f, 5/2+. The transitions be-
tween lowest members of a band lie on the left, between higher
members increasing systematically toward the right, as in Fig. 6.

C. """'Os: odd-neutron couplings

l. Excitation energies

The odd-mass 760s isotopes are described in the IBFA
model by coupling the degrees of freedom of a single neu-
tron hole to the appropriate even-even Os core. In gen-
eral, the same procedure was followed as in the calcula-
tions for the odd-mass Re isotopes. Again, all the single-
particle orbits in this region, the %=82—126 shell, were
included. This made the calculations rather time con-
suming, so no detailed fit to the experimental excitation
energies was attempted. The single-particle energies were
obtained as in the Re case. For simplicity, we tried to
keep these values constant; however, if no satisfactory re-
sults could be obtained with the initial values, they were
modified (by no more than 300 keV) in order to obtain
better agreement with experiment. The list of single-
particle energies used is given in Table V. The complete
sets of parameters used in the calculations are listed for
positive-parity states in Table VI and for negative-parity
states in Table VII.

For the odd-mass Os isotopes having X= 105, 107, and
109, the i&3/2 orbit is the only positive-parity orbit enter-
ing the calculations. We show the results of the calcula-

TABLE VII. IBFA parameters for odd-mass Os negative-
parity isotopes.

181ps 183O 185OS

tions for positive-~arity states and compare them with ex-
perimental values ' in Fig. 10.

As expected for high-j (low-0) orbits, coriolis coupling
is strong for states originating from the i,3/2 state. Thus,
there is a considerable amount of staggering for the
positive-parity bands. Although the calculations do not
show quite the same degree of staggering as has been ob-
served experimentally, they do reproduce the features of
these positive-parity bands reasonably well.

' 'Os shows the greatest degree of staggering, and its
9/2+ band has been reported3 '3 as being a mixed i»/2
band, namely the Nilsson states 9/2+ [624] and
7/2+[633] combined; starting at J=35/2, states having
signature —1/2 shift to higher energies with respect to
states having signature +1/2. In our calculations we
find the state with lowest energy to be 9/2, with a 7/2
state at 1.7 keV. This can very well explain the so-called
mixed i,3/p band. Our calculations also show states start-
ing to reverse at spin 27/2, although to a lesser degree
than found in experiment.

Results for negative-parity states are compared with
experiment in Fig. 11. Unfortunately, the negative-parity
states in these odd-mass Os isotopes are not very well es-
tablished.

For ' 'Os and ' Os a few low-energy members of sig-
nature —1/2 from a K"=1/2 band have been reported
from Ir decay ' but have not been seen in reaction stud-
ies. ' Thus, we expect that the staggering in the
K =1/2 bands predicted in our calculations might be
reasonable. The relative positions of the two band heads
in ' 'Os is not known experimentally. It was suggested
from systematics that the ground state is 7/2, with the
1/2 state lying at very low excitation energy. Because
of this ambiguity, we did not try to force the 7/2 to be

181O

183OS

185O

f7iz

0.000 MeV
0.000
0.000

h9/2

0.460
0.510
0.560

P3/2

1.700
1.605
1.505

fsn
1.880
1.928
1.978

P 1/2

2.220
2.273
2.323

TABLE V. Single-particle energies for odd-mass Os
negative-parity states.

Ao

Io
Ao
x

U f7n2

h2

2
U P3/2
V fs/2

2

2
U P1/2

0.732
0.286

—0.10
—1.00

0.884
0.798
0.277
0.219
0.143

0.800
0.190

—0.10
—1.00

0.863
0.740
0.260
0.172
0.114

1.100
0.120

—0.10
—1.00

0.854
0.703
0.276
0.151
0.102
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the ground state in our calculations but rather sought an
overall good fit to these two close-lying bands. We ob-
tained a 1/2 ground state, with the 7/2 band starting
at 21.6 keV.

Spin assignments for the 7/2 band in ' Os are uncer-
tain, which made any precise determination of parame-
ters for this nucleus rather difficult. We thus opted for a
set of parameters that gave the best agreement with the
experimental results for all three isotopes in a systematic
way, under the assumption that the spin assignments
were correct. This was done instead of forcing a best fit
to individual sets of levels.

2. Electromagnetic properties

The electromagnetic properties of the odd-mass Os iso-
topes were calculated in the same manner as for the odd-
mass Re isotopes, with the exception that eF ——0. There
are not many experimental data available for comparison,
so we had to rely more heavily here on systematics and
what appear to be "reasonable" predictions. B(E2)
values for crossover and stopover transitions between
lower-lying members of a few well-defined bands are
shown in Fig. 12; Qo values for some low-lying band
heads are shown in Fig. 13; selected values of p are
shown in Fig. 14; and some calculated B(M1) values are

IV. THE ODD-ODD NUCLEI ' Re, ' Re, AND ' Re

A. Excitation energies

The Hamiltonian for deformed odd-odd nuclei can be
written as follows:

H =H(BA +HP ~+K~ ~+HP BF +K11 BF + VP~ (20)

shown in Fig. 15. Experimental data for the odd-mass Os
isotopes are very scarce, ' making meaningful compar-
isons difficult.

Interference effects are much more important for the
Os isotopes than they were for the Re isotopes, particu-
larly where 1/2 states are involved. For example, com-
pare the three curves for B (M 1)values in the 1/2 band
shown in Fig. 15—constructive and destructive interfer-
ence effects are very apparent. Less immediately striking,
but perhaps of more significance, are similar effects in the
curves for B(E2) values shown in Fig. 12. There the in-
terference effects are sufficient to add appreciably to the
normally-dominant core contributions —compare the
values for ' Os, in particular, with those for ' 'Os and

Os. This presents a decided contrast to the very
smooth behavior for the B (E2) values for the Re isotopes
shown in Fig. 6.

18l.p 183p 185p
76

Th Ex Th Ex
~ ~

29 +

Th Ex Th Ex

29+"
27+"

10-
25+ . .
23+ . .

25+

23+ "

21
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21+
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21+
19+

17 + ~ ~

15+ ~ ~

13+
11 +

9

17+

15

13+ . .
11
9+--

15+

15+

13+-
11+ .

FIG. 10. IBFA-calculated excitation energies for positive-parity states in the odd-mass Os isotopes compared with experimental
data. The states are labeled with 2J.
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FIG. 11. IBFA-calculated excitation energies for negative-parity states in the odd-mass Os isotopes compared with experimental
data. The states are labeled with 2J.
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FIG. 13. IBFA-calculated Q values for selected band-head

states in the odd-mass Os isotopes. (The extra lower point for
'"Os assumes a 7/2+ state. )
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FIG. 12. IBFA-calculated 8(E2) values for selected cross-
over and stopover transitions in low-lying bands in the odd-
mass Os isotopes. Top, the values for ' 'Os; middle, for ' Os;
bottom, for ' 'Os. Within each figure the curves represent tran-
sitions in bands as follows: a, 1/2 band stopover; b, 1/2
crossover; c, 7/2 stopover; d, 7/2 crossover; e, 9/2+ stop-
over; and f, 9/2+ crossover. The transitions between the
lowest members of a band are on the left, between members in-
creasing systematically toward the right, as in Fig. 6.
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FIG. 14. IBFA-calculated p values for selected band-head
states in the odd-mass Os isotopes (compared with a single ex-
perimental point). (The extra lower point for ' 'Os assumes a
7/2+ state. )
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The first five terms have been determined from the previ-
ous even-even and odd-mass calculations. The last term
is the proton-neutron residual interaction, which takes
the form,

V„=Vqg .Q„+Vo o„. (21)

R

0.002 .—

0.001 .—
0

0

0.10

0.02

0.01
c ~

0.004 .—

0.002 .—

a

0.05

CQ

0.04

0.02

P ~

b

c

0

0.005

0.0025—
b

0.10 c

0.05

FIG. 15. IBFA-calculated 8(M1) values for selected transi-
tions between low-lying rotational-band members in the odd-
mass Os isotopes. Top, the values for "'Os; middle, for '"Os;
bottom, for ' 'Os. Within each figure the curves show transi-
tions within bands as follows: a, 1/2 band; b, 7/2; and
c, 9/2+. Transitions between the lowest members of a band lie
on the left, between members increasing systematically toward
the right, as in Fig. 6.

The structure of these nuclei is dominated by the
features of each of the odd particles that are coupled to
the core. The proton-neutron residual interaction plays a
relatively minor role because its dominant component is a
quadrupole-quadrupole force. Most of the quadrupole
corrections have already been included in the particle-
boson interaction. The effect of the residual interaction
to enhance these correlations is thus small. This is
confirmed by numerical calculations. Therefore, we
neglected the residual even multipole interaction between
the proton and neutron.

The above arguments, however, are not valid for the
odd-tensor components. Of special interest is the
proton-neutron spin-spin interaction, the last term in Eq.
(21). The expectation value of o for bosons is small, be-
cause of their large quadrupole collectivity. In addition,
expectation values of odd-rank tensors are not enhanced
by collectivity in the boson space, contrary to what hap-
pens for even-rank tensors. Since this interaction is not
taken into account in the particle-boson interactions, we
retain it in the residual interaction. Its effect is well
known, introducing a triplet-singlet splitting of the order
of 100 keV or less.

In order to make numerical calculations feasible, we
have truncated the full two-quasiparticle basis space. In
the calculation of ' Re, for example, we first calculated

Os in the full basis of one neutron in all possible orbits
coupled to the complete core. From this calculation we
retained only the 15 lowest eigenstates for each spin. To
these states the degrees of freedom of the odd-proton hole
were coupled. The Hamiltonian was then diagonalized in
this truncated space. The advantage of this truncation
procedure is that it can also be done in reverse order, i.e.,
first couple the proton to the even-even core, diagonalize,
truncate, and then finally couple the odd neutron. By
comparing the results of the two calculations, a good esti-
mate can be obtained of the effects of the basis-space
truncation. We have verified that for the present calcula-
tion this change of the coupling order reproduces the en-
ergies of the levels of interest to within 20 keV. In addi-
tion, transition rates, which will be discussed in the next
section, were reproduced accurately. As a last check we
verified that decreasing the number of levels of the odd-
mass intermediate-coupling basis from 15 to 12 for each
spin changed the energies of interest by less than 10 keV.

In our calculations we chose the strength of V, to be
—0.02 MeV, constant for all orbits and isotopes. This
reproduces reasonably well the triplet-singlet splitting ob-
served near closed shells. The calculated energy spectra
are shown in Figs. 16—18, where they are compared with
the available experimental data.

Experimental data are most complete for ' Re (Ref.
20), where four rotational bands plus a few other states
have been characterized in considerable detail. The 7+
ground state and the 2+ state are the triplet and singlet
couplings of the m5/2+[402)) (originating from the d5&2
spherical state) and the v9/2+[6241] (from the i»&2
spherical state) orbits. Because of the excessively long
half-life for an M5 y-transition between these states, each
decays independently by P+ /e and the energy splitting is
unknown. Our calculations predict the 2+ state to lie at
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FIG. 18. IBFFA-calculated excitation energies for states in odd-odd "Re compared with experimental data. The bands are plot-
ted in pairs, with the triplet coupling on the left, the singlet coupling on the right of each pair.

38.6 keV, but we plot the two halves of the energy spec-
trum in Fig. 17 separately, one with 7+, the other with
2+ as the base. The results agree well with experimental
data, except for the 4 band. The reason for this
discrepancy lies in the fact that in the calculation there is
a close-lying 5 band. Because of the coriolis force,
which is not attenuated in the present calculations, these
two bands mix strongly, with the result that the lowest
member of the E =4 band is a 5 state. We obtain
quite reasonable values for the triplet-singlet splittings for
the bands shown, although this is not always true for
some higher-lying bands.

Although at least six rotational bands have been ob-
served ' in ' Re, assignments are considerably less cer-
tain for this nucleus. In fact, our calculations are incorn-
patible with the first tentative assignments made to some
of the bands on the basis of M 1/E2 mixing ratios. 2 For
this reason, in Fig. 16 we show only the results from our
calculations, which predict a wealth of relatively low-

lying, low-spin bands. More meaningful comparisons
with experiment must await a more detailed analysis of
the experimental data, but we shall discuss this further in
Sec. V.

A number of rotational bands have been observed in
Re, but only the ground-state 3 and an 8+ band hav-

ing its band head at 188 keV have been given definite as-
signrnents. We show a comparison of our results with
these data in Fig. 18. Our calculations indicate the two
bands mentioned above, plus tentatively-assigned 1 and
2 bands starting at 56 and 74 keV, respectively. The
spacings within the bands is reproduced quite well, but
there are minor problems with the positions of the band
heads themselves. In particular, note that we calculate
the 2 band head to lie below the 3 band head when the
reverse is observed. The most probable interpretation for
these states is that they are the triplet and singlet cou-

plings of a m.5/2+[4021] and a vl/2 [5101] Nilsson
state, so the singlet would appear to lie lower in energy
than the triplet. However, there is considerable mixing
of the 1/2 neutron states in the odd-mass Os isotopes,
and our calculations would indicate large contributions
from 1/2 [5211]and 1/2 [5011]states, so the question
of triplet versus singlet couplings becomes a bit obscure.

B. Quadrupole properties

TABLE VIII. Quadrupole moments for odd-odd Re isotopes.

Isotope

180R

182R

184R

6
1

7+
2+
3
8+

QIBA (e»
6.50
6.45
5.66
5.40
5.06
4.83

Q,„p (e b)

(6.4
)6.6

7.9+0.7

Quadrupole transitions in medium-heavy nuclei are in

general of the order of several hundreds of single-particle
units. In the calculation of strong, collective transitions,
therefore, the contributions from the odd proton and odd
neutron are unimportant. We thus limited the E2 transi-
tions operator to that defined in Eq. (4), with the boson
effective charge e~ the same as enters into the description
of E2 properties in the even-even core and the two relat-
ed odd-mass nuclei. Some selected B(E2) values are
shown in Fig. 19, and we list various Q values in Table
VIII. It can be seen that these are rather generalized
(collective) properties that depend little on the specific
fermion combinations. Agreement with experimental
values ' ' looks reasonable.
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FIG. 20. IBFFA-calculated B(M1) values for selected transi-
tions among low-lying band members in the odd-odd Re iso-
topes. The curves represent transitions in bands as follows.
"Re a6; b, 1; c2; and d 3 . "Re e7+'
f, 2+;g, 9; and h, 4 . "4Re: i, 3; j, 2; k, 1; and
1, 8+. Transitions between the lowest members of bands lie at
the left, with transitions between systematically increasing
members toward the right, as in Fig. 6.

C. Magnetic dipole properties
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e

FIG. 19. IBFFA-calculated 8(E2) values for selected cross-
over and stopover transitions between members of low-lying
bands in the odd-odd Re isotopes. Top, values for "Re; the
curves correspond to transitions in bands as follows: a, 6
stopover; b, 6 crossover; c, 1 stopover; d, 1 crossover;
e, 2 stopover; f, 2 crossover; g, 3 stopover; and h, 3
crossover. Transitions between the lowest members of a band
lie at the left, with transitions between systematically increasing
members more toward the right, as in Fig. 6. Middle, values for

Re; g, 7+ stopover; b, 7+ crossover; c, 2+ stopover; d, 2+
crossover; e, 9 stopover; f, 9 crossover; g, 4 stopover; and

h, 4 crossover. Bottom, values for ' Re; a, 3 stopover; b, 3
crossover; c, 2 stopover; d, 2 crossover; e, 1+ stopover;

f, 1+ crossover; g, 8+ stopover; and h, 8+ crossover.

TABLE IX. Magnetic moments for odd-odd Re isotopes.

Isotope

180R

182R

184R

6
1

7+
2+
3
8+

I IBA tpN~

2.41
2.35
2.33
3.28
3.19
2.09

I exp ~PN i

2.76+0.07
3.07+0.24
2.50+0.19
2.89+0.13

Contrary to quadrupole transitions, M 1 transitions are
at most of the order of a few single-particle units. The
single-particle part of the operator, as given in Eq. (18),
thus plays the same important role it did in the odd-mass
calculations. Our calculation procedures were similar to
those used for the odd-mass nuclei, with the d-boson g
factor equal to the g factor for the 2,+ states in the even-
even core, g, quenched by a factor of 0.7, and gi taken
equal to their free values. Note that in even-even nuclei
the first term of Eq. (18) does not induce M 1 transitions,
since it is proportional to the total angular-momentum
operator. In odd-odd nuclei, however, just as in odd-
mass nuclei, all terms can contribute to both the magnet-
ic moments and M1 transition rates.

Some calculated 8(M1) values are shown in Fig. 20,
and some JM values are listed in Table IX. It can be seen
that they are determined primarily by the fermion por-
tion of the operator. Relatively few experimental data
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TABLE X. Comparison of IBA and Bohr-Mottelson predictions for ' Re.

J (triplet)
J (singlet)

Exp. E„
(keV)

IBA E„
(keV)

BM E
(keV)

Nilsson states
Proton Neutron

7+
2+
9
0
4
5

0
gb

443. 1

2 +461.3'

0
38.6

575.5
664.3
621.1

811.6

pa

ga

259.6
6

599.0
5

5/2+[4021']

9/2 [5141 ]

1/2 [5411]

9/2+ [624 1' ]

9/2+ [624 1 ]

9/2+[6241]

We made no attempt to calculate the triplet-singlet splitting in the Bohr-Mottelson formalism; hence,
E„(triplet) is really the center of gravity for the two states, and 5 is the unknown triplet-singlet split-
ting.
The experimental triplet-singlet splitting 6 is not known.

exist for comparison, but one notable result occurs in
Re, where it can be seen that the B (M 1 ) values, hence

the stopover transitions, are larger for the 2 singlet cou-
pling than for the 7 triplet coupling of the
n5/2+[4021] and v9/2 [6241] states.

V. CONCLUSIONS AND COMPARISONS

The IBFFA model is able to give an accurate descrip-
tion of states in the odd-odd Re nuclei, as can be seen
from the comparisons with experimental data in Figs. 17
and 18. These odd-odd nuclei constitute a very stringent
test of the model, because odd-odd nuclei do not provide
the same sort of smoothly varying systematics as do other
types of nuclei. Also, errors tend to accumulate: Any
difficulties in describing the even-even cores and, particu-
larly, the odd-mass states are compounded in the odd-odd
systems. However, if good fits for the even cores and for
the odd-mass states can be obtained, then good spacings
in the odd-odd nuclei are likely. This can be seen in our
calculations, where the poorest fits obtained for odd-mass
states were for the 1/2 bands in the odd-mass Os iso-
topes. Correspondingly, relatively poor fits were ob-
tained for odd-odd bands involving these 1/2 neutrons,

such as inverting the triplet and singlet couplings for the
3 and 2 bands in ' Re. Also, in ' Re the 4 band,
which involves a 1/2 proton, had the poorest fit. (Of
course, adequate fits to J=1/2 bands are an inherent
problem in any description, not just limited to an IBFA
model. } In general, we obtained good fits for spacings
within the bands but had some problems with the posi-
tions of the band heads and with the triplet-singlet cou-
pling spacings. This points to difficulties in V „, the
proton-neutron residual interaction. (Again, this is
recognized as a decades-old problem with calculations in-
volving odd-odd nuclei. ) A simple first-stage improve-
ment would be to free V and especially V„allowing
them to vary over a reasonable range. In addition, it
should be remembered that in the present calculations we
did not need to introduce an attenuation in the coriolis
force.

In order to shed a different light on the results of our
calculations, we have made a comparison with the results
of some simple, Nilsson-like calculations.

A major difference between an IBA calculation and the
Bohr-Mottelson (BM) model lies in the definition of the
bases. In the BM model all calculations are performed in
the intrinsic system, using deformed basis states. For this
reason, for example, the coriolis force appears explicitly

TABLE XI. Comparison of IBA and Bohr-Mottelson predictions for "Re.

J (triplet)
J (singlet)

1

6
2
3
6+
1+
4+
3+

IBA E„
(keV)

30.1

0
80.6

113.6
181.5
212.1

297.3
387.0

BM E,
(keV)

pa

ga

gb

6
pb

6
356.7'

6

Proton

5/2+ [402 t ]

5/2+ [402 1 ]

5 /2+ [402 1 ]

I/2 [5411]'

Nilsson states
Neutron

7/2 [514J, ]

1/2 [5211]"

7/2+ [6331 ]/9/2+ [624$ )

7/2 [5141]

'5 is the unknown triplet-singlet splitting; cf. Table X.
These two neutron states form a "mixed" i, 3/p band, making it difficult to predict the bandhead E

within the BM framework.
'From the h9/p spherical orbit, this state has an enormous decoupling parameter, making an odd-odd
E estimate difficult.
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TABLE XII. Comparison of IBA and Bohr-Mottelson predictions for ' Re.

J (triplet)
J" (singlet)

Exp. E„
(keV)

IBA E„
(keV)

BM E
(keV)

Nilsson states
Proton Neutron

3

5
8+
3+

0
74
56

188.01

104.1
81.4
0

271.5
311.2
362.4

pa

ga

23.5
5

197.4
5

5/2+[4021 ]

5 /2+ [402 1' ]

5/2+ [402 1' ]

1/2 [5101']

3/2 [5121 ]

11/2+ [615t ]

5 is the unknown triplet-singlet splitting; cf. Table X.

in the Hamiltonian. In the IBA model all calculations
are performed in the laboratory system, so the coriolis
force is "hidden" in the Hamiltonian. It is automatically
included because the core has a finite moment of inertia.
Another difference arises from the fact that the IBA
model is formulated in a spherical basis. The residual in-
teraction between the odd particles can thus be linked
directly to the residual interaction in the usual spherical
shell model.

We begin with ' Re, which has the best-understood
experimental data, with definite Nilsson states assigned to
each band. We used a semiempirical, almost simplistic
method for predicting the excitation energies of the odd-
odd states, taking the sums of the appropriate single-
particle energies from the odd-mass neighbors. In a sense
this is an unfair use of the Bohr-Mottelson model, yet in
another sense it is giving it the benefit of the doubt, for
experimental energies (known to be accurate) are used
rather than calculated Nilsson-state energies, which
would involve many more unknown parameters. Hoff
and his collaborators ' have calculated odd-odd nu-
clear states for actinide nuclei, using a semiphenomeno-
logical Bohr-Mottelson treatment, and they have ob-
tained rather successful results. We have also used their
approach, calculating states in Bk. However, in the
present paper for simplicity we retain the simpler appli-
cation of the Bohr-Mottelson model.

In Table X we present a qualitative comparison of the
excitation energies of the band heads as determined by
the two models. Also, no attempt was made to calculate
the triplet-singlet energy splittings, so the energy listed
for the triplet states is in actuality something like a center
of gravity for the triplet-singlet pair of states. It can be
seen that predictions from both models are adequate, al-
though the IBA model yields more detailed predictions.
(Again, this is not a completely fair assessment of the
Bohr-Mottelson model, and a more detailed calculation
in that framework couId improve the comparison. How-
ever, that would involve a major research effort in itself,
and it is certainly beyond the scope of this paper. )

In Table XI we show a comparison between the predic-
tions of the two models for ' Re. The only experimental
assignment we can trust for this nuclide is the 1 ground
state, which is correctly predicted by the Bohr-Mottelson
formalism as the triplet coupling of the m5/2+[4021]
and v7/2 [5141] states. Here the IBA model predicts
the 6 singlet coupling of these same states to lie some 30

keV lower. Both models predict a number of low-spin
states, including K=3 and 4 states. (Certain such states
were very tentatively assigned to some bands in ' Re,
but these assignments are not consistent with the predic-
tions of either model; among other problems, the spac-
ings between band members is unreasonably large for
such low-K values. See Ref. 19 for a discussion of how
this might be explained by coriolis mixing in higher-I(:
bands. ) Thus, at this time an experiment cannot distin-
guish very well between the two models. What Table XI
does point out, however, is that for certain problem cases,
such as the "mixed" ir3/z band and for the 1/2 [5215]
neutron state with an abnormally large decoupling pa-
rameter (i.e., very large coriolis matrix elements), predic-
tions are easier to make via the IBA formalism. And
remember that the positions of band heads have been the
weakest point in our calculations —spacings within the
bands come out much better, even when they involve
large coriolis-induced distortions.

Finally, in Table XII we present the comparison for
Re. Predictions from both models are again reason-

ably acceptable, although our IBA calculations invert the
triplet and singlet members of the lowest coupling, as dis-
cussed above.

In conclusion, IBFFA calculations of state energies
and electromagnetic properties for deformed odd-odd nu-
clei work rather well. The calculations predict (and
reproduce) band spacings, including distortions, quite
well; band-head energies show larger deviations from ex-
perimental values. They also yield reasonable quantita-
tive agreement with the electromagnetic properties, al-
though relatively few data are currently available for
checking these. More extensive calculations, including
calculations for more extended series of isotopes should
provide a more stringent test of the model. They may
also help us to develop a better understanding of the
physical correspondences to the IBA group-theoretical
parameters.
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