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The low-energy spectroscopy of odd-A nuclei in the mass region A -219-229 is modeled by cou-

pling states of a deformed shell model including octupole deformation to a reflection-asymmetric ro-
tor core. Theory and experiment are compared for the nuclei in which data are available:
219,221,223, 225Rn 221,223, 225, 227Fr 219,221,223, 225, 227R 219,223, 225, 227, 229Ac 221, 223, 225, 227, 229Th and 229P

Overall agreement requires an octupole deformation P3-0. 1. The results throughout the region are
synthesized to evaluate the model.

I. INTRODUCTION

The issue that underlies the present investigation is
whether some nuclei can be characterized as having in-
trinsic mean fields with spontaneously broken reflection
symmetry. This possibility was first considered' in the
1950's, following the observation of low-lying K~=0
bands in doubly even radium nuclei. In the 1980's, a
flurry of experimental and theoretical discoveries (re-
viewed, e.g., in Ref. 3) have provided new indications of
reflection-asymmetric octupole deformation in this region
of nuclei. Among other things, it was predicted that an
octupole component of the mean field deformation would
affect some single-particle orbitals in ways that should be
clearly manifested by the spectroscopy of odd- A nuclei.
Subsequent comparisons between octupole-deformed or-
bitals and largely new data revealed good agreement on
some counts, but mostly it appeared that the limit of
strong coupling to octupole deformation was approached
but not reached. This could imply that the octupole de-
formation component is not stable enough to make the
reflection-asymmetric mean field a useful starting point
for spectroscopic modeling, an interpretation that has
been endorsed by some authors. ' There exist alterna-
tive models of odd-A nuclei that use single-particle basis
states obtained from a reflection symmetric mean field,
with dynamical octupole correlations introduced either
on a fully fermionic level, "' or by coupling to a core
with collective dynamics. ' A limitation of the fully fer-
mionic models"' is that they assume strong coupling to
a symmetry axis of the deformed mean field.

A different reason for the discrepancies between exper-
iment and the octupole-deformed model was suggested in
Ref. 8, namely that they arise largely from the nonadia-
baticity of the odd-particle motion. A model was formu-
lated in which the reflection-asymmetric deformation is
taken to be completely rigid, and the decoupling of odd-
particle orbits from the octupole deformation is treated
on the same footing as the familiar Coriolis decoupling
from aspherical deformation in general. (A precursor
model based on reflection-asymmetric deformation that

contains both kinds of decoupling can be found in the
earlier literature. '

) The familiar Coriolis decoupling
from rotational asymmetry occurs because of the nonzero
energy splitting between the states in the core rotational
band, reflecting a finite moment of inertia. Similarly,
"parity decoupling" from reflection asymmetry occurs
because of the nonzero energy splitting between the
I( ~=0+ and K~=0 bands of the core, reflecting the
finite energy needed to achieve a parity inversion. In
both cases, the energy splitting can be regarded as a mod-
el parameter given, for example, by the spectroscopy of
the neighboring even-even nuclei. A first realistic appli-
cation of this rigid reflection-asymmetric rotor model, to
the nucleus Ac, showed that the main discrepancies be-
tween experiment and the octupole-deformed strong-
coupled theory were indeed removed or significantly re-
duced by taking nonadiabaticity into account. '

In this paper, the model calculations are extended and
compared with the available low-energy spectroscopic
data throughout the relevant mass region, A =219-229,
where reflection-asymmetric equilibrium shapes have
been derived from mean field theory (e.g., Refs. 16—19)
and are suggested by experimental data (e.g., Ref. 20).
These calculations create a broader base for evaluating
the model, set a standard for other models, and also pro-
vide a first theoretical interpretation of some experimen-
tal data.

The model is described in Sec. II. Detailed calcula-
tions for 24 nuclei are made feasible by taking the param-
eters largely from theory, a priori prescriptions, or
smooth trends. Further parameter fitting for individual
nuclei has been undertaken as needed to obtain a mean-
ingful description of specific items of data. The prescrip-
tions and adopted parameter values are given in Sec.
III A. The adiabatic single-particle levels are shown as a
function of deformation in Sec. IIIB. The correspon-
dence between calculated spectra and experimental level
schemes is established, nucleus by nucleus, in Secs. III C
and IIID. On the basis of this correspondence, results
and data from the whole mass region are compiled and
compared in Sec. IV. General conclusions are summa-
rized and discussed in Sec. V.
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II. THE MODEL

A. The Hamiltonian

The reflection-asymmetric model described below is
similar in many ways to the familiar, cylindrically sym-
metric rotor-plus-particle model. ' The important
differences are that (i) the core has an additional set of
states R =1,3,5, . . . , and (ii) the adiabatic single-
particle orbits in a reflection-asymmetric potential have
mixed parity.

Empirically, the negative-parity rotational states in
doubly even nuclei are displaced upward in energy rela-
tive to the positive-parity states. Therefore the negative-
parity states of the model core are displaced upward, by
an amount denoted E(0 ) because it can be viewed as
the excitation energy for X~=0 . The physical mecha-
nisms that determine this displacement are only partly
understood. Whatever its cause, its effect is to break
the degeneracy of parity doublets that would otherwise
occur in the strong-coupled limit of the core-particle sys-
tem. The core Hamiltonian is written as

[I I 3
—(I—+j +I j+ )+j 2+j 22]

+—,'E(0 )(1—p8)+8,@+PE„, , (2.3)

where 8, is the deformed single-particle Hamiltonian,
and 8 „,the pairing interaction. 8 „, is diagonalized in

the BCS approximation by a Bogoliubov transformation
to quasiparticle states in the intrinsic frame. ' This
transformation is characterized by the BCS gap parame-
ter, b„and the Fermi level, A, . The BCS transformation is
taken to be independent of the state of the core and the
odd particle, so the pairing energy is state independent
and need not be included explicitly, except in that the
single-particle energy is replaced by a quasiparticle ener-

system, j is the single-particle angular momentum opera-
tor, and p is the total parity operator. Since total parity
is good, p can be replaced by its eigenvalue, p. The total
Hamiltonian can then be written

2

(P f+R 2)+ —,'E(0 )(1 I'), — (2.1) e„„=[(e„„—A, } +b, ]'/ (2.4}

where R
& 2 are the core angular momentum components

perpendicular to the symmetry axis and P is the core par-
ity operator.

The adiabatic single-particle orbits available to the odd
particle are obtained from a standard single-particle po-
tential ' with an axially symmetric, reflection asym-
metric shape that is par ametrized by the usual
coefficients of the multipole expansion of the radius: '

p2,
P3 P4 Ps and P6. The coordinate frame in single-particle
space is adjusted so that the origin lies at the center of
gravity of the potential. The basis of the particle-core
coupling calculation needs to span only a limited number
of single-particle states around the Fermi level, since the
adiabatic model is a useful leading-order approximation
in deformed nuclei. The single-particle states, Xo, are
characterized by energy, e„, and by the angular momen-
tum projection along the symmetry axis, Q. Explicit for-
mulas are available in the literature for the evaluation
of intrinsic single-particle matrix elements in the basis
used by Ref. 23. Also available are formulas for matrix
elements of the type (Xo &/2 ~

0
~
PXn &/2), where P ro-

tates 7 by an angle m about an axis perpendicular to the
symmetry axis. The corresponding matrix elements in
the reflection-asymmetric rotor-plus-particle model will
turn out to be (8X„",/2 ~

0
~

RX„",/2), where 8 is the
single-particle parity operator, and are evaluated in the
same way except that the amplitudes of negative-parity
basis components of Xn, /2 acquire an additional phase
factor, —1.

In the rotor plus particle Hamiltonian, the core opera-
tors are rewritten as

R=I—j,
(2.2}

P=pm,

where I is the angular momentum operator of the total

The Hamiltonian 8 is diagonalized numerically in the
strong-coupled basis. A strong-coupled intrinsic core-
quasiparticle wave function is written 4,g z, where 4,
describes the core with the same orientation in space as
the intrinsic single-particle potential, and 7 z is the BCS
state with the odd particle in the orbit Xf",. In the
laboratory-frame basis used to diagonalize 8, these states
are symmetrized to good parity and angular momentum

Wssroj =
2

(1+R )DMn(1+PI' +)@,X n (2.5)

P ( ~1X21/1+ I ~X1/2~ (2 6)

This coincides with the usual definition if X,z2 has good
parity. Note that the two strong-coupled bands of oppo-
site parity, p, based on a parity-mixed orbit 7&&2, have
decoupling factors of equal magnitude but opposite sign.
The matrix elements of the Coriolis term includes BCS
pairing factors uu'+vv', due to the use of BCS states in-

where X is a normalization constant and Dz the rota-
tion matrix. '

The first operator in 8, I I 3, is diagon—al in this
basis, with the eigenvalue I II +1)—0 characteristic of
a rotor. The next operator, I+j +I j+, is precisely
the familiar "Coriolis" term of the axially symmetric ro-
tor plus particle model. The off-diagonal Coriolis matrix
elements for 0&—,

' are formally identical in the reflection
symmetric and asymmetric models. The diagonal matrix
elements for 0=—,

' can also be given formally identical
expressions in terms of a "decoupling factor, " a, if the
latter is defined in the asymmetric model as
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stead of single-particle states in the basis. It is a common
experience with rotor-plus-quasiparticle models that
Coriolis couplings across the Fermi level must be further
attenuated. One phenomenological prescription for do-
ing so is to raise the uu'+uu' factors to an ad hoc power

n. Empirical values of n range from 1 to 5.
The next operator in 8, j,+j 2, is a two-body operator

in single-particle space and its matrix elements in the
BCS quasiparticle basis are somewhat more complicat-

27

& "lJ ~+j~l~Q&= l X(unuse i+vnvl i)&yQ —1
l j laQ&(u'nug, +"nv„, )&yQ —1 lJ l

pQ&
y

+2 X(unuI' i+vnvE+i)&yQ+1 lj+ laQ&(u~nug, +"vg„)&yQ+1
l J+ l pQ&

y

——,
' g(u„v„+, —vnug+, )'&yQ+1

I j~ l
aQ&'5.~

y

—
—,'X(unvI' i

—vnuI' i)'&yQ —1 lj l«&'5, (2.7)

Here the symbol X has been suppressed in the brackets.
The index y runs over a complete set of single-particle
states for given 0, not just the states included in the basis
space of the rotor-particle calculation.

The operator 8 in 8 plays a role analogous to that of
the Coriolis term. In a simple model, where a pair of
parity-mixed single-particle orbits results from the mix-
ing of two reflection-symmetric orbits of opposite parity,
it can be shown explicitly that the off-diagonal matrix ele-
ments of 8 tend to "decouple" the particle from the
reflection asymmetry and to put it in one of the sym-
metric, good-parity orbits. The diagonal matrix element
of 8' determines the energy splitting, E E+, withi—n a

parity doublet of the odd mass system in the strong cou-
pling limit:

E E=(8—)E(0 ) . (2.8)

Thus (8) can be viewed as the "parity decoupling fac-
tor" of a single-particle orbit. Note that since (8) lies
between —1 and + 1, the magnitude of the odd- A parity
splitting in strong coupling is always less than or equal to
that of the core. The odd-A parity splitting ranges from
zero for an equal admixture of parities in the single-
particle state to the full core value, E(0 ), for a single-
particle state of good parity. In the BCS transformation,
it is assumed that f can be treated as a one-body opera-
tor. Since the parity does not change under particle-hole
conjugation, the appropriate pairing factor on matrix ele-
ments of 8 is uu'+vv'.

In summary, the nonzero matrix elements of the Ham-
iltonian 8 between strong-coupled basis states QIMn~ are

(IMvQp
l
8 lIMvQp) = [III+1)—Q +5n, &2(

—)
+" '(I+ —,')a+(vQ

l J f+J 2 l
vQ)]

+ —,'E(0 )(1—p(vQ l Nl vQ))+F„n, (2.9)

2

(IMv'QP
l
8

l
IMvQP) = [5n, &2(

—) +" '(I+ —,')( —P)(NX, yz l J+ lAXty2)(uu +UU ) +(0 Q
l J ~+J 2 l

vQ)]

——,'E(0 )p(v'Q
l Nl vQ)(uu'+vv'),

2

(IMv'Q+lp
l
8

l
IMvQp) = — v'(I —Q)(I+0+1)(v'Q+1 lj+ l

vQ)(uu'+vv')" .

Numerical diagonalization of 8 gives eigenstates

VIMp g Clnp PIMnp
vQ

(2.10)

(2.11)

(2.12)

B. Electromagnetic operators

The reduced rate of transitions between the eigenstates Vl~p induced by a spherical tensor operator M&, is '

B(MA;i~f)= ,
l
(I pffllM& Ill,

.p, )
l

I

where

(2.13)
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&IfI'fllM~III;p &= X g cr'n, ci n p & fvfQfpfll ~II vQ p & .
v,.Q,. vf Af

Here the reduced matrix element between the strong-coupled basis states is

&IfvfQfpfllM~III v «p & =&»;+if &I Q ~Qf —Q;
I IfQf &&Xn

I M~n n I Xn

+(—)
' 'pf &I; Q;—AQf+Q,

~ IfQf &&7TXn
~
Mpn +n ~

R Xn &

(2.14)

(2.15)

where Q~n on the right-hand side is in the intrinsic
frame of reference.

The electromagnetic multipole operators employed in
this work are

l(rI(E lp ) =e,trr Y~„+v'3/4n (Q &o e,—szo )D &o,

Q(M 1p ) =&3/4~[gaI„+(gi —ga )l„+(g, —gz )s„],
(2.16)

(2.17)

M(EAp) =
' 1/2

2A, +1
Q3oD„o, A, & 2 . (2.18)

e,&
——e

N —Z
A

—t3
Aco

1 —0.7, (2.20)
(%co) Er—

where t~ =+—,
' or ——,

' for neutrons or protons, respective-

ly, Aco is the giant resonance energy, 78A ' MeV, and
E is the E1 transition energy. The constant zo is the mi-

croscopic center of mass of the single-particle model,

The integration over the D functions has already been
carried out in the expression on the right-hand side of
(2.15) for the matrix elements. The evaluation of matrix
elements of the intrinsic single-particle angular momenta
and spherical harmonics was discussed in the paragraph
preceding Eq. (2.2). Having BCS quasiparticle states X
instead of single-particle states X in (2.15) implies that the
single-particle matrix elements of the one-body terms in
the operators M& are to be multiplied by pairing factors:
Q ' Qf + v; vf for magnetic and u; uf —v; vf for electric
operators.

For the total angular momentum,

&f ll~lli & =5;fv'I(I+1)(2I+ 1) . (2.19)

The single-particle effective El charge in (2.16) is '

z 0
g„=—;g, = '

1, g, =0.6g, (free);

—3.83, neutrons

5.56, protons .

(2.22)

The single-particle parts of the EA, operators are
neglected for A, )2 because the main contributions are ex-
pected to be collective, and the calculated rates are not
expected to be accurate down to the level of a single-
particle unit. The intrinsic collective moments, Qzo, for
A, & 1 are obtained from the shape of the single-particle
potential. It is conventional to parametrize these mo-
ments using the leading term in an expansion in deforma-
tion coordinates,

Qxo= ZRoPx A, &2,
(2k+1)~

(2.23)

or, if Nilsson's e& coefficients in the multipole expansion
of the equipotentials are used to describe the shape,

Qzo= —', ZRoe2 ~

Qgo —— ,'ZR o eg, A—, &—2 .

(2.24)

(2.25)

This small correction is important for the single-particle
electric dipole matrix elements, which are also small, but
is neglected for the other single-particle matrix element.

Q &o is the intrinsic collective El moment that results be-
cause the proton and neutron centers of mass do not in
general coincide in a reAection asymmetric nucleus. The
evaluation of this quantity can be based on an expression
similar to (2.21), but with the important inclusion of Stru-
tinsky renormalization and screening.

The Ml operator (2.17) is standard. For the gyromag-
netic factors, we use

z =—g &vQ iz i
vQ&v'.

A
(2.21)

6,
For a shape containing surface radius multipoles 2 to

P2=P2+ &5/4n —7'+ —,', P3+ PPP4+ Il 5+ Pggi 6+ 7
—P2P4+ ~( &7/1 1PP5+

1
l 4l76 (2.26)

P3——P3+ — ,', 3/502P3+ ,', P31—34+—„v'7/1—1P+5+,', &77/13PA+ ,", 3/—35/1 102P—5+ —P3P6 (2.27)

P4 P4+ P2 + P3 + P4 + 3 P5 + g~ P6 + ~~ 0'5P3P4+ —„V'7/1 1PP5 + —P4P6+ ,", &5 /1 3PP6 . (2.—28)
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The E2/Ml mixing ratio 5 is defined by
'

& I/pf 11M(E2)11Ip; &

&Ifpf 11M(M1)11I,p, &

(2.29)

tudes C& n in the nuclear structure factors (2.35) and
(2.36) in the same approximation, by calculating the over-
laps of the deformed Woods-Saxon orbitals Xz with states
in a spherical Woods-Saxon potential,

where y is a constant such that 6 is the ratio of the E2
and Ml partial transition rates. If Er is in MeV, the E2
matrix element in e b, and the M1 element in pN, y is
-&0.7.

Spectroscopic moments are given by

p=v 4n/3 &II101II& &Ip 11M(M1)11Ip &,2I+1
(2.30)

Q =v 16~/5 &II20
1

II & &Ip 11M(E2)11Ip &

2I +1
(2.31)

C. Particle transfer

The cross section for single-particle transfer on a dou-
bly even target to an odd- A state of angular momentum j
and parity ( —)', where l =j+—,', is written in the forrnal-
ism of Ref. 30 as

CI;n =
&&mijn I

&n & . (2.37)

The relative phases of spherical substates XI"z that differ
only by 0 is obtained by requiring the j+ matrix ele-
ments between them to be positive. Energy matching is
not crucial for the overlaps (2.37) and was done in a
crude way: For states 7&~ that would otherwise be un-
bound, the depth parameter Vo of the Woods-Saxon po-
tential was increased by 10 MeV. The value of n is
chosen so as to maximize the structure factor (2.35) or
(2.36). In some cases, structure factors of comparable
magnitude are obtained for two different values of n and
the method of Ref. 30 is unreliable. In principle, the
spherical states 71 used in the DWBA calculation, and
the coefficients CIJ&, should have been obtained from the
octupole-deformed single-particle orbitals by angular
momentum projection. ' However, the deformed or-
bitals are presently calculated by diagonalization in an
oscillator basis and cannot be used at distances of
several fm outside the nuclear surface, where the main
contribution to particle transfer is made.

(8)=NS( err (8), (2.32)
III. CALCULATIONS

where N is a normalization constant for the reaction, a
&

is the particle transfer cross section calculated by DWBA
to a spherical orbit at the same binding energy with orbit-
al and total angular momenta I and j, and the spectro-
scopic factor SI contains the nuclear structure informa-
tion. The spectroscopic factor is given by

s„=2. 11&ella,', llo&2j+1
for a stripping reaction and

SIJ ——21 & ellaij IIO&

(2.33)

(2.34)

for a pickup reaction. Here 10& is the BCS vacuum, and

aIJ creates a particle in a spherical state XIJ. 1
4 & in the

present application is a rotor-plus-quasiparticle state
(2.12) with I =j and p =(—)', and the reduced matrix
elements become

&Ipllaijllo&= X ancln, Cfjn (2.35)

&Iplla, , llo& = g U"„c"„C,,"„, (2.36)

where Cl'.& is the amplitude of the spherical state XI- in
the deformed state g&. The squares of the reduced ma-
trix elements (2.35) and (2.36) are called the nuclear
structure factors.

For o.i.(0), we rely on the DWBA calculations that are
presented in most experimental papers together with the
measured cross sections, in which each spherical state is
obtained from a spherical Woods-Saxon potential with
the depth adjusted so that one solution 7I"- matches the
experimental separation energy. We obtain the ampli-

p4
——0.5p2+0. 01 . (3.1)

The spirit of the present investigation is to treat p3 as a
phenomenological parameter to be fitted to the odd-3
spectroscopy for each individual case. The adopted
values of p3 are given in Table II. The calculated static
equilibrium values of p3 range from 0 to 0.11, but in the
octupole shape transitional cases one may expect that the
effective p3 includes a contribution from dynamical fluc-

A. Model parameters

I The defo.rmed shell model

The adiabatic single-particle states were obtained from
a Woods-Saxon deformed shell model with a "univer-
sal" set of parameters. This parameter set, originally
fitted to Pb, has been tested by numerous applications
in all mass regions from A =56 to the superheavy ele-
ments and appears to be close to optimal (e.g., Ref. 33,
and references therein). The A- and Z-dependent param-
eters were assigned the appropriate values for each indi-
vidual nucleus in the present work. A basis of 14
stretched harmonic oscillator shells was employed.

Equilibrium deformations have been calculated previ-
ously for even-even nuclei in the present mass region, and
the p2 deformation of the odd-mass nuclei considered
here was obtained by interpolation in Table II of Ref. 17.
For near-spherical nuclei, where this procedure gives P2
less than 0.1, an effective value of 0.1, or in one case 0.05,
was adopted. The values employed for p2 are listed in
Table I. The values employed for P4 are given by a pa-
rametrization of the calculated equilibrium values,
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TABLE I. The P, deformations employed in the calculations.

Z, A

91
90
89
88
87
86

219

0.050
0.100

0.100

221

0.100

0.110
0.100
0.110

223

0.120
0.126
0.129
0.128
0.131

225

0.142
0.144
0.148
0.152
0.155

227

0.164
0.168
0.169
0.172

229

0.185
0.184
0.185

Ps ——Ps(0.0089+0.117Pi+0.655Pq —0.0352Ps }, (3.2}

Ps ——0. 1055Ps+0.2215P4+0. 1476P+4—0.0285' . (3.3)

The Strutinsky equilibrium values of Ps are known to be
larger in this region of nuclei, ' ' but have not yet been
evaluated systematically for the present single-particle
model.

2. The reflection asymmetric -rotor core

The parameters of the core are its moment of inertia,
parity splitting, and electric multipole moments. For
odd-A nuclei with known rotational bands, the core mo-
ment of inertia parameter A /2J was adjusted so that the
calculation reproduced the overall spacing in the ground
band. This established an empirical trend with Z and A

that was used to select fi /2J for the remaining cases.
The adopted values are given in Table III. The measured
2+ energies of even-even nuclei in the region exhibit a
similar trend with Z and 3, although fi /2J =E(2+)/6
is systematica11y larger than for the neighboring odd-A
nuclei, especially in the near-spherical region. This is
commonly the case in all regions of nuclei.

tuations, just as the effective pz of quadrupole shape tran-
sitional nuclei is typically of the order of 0.1. This may
explain why tl;e empirical Pz values in Table II are close
to 0.1 even at the fringes of the octupole deformed re-
gion. Enhanced Ps values were used for the 0=—,

' single-

particle wave functions in four odd-neutron nuclei, name-
ly P& ——0. 15 in ' Ra and Th and P& ——0. 13 in Th.
This is discussed in Sec. III 0 4.

The liquid drop equilibrium values were used for Ps
and Ps. They are given by'

The core parity splitting was obtained by taking the
average experimental 1 excitation energy in the two
neighboring even-even nuclei and subtracting the model
core rotational energy for I =1,

E(0 )=E(1 ) —i'' /J . (3.4)

If the 1 energy is not known for both even-even neigh-
bors, the E(1 ) value for some nearby odd-A core was
used. The adopted values of E (1 ) are given in Table
IV.

The reflection-asymmetric rotor model largely ac-
counts for the low-lying levels observed in even-even nu-
clei of the present mass region. One of the best studied
cases experimentally is Ra, where one extraneous,
unidentified level has been placed at 414 keV in the @-
decay scheme following P decay of Fr, and the next ex-
traneous level comes at 832 keV.

The model core spectra in two representative cases,
' Ac and Ra, are compared with the experimental lev-

el spectra of the even-even neighbors in Figs. 1 and 2.
The nucleus ' Ac is near-spherical and its neighbors
have "quasivibrational" rather than rotational bands. In
the model core, however, there is a rotational stretching
of the level spacings with increasing spin (Fig. 1) that will
also show up below in the calculated bands of the odd-A
nucleus. The even-even neighbors of Ra have more
rotational-like bands, but the empirical moments of iner-
tia are quite different for positive and negative parity
(Fig. 2). The model core moment of inertia, fitted to the
empirical band spacings in Ra, is similar to that of the
negative parity band.

The intrinsic electric dipole moment of the core, Q,p,
has been determined empirically within the present mod-

TABLE II. The p, deformations employed in the calculations.

91
90
89
88
87
86

0.05
0.1

0.1

0.1

0.1

0.14
0.1

223

0.1

0.1

0.1'
0.1

0.1

0.1'
0.1

0 1a

0.1

0.1

0.1'
0.1

0.1

0.1

0.08
0.07
0.07

'A larger P,, specified in the text a few lines above (3.2}, is used to calculate the 0=
z

single-particle

wave functions.
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TABLE III. The core rotational inertia parameter, fi/2J (keV), employed in the calculations.

Z, A

91
90
89
88
87
86

219

30
30

15

221

30

12
11
10

223

11
9
8.5
8.5
8

225

9.5
8.5
7
8

8

227 229

el framework for the odd-A nuclei in which data are
available. These values of Q&z are given in Table V. The
intrinsic electric quadrupole, octupole, and hexadecapole
moments, Q~o, Q30, and Q40, were obtained from the de-
formation parameters of the single-particle potential (Sec.
III A 1) using Eqs. (2.23)—(2.28) and Rz ——1.2A ' fm.

The electromagnetic properties of the Ra model core
are compared with experimental data for the even-even
neighbors in Table VI. The average experimental value
of P2 is slightly larger than the theoretical estimate (see
Sec. IVB4), and the experimental P3 is consistent with
the adopted octupole deformation. The experimental P4
is significantly larger than the value obtained from the
Strutinsky equilibrium shape. Only one other P4 has been
measured in the A =219-229 region, for the nucleus

Th. Its value, 0.25+0.05, is also significantly larger
than the theoretical value, 0.15, obtained from the equi-
librium shape of Th by (2.23) and (2.28). Large
discrepancies between measured hexadecapole transition
moments and calculated intrinsic moments are also
known to occur in several rare earth nuclei for reasons
that have not yet been firmly established. As for the
measured E1 matrix elements in Ra, they are con-
sistent with a constant Q, o at low spins, ' while the data
for Ra deviate from this model assumption. Howev-
er, the experimental 8(E1) branching ratios follow the
rotor model "Alaga rules" in both nuclei.

3. Quasiparticle and coupling parameters

The quasiparticle parameters are the gap parameter 5,
the Fermi level A, , and empirical corrections dP„n to the
quasiparticle energies 0„&. The core-particle coupling pa-
rameters are the Coriolis attenuation and the truncation

limits of the quasiparticle space.
The gap parameter, 5, was set equal to Q.6 MeV for all

nuclei considered. The calculations are not very sensitive
to this value, which was chosen rather small to reAect the
blocking of pairing by the odd quasiparticle and the octu-
pole shell structure. The empirical odd-even mass
dift'erences, extracted by the usual four-point formula,
do in fact exhibit a local minimum in the region where
octupole deformation is predicted, at 0.72 MeV for neu-
trons in Th and 0.84 MeV for protons in Th and
228U

The Fermi level, A, , was usually placed on the orbital
that contains the last, odd nucleon in the single-particle
scheme. Four exceptions were made to this Hartree-
Fock prescription. For ' Ac and Pa, the calculated
results came closer to the data using the Fermi level ob-
tained by solving the BCS particle number equation. In
these nuclei, the BCS Fermi level lies 140 keV below and
310 keV above the Hartree-Fock Fermi level, respective-
ly. For Rn and Ac, the experimental ground-state
properties were reproduced by arbitrarily moving the
Fermi level up by 330 keV and 170 keV, respectively, into
the gap between the single-particle level prescribed by
Hartree-Fock and the next higher level.

The adiabatic quasiparticle spectrum of the present de-
formed shell model generally reproduces the ordering of
the low-lying band heads that are seen experimentally. It
is sometimes desirable, however, to make empirical'ad-
justments of the quasiparticle energies in the core-
quasiparticle coupling calculations. In some cases, more
accurate energy spacings between the bands are required
than a single-particle model can provide, in order to
make the inclusion of small nonadiabatic couplings
meaningful. In other cases, especially in near-spherical

TABLE IV. The core 1 excitation energy, E(1 ) (keV), employed in the calculations. The under-
lined values were obtained as the average of the measured 1 energies in the two even-even neighbors.

Z, A

91
90
89
88
87
86

219

327
327

327

221

327

327
327
327

223

229
244
229
229
229

225

238
223
235
235
235

227

279
290
364
364

229

347
418
491
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Q+

Nucleus

223R

225R

219Ac

225Ac

227A

Th
229p

Empirical,
odd A

0.13
0.14

-0.2
)0.18

0.03
0.32
0.6

Q, o (e fm)

0.18
0.12

—0.07
0.12
0.05
0.32
0.10

Theory,

0.12
0.05
0.20
0.29
0.10
0.33

TABLE V. Intrinsic electric dipole moments for odd-A nu-
clei in which experimental data are available (see Sec. IVB I).
The first column of numbers gives the adopted empirical values
in this work, and the last columns give theoretical values from
Ref. 28 for the neighboring even-even nuclei.

FIG. 1. The spectrum of the reflection-asymmetric rotor
model core used for "Ac is compared with the experimentally
known levels up to the first 8+ in the doubly even neighbors.
The "Ra levels are from Refs. 35 and 36, and the Th levels
from Ref. 37.

nuclei, large nonadiabatic and recoil effects sometimes
cause unphysical rearrangernents of the band head ener-
gies and the original ordering needs to be restored. For
odd-Z nuclei, no such adjustments of the quasiparticle
energies were made in the present work. For odd-S nu-
clei, however, the corrections listed in Table VII were ap-
plied. The largest corrections, made in the near-spherical
nucleus ' Rn, essentially compensate for rearrangements
relative to the adiabatic scheme. The systematic lowering

of the 2v=134, 0=—,
' orbital by about 100 keV in six

weakly deformed nuclei also tends to restore the adiabat-
ic band-head spacings. The other corrections are mostly
smaller and not systematic.

The single-particle space available to the odd nucleon
was truncated to 16 levels Xo, eight above and eight on or
below the HartreeaFock Fermi level. Increasing the size
of the single-particle space did not have a significant
effect on particle-rotor bands starting below about 1

MeV, but an enlarged basis space would be required for
higher-lying bands.

Attenuation of the Coriolis interaction can be achieved
by assigning a value greater than unity to the parameter n

appearing in Eqs. (2.10) and (2.11). The adopted empiri-
cal values are listed in Table VIII and discussed in Sec.
IVA3.
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FIG. 2. The spectrum of the reflection-asymmetric rotor
model core used for 'Ra is compared with the experimentally
known levels up to the first 5 or 6+ in the doubly even neigh-
bors. The experimental levels are from Ref. 34.

B. Single-particle levels

Nilsson diagrams at fixed octupole deformation corre-
sponding to P3-0. 1 have been presented in Ref. 8 for the
folded Yukawa single-particle potential employed in that
work. The levels were labeled by the single-particle ma-
trix elements (n), {s,), .and {mP

~

—j+ ~

RX) that
govern the odd-A spectroscopy in the strong-coupling
approximation. These diagrams are by themselves a
powerful tool for interpreting the spectroscopy of odd-A
nuclei in the A -219—229 region. The corresponding
octupoleadeforrned Nilsson diagrams for protons and
neutrons in the present Woods-Saxon potential are pro-
vided in the right-hand parts of Figs. 3 and 4, respective-
ly. Figures 3 and 4 also show the single-particle levels for
spherical shape, the usual Nilsson diagrams for
reflection-symmetric prolate shapes, and single-particle
levels as a function of octupole deformation. The spheri-
cal single-particle energies of the present Woods-Saxon
potential are somewhat different from those of the folded
Yukawa model with the FYII parameter set, but the
level spectra become quite similar for the two models in
the presence of both quadrupole and octupole deforma-
tion.
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TABLE VI. The electromagnetic properties of the model core for 'Ra are related to measurements

(Refs. 38—41) in the neighboring doubly even nuclei. The experimental Pi values are defined as

4m [B(EA.;0+ ~A )]'~ /(3ZRO ), where Ro ——1.2A ' ' fm, the experimental Q, o is defined as

[4m(2'I+I)B(EI;I~I 1—)/(3I)]', and the model B(E1) ratios are given by (IOIO~ I I(—))'/
(I010

i
I+10)'.

Quantity

2

3

4

Qio (e fm)

Qio (efm)
Qio (e fm)

B(E1;I~I—1)
B(E1;I~I+ 1)
B(E1;I~I—1)
B(E1:I~I+1)

Transition

P+ 2+
0+-3-
p+ 4+
3 ~2+
5--4+

6+

1 —+0+ /1 —+2+

3 ~2+ /3 ~4+

224R

Expt.

0.179

0.05
0.15

0.44

225R

Model core

0.175
0.122
0.12
0.14
0.14
0.14

0.50

0.75

226R

Expt.

0.202
0.128
0.17
0.11
0.09
0.12

0.48

0.69

The details of how Figs. 3 and 4 were constructed are
as follows. The levels were obtained with the "universal"
parameter set, with Z and A corresponding to Ra.
p4, ps, and p6 deformations were included for p2 & 0. 1 ac-
cording to the prescriptions (3.1)—(3.3). For P2 between 0
and 0.1, the single-particle levels are indicated schernati-

cally by straight dashed lines since the prescription (3.1)
cannot be used to approach spherical shape. At zero de-
formation the orbitals are labeled by the spherical quan-
tum numbers tj. At p2 & 0. 1, the reflection symmetric or-
bitals are labeled by the cylindrical stretched oscillator
component, Nn, AQ, that becomes dominant in the dia-
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FIG. 3. Proton single-particle levels in the present Woods-Saxon potential for /3z ——0—0. 18 with /3i ——0, for p, =0—0. 1 with

Pz ——0. 18, and for Pi ——0. 18—0. 10 with /3i =0.1. See Sec. III B for details.



37 REFLECTION-ASYMMETRIC ROTOR MODEL OF ODD. . . 2753

Nucleus 2v, Q
YQ

(keV)

N =131
219R 134,—

134,-'

—120

—120

TABLE VII. Empirical increments dF~ to the quasiparticle
energies F~ for odd-neutron nuclei. No such corrections were
made for odd-proton nuclei. The quasiparticle states are labeled
by the usual angular momentum projection 0 on the symmetry
axis and by the counting number v of the corresponding single-
particle level (2v is the number of neutrons that would fill the
single-particle states up to and including this level).

batic continuation to large elongation. At $2=0. 18, the
single-particle levels are shown as a function of P3. This
helps to reveal the composition of the reflection-
asymmetric orbitals in terms of reflection-symmetric
ones. The reflection-asymmetric orbitals are labeled by
their only good quantum number, Q. The single-particle
matrix elements mentioned above, vr: (—8), s, —:(s, ),
and ap = (&X

~

—j+ ~
PX), are given at Pz ——0. 18,

P3 0. 1 . The reflection-asymmetric levels at P3 ——0. 1 are
plotted from P2

——0. 18 back to 0.10 in the right-hand part
of each figure.

C. Odd-Z nuclei

N =133
219R

221R

Th

N =135
'Rn

223R

%=137
223R

225R

227Th

%=139
'Rn

Ra

132,—

134, 5

136,—

134,-'

134,-'

134, 5

136,—

136,
2

138,
2

136,—

138, 2

136,—

142, 2

144,—

146,-'

140,—

220

—90

—90
—90

—95

95

—125

40

—105

80

25

—75

80

70

Tpp jg0tppeg ~ 3~ ~ y'r

The ground-state spins and electromagnetic moments
of these four francium isotopes have been established by
laser measurements and are listed in Table IX. Excited
states of ' Fr are known from decay studies. ' The
laser measurements showed that the structure of the
ground state changes between N =134 and 136, and
again between N =138 and 140. All the ground-state
spins, and also the moments for the E&—,

' cases ' Fr,
could be understood on the basis of changing quadrupole
deformation in the octupole-deformed single-particle dia-
gram that had been published previously in Ref. 8. In the
experimental paper it was pointed out, however, that the
magnetic moment of Fr would be consistent with a
reflection-symmetric 400 —,

' assignment. The present work
will show that the octupole-deformed particle-rotor mod-
el reproduces both the ground-state spins and moments
of all four isotopes, and furthermore that a reflection-
asymmetric interpretation is more or less strongly pre-
ferred in all four cases.

In the calculations, the low-energy structure is
governed by the 0=—,

' and —,
' Nilsson orbits near the

N =87 Fermi level in the right-hand part of Fig. 3. The
0=—,

' orbital is seen to have more curvature as a function
of P2, and in the Nilsson diagram of Ref. 8 these two or-
bitals cross twice, corresponding to the two changes of
ground-state structure that are evidenced by the laser
measurements. In Fig. 3, the 0=—,

' orbital stays below
the —,

' orbital, but the two changes of the ground-state
structure are nevertheless obtained after the inclusion of

TABLE VIII. Adopted values of the parameter n in (2.10) and (2.11). Values greater than unity lead
to attenuation of the Coriolis interaction (Ref. 26).

Z, A

91
90
89
88
87
86

219 221 223 225 227 229
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FIG. 4. Similar to Fig. 3, but for neutrons.

nonadiabatic couplings.
In 'Fr, all the experimental levels up to 272 keV can

be assigned to K = —,
' and —,

' parity doublet bands (Fig.
5). The K~= —,

' ground-state band has a decoupled
h 9/2 like character. Experimentally, the decoupled na-
ture of the I =—', ground state is confirmed by a negative
value of the spectroscopic quadrupole moment (Table
IX), and its magnetic moment of 1.6 pz is consistent with

the measured magnetic moments of decoupled h9/2

proton states in other regions of nuclei, which range from
1.4 to 2.6 pN. Low-lying positive-parity states that are
connected to the ground band by E1 transitions are also
observed. The corresponding positive-parity states from
the calculation arise through parity doubling caused by
the octupole deformation. The experimental positive-

parity states also fit the description of a E =—,
'+ band

TABLE IX. Experimental versus calculated ground-state spins, parities, spectroscopic magnetic di-
pole and electric quadrupole moments for the odd-Z nuclei considered in this work. Experimental data
are from Refs. 34 and 46.

Nucleus

221Fr

223F

225Fr

227F

219A

223A

225A

227A

229A

229p

5( —)

2

3
2

3
2

I
2
9—
2

( —,
'

)

( —', )
3—
2

3+
2

5+
2

Experiment

p
(PN)

1.58

1.17

1.07

1.50

(b)

—1.00

1.17

1.32

1.7

5—
2
3—
2
3—
2

1+
2
9—
2
5—
2
3—
2
3—
2

3+
2

5+
2

Theory

p
(p~)

1.76

1.22

1.13

1.42

3.50

1.93

1.20

1.08

1.73

2.67

(b)

—1.08

1.00

1.23

0.00

1.83

1.21

1.44

1.56

2.86
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ated with calculated levels according to the II', K assignments proposed in Ref. 47, which are partly tentative, especially for K =
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with a decoupling factor of opposite sign from that of the
E~= —,

' ground band, as would be expected for a parity
doublet. An alternative explanation for the positive-
parity states might be sought in the low-spin positive-
parity orbitals from below the Z =82 gap, but these are
not calculated to lie near the Fermi level of 'Fr. Figure
3 shows that a considerably larger quadrupole deforma-
tion would be required to account for low-lying positive-
parity levels without octupole deformation. Both the
h9/z-like E~= —,

' ground band and a strong-coupled
I =—,'state at low energy are reproduced by the model

for a wide range of nonzero P& values. The additional re-
quirement that all the low-energy levels be grouped in
two parity-doublet bands calls for a larger octupole defor-
mation, with p~ equal to at least 0.14, than was adopted
for most nuclei in this work (Table II). For smaller Ps,
parity decoupling would bring out a decoupled f7/p like
band in the very low-energy domain of 'Fr.

The —,
' state mentioned above is calculated to be the

ground state in ' Fr, in agreement with the measured
ground-state spins. The strong-coupled nature of these
states is supported experimentally by the large positive
values of the spectroscopic quadrupole moments (Table
IX), which agree with the strong-coupling formula

Q = [[3E I(I+1)]/[(I+1)(2—I+3)]IQ~O . (3.5)

With Qzo given by (2.23), (2.26), and the deformation pa-
rameters of Sec. IIIA1, this formula gives Q equal to
1.04 e b and 1.26 e b, respectively, for ' Fr. In an al-
ternative interpretation with p&

——0, the 651 —,
' and 532 —,

'

candidates nearest the Z =87 Fermi level originate from
the i~3/p and h9/p shells (Fig. 3), and Coriolis coupling
would be expected to modify both the ground-state spin
and quadrupole moment. Furthermore, the measured
magnetic moments indicate a wave function with equal
admixtures of the reflection-symmetric 532 —,

' and 651 —,
'

orbitals as might be caused by octupole deformation.
These two reflection-symmetric orbitals are predominant-
ly spin down and spin up, respectively, with
(s, ) = —0.26 and + 0.24, and the corresponding mag-
netic moments would be 0.77 and 1.47 pN in strong cou-
pling. The measured magnetic moments, however, are
consistent with the hybridized value of (s, ) close to zero
that is calculated in the presence of octupole deformation
(Table IX).

The other 0=—,
' orbital resulting from the octupole

coupling of 532 —,
' and 651 —', is located just above the

Z =88 gap at p& ——0. 1 in Fig. 3. Experimental observa-
tions are consistent with this description of the two 0=—,

orbitals. The upper orbital would give rise to the —',
ground states of ' Ac (Sec. III C2). Although the
measured ground state magnetic moment of Ac is simi-
lar to that of ' Fr (Table IX), it is clear experimental-
ly that the —', ground states of ' Ac arise from a
different 0=—,

' orbital than the —,
' ground states of

Fr, because the favored a transitions from the Ac
ground states go to excited states in the Fr daughters.
The similar ground-state magnetic moments are account-
ed for by the picture of two 0=—,

' orbitals, both arising
from the hybridization of 532 —,

' and 651 —,'. The calculat-
ed energies of the —', band heads in ' Fr due to the
upper 0=—,

' are 563 keV and 535 keV, respectively, in
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good agreement with the energies of 553 keV and 518
keV, respectively, of the experimental levels favored by a
decay.

In Fr the calculated ground-state spin changes to —,',
in agreement with the laser measurement. The dominant
component of the wave function is 400 —,'. The measured
magnetic moment is equally consistent with the moment
obtained from this calculation at p& ——0. 1 (Table IX) and
the value obtained for the 400 —,

' orbital assuming p& ——0.
The latter is @=1.62 IMN [with the present single-particle
model, the g factors (2.22), and strong coupling]. A cir-
cumstance that slightly favors octupole deformation is
that either octupole deformation or a quadrupole defor-
mation larger than the Strutinsky equilibrium value is re-
quired to bring the 400 —,

' orbital close to the Z =87 Fer-
mi level. The effect of octupole deformation can be seen
in the middle part of Fig. 3. At p&

——0, the 0= —,
' orbitals

near the Z =87 Fermi level are 660 —,
' and 530 —,', but

when p& increases, the branch that stays close to the Fer-
mi level exchanges character with the 400 —,

' orbital.

e nuclei ~ ' gc and Pa
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FIG. 7. Experimental levels (Ref. 34) (solid lines) and calcu-
lated levels (dashed lines) in the nucleus 'Ac. The experimen-
tal I/', K assignments are valid for the calculated levels as indi-
cated by connecting dashed lines. The calculated bands are only
shown up to the highest observed spin. There are no other cal-
culated bands below 400 keV.
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FIG. 6. Experimental levels (Ref. 34) and calculated levels
below 200 keV in the nucleus Ac. I and the predominant K
are given for the calculated levels. The assignments indicated
by dashed lines are proposed for the experimental levels on the
basis of energies and n- and y-decay properties.

The three actinium isotopes have been studied in a de-
cay, and the two heavier ones also in p decay. States of
the nucleus Ac have also been populated by one-
particle transfer reactions, and its ground-state mo-
ments are known from optical spectroscopy. The nu-
cleus Pa has been studied by electron capture decay
and the (p, t) reaction. K = —,', and in several cases,
E =—,

' and —,
' parity doublet bands have been identified in

these nuclei (Figs. 6—9). There have been several earlier
theoretical calculations using the strong coupling approx-
imation with octupole correlations introduced either

through a static deformation ' ' or diagonalization of
fermionic octupole-octupole interaction. "'

The experimental ground-state K values are —,
'

and —,
' for ' ' Ac, respectively, and —',

+ and —,
' for

'Pa. These values can be understood from the
single-particle diagram at p& ——0. 1 (right part of Fig. 3),
which gives K =—'„or for small P2 deformations —,', at the
Z =89 Fermi level, and K = —'„or for large P2 deforma-
tions —,', at the Z =91 Fermi level. The ground-state pari-

ty is reproduced in each case by the present calculations.
Any major deviations from the adopted pz values around
0.1 (see Table II) would lead to a significant deterioration
of the overall agreement between the experimental and
calculated spectra.

The low-energy spectrum of Ac (Fig. 6) might be ex-
pected to display the same E =—,

' and —,
' parity doublet

bands that are experimentally well established in Ac
(Fig. 7). The earlier level assignments for Ac in stan-
dard compilations ' ' create two major problems: (i) Al-
though the level at 50 keV has the lowest hindrance fac-
tor of all the excited states, no other member of the same
band could be assigned, and (ii) the hindrance factor of
the —',

+ level at 110 keV was anomalously low relative to
the hindrance factor of the other two band members
(Table IV of Ref. 52). A new set of level assignments is
proposed in Fig. 6. The assignment of a doublet to the
observed 110 keV level, which can account for the extra
a intensity, is supported by the fact that the a peak is
strongly asymmetric. The nonobservation of the low-
lying —,

' level can be understood, since this level cannot
obtain a Coriolis admixture from the E =—', band and
thus would have a very large o. hindrance factor from an
I =K =—,

' parent state. The same phenomenon is ob-
served in a decay to Ac. Furthermore, in Ac none
of the populated levels channel a significant fraction of
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FIG. 9. Experimental levels and assignments in Pa from
Ref. 50, and the corresponding subset of calculated levels.

their y decay through the —,
' level according to the

present calculation. It should be noted that the calcula-
tion does not predict the position of the E =—,'band
head, since the Fermi level was prescribed ad hoc (Sec.
III A 3).

The nucleus Ac was the first one considered in the
present set of particle-rotor calculations, and some of the
results have already been published and discussed in our
previous paper, Ref. 15. Since then the calculated nu-
clear structure factors for particle transfer have been
compared with an extended and revised set of experimen-
tal structure factors, and the spectrum of assigned lev-
els has been extended (Fig. 8). In the present work, we
propose, on the basis of the spectroscopic factors (Sec.
IV C), the reassignment of the ( —,'+) level at 537 keV as

the head of the band based on the 0=—,
' orbital just below

the Z =88 gap in the single-particle scheme. The pres-
ence of two II = —', single-particle orbitals (the other one in

2 Ac gives rise to the ground-state parity doublet band)
was also discussed above in connection with ' Fr
(Sec. III C 1). In terms of the schematic four-level model
of Ref. 8, such "sister" doublets are predicted because a
basis space consisting of two opposite-parity single-
particle orbitals, combined with parity doubling due to
an octupole mode, always leads to two states of each pari-
ty, i.e., two doublets, with opposite signs of the parity
splittings. The schematic model showed that for octu-
pole vibrations or deformations of order P&=0. 1, the
"sister" doublets could have fairly collective matrix ele-
ments to the ground-state doublet (the higher doublets
were rediscovered in Ref. 12 due to this property). Un-
fortunately, in this case the collectivity of the E3 matrix
elements from the ground state is not strong enough to
make the second E =—,

'+ band readily observable in a
Coulomb excitation experiment, and the intrinsic E1 mo-
ment of Ac is known to be small (Sec. IV B 1), so com-
peting M1 transitions are calculated to be the predom-
inant y-decay modes. These M1 transitions are the only
ones observed so far. However, the B (El) transition rate
from the —,

'+ "sister" band head to the ground state is
predicted to be 50% larger than the known B(E1) rate
within the —,

' —ground-state doublet, and if this property
could be verified experimentally it would help to confirm
the nature of the 537 keV level.

For the nucleus Pa, the parameters that are used to
reproduce the K =—,

' ground state and the near degenera-
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cy of the ground-state doublet (Fig. 9) include a well-

defined value of P3 equal to 0.08, somewhat smaller than
the value 0.1 used for most nuclei (Table II). This re-
duced P3, necessary to fit the spectroscopic data, is quali-
tatively consistent with the location of Pa at the
boundary of the octupole-deformed region. The other
odd-Z borderline nuclei are discussed in the following
subsection.

3. The transitional nuclei Ac and Ac

These two nuclei would a priori be expected to lie at
the limits of the range of validity of the reflection-
asymmetric rotor model. Both doubly even neighbors of
' Ac are calculated to have spherical ground-state equi-

librium shapes, and the doubly even neighbors of Ac
have prolate equilibrium shapes at or very close to
reflection symmetry. ' The high-spin states of ' Ac have
been studied in heavy-ion fusion reactions, ' while
selected states of Ac have been populated by the t,a re-
action. It turns out that the main features of the band
structure of ' Ac can be reproduced by the present mod-
el using a small quadrupole and octupole deformation,
P2

——P3 ——0.05, while the levels of Ac are reproduced
with an octupole deformation component P3 ——0.07.

No model description of any kind has been published
previously for ' Ac. Experiment and the present calcu-
lation are compared in Fig. 10. There is an overall agree-
ment, apart from the rotational stretching of the calculat-
ed spectrum at high spins (cf. Fig. 1). The deviant decay
pattern of the experimental —", 2+ level might be explained

by mixing between the near-lying pairs of levels observed
for —", +, and predicted for —", and —", +. The calculation
cannot be expected to reproduce such mixing quantita-
tively, if for no other reason because the energy spacings
are not accurate enough. The calculated —', ground state
is a spherical h9/p state: The wave function has nearly
equal amplitudes of the five suborbitals from the h9/2
shell and the spectroscopic quadrupole moment is zero
(Table IX). The excited states are grouped into three par-
ity doublet bands on the basis of their calculated struc-
ture. In the band to the left in Fig. 10, the dominant
components of the wave functions are the 0=—,', —'„and —,

'
A 9/2 suborbitals, so this band can be characterized as a
h 9/2 hole configuration. The rniddle band, of which only
two levels have been seen in experiment, has about equal
and dominant amplitudes of the 0=—,', —'„and —', A9/2
suborbitals and is thus a h9/2 particle configuration. The
parity-doublet band to the right is based mainly on the
0=—,

' orbital just above the Fermi level, obtained by oc-
tupole mixing off7/2 and i&3/2 orbitals.

The experimental and calculated levels in Ac are
shown in Fig. 11. The good agreement for the energies is
specifically due to the inclusion of octupole deformation.
In Ref. 55 fair agreement was obtained in a Coriolis cou-
pling model without octupole deformation, but with a
much larger quadrupole deformation than the equilibri-
um deformation of the model employed, namely
e2 ——0.225 versus the equilibrium value e2 &0.18. The
level assignments in Fig. 11 are largely. the same as those
of Ref. 55. A qualitative comparison has been made be-
tween the present calculated structure factors and the ex-
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perimental cross sections. No states with small calculat-
ed structure factors have been observed, and the only
state with a large calculated structure factor that has not
been observed is the —', member of the low-lying E~= —,

'
band. The explanation could be a near degeneracy be-
tween this state and the strongly populated 165 or 191
keV levels. The present calculation predicts additiona1
bands. There is a second —,'[400]-like band based on the

0=—,
' orbital just below the 88 gap (Fig. 3), whose —,

' and

—, members are tentatively identified with the previously

unassigned 283 keV and unsatisfactorily assigned 366
keV experimental levels, respectively. A problem with
these assignments, or at least with the model description
of the wave functions, is that the calculated —,

'+ spectro-

scopic strength is rather evenly distributed between the
two K~= —,

'+ band heads, whereas the experimental cross
section is much larger for the lower one. There is also a
second calculated K~= —,

' band below 500 keV, the pari-

ty doublet of the second —,
'+ band based on the 0=—,

' or-

bital just below the 88 gap. The —,', —,', and —",

members of this band have calculated structure factors of
order 0.1, and might thus be the three observed levels be-
tween 400 and 500 keV.

D. Odd-N nuclei

7he Pf = gag isotones ga and gh

These neutron-deficient nuclei, and their even-even
neighbors, have been studied in heavy-ion fusion reac-
tions. The high-spin states populated by these reac-
tions form parity doublet bands connected by collective
E2 and E1 transitions. The a decay into and out of ' Ra
was also studied recently, and suggested a ground-state

spin-parity assignment of —', +. The present work provides
the first theoretical interpretation of the ' Ra and 'Th
spectra based on a —', + ground state.

These two nuclei lie at the edge of the region where a
reQection-asymmetric rotor core might be useful. The
Strutinsky equilibrium shape is spherical for both even-
even neighbors of ' Ra, and for one neighbor of 'Th, so
a single calculation was carried out for both nuclei at an
assumed dynamical deformation pz ——p& ——0. 1. The A= —,

'

orbital at the N =131 Fermi level at this deformation in
Fig. 4 is the main component of an i»&z-like decoupled
band that reproduces a —,

'+ ground state and the parity
doubled yrast bands of i'9Ra and ii'Th (Fig. 12). A low-
spin positive-parity state of ' Ra is observed in the decay
work at an energy of 26 keV, which fits the calculated
position of the —,'+ member of this band (Fig. 12).

The E =—,
' and —,

' orbitals below the Fermi level, and
the E =—,

' orbital just above it, Coriolis couple to form a
second decoupled parity-doublet band, denoted K =—,

'' in

Fig. 12, which has a g9/2 and j&5&2-like character. It is
unclear whether any of the levels participating in an ob-
served nonyrast gamma decay path in ' Ra can be
identified with this calculated band.

To the right in Fig. 12, some levels of ' Ra are shown
that are populated by the a decay of Th, whose ground
state has a main component of the K =—,

' orbital just
above the Fermi level. The —,

'+ level in ' Ra that corre-
sponds to the Th ground state is distinguished by a
very low a hindrance factor. Two other levels with low a
hindrance factors are marked by asterisks in Fig. 12, and
should correspond to calculated levels designated K =—,

''
or —.5

2

Octupole deformation p&-0. 1 is needed to reproduce
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FIG. 12. Experimental levels (Ref. 58) in 'Th (solid lines on
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' Ra (all other solid lines), and calculated levels at an assumed

dynamical deformation P, =P,=0.1 (dashed lines). The calcu-
lated ground-state parity-doublet band (to the left) matches the
spin parities of the ' Ra ground-state parity-doublet band, and
corresponding assignments to the ground-state parity-doublet
band of "Th are indicated by dashed lines on the basis of the
similarity with ' Ra. A second calculated decoupled band, and
additional high-spin states observed in ' Ra, are denoted
K= —''. Other calculated and observed levels are shown to the

right. The analog of the z+ a-decay parent state has been as-

signed, and asterisks denote other experimental levels with low

a hindrance factors that may correspond to the K =-,' ' and
~

levels that are calculated at nearby energies.

the parity doublet ground band and the low energy of the
level favored by a decay. A remark that is generally val-
id for the treatment of nearly spherical nuclei in the
present framework can be made, however, regarding the
unassigned experimental levels. In soft nuclei, with pure-
ly dynamical deformation, "intruder" configurations with
deformations quite different from the adopted one are to
be anticipated.

2. The N =133isotones Rn, Ra, and Th

Experimental information comes from the a decay ' of
Ra into ' Rn, laser measurements ' of the ground

state spins and moments of ' Rn and 'Ra (Table X),
and a heavy-ion fusion reaction that populated high-
spin states of Th. The ground states of ' Rn and

'Ra have spin —', and large positive quadrupole mo-

ments, indicating strong coupling, and the ground band
of Th has the AI =1 sequence characteristic of strong
coupling (Fig. 13). A high-K orbital is most likely to sup-
port strong coupling at small deformation, and the obvi-
ous candidate for the ground state of all three nuclei is

the K =—,
' orbital situated at the N =133 Fermi level in

the right-hand part of Fig. 4, i.e., for shapes with P2 and

P3 in the vicinity of 0.1 . The present calculation repro-
duces the features discussed above, and also the measured
magnetic moments of ' Rn and 'Ra. Both the mea-
sured and calculated values of p and Q are smaller in
' Rn than in 'Ra, which in the calculation is due to a

smaller deformation and accompanying enhancement of
Coriolis decoupling. Experimental ground-state mo-
ments for Th are not available, but the measured
E2/Ml mixing ratio, 5 =0.044+0.004, for the transition
between the two lowest states agrees with the calculated
value, 5 =0.043. This value is actually three times larger
than the mixing ratio calculated in pure strong coupling,
which illustrates the well-known sensitivity of mixing ra-
tios to nonadiabatic couplings.

In Fig. 13, the observed levels of Th up to I = —", are
identified with the calculated yrast states. The compres-
sion of the experimental negative-parity band may reflect
the observed compression ' of the negative-parity band
in the even-even core, a feature that is not modeled by the
present core. At high spins the calculated K =—,

' levels
begin to interact with a E = —,

' band, which shows up in
the El/E2 branching ratios (Sec. IVB1). Several addi-
tional states are calculated at low energy. Some of these
may correspond to levels observed in a decay to 'Ra
(right part of Fig. 13), but specific assignments cannot be
made from the limited data available on this decay.

An interpretation of the level structure of ' Rn based
on a spin —', ground state has not been presented earlier.
In Fig. 14, theoretical assignments are proposed for some
of the low-lying levels populated by the a decay of - Ra.
The experimental spin assignments in Fig. 14 are based
on Ref. 61, and a reanalysis of the a, y data in light of
the new ground-state spins that have been determined by
laser measurements for both the parent and daughter nu-
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clei. The spectrum of states with low a hindrance factors
forms an irregular pattern that is explained by the calcu-
lation at the adopted octupole-deformed shape in terms
of the 0=—,

' orbit just below the N = 133 Fermi level, and
the 0=—,

' orbit just above. These orbits Coriolis couple,
and all the resulting states have significant amplitudes of
the 0=—,'orbit. The same 0=—', orbit is the dominant
(90%) component of the Ra ground state (Sec. III D 4).
Its square amplitude is given for the theoretical states in
Fig. 14, along with the experimental a hindrance factors.
The proposed assignments lead to a correspondence be-
tween large theoretical amplitudes and small experimen-
tal hindrance factors, taking into account that the a tran-
sition to the —,

'+ level is suppressed by the higher spin.
The experimental level with a hindrance factor of 5.9 at
447 keV, whose predominant gamma decay mode is an
E1 transition to the 159 keV level, is tentatively assigned

as the p@rity doublet of the E~=—,
'+ band head. Favored

a transitions to both parities of a doublet have been ob-
served for other nuclei in the present mass region (e.g.,
Ref. 8). The levels observed at 4 and 14 keV, with very
large a hindrance factors, are not explained by, the
present calculation.

Z )re nueIei ' 3' gn

Recent laser measurements have provided the first
solid spectroscopic information about these nuclei (Table
X). The ground state spins are all —,'A', and the elec-
tromagnetic moments indicate that each ground state has
a complex structure, for which there exists no previous
theoretical explanation. Within the present model, tak-
ing P3=0. 1, plausible explanations can be contrived for
most of these ground-state properties.

TABLE X. Experimental versus calculated ground-state spins, parities, spectroscopic magnetic di-

pole moments, and electric quadrupole moments for the odd-N nuclei considered in this work. Experi-
mental moments are from Ref. 62 for the Rn isotopes, Ref. 63 for ' ' 'Ra, Ref. 64 for "Ra, and
Refs. 42 and 65 for 9Th.

Nucleus

Experiment

p
(PN)

Theory

p
(PN) (b)

N=131
'"Ra
221Th

(-'+)
2

7+
2

7+
2

0.66

0.66

—1.25

—1.25

N= $33
219R

221Ra

5+
2

5
2

—0.43

—0.18

1.16

1.9

5+
2

5+
2

5+
2

—0.44

—0.28

—0.23

1.30

1.52

1.74

N =135
"'Rn

Ra
223R

7
2

3+
2
3—
2

—0.02

0.28

0.43

—0.47

1.2

7 +
2

3+
2
3—
2

3 +
2

0.62

0.43

0.42

0.44

—0.47

1.04

1.05

1.15

N =137
223R

22sRa

7
2

1+
2

(-'+)
2

—0.76'

—0.73

0 99' 7 —C

2

1+
2

1+
2

—0.74'

—0.85

—0.93

1.01'

N=139
22sRn

227R

7
2

3+
2

5+
2

—0.68'

—0.41

0.45

1.03' 7 —c
2

3+
2

5+
2

—0.74'

—0.37

0.63

1.12'

2.88

'Preliminary data.
Deduced from Coulomb excitation data.
Lowest calculated negative-parity state, located 8 keV above the lowest calculated positive-parity state

in Rn and 26 keV above in Rn.



2762 G. A. LEANDER AND Y. S. CHEN 37

EXPERIMENT
(kev)

500— rr
r~

447(&5/2 )
(&5/2)+ 445

219Rn

THEORY EXP THEORY
(I & 9/2) aHF 4/a3i2

5.9 71504

IP, K
3/2, 3I2

400— 398
378

(&7/2+)
(3/2, 5/2-)

(3/2)+

300—

376
343
338

(5/2~+ 269

349
329
311

280
5.5

4.7

17
0

76

82

5/2, 1/2
1/2+, 1 I2
3/2+ 3/2

5/2+ 3/2

200—

100

3/2+

(7/2)+

159

127

3/2+
5/2 4

'40— 5/2+ 0

194
151
149
119
111
72
49

7.7
61

6340
~110000

0
2800

10-4

20
24
10-5
0.2
1 0e5

0.1

9/2, 5/2

3/2+, 1/2
7/2+, 1/2
7/2, 5/2
9/2+, 5/2

5/2, 5/2

7/2+ 5/2

5/2+, 5/2

FIG. 14. Levels and proposed assignments in "Rn. The
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experimental a hindrance factors for some levels, the square
amplitude in the calculated wave function of the E=-' com-

ponent that is the dominant component of the Ra parent nu-

cleus ground state, and I~ and the predominant E of the calcu-
lated wave function.

Let us first consider the nucleus Rn. At P2
——0. 155

and p&
——0. 1 in Fig. 4, an 0=—', and an 0=—,

' orbital are
seen to lie near the Fermi level for N =139. A strong-
coupled E =—,

' band head cannot per se account for the
ground-state moments, because the strong-coupling for-
mula (3.5) would give Q =3.0 e b, which is much larger
than the experimental value. Furthermore, the particular
0=—', orbital in Fig. 4 would give p= —0. 17 pN in strong
coupling, also in poor agreement with the data. Howev-
er, mixing with another —', state, based on the 0=—', orbit-
a1, can reproduce the observed moments. After some ad-
justments of the quasiparticle energies (Table VII), in or-
der to fine-tune the relative energies of the 0=—,

' and —,
'

quasiparticle orbitals by 25 keV to get the right mixing,
and to push away an extraneous 0=—', orbital just below
the Fermi level (Fig. 4), the refiection-asymmetric rotor
coupling calculation produces a —', state with the correct
moments. The calculation also gives some positive-parity
levels that are lower in energy by up to 26 keV, but it is
possible to bring the —,

' level below them by minor per-
turbations of the parameters (we could achieve this by a
small ad hoc adjustment of the deformation), so this —,'
level is a plausible candidate of the Rn ground state.

The nucleus Rn has the same spin and similar mo-
ments compared to Rn. For N =137 and a smaller p2
deformation, the Q= —', orbital is still near the Fermi lev-

el, but the Q =—,
' orbital is further away and its role is tak-

en over by an 0=—,
' orbital (Fig. 4). Without any adjust-

ments of the quasiparticle energies, but after a careful po-
sitioning of the Fermi level within the N =138 gap (Sec.
IIIA3), the coupling calculation again produces a —,

'
state with the correct moments, due to mixing in this case
of 0=—,

' and —,'. Again a positive-parity state is calculated
to be lower in energy than the proposed —,

' ground state,
but only by an insignificant 8 keV.

The spin —,'ground state of 'Rn has a negative Q, sig-
naling decoupling, and a p close to zero (Table X). A
decoupled —,

'+ ground state results from a calculation
with parameters given by the standard prescriptions of
Sec. III A and a nonzero ps of about 0.1. It has the char-
acter of a decoupled i»/2 state and arises from the 0=—,'
orbital at the N =135 Fermi level coupled to the 0=—,

'

orbital below it. However, the calculated moments are
p=0. 6 pN and Q = —0.8 e b. The best candidate with
which to mix in order to improve the moments, as in the
two previous cases, would appear to be a low-lying —,

'+
level with negative p, and slightly positive Q that is based
on the 0=—,

' orbital near the Fermi level. When this mix-

ing is achieved by adjusting the quasiparticle energies
(Table VII), Q but not p, can be made to agree with the
data (Table X).

In summary, the odd radon ground states appear to
have complex structures. The present calculations can
only demonstrate the feasibility of obtaining such struc-
tures within the model, and excited-state spectroscopy is
needed to establish any specific configurations. Regard-
ing systematics, the following comments can be made.
Although the spectroscopy of the ' ' Ra isotones of

' 2 Rn has been studied extensively (Secs. III D4
and III D 5), no kind of structure with a —', band head has
been identified that might provide clues as to the nature
of the —,

' ground states in the Rn nuclei. The calculated
—,
'+ ground state of 'Rn is, however, similar to the cal-
culated —,'+ ground state of ' Ra (Sec. III D 1). The neg-
ative parity proposed here for the ' Rn ground states
is unusual for odd-N nuclei in the present mass region.

4. Z ge gggigj ~~ gg

The experimental band structure of the nuclei 223, 225Ra

(Figs. 15 and 16) has emerged from a series of experi-
ments. The ground-state spins were established fairly re-
cently by laser measurements. On the basis of these
spins and previous a- and p-decay studies, ' ' all the ob-
served levels below 500 keV in Ra and most of the lev-
els in 'Ra could be assigned to K = —,', —,', and —,

' parity
doublet bands. ' ' In Ra these bands have b
tended by recent a-decay work, and several high-spin
states have been added through a study of the He, cz reac-
tion. Notably, the latter reaction produced a —", level

at 538 keV, which is the only assigned member of the
and in 225Ra

2

A corresponding trio of 0=—,', —'„and —,
' orbitals can be

found in the p~=0. 1 single-particle diagram of Fig. 4,
with Q= —,

' at the N =137 Fermi level and 0=—,
' at the

N =139 Fermi level in agreement with the measured
ground-state spins. The properties of these octupole-
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cently been questioned on experimental grounds (Ref. 72).
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deformed single-particle orbits have previously been con-
sidered in the framework of strong coupling. ' The
observed band heads, moments, decoupling parameters,
and spectroscopic factors are clearly more consistent
with octupole deformation than reflection symmetry. It
has also been shown that the data are more consistent
with the octupole deformed equilibrium shapes obtained
by mean field calculations than with the a-cluster-like po-
tentials that might be inferred from the model proposed
in Ref. 77.

The optimal P3 depends on what quantities are con-
sidered. The large well-defined value P3

——0. 15 is optimal
for the wave function of the 0=—,

' orbital. Octupole de-
formation introduces a complicated mixing of several
0=—,

' orbitals that is sensitive to P3, but also to details of
the modeling. Thus, in the modified oscillator potential,
an 0=—,

' wave function that matches the Ra ground-
state properties is not obtained at all for the 0= —,

' orbital
closest to the Fermi level, but occurs for the next higher
0=—,

' orbital. The folded Yukawa potential is similar to
the present Woods-Saxon potential, with the appropriate
0=—,

' wave function occurring at the Fermi level but at a
large octupole deformation, e3 =0. 11, which corre-
sponds to P3=0. 15 according to (2.23) and (2.25). How-
ever, P3

——0. 1 is more optimal for other spectroscopic
properties of ' Ra. For example, at e3 ——0. 11 or

P3 0. 1 5 the models predict a low-lying K = —', parity-
doublet band in both nuclei that has not been observed.
Therefore, in the present core-particle calculations,
P3 ——0. 15 is used for the 0= —,

' wave functions, and

P3 ——0. 1 otherwise (Sec. IIIA1). The value P3
——0. 15 for

the 0=—,
' wave functions gives about the right decoupling

parameters for the E~= —,
'* bands of ' Ra, the right

magnetic moment for the —,
'+ ground state of Ra (Table

X), the right 8(M1) rate for the IJ', K =—,'+,
—,
' to —,'+, —,

'

transition (calculated value 0.013 pN vs experimental
value 0.017+0.003 pN, both small), and the right spec-
troscopic factors for K~= —,

'* (Sec. IVC). This large P3
could be an artificial means to achieve the right mixing of
0=—, orbitals, mocking up deficiencies of the single-

particle potential.
The results of the present calculation for Ra have

previously been compared with experiment in Ref. 69.
There is a one-to-one correspondence between the ob-
served and calculated levels below 500 keV (Fig. 15).
Furthermore, it was noted that the presence of a second
unobserved K =—,

'+ band is indicated by the sign of the
signature splitting in the E = —,

'+ ground band, since
Coriolis coupling to the observed E = —,

'+ band would

give signature splitting in the opposite direction from
that observed. In the calculation, the 0=—,

' orbital below
the X =137 Fermi level at P3=0. 1 (Fig. 4) provides this
second band above 500 keV with the desired effect on the
signature splitting. In Ra there is also correspondence
between the observed and calculated levels below 500
keV to the extent that there exist experimental II', K as-
signments (Fig. 16).

Some comments can be made regarding the weak pop-
ulation of negative parity states in Ra by n decay. Ear-

lier work has shown that the parent nucleus Th has a
reflection-symmetric I~,E = —,'+,—,

' ground state. "' By
analogy with the systematics for u decay of reflection-
symmetric even-even nuclei into the octupole-deformed
region (see, e.g., Ref. 8), the decay into the parity doublet
of the favored E~= —,

'+ band in Ra should be
suppressed, and the E = —,

' band is in fact not observed
(Fig. 16). Suppression of the a transitions to negative
parity is also observed for the low-lying K =—,

' bands in
Ra, with the measured a hindrance factors of the

I =—', + and —', members differing by 2 orders of magni-
tude. The present coupling calculation accounts fully for
this difference by giving a nonadiabatic admixture of the
a-favored K = —,

' component into the E = —,
' bands that is

larger for positive than for negative parity.

T&e nuclei 7 P
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I

102 i'~ =-

3/2, 3/2
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FIG. 17. Experimental (Ref. 34) (solid lines) and calculated
(dashed lines) levels in Th. Dots indicate that all calculated
levels are not shown above 100 keV. I~,K assignments are pro-
posed for the experimental levels on the basis of similarity with
223R

The levels of Th and Th can be reassigned, rela-
tive to earlier interpretations, in light of what is now
known about their isotones ' Ra. Six states of Th
have been seen in a decay. Five of them form a sequence
with monotonically increasing cx hindrance factors, and
energy spacings that are quite close to the spacings of the
first five levels in the ground band of the isotone Ra.
In Fig. 17, these states have been given the same assign-
ments as in Ra. The sixth observed state in Th, at
102 keV, could be the —', member of the ground-state
parity doublet, located at somewhat higher energy than
in Ra and somewhat lower energy than calculated.
Another possibility is the K = —,

'+ band head, which
would then lie lower than in Ra but precisely at the en-
ergy calculated without corrections to the quasiparticle
energies. In that case, the rather low e hindrance factor
of 37 could be attributed to Coriolis mixing with the
favored ground band.

Three states of Th have been seen in P decay. As-
signments are proposed in Fig. 18 on the following exper-
imental grounds. (i) The isotone Ra has an Ip= —,

'+
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smaller increase of the 0=—,
' quasiparticle energy relative

to the E = —,
' quasiparticle energy than in Ra (Table

VII). A E =—,
' or —,

' assignment for this —,
'+ level of ~~7Th

would be equally compatible with the small 8 (Ml)
branching ratio,

8 (M 1;—,
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FIG. 18. Experimental levels (Ref. 34) (solid lines) and calcu-

lated levels up to 62 keV (dashed lines) in ' Th. Assignments
are discussed in the text.

that can be deduced from the Th data ' since this ratio
is a factor of 2 larger than the calculated 8(M1) ratio
from the —,'+, —,

' level, and a factor of 2 smaller than the
measured 8 (Ml) ratio from the —', +, —,

' level in ~~ Ra.

ground state. (ii) The favored a-decay branch of the
Th ground state goes to a 286 keV level in Ra (Ref.

34) that fits into the band structure of that nucleus with
an assignment of It', K = —,'+, —,'. (iii) Tentative multipo-
larities of the electromagnetic transitions connecting the
three levels of Th have been obtained from the data.
Assuming a —,

'+ ground state, these multipolarities would

strongly favor the spin-parity assignments of Fig. 18 for
the excited states. (iv) The logft values of all three states
in the P decay of the Ac —,

' ground state are -7,
which indicates that the possible spins are indeed —,', —,', or
5
2'

The spin-parity assignments in Fig. 18 are the same as
for the first three levels in the E =—,

'+ ground band of
Ra, but differences in structure between the two iso-

tones are indicated by the energy spacings. In the calcu-
lation for Th, the compression of the —,

'+-
—,
'+ spacing

relative to Ra was reproduced by using a slightly less
enhanced P& deformation (P& ——0. 13) for the 0=—,

' wave

functions, which leads to a larger decoupling factor. The
lower-lying —,

'+ level in Th was reproduced with a

6. The transitional N= 139isotones Ra and Th

The states of Ra were studied in P decay and the
(n,y), (d,p), and (t,d) reactions, and all but one of the
known levels below 300 keV have been assigned to the
bands shown in Fig. 19. There has also been a laser mea-
surement on the ground state, and a later P-decay
study which supports the assignments in Fig. 19. Simi-
lar bands, and three additional E =—,

' bands, have been
assigned in the spectrum of Th (Fig. 20), following ex-
tensive studies of this nucleus by a-, P-, and electron-
capture decay, optical hyperfine spectroscopy on the
ground state, and partly unpublished but fruitful stud-
ies of the (d, t), (d,d'), and (a, a') reactions.

The lowest-energy K =—,', —,', and —,
' bands can be as-

cribed to the 0=—,', —'„and —', orbitals above the N =138
gap at P&

——0. 1 in Fig. 4, on the basis of magnetic mo-
ments (Table X) and decoupling factors. ' It has been
established experimentally that the high-energy j'~= —,

'
band starting at 512 keV in Th is the octupole doublet
of the ground state band. ' ' The presence of a second
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K =—,
' parity doublet in Th can be understood from the

single-particle diagram at the somewhat reduced octupole
deformation, p3 ——0.07 (middle part of Fig. 4), that was
adopted in the present core-particle calculation. The
second K~= —,

'+ band, which has been speculatively inter-
preted as a very low-lying p band in the literature, then
emerges from the calculation as the parity doublet of the
second K~= —,

' band. The value p3=0. 1 was used in the
calculation for Ra, though the nonobservation of an
0=—,'orbital may indicate that a somewhat reduced octu-
pole deformation would have been appropriate for this
nucleus too. Evidence for the 0=—,

' orbital does occur in

the N = 139 isotone Rn, where it appears to play a role
in the ground state (Sec. III D 2).

The octupole shape transitional nucleus Th has pre-
viously attracted attention because it displays octupole
shape coexistence, predicted by theory" and corro-
borated by data. ' ' It is interesting to see how coex-
istent states are described in the present fixed-
deformation model. According to the previous work, theI,K =—,'+, —,

' ground band is reflection symmetric, and
has a one-phonon octupole excitation built on it with
about the same energy and collective strength as the oc-
tupole vibration in Th. The E =—', bands, on the other
hand, are described in Ref. 8 as condensates of dynamical
octupole phonons which is suggestive of octupole defor-
mation. The effective p3 deformation, 0.07, in the present
core-particle calculation is equal to the rms dynamical p3
deformation of the K =—,

' band and should thus be able

to describe the K =—,
' doublet but not necessarily the

K =—,
' doublet. However, it turns out that the distribu-

tion of B(E3) strength from the —,
' ground state is the

same in the present fixed-deformation model as in experi-
rnent and the octupole-dynamical models: It goes almost
entirely to the high-lying K~= —', band. The main
discrepancy in the fixed-deformation model is that the
calculated energy splitting of the K =—', parity doublet,
although large, is not large enough. A smaller p3 for
K =—', would also improve the calculated ground-state
magnetic moment, which is slightly too large (Table X),
and the calculated B (Ml; —,'+~ —', +) rate which is corre-
spondingly small (0.006 p, N vs experimentally 0.011 /MN).

The calculated K =—,
'+ bands of Ra and Th have

decoupling factors of positive sign due to the octupole de-
formation, in agreement with the data (Figs. 19 and 20).
A negative sign is calculated, and observed in the data
for heavier nuclei, for the orbit —,'[631] that would be as-
signed to these bands in a reflection symmetric scheme.

IV. EVALUATION

A. Energy spectra

1. Parity splitting

The reduced parity splitting is defined as the energy
difference between the parity doublet band heads, divided
by the energy of the virtual R~=O band head in the
core,
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b,E=[E(I=K,p = —) E—(I =K,p =+ )]/[E„„(1 ) —R /J], (4.1)

where A /J is taken from Table III. The splittings of all
except the most tentatively assigned doublets from Figs.
5-20 are compiled in Fig. 21. If there were perfect
agreement between calculation and experiment, the dou-
blets would lie on the dashed line. The doublets do in
fact cluster along this line. There are no doublets in the
second and fourth quadrants, which means that all the
calculated parity splittings have the right sign.

In Fig. 21, squares are used for odd-proton doublets
and circles for odd-neutron doublets. It is seen that eight
out of nine odd-proton doublets have negative hE, and
ten out of 11 odd-neutron doublets have positive hE.
These statistics by themselves provide further evidence
that the doublets are linked by octupole correlations. If
the two opposite-parity members of each doublet
originated from two reflection-symmetric Nilsson orbitals
that happened to come close in energy, there would be an
equal probability in each case for either of the two orbit-
als to lie closest to the Fermi level.

The nonadiabatic couplings can influence the parity
splitting significantly. This effect improves the agreement
with experiment in some cases, but not consistently, in
the present calculations. An example is given in Fig. 22,
which shows the parity splitting for an odd-proton K =—,

'
orbital that has been observed in four nuclei spanning a
wide range of P2 deformations. The experimental re-
duced parity splitting is compared with the parity split-
ting from the strong coupling formula (2.8} and the non-
adiabatic calculation. The experimental and calculated
splittings all exhibit a trend from negative to positive
values with increasing Pz. The nonadiabatic effects on
the parity splitting are largest in Pa. The deviation be-
tween theory and experiment is enlarged by the nonadia-
batic effects in one case, Ac, but the rms deviation for
all four nuclei together is reduced by a factor of 2.

Q.4—
I I I I I I I

»3Ac»5Ac 2»Ac»9Pa

2. Decoupling factors

The strong-coupling formula, Eq. (2.9), can be used to
extract decoupling factors, a, from the energy levels of
E =—,

' bands. If the experimental values are to be com-
pared with the single-particle matrix elements (2.6) this
procedure is both inaccurate, since off-diagonal couplings
are neglected in extracting a from the data, and ambigu-
ous, since the experimental levels do not conform perfect-
ly to (2.9). These difficulties are avoided in the present
comparisons because a is extracted by identical prescrip-
tions from the experimental and calculated level spectra.
Thus, "effective" decaupling factors are obtained by
fitting a and R /2J in (2.9) to the spacings of the three
lowest observed band members, and the corresponding
calculated levels. For the E~=—,

' band of Ra, only
two levels have been observed, and a is extracted using
the same value of A /2J as for the Kt'= —,

'+ band. Experi-
mental decoupling factors for both parities can thus be
obtained in five nuclei (Fig. 23). Experimental values for
only one parity are obtained in the additional nuclei Pa
(the experimental value of a is —1.6 vs theory —2.9},
2' Ra ( —6.4 vs —6.4), and 29Th (0.04 vs 0.30).

Each symbol in Fig. 23 represents, by its two coordi-
nates, the two different decoupling factors (times parity)
of the opposite-parity bands of a K =—,

' doublet. In
strong coupling to the octupole deformation the decou-
pling invariants, i.e., the decoupling factor times the pari-
ty, would be the same for both parities [Eq. (2.6)] and the
paints would lie on the diagonal of Fig. 23. The distance
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FIG. 21. Compilation of the reduced parity splittings (4.1) in
the assigned parity-doublet bands. Filled squares are for dou-
blets in odd-proton nuclei and 611ed circles for doublets in odd-
neutron nuclei. Each symbol indicates both the observed and
calculated splitting of the doublet.

FIG. 22. Reduced parity splitting b.E, defined by Eq. (4.1),
of the K = —parity doublet in Ac and Pa, plotted as a
function of Pz as given by Table I. Filled circles represent the
experimental data, open circles the present nonadiabatic core-
particle coupling results, and the dashed line shows the parity
content (8) of the K= —,

' single-particle orbital, which is equal

to the reduced parity splitting hE in the strong-coupling ap-
proximation.
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from the diagonal is a measure of the parity decoupling
from the octupole deformation. This distance is about
the same for the experimental point (solid triangle) and
the theoretical point (open triangle) representing Ra.
For the other nuclei, the distance from the diagonal is
larger to the experimental than the theoretical points.
Thus the parity decoupling mechanism in the nonadia-
batic reflection-asymmetric rotor-plus-particle model ap-
pears to account partly but not wholly for the difference
between the parities in K =—,

' parity doublet bands.
Although the statistics in Fig. 23 are not as good as in

Fig. 21, there is a discernible trend as to whether the
points are located above or below the diagonal. A little
piece of the high-j intruder strength is fragmented onto
each orbital and tends to be enhanced by decoupling.
Thus j»&2-like decoupling has the largest magnitude in
the odd-neutron doublets, and i,3&2- or h9/2 like decou-
pling has the largest magnitude in the odd-proton dou-
blets, although especially for the odd-neutron doublets
this magnitude has a much smaller value than would or-
dinarily be associated with the high-j intruder.

3. Coriolis interaction

First, two familiar effects ' of Coriolis coupling on
K & —,

' bands in odd-A nuclei will be analyzed. They are
the change in the moment of inertia, and the signature
splitting. For this purpose it is useful to define a reduced
inertial parameter,

I

0.2
I

0.4
I

0.6
4 (P=+)

I

0.8
I

1.0

FIG. 24. Reduced moment of inertia A, defined by (4.2), for
K & —,

' parity doublet bands. The abscissa of each symbol gives
the reduced moment of inertia of the positive-parity band, and
the ordinate that of the negative-parity band, in a E & 2

dou-

blet. Squares represent doublets in odd-proton nuclei and cir-
cles represent doublets in odd-neutron nuclei. Filled symbols
are obtained from the experimental data in Figs. 6-20, and
open symbols with connecting lines to the filled ones show the
corresponding results of the present nonadiabatic core-particle
coupling calculation. An asterisk marks the adiabatic (strong)
coupling approximation, in which A equals unity, and a dashed
line marks the locus of the points in the absence of parity decou-
pling.

E (I =K+2~K)
A (KI') =

(4K +6)R'/2J
(4.2)

where R /2J is the core inertial parameter from Table
III, so that A is the dimensionless ratio between the odd-
A and core moments of inertia, equal to unity for the
model in the strong-coupling approximation. The signa-
ture effect will be measured by the dimensionless parame-
ter

Ey(I =K +2—+K) (K + 1)
A (K~) =

E,(I =K+1~K) (2K+3) ' (4.3)

which is unity if the band spacings are proportional to
I(I +1). These quantities are plotted in Figs. 24 and 25,
respectively, for the known K & —,

' parity doublets.
Both the moment of inertia and the signature splitting

are sensitive to the positions of bands lying just above the
observed ones, which may be the main reason for the
varying degree of agreement between theory and experi-
ment for individual bands. Some interesting comparisons
between theory and experiment can nevertheless be made
on the basis of a statistical analysis. First of all it is clear
that there is some correlation between the experimental
and calculated points: In both Figs. 24 and 25 the aver-
age distance between the experimental and the corre-
sponding calculated points is less than half the average
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FIG. 25. Similar to Fig. 24, but for the signature splitting pa-

rameter A de6ned by (4.3).

distance between the experimental points. Furthermore,
certain average features are similar for the distribution of
the experimental and the calculated points (Table XI).
The average deviation from the strong-coupling limit,
which corresponds to the points A =1 and A =1 in the
diagrams, and the size of the fluctuations around the
average, are equally large for theory and experiment.
This suggests that the overall magnitude of the Coriolis
couplings is correct. It may be remarked that all the
E g —,

' bands in Figs. 24 and 25 were observed in de-

formed nuclei, for which a Coriolis attenuation power of
n =2.5 or less was used in the calculation. Furthermore,
the average distance from the diagonal in Figs. 24 and 25,
and the size of the fluctuations around this average, are
only slightly smaller for the theoretical than the experi-
mental points. Thus, by these measures, almost the right
amount of parity decoupling is obtained in the model.

Some remarks on Coriolis attenuation will conclude
this section. It is well known that an ad hoc attenuation
of the Coriolis couplings is generally needed in particle-
rotor model descriptions of refiection-symmetric nuclei.
The necessary attenuation in well-deformed nuclei can be
obtained by raising the BCS uu +vv factors to a power
of typically n =3-5. Table VIII shows that the present
calculations required strong attenuation, n =5, for the
near-spherical N (133 nuclei, but little or no attenuation
for larger ¹ Let us Srst mention some of the detailed ob-
servations underlying this statement. The stronger at-
tenuation is needed for N = 130 and 131 to suppress the
complete decoupling of the high-j shells, and for N = 133
to keep the K = ~ ground-state band strong coupled. Fit-

ting n to individual features of the spectra at larger N
called for slight deviations from the gross trend to Table
VIII only in three cases: (1) n =1 instead of 2 in 'Rn
because Coriolis attenuation would bring lower-spin
states below the I =—,'ground state; (2} n =3 instead of 2
in Ra because the stronger Coriolis coupling for n =2
shifts too much particle-transfer strength from the
higher-lying K =—'„ I = —", + and —", states to the yrast
states of the same spin and parity; (3) n =2.5 instead of 1

or 2 in Th from a 6t to the energies of the strongly
Coriolis mixed K =—', and —', bands.

One reason that so little quenching is needed in the
more deformed nuclei may be that the large off-diagonal
Coriolis matrix elements are smaller in a well-deformed
Woods-Saxon potential than in the more widely used de-
formed modified oscillator potential (see Fig. 7 of Ref.
84). It could also be connected with the substantial
reduction of the large Coriolis matrix elements that is al-
ready brought about in the present case by octupole de-
formation. ' ' It may be speculated that in nuclei
without octupole deformation, the couplings to octupole
vibrational modes are a contributing factor to Coriolis at-
tenuation.

B. Electromagnetic properties

In the pure rotational model, which is frequently re-
ferred to below, the collective transition rates between
the states (2.5} in a parity doublet band of given K&—,

' are

(2A, + 1)(1+35,1)
B (EA, ;IK~I'K) =

16~

(4.4)

This also holds true for E = —,
' if the multipolarity A, is

odd

l. El transitions

The E1 transitions within parity doublet bands are
modeled in strong coupling by a rotating electric dipole.
The present model introduces the effects of band mixing
and the odd-quasiparticle contribution.

First we examine whether the empirical electric dipole
moments of odd-A nuclei are consistent with those of
their doubly even neighbors. Experimental in-band
B(El) rates have been deduced from lifetime measure-
ments in several odd-mass nuclei so, 69,s6 —ss The core di-
pole moments, Q,o, required to reproduce these B (El)
rates in the present calculations are given in Table V.
These Q,o values are similar to the ones that would be

TABLE XI. The average distance from relevant limits, and the rms fluctuation around the average,
of the points representing A and A for K ) z parity doublets in Figs. 24 and 25, respectively.

Distance from

(x,y) =(1,1)
X=y

Expt.

0.46+0.21
0.14+0.14

Theory

0.52+0.23
0.12+0.09

Expt.

0.24+0. 14
0.19+0.13

Theory

0.21+0.16
0.17+0.15
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obtained from the strong-coupling formula (4.4). In addi-
tion to Q,o values from lifetimes, Table V includes two
values fitted to reproduce measured E1/E2 ratios: For

Th using data from Ref. 59, and a very crude estimate
for ' Ac. Table V also gives the Q,o values for the two
doubly even neighbors, from the microscopic theoretical
calculations of Ref. 28. These calculated values are
reasonably consistent with the measured E1/E2 branch-
ing ratios for doubly even nuclei throughout the region.
With the exception of Pa, each odd-A nucleus is seen
to have a Q, o value close to that of one of its doubly even
neighbors, or intermediate between the two neighbors.

Next we consider whether all the E1 rates in a given
nucleus are consistent with one common intrinsic E1 mo-
ment. The case of Ra has already been analyzed in
Ref. 69, where it is found that eight X&=—,

' to —,
'+ rates

and one —,
' to —,

'+ rate, with rather large uncertainties,
are compatible with Q,0=0.13 e fm, while one Ei'=
to —', + rate is significantly slower. In Ra, two K =—,

'+
to —,

' rates and one —,
' to —,

'+ rate have been measured
rather accurately, and it was pointed out that there is
some deviation from the pure rotational model. One of
the~e transitions, I,K =-,'+, —,

' to -,', —,
' is supp~essed by a

small Clebsch-Gordan coefficient and is therefore sensi-
tive to nonadiabatic band mixing: The pure rotational
model gives a B(El) rate in units of 10 e fm that is
0.07, the present calculation with Q,0=0.14 e fm gives
0.004, and with Qio ———0. 14 e fm it gives 0.16. The ex-
perimental value is 0. 12+0.02. Generally, transition
rates associated with small Clebsch-Gordan coefFicients
by (4.4) should thus not be expected to agree with the ro-
tational model. The other two transitions in Ra have
larger Clebsch-Gordan coefficients, and the measured
transition rates are an order of magnitude larger. They
are consequently less sensitive to the modest amount of
band mixing obtained in the present calculation. The ex-
perimental ratio of these large B (El) rates is 0.68+0. 16,
which is significantly different from the pure rotational
model ratio of —', . This discrepancy in Ra is certainly

too large to be accounted for by calculated band mixing.
Other available data are E1 branching ratios to final

states of spin I vs I —1 in the K =—,
' parity doublet band

of Th. The E1 branching is affected by the strong mix-

ing between the K~= —,
' and —', bands, and actually

comes closer to the rotational model in the data than in
the present calculation. In summary, the present model
assumption of a constant collective E1 moment for in-

band transitions I,K,p ~I',K, —p appears to be
moderately useful. The data suggest dependence on p in

Ra, and dependence on K in Ra.
Large efFects from band mixing are obtained in Th,

where some major deviations from the pure rotational
model have been observed and are reproduced by the
present calculation up to I = —", . The B(E1)/B(E2) ra-

tios in the K =—,
' parity doublet ground band are plotted

in Fig. 26. Four of the measured branching ratios, in-

cluding all three for simplex s =i (i.e., for initial states
I = —", +, —", , and —",

+ ), are compatible with the pure ro-

tational model. The corresponding ratios from the
present calculation are very close to the rotational model.

223Th
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FIG. 26. 8(E1)/8(E2) ratios along the parity-doubled yrast
band of Th. Solid and open symbols are for experiment (Ref.
59) and the present calculation, respectively. Squares are for in-

itial states of simplex s =i {I= —", , '~'+, . . . , ), and circles for

s = —i (I =—"+,—', . . . , ). The dashed curve is from the rota-

tional model formula (4.4) with K=
2

and using the core dipole

and quadrupole moments (Sec. III A 2). The measured branch-
ing ratios are assumed to have a 50% uncertainty.

2. E3 transitions

The most direct proof that a K=O parity doublet
arises as a consequence of the octupole mode is the obser-
vation of a collectively enhanced E3 transition between
two of its members. This holds true in general, and in
particular for both the weak-coupled vibrational limit
and the strong-coupled deformed limit of the K =0 octu-
pole mode in odd-mass nuclei. Two odd-mass nuclei in
the A -219-229 region have half-lives that are long
enough to measure the collective E3 matrix elements
from their ground states by Coulomb excitation, namely

Ac.
The Th case is known to represent the octupole vi-

brational limit, ' ' with the dominant E3 matrix ele-
ments from the ground state going to a parity-doublet
band just above 500 keV, the energy region where the oc-
tupole vibration is observed in neighboring Th. It is
interesting from the modeling point of view that the col-
lective E3 rates obtained with the present deformed mod-
el are very similar to those obtained from the anharmonic
octupole-vibrational model of Ref. 8 (Sec. III D 6), with
the largest E3 matrix elements going from the ground

For the s = —i initial states with I~= —", + and —", , how-

ever, both the measured and calculated ratios lie
significantly below the rotational model values. In the
calculation, this occurs because the favored s = —i band
based on a K = —,

' orbit just below the Fermi level ap-
proaches the yrast line and mixes with the E =—'„s= i-
levels. This is the same K =—,', s = —i band that accounts
for the yrast levels of ' Ra and 'Th (Sec. III C 1).
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state to a higher-energy band as observed in experiment.
The Ac is predicted to approach the strong-coupled

octupole-deformed limit" with the dominant E3 matrix
elements from the ground state going to the low-lying
parity-doublet band that starts at 27 keV. The present
octupole-deformed model can be used to predict the
redistribution of E3 strength relative to the strong-
coupled limit due to nonadiabatic effects. The results are
shown in Fig. 27. Most of the E3 strength from the —,

'
ground state is predicted to go to the low-energy K~= —,

'+
parity doublet band, as in the calculation of Ref. 11. The
Coulomb excitation of Ac would thus appear to offer a
unique opportunity to establish the existence of a near-
degenerate parity doublet specifically due to the octupole
mode. Figure 27 also shows that some deviations of the
E3 strength function from the strong-coupled pattern are
to be anticipated. Some of the rotational model E3
strength is fragmented from the K =—,

'+ parity-doublet
band to higher-lying bands due to parity decoupling and
Coriolis decoupling. The fraction of the strength that is
lost from the K~= —,

'+ band is seen to increase with in-

creasing spin, so the relative E3 strengths in this band
are not proportional to the squares of Clebsch-Gordan
coeScients. Some E3 strength is predicted in the
K =—,

'+ band starting at 305 keV, due to Coriolis mixing
with the lower-lying K~= —,

'+ band.

3. M1 moments and transitions

The ground-state magnetic moments are reproduced
by the present calculation for all nuclei except 'Rn
(Tables IX and X}. The agreement between theory and
experiment could, of course, be fine-tuned by adjusting g,
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FIG. 27. Calculated B(E3) transition rates from the —,'
ground state to excited states of Ac are indicated in W.u. by
the height of the bars placed at the experimental level energies.
The spin of the excited state is shown above each bar (the parity
is of course positive). For the lowest levels, the magnitude of
the calculated B(E3) value is also given in percent of the rota-
tional model value (4.4) ~

Kso= z, (g~+&}K+1 (4.5}

A salient feature of Table XII is that while the magnet-
ic moments of the negative-parity states are close to the
hybridized limit, the moments of the positive-parity pro-
ton levels are predicted to deviate significantly in several
cases. The positive-parity proton valence shell is the
high-j intruder i,3/2 and it appears to give the positive-
parity states a greater propensity to decouple. Magnetic
moments have not yet been measured for any of these

TABLE XII. The partial hybridization of magnetic moments
in the ground-state parity doublets of some odd-proton nuclei.

I~~, is the spin parity of the member of the doublet that is

ground state, p+ is the magnetic moment (in pN) of the
positive-parity doublet member from the present calculation,

p is the calculated magnetic moment of the negative-parity
member, and po is the magnetic moment obtained in strong cou-

pling with (s, ) =0.

Nucleus

223F

225F

225A

Ac
223A

229Pa

3—
2
3—
2
3—
2
3—
2
5—
2

5+
2

1.32

1.28

1.39

1.37

2.62

2.67

1.22

1.13

1.20

1.08

1.93

1.89

Po

1.13

1 ~ 13

1.14

1.14

2.07

2.07

and gz within the physical range for each nucleus indi-
vidually.

An interesting prediction regarding magnetic moments
from previous calculations of strong-coupled octupole-
deformed orbitals is the "hybridization" of moments in
certain odd-proton nuclei. ' ' For these nuclei, the
reflection-symmetric single-particle scheme has a
positive-parity orbital with spin up and a negative-parity
orbital with spin down near the proton Fermi level, both
with 0 equal to the ground state K. If the ground-state
parity doublet were attributed to these two reflection-
symmetric orbitals, its opposite-parity members would
have distinctive and widely different magnetic moments.
Octupole deformation mixes the two reflection-symmetric
orbitals, however, and a parity doublet based on one such
mixed orbital should have hybridized magnetic moments
corresponding to (s, ) =0, intermediate between the
values for the reflection-symmetric orbitals and similar
for both parities. The magnetic moment of the Ac —,

'
ground state does in fact assume the hybridized value.
A similar moment was predicted for the —', + level, and a
similar effect was predicted for the K =—,

' doublet that is
ground in Ac and Pa (Ref. 4}. In Sec. IIIC 1, it was
noted that hybridization appears to occur in the —,'
ground states of ' Fr.

The present nonadiabatic calculations lead to a partial
revision of the predictions. The calculated magnetic mo-
ments of the relevant parity doublets are given in Table
XII, along with the hybridized moment assuming
(s, ) =0,
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positive-parity states.
However, the branching ratios in the low-lying —,

' and

—,
'+ bands of Ac give evidence for the stronger effect of
decoupling on the positive-parity band. This can be seen
by using the experimental transition energies, Ez, and

I

cascade to crossover branching ratios,

T(E2;I~I —1)+T(M1;I~I 1—)
T(E2;I~I—2)

to evaluate the quantity

(4.6)

0.289[xlE (I~I—2)(IK20
~

I 2K—) E—(I~I—1)(IK20
~

I—1K) ]
K~E3 (I~I—1)(IK10

~

I—1K )

In strong coupling, this quantity would be a constant.
The experimental values are shown in Fig. 28, along with
values extracted in the same way from the results of the
present nonadiabatic calculation. For positive parity
there is a strong staggering, or signature splitting, which
is a well-known characteristic of M1 transition matrix
elements in the presence of rotational decoupling. The
calculated signature splitting in the negative-parity band
is weaker and cannot be discerned in the data.

The neutron single-particle orbitals relevant to the
A -219-229 region that are mixed by octupole deforma-
tion generally have similar spins, so the opposite-parity
states of a doublet are expected to have similar magnetic
moments regardless of mixing. In the only case where
the magnetic moments of both parity-doublet band heads
have been measured, namely the E~=—,

'+— ground-state
doublet of Ra, the difference between the two parities
is rather small (Table X). An even smaller difference was
obtained from the present model. A difference of the
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FIG. 28. The quantity
~
(g» —g»)/Qp ~

defined by (4.7) at
spins I=

~
to '~ in the K =

z ground-state band of Ac
(upper panel) and the K = —'+ parity-doublet band (lower band).
The filled circles with error bars are obtained from the experi-
mental transition energies and branching ratios (Ref. 91). The
solid lines connect the points obtained with the branching ratios
from the present model calculation. The dashed lines indicate
the value, independent of spin and parity, that is obtained in the
strong-coupled rotational model.

magnitude that is observed in Ra is predicted by the
model for the —,

'* ground-state doublet of Ra, where
p= —0.37 pN is calculated for the —,

'+ ground state, and
—0.49 pN for the —,

' level.

4. E2 moments and transitions

The ground-state spectroscopic quadrupole moment,
Q, is reproduced by the calculations for all the nuclei in
which it has been measured (Tables IX and X). For the
ten nuclei with positive values of Q, the discrepancies
that do occur are rather systematically in the direction of
smaller calculated than measured values, by an average of
8%. This is consistent with a likewise systematic small
discrepancy between theory and experiment in the doubly
even neighbor nuclei. Experimental intrinsic quadrupole
moments, Qzo, deduced from the 8(E2;2+~0+) transi-
tion rates, are available for nine doubly even nuclei with
mass numbers between 220 and 228. When Qz~ is cal-
culated for these nuclei by the prescriptions used
throughout this paper [Pz from the Strutinsky equilibria
of Ref. 17 but not less than 0.1, P3 equal to 0.1, P4 from
(3.1), P~ from (3.2), P& from (3.3), Pz from (2.26), and final-

ly Qzo from (2.24)], the theoretical value is smaller than
the experimental one for each nucleus by an average of
11%. An additional piece of information in line with the
other data is the E2 transition rate from the I =—,

'+ first
excited state of Ra to the —,

'+ ground state, which has
been determined directly by a lifetime measurement.
Comparison with the calculated rate suggests that the
theoretical value of Qzn is 6+2% too small. We refrain
from speculating on the possible origins of this systematic
discrepancy.

Another aspect of the collective quadrupole degrees of
freedom is triaxiality. It has been proposed in the litera-
ture that certain bands, which differ by AE =2 from the
ground band, contain at any rate an admixture of the y
band built on the ground band. ' ' These are the
E = ——,

'+ and ——,
' bands of Ra, whose ground band

has E=—'„ the E = ——,
'+ and —,

'+ bands of Ra, whose
ground band has E=—,', and the E = —,

'+ band of Th,
whose ground band has E=—,'. E2 transition rates from
states in these bands to the ground band are -0.5 (W.u. )

Weisskopf units in ' Ra, and -4 W.u. in Th,
which is large enough to suggest a collective contribu-
tion. The present model does not include triaxiality, but
nevertheless the calculated E2 rates from the —,

' +—bands in
Ra and the —,

'+ band in Ra are even higher than the
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measured rates. The reason is that I( =+—,
' and +—,

' bands
are bK = 1 as well as AK =2 [both signs of E occur in the
wave functions (2.5) after symmetrization], and are thus
directly coupled by the Coriolis interaction in the present
calculation. E = —,

' and —,
' bands are not directly coupled,

and the present calculation is unable to account for the
E2 matrix elements to the E=—', band in Ra and the
K =—,

' band in Th, which thus remain as candidates for
having a y-band admixture. Considering the crucial
influence of triaxiality in many other transitional regions,
it is surprising that there is so little other evidence for it
in the A -219—229 region and that the present axial
model appears to account for so much of the data even in
near-spherical cases.

C. One-particle transfer

Experimental nuclear structure factors are available in
the literature for three nuclei in the A -219—229 region,
namely ' Ra and Ac (Refs. 49, 71, 73, and 78).
Comparison with the nuclear structure factors from the
present calculation reveals two salient features. First, ei-
ther the absolute magnitudes of the nuclear structure fac-
tors from the octupole-deformed rotor plus particle mod-
el are consistently too small, or else the coefficient N in
Eq. (2.32), which relates the nuclear structure factors to
absolute cross sections, is larger for the present reactions
than expected from the standard phenomenology.
Second, the relatiue magnitudes of the nuclear structure
factors for different states are reproduced by the
octupole-deformed rotor plus particle model.

1. Normalization

The experimental papers, Refs. 49, 71, 73, and 78, give
estimates of N for the respective reactions. These esti-
mates are expected to be accurate to within about 30%.
Values of N that are instead consistent with the present
theoretical nuclear structure factors are estimated as fol-
lows. For the reactions (a, t) Ac and (d, p) Ra, N is
fitted to the state with the dominant cross section in each
nucleus, namely —", &+ and»+, respectively. These values

of N are larger, by factors of 3 and 2.5, respectively, than
the estimates in Refs. 49 and 78. The ( He, a) Ra reac-
tion has large cross sections for several high-spin (I & —,

'
)

final states. All of them, except for the —", ,
+ state, are

reproduced quite accurately with a value of N that is 2
times larger than that quoted in the experimental paper.
For the (d, t) Ra reaction there are no strong peaks at
low energy, and in the construction of Fig. 30, where the
experimental values for I & —,'are obtained from this reac-
tion, N is taken to be the same as in the experimental pa-
per ' for lack of any other evidence.

From the results above, the average discrepancy ap-
pears to be at least a factor of 2, significantly larger than
the expected uncertainty of about 30%%uo in the standard
estimates. One possible reason why the average scaling
between the actual and spherical DWBA cross sections
might deviate from the systematics is that the target nu-
cleus Ra has a unique shape relative to all other target
nuclei employed in one-particle transfer, with octupole

and very large hexadecapole intrinsic deformations (Sec.
III A2). However, it has not been found previously, in
other regions of nuclei, that the systematics are affected
by different shapes. An alternative possibility is that the
model wave functions might systematically underpredict
the nuclear structure factors. It is instructive to consider
the particle-core wave function

~

I~) in a representation
where the particle states

~ j ) and core states
~

R ) have
good angular momentum,

+ gc„~(j )„)~(R )„&0+) . (4.8)

For simplicity, pure particle (or hole) states are assumed
and quantum numbers other than spin parity have been
dropped. The nuclear structure factor,

lco = 2 lc (4.9)

depends on the admixture of core states with R &0+.
The nuclear structure factor is thus enhanced by Coriolis
decoupling, which reduces the R & 0 admixture, and by
parity decoupling, which reduces the P= —admixture.
If the present model systematically underestimates the
parity decoupling, as discussed in Sec. IV A 2, this would
account for some of the missing particle-transfer
strength. However, a factor of 2 corresponds to the
difference between the extremes of complete parity mix-
ing in the model, which certainly does not occur, and
complete parity decoupling in nature, which would
conflict with the overwhelming evidence from other types
of measurements that some form of octupole mixing does
occur. Any enhancement of the parity decoupling rela-
tive to the present model, especially one that would be
compatible with other data, could only enhance the
particle-transfer strengths by a factor considerably less
than 2. As for the Coriolis decoupling, it appears to be
well adjusted to other data in the present calculations,
especially in Ra, where the Coriolis attenuation power
n was fine-tuned to the relative nuclear structure factors.

2. Relatiue nuclear structure factors

Experimental nuclear structure factors for states in
Ac, Ra, and Ra, obtained with the normalization

that fits cross sections in the present model, are compared
with the calculated nuclear structure factors in Figs.
29—31. The rotational "signatures" or "fingerprints" are
shown for parity-doublet bands, to the extent that data
are available for both parities. A brief inspection of Figs.
29—31 leads to the main conclusion, namely that all the
experimental fingerprints are recognizably reproduced by
the model.

The remainder of this section contains some comments
on details. First it should be emphasized that it is actual-
ly the square root of the nuclear structure factors that is
represented by the bars in Figs. 29—31. This piece of
plotsmanship reduces the difference between large and
small bars, with the advantage that theory and experi-
ment can be meaningfully compared for all relevant band
members in the same graph, but it also reduces any



2774 G. A. LEANDER AND Y. S. CHEN 37

discrepancy between the theoretical and experimental
bars and might thus exaggerate the quality of the agree-
ment in the eyes of a viewer who is accustomed to the
standard plots. The overall pattern of the fingerprints is
of course unchanged.

The calculated rotational signature of the K = —,
'

parity-doublet ground band of Ac, shown in Fig. 29,
was also presented in our previous paper, Ref. 15 (the ex-
perimental numbers, however, have been somewhat re-
vised since then). There it was emphasized that both the
Coriolis decoupling and the parity decoupling of the
present nonadiabatic model together explain the large
enhancement of the nuclear structure factor for I = —",

relative to the other levels. It had previously been shown

»7AC

K =1/2

that the i&3&2 component is not so dominant in the
relevant 0= —,

' adiabatic single-particle orbital for
octupole-deformed shape, and that the inclusion of
Coriolis coupling alone does not enhance the —", + nuclear
structure factor sufficiently.

The comparison in Fig. 29 between theory and experi-
ment for the higher-lying EC= —,

' and —,
' bands of Ac

may be biased, on one hand, towards better agreement by
the fact that the structure factors have been used to
confirm some of the level assignments, and on the other
hand towards poorer agreement by the fact that the de-
tails of the level energies have not been fine-tuned to the
data. Several of the K= —,

' levels have been assigned in

part on the basis of their nuclear structure factors.
Furthermore, the level at 515 keV with a tentative spin
parity —', + from P decay is assigned as the —', + member of
the E=—,

' band on the basis of an appropriate structure

225Rg

K =1/2

0

K =3/2

V
O

H
V

0

K = 3/2

K = 5/2

~ I '
K =5/2

l l l I I l I l I I I l

11 9 7 5 3 1 f+ 3+ 5+ 7+ 9+ )g~ f3+
2 2 2 2 2 2 2 2 2 2 2 2 2

lv

FIG. 29. Rotational signatures for the E= —,', 2, and
2 parity

doublet bands of Ac. I~ is the spin-parity of the energy levels.
The solid bars are obtained from (a, t) data (Ref. 49) as de-
scribed in the text. The hatched arrows show the upper limits
obtained for unresolved doublets, and a question mark indicates
that the corresponding level was not observed. The open bars
show the results of the present calculation. An asterisk indi-
cates states that have sizable overlaps with more than one
spherical nlj shell.

0

I I

15 1+ 3+ 5+ 7+ g+ 11+
2 2 2 2 2 2 2

)P

FIG. 30. Same as Fig. 29, but for Ra. The solid bars are
obtained from (d,t) data (Ref. 71) for I(—, and ( He, a) data

(Ref. 73) for I & 2.
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factor. The 537 keV level that previously had this assign-
ment has an order of magnitude larger structure fac-
tor, and is tentatively reassigned as the I~= —',

+ band

head of the parity-doublet band based on the 0=—,
' orbit-

al just below the Z =88 gap, which has a correspondingly
large calculated structure factor. The role that the de-
tailed level energies may play is illustrated by the
I = —", + levels, which are calculated quite far apart in en-

ergy but experimentally lie so close that mixing is likely
to occur (Fig. 8). The calculated nuclear structure fac-
tors for the two levels are quite different, while the exper-
imental ones are nearly equal. The latter even distribu-
tion of the particle-transfer strength could be reproduced
by a band-mixing calculation in which the level energies

227Ra

K =1/2

K = 3/2

U

H

K = 5/2

?

were fitted to experiment. It may be remarked that no
major conflict with experiment occurs for the states indi-
cated by asterisks in Fig. 29, although the simple projec-
tion procedure described in Sec. II C was found to be am-
biguous.

The —", structure factors in Ra have previously
been calculated for the adiabatic orbitals in the present
octupole-deformed Woods-Saxon single-particle poten-
tial, and were found to reproduce the measured distribu-
tion of —", strength. ' The present calculation also in-

cludes the positive-parity states. For these too, it turns
out that the structure factors for strong coupling repro-
duce the data with only a few exceptions. Thus Coriolis
coupling cannot be allowed to redistribute the strength in
a major way. The minimum value of the Coriolis at-
tenuation power that satisfies this requirement in the
nonadiabatic calculation was found to be n =3 (Sec.
IV A 3). With this value of n, the nonadiabatic effects in
fact significantly improve the agreement with the data.
For I~= —', +, about the right amount of strength is shifted
from the K= —,

' to the surrounding K= —,
' and K= —',

levels —all three appear to be observed in the data with
roughly equal structure factors (Fig. 30). For I~= —", +,
the experimentally unobserved K = —,

' level would have by
far the largest structure factor in strong coupling, but the
nonadiabatic calculation almost completely depletes the
strength in this level and enhances the surrounding K = —,

'

and —,
' levels, too much for K =—,

' and just right for K = —,
'

(Fig. 30). For I~= —", , the strength is again depleted
from the experimentally unobserved E=—,

' level, while
the structure factor for K =—', remains larger than for the
lower K =—,

' level, and is even slightly enhanced to perfect
the agreement with the data (Fig. 30).

The structure factors of Ra have previously been
calculated for a reflection symmetric shape, both in
strong coupling and with Coriolis coupling, which latter
had to be attenuated drastically under the assumption of
reflection symmetry. The structure factors from the
present nonadiabatic calculation for reflection asym-
metric shape (Fig. 31) show some, though not very
significant, improvement over the previous calculations.
The only low-lying negative-parity state in Ra with a
measured cross section, and the only one with a calcu-
lated structure factor in excess of 0.02, is the —", , level
with a calculated structure factor of 0.83. An experimen-
tal structure factor has not yet been calculated for this
level, or for the many levels of Ac and Th popu-
lated ' by pickup reactions on Th. Also remaining
to be completed is the evaluation of a proton pickup reac-
tion on Ra, populating states of Fr.

I I I I

1+ 3+ 5+ 7+ 9+ g g+

2 2 2 2 2 2

II

FIG. 31. Same as Fig. 29, but for 'Ra. Experimental struc-
ture factors are from (d,p) data (Ref. 78), and are only available

for positive parity states.

V. CONCLUSIONS

The purpose of this work has been to assess, by explicit
calculations for all nuclei in which experimental data are
available, to what extent the nonadiabatic rigid
reflection-asymmetric rotor-plus-quasiparticle model de-
scribes the low-energy spectroscopic properties of odd-A
nuclei in the A -219—229 region. Intrinsic equilibrium
shapes with reflection-asymmetric octupole deformation
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are obtained in this region from mean field theory. It was
previously known that under the adiabatic (strong-
coupling) approximation, the spectroscopy of these nuclei
is often better explained by the reflection-asymmetric
than the reflection-symmetric Nilsson scheme, but also
that the data in many cases seem to correspond to an in-
termediate situation. The present model is based on the
asymmetric levels, and the mechanism that can give rise
to such intermediate situations in the model is nonadia-
batic "parity decoupling" of the odd particle from the
reflection asymmetry.

The description of experimental data was optimized for
each nucleus with respect to P3. The fact that this optim-
ization invariably favored or allowed a nonzero P3 leaves
little doubt about the role of some sort of surface octu-
pole mode in the A -219-229 region. The main factors
that might be expected to limit the success of the present
model are the rigidity of the model core, the limited accu-
racy of the single-particle model, and the general feature
of all particle-rotor models that they tend to overpredict
Coriolis couplings.

The most important question is whether the rigidity of
the core inhibits the proper description of those spectro-
scopic features that appear to be intermediate between
the reflection symmetric and asymmetric limits, as would
be the case if core softness was responsible for such
features. The degree of "parity decoupling" from the
asymmetric limit has been assessed quantitatively in
several different ways: by the deviation of E=—,

' parity-
doublet decoupling factors from a(+)= —a( —), by the
deviation of E & —,

' parity-doublet reduced moments of in-

ertia from A (+ ) = A ( —), and by the deviation of
E & I /2 parity-doublet reduced spin staggering from

(+)=A ( —). The latter measures indicated no ma-

jor discrepancy between the parity decoupling in the
present rigid model and the data, while the first measure,
which may be more reliable since individual decoupling
factors are better reproduced than individual moments of
inertia or spin staggerings, implies that only about half of
the observed parity decoupling is achieved in the present
model. In summary, there is some evidence that the pari-
ty decoupling is only partly accounted for by the model,
leaving room for the effects of core polarization.

The rigidity of the model core also leads to some obvi-
ous shortcomings. It gives an unrealistic spacing of the
core yrast levels which, trivially, shows up in the level
spacing of the calculated odd-A bands. Furthermore, the
E1 transition rates are only moderately well reproduced
under the assumption of a fixed intrinsic E1 moment for
the core. On the other hand, there are some nontrivial
successes despite the rigid model core. For example, the
coexistence of a high-energy "vibrational-like" octupole
mode on the ground state of Th with low-energy
"deformation-like" octupole modes on the quasiparticle
excited states is reproduced by the present rigid model as
a consequence of the odd-particle nonadiabaticity, with

the same distribution of E3 strength as in shape dynami-
cal models and the only shortcoming that the high-
energy mode on the ground state does not come quite
high enough. The A =229 isotopes of actinium, thorium,
and protactinium are all shape transitional with respect
to E=0 octupole deformation, but the present rigid mod-
el reproduces their energy spectra quite well with a fixed
value of P3 intermediate between 0 and 0.1 A certain
measure of success is also obtained with the present mod-
el in the octupole and quadrupole shape transitional
A =219, 221 nuclei with spherical or near-spherical
potential-energy minima, using a fixed axially
quadrupole-octupole deformed shape. Several previously
unexplained ground states and the main features of the
high-spin band structure are reproduced.

The viability of a static deformation model presumably
has similar origins for the octupole P3 mode as for the
better studied case of the quadrupole triaxial y mode.
For the y mode, the rigid triaxial rotor plus particle mod-
el, which is the analog of the present rigid reflection-
asymmetric rotor model, and the triaxial cranked shell
model have been widely and successfully applied despite
shallow pr nonexistent triaxial potential-energy minima.
Interesting new light on this was shed by a recent proof
that the solution of a y-unstable model for realistic granite
valence particle numbers is given very nearly, or in spe-
cial cases even exactly, by a rigidly triaxial intrinsic
state. The physical manifestations of core softness are
vibrations, which for the octupole mode in the
A -220-228 region are expected to be too high in ener-

gy to be of much practical significance, and state-
dependent shape polarization, which can be included in
both the rotor and cranking static deformation mod-
els. ' Thus, in the present model, the core potential en-
ergy and parameters could be established as functions of
P3 and the calculated energy of each level minimized
with respect to P3.
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