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The single particle inclusive reactions "C + ' C~x + anything (3 (Z & 6) have been studied at
250 MeV/nucleon at nine production angles from 0' to 4'. Production cross sections for most iso-

topes (Z& 2) were determined. The longitudinal and transverse momentum distributions were con-
structed. The results at this energy are compared to the data at other energies and to the model of
Friedman. It appears that, after the Coulomb effects are separated, there is very little energy depen-
dence in the fragmentation process.

INTRODUCTION

The study of projectile fragmentation began in 1948
(Ref. 1) when heavy nuclei were discovered in the cosmic
radiation. After two decades, fragmentation of nuclei
from the entire periodic table was surprisingly well un-
derstood despite formidable experimental difficulties. '

The acceleration of heavy ions at the Princeton Particle
Accelerator to energies near 0.5 GeV/nucleon and at the
Bevatron at Lawrence Berkeley Laboratory to energies
near 2 GeV/nucleon in 1971 allowed projectile fragmen-
tation to be studied in a quantitative and straightforward
way. Early measurements were made by Lindstrom
et al. and Greiner et al. of the fragmentation of carbon
ions at 1.05 GeV/nucleon and carbon and oxygen ions at
2. 1 GeV/nucleon. These experiments showed that (1) the
fragmentation cross sections factor, s (2) the energy
transfers are very small, (3) the fragments are emitted iso-
tropically in the projectile rest system, and (4) the widths
of the momentum distributions of the fragments have a
roughly parabolic dependence on the fragment mass.
The hypothesis of limiting fragmentation is a very good
approximation at these energies.

The present experiment was designed to study frag-
mentation at an energy at which limiting fragmentation
may begin to break down. We studied the single-particle
inclusive reactions of ' C at 250 MeV/nucleon on a car-
bon target:

' C+ target ~X+anything,

where X was any (Z&2) final-state fragment within the
acceptance of the detector. This experiment was
designed specifically to detect any differences in fragmen-
tation from those at higher energies. These potential de-
viations include the following questions. (i) Are the cross

sections energy dependent? (ii) Are the motnentum dis-
tributions Gaussian, and are they independent of energy?
(iii) What are the widths of the momentum distribution,
and what is the fragment mass dependence of the widths?
Are the widths of the transverse and longitudinal distri-
bution the same? (iv) Can the descriptions of projectile
fragmentation from 20 MeV/nucleon to 2. 1

GeV/nucleon be unified, as has been suggested? '

The energy dependence of the production cross sec-
tions is determined by comparing them to the 1.05 and
2. 1 GeV/nucleon carbon data and to the predictions of
Friedman. ' The longitudinal and transverse momentum
distribution widths are compared to previous data, ""
and the mass dependence of the widths is compared to
the models of Goldhaber' and Friedman.

EXPERIMENTAL SETUP

Carbon-12 ions were extracted and delivered to beam
line 40 with an energy of 246 MeV/nucleon at the detec-
tor face with target out. The maximum intensity was
3)&10 ions/spill. The experimental setup is shown in
Fig. 1. The beam was incident on a carbon target which
was 1.15 g/cm thick and located 6.60 m upstream of the
detector. The detector is shown at the downstream end
of the vacuum tank. Data were taken at nine rail po-
sitions, each separated by approximately 0.5'. The larg-
est rail position corresponded to 4.0'.

The isotope detector was designed as a Cherenkov-CsI
telescope with beam-defining scintillation counters and
drift chambers. The detector is shown in Fig. 2 and the
dimensions of those elements used in this analysis are
shown in Table I. High-density crystals (CsI and the
Cherenkov radiator) with a small amount of scintillator
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FIG. 1. Bevalac beam line 40.

helped to minimize interactions of the fragments in the
detector.

The charge was determined directly from the S1 signal.
The detector allowed two mass determinations (Cheren-
koy XE and b E X E) for each fragment and was able to
resolve isotopes for Z&2. The drift chamber allowed
momentum quantities to be constructed and was used in

the calculations of the acceptance of the detector for each
isotope.

The detector was designed to study the Z & 3 fragments
with the aid of the PA and PB counters (Fig. 2). This
proved impossible because the Cherenkov counter had
low photoelectron statistics for these charges, the PA
resolution was worse than expected, and the PB counter

Drift
Chombet

FIG. 2. Isometric projection of the detector.
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TABLE I. The detector.

Element

S1
Cherenkov

hE
E

Size and material
(cm)

6.35&&6.35&0.635 Pilot B
6.35&(6.35X2.22 SF-6 glass
7.62 diam&0. 95 CsI
7.62 diam)&7. 62 CsI

Density
(g/cm')

1.02
5.18
4.51
4.51

Resolution (246 MeV/nucleon
' C beam) (%)

4.3
7.9
2.3
1.9

had an intermit tent failure. Therefore, the results
presented here are for fragments with Zg 2.

The beam was monitored by a system which consisted
of a particle counter, a current mode counter, and three
counters which formed a secondary emission monitor
(SEM). These counters were calibrated at the beginning
of each run by increasing the beam intensity slowly and
off line by performing a least-squares fit of all counters to
the particle counter. The rms deviation among the five
combinations of SEM counters was 1.2%%uo for the runs
below 2', and 1.5% for the remainder.

The fast logic is shown in Fig. 3. An event trigger was
defined as signals in the Sl and Sl' (Sl' was 1.6-mm-
thick scintillator behind Sl not shown in Fig. 1), no
pathological beam behavior (tr2), and computer not busy.
The signals which were pulse heights analyzed were from
the S1, Cherenkov, AE, and E counters. The Bevatron
timing signals were used at the beginning and the end of
each spill to enable and disable data taking. The Camac

was read for each trigger, and each data file was written
to tape. This data set was 12 files of 26 K 34-word events
for target in and 11 similar files for target out.

ANALYSIS

The first step in the analysis of an event was the deter-
mination of the charge of the fragment directly from the
S1 signal. Figure 4 shows the raw S1 spectrum for Z & 2.
Note that there is very little overlap, and any misassigned
charges were corrected later by the minimization routine.

Next, two particle-identifier-type masses were deter-
mined: hE XE and Cherenkov 0&E masses. The AEXE
mass is

M~~„E—— [(e+he) e]'—x Z2

where Ae and e are the energy losses in the hE and E
counters and are functions of the pulse heights from the
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FIG. 5. Cherenkov-E mass determinator for Z& 2 at a pro-
duction angle of 2.1'.

AE and E signals. The exponent n is 1.68 with a very
weak charge dependence.

The second mass assignment used the pulse heights
from the Chernekov and E counters. For a thick Cheren-
kov radiator, the observed signal was an integral over the
radiator (~Z ) times the effective range (~ A/Z )

which yielded a signal proportional to the mass:

S, =k JMf (B)F(B)dB=MG(B) (3)

~MR (4)
160— PARTICLE IDENTIFIER Z )2

e = 2.1'

where R is the range and 5 is an exponent.
The range is related to the stopping signal (E counter)

by:

140—

120—

Ro:M S~ .

Then we have

S, /M ~(M ) S~ or M ccS~/S, . (6)

100—

80—

The two exponents A, and 5 were found for each iso-
tope. These (first-approximation) mass determinations
are shown in Figs. 5 and 6. Note that the resolution of
the Cherenkov )&E is better than the AE~E for all
charges, because for Z&2, the Cherenkov counter has
considerably better resolution than the AE counter.

Finally, a four term P (Sl, Cherenkov, bE, and E)
was constructed, and this was minimized with respect to
charge, mass, and energy. The calculated response of the
detector was compared to scatter plots of the data until
they agreed at the 2% level. A similar approach has been
used to determine the exponents for the mass identi6ers.
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FIG. 6. Particle identifier mass determinator for Z&2 at a
production angle of 2.1 .
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ERRORS

MOMENTUM DISTRIBUTIONS AND WIDTHS

The momentum quantities were constructed for those
triggers with good 7 and good drift chamber. The longi-
tudinal widths were determined by fitting the projectile
rest system distribution (P') for each isotope to a Gauss-
ian function. The fit also determined the mean of each
distribution. This was repeated for all rail positions.
Table III shows the results of these fits. The errors are
from a nonlinear maximum-likelihood analysis of each
distribution. The rms widths, averaged over all rail posi-
tions for each isotope, are shown in Table IV. These re-
sults will be discussed later.

The widths of the transverse mornenturn distributions
were wider than anticipated when the data were taken.
We planned to determine the widths by analyzing the

TABLE II. Error quantities.

Isotope

rms
statistical

(%)

rms
systematic

(%)

Typically, the largest contribution to the errors on the
cross sections was the statistical uncertainty of the ob-
served number of fragments. The corrections made in
the calculation of the cross sections are well known, and
only occasionally did their uncertainties contribute ap-
preciably to the final errors. The uncertainty in the
sealer data used to normalize each angular position was
1.5% and contributed negligibly. The target-out files
were typically a few percent ( & 7%) of the target-in files.
Table II shows for each isotope the rms statistical uncer-
tainties from all rail positions.

The drift-chamber efficiency was less than unity, vary-
ing from 0.55 at Z=3 to 0.25 at Z=6. The cross sec-
tions, therefore, were determined using the good 1
events with no cut on the drift chamber. In order to
determine whether there was any contamination by
multiple-particle events, the number of good X was com-
pared to the number of good X and good drift chamber
(good x and y coordinates and single track) divided by the
mean-drift-chamber efficiency for that charge. The
difference between these numbers for each isotope was a
measure of the systematic uncertainty. The third column
in Table II shows the rms total systematic uncertainties,
measured in this manner.
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TABLE IV. rms parallel momentum distribution widths and
rms means (projectile rest system).

]0-2

Li
Li

'Be
'Be

10Be
10B

11B
11C

Width

98.9
99.9

111.7
97.1

109.4
114.4
97.9
79.7

(MeV/c)
Error

6.9
7.1

19.0
13.3
19.2
17.8
12.1

14.1

Mean

—121.8
—163.9
—70.7

—109.8
—136.9
—75.0
—87.6
—29.7

Error

10.0
13.7
20.1

16.6
21.7
21.1

15.6
13.8

2-
~o-3- 0

5-

2-
E

5-t

)
a.

9&oB

momentum quantities for each of the nine rail positions
and summing each file after normalizing by the accep-
tance of the detector. These distributions would deter-
mine the widths for each isotope. The transverse
momentum distributions were so wide that 4' was not
sufficiently large to construct the complete transverse dis-
tributions directly, certainly not for the small masses.

We therefore formed the quantity

1 Bcr

Px ~Ps

for each isotope and each rail position. This was plotted
versus the square of the transverse mornenturn. A plot

10-4—
il

5

2- ~oc
I I I I I

0 20 40 60 80 100 120 140
p2 (1(A

FIG. 8. Transverse momentum distributions for boron and
carbon isotopes.

for each isotope is shown in Figs. 7 and 8. The errors
shown include the statistical and systematic contribu-
tions. Note that in all cases, a least-squares fit was made
for each isotope to the five points with the largest P~.
These results are shown in Table V.

10-3

eLi

7Lj

CROSS SECTIONS

The acceptance of the detector was computed for each
isotope and rail position (integrating over the beam
profile and taking into account the rigidity gradient for
each isotope). The target-out runs were treated in a simi-
lar fashion but contributed negligibly. In Figs. 9 and 10,

~( a.+
1o

TABLE V. Transverse momentum distribution widths.
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FIG. 7. Transverse momentum distributions for lithium and
beryllium isotopes.

'Li
Li
Li
Be

'Be
10Be

"Be
8B

10B

11B
12B

10C

11C

146.62+ 12.42
200.85+ 11.08
172.08+25.18
153.26+ 5.73
167.12+18.06
201.54+35.29
118.84+20.13
165.09+15.03
166.02+ 6.23
153.65+ 7.23
145.13+20.86
176.68+37.14
152.72+ 11.87
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FIG. 9. Differential cross sections vs production angle for
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FIG. 10. Differential cross sections vs production angle for
boron and carbon isotopes.

the cross-section contribution from each isotope is shown
versus detector position. The errors include statistical
and systematic contributions.

There is a correction which must be applied to the
small-mass isotopes with large transverse widths. This is
simply because all of the cross section could not be mea-
sured within 4'. The correction is 15% for Li, 22% for
Li, 11% for 'Li, and 11% for Be and is a maximum of a

few percent for the larger masses.
The cross sections from this experiment are shown in

the first column of Table VI. The errors include statisti-

cal and systematic contributions. B and ' B are quoted
as upper limits only, because without a drift chamber
with unit efficiency, it is not possible to separate these iso-
topes from ' B and "Breliably.

DISCUSSION OF RESULTS

Cross sections

The cross sections from this experiment are listed in
Table VI together with those measured at 1.05 and 2.1

TABLE VI. Carbon-data cross sections.

Li
Li
Li

'Be
'Be

10B

11Be
SB

10B

11B

B
10C

11C

250 MeV/nucleon

26.35+2.1

) 17.19+1.3
& 1.33+0.34
22.64+ 1.49
10.44+0.85
5.88+9.70
0.36+0.26

& 3.21+0.59
47.50+2.42
65.61+2.55

& 0.49+0.67
5.33+0.81

55.97+4.06

(mb)
1.05 GeV/nucleon'

27.10+2.20
21.50+ 1.10
2.40+0.18

18.60+0.90
10.70+0.50
5.30+0.30

1.43+0.10
27.90+2.20
48.60+2.40
0.10+0.01
4.44+0.24

44.70+2.80

2.1 GeV/nucleon'

30.00+2.40
21.50+ 1.10

2.19+0.15
18.40+0.90
10.60+0.50
5.81+0.29

1.72+0.13
35.10+3.40
53.80+2.70
0.10+0.01
4.11+0.22

46.50+2.30

Friedman

19.6
14.2
2.5

13.3
13.8
7.1

2.1

22. 1

42.2

6.1

41.3

'Reference 4.
Reference 10.
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GeV/nucleon and those predicted by Friedman. The ra-
tio of the cross sections from this experiment to those at
1.05 GeV/nucleon is shown in Fig. 11. It is apparent
that the major departure from the high-energy data ap-
pears in the single- and double-nucleon cross sections "C,
"8, and ' B. Surprisingly, ' B shows the largest depar-
ture from the 1.05 GeV/nucleon data. There is a correc-
tion to the ' B cross section from beam particles which
interacted between the target and the detector and pro-
duced fragments with the beam charge to mass ratio, in
particular ' B. This correction is estimated to be approx-
imately 2% (and has been applied), so that even with the
correction, ' B is large. As already mentioned, Li could
not be measured accurately, so the quoted value may be
slightly low. The energy dependence in this data is
surprisingly small.

In the last column in Table VI are the predictions from
the model of Friedman for ' C projectiles. In this paper,
Friedman quotes relative isotopic yields. We have taken
the liberty of multiplying these yields by the target factor
in order to compare them directly with the measure-
ments, but one should keep in mind that these predictions
are primary yields which may be modified by subsequent
decay of the fragments. With the exception of the single-
and double-nucleon cross sections and possibly Li, the
agreement is not unreasonable. Friedman's assumption
(that for energies larger than the Coulomb barriers in-
volved in the entrance and exit channels, certain aspects
of the fragmentation process will be independent of target

and projectile energy) seems to be correct down to the en-

ergy of this experiment.

MOMENTUM DISTRIBUTIONS

The longitudinal and transverse momentum distribu-
tion widths have been predicted by several independent
theories to have a parabolic dependence

1/2
F(B I')—

8 —1

where p is given by:

p= +(2m„E,), (9)

and m„is the reduced mass, and E, is the separation en-

ergy. The expression for y is

This dependence allows the Fermi momentum and the
average excitation energy to be derived. Recently,
Friedman developed an elegant model for the parallel
momentum distribution. ' This model relates the widths
to the separation energy and an absorptive cutoff radius.
The parabolic mass dependence arises in this model be-
cause the separation energy is roughly proportional to
the mass number of the fragment times the separation en-
ergy of a single nucleon. The agreement with the high-
energy carbon data is excellent. In this model the widths
of the paralleled momentum distributions have the form:

11+—,y

2xp v ( I +y) juxp
+

10.0—
Z) Z2e

xpE
(i0)

1.0 Ip

C)

~ Li

o Be
B

o C

0.1 I I I 1

8 9 10 11

FRAGMENT MASS

I

12

FIG. 11. Ratios of cross sections from this experiment to
those at 1.05 GeV/nucleon.

and xp is 1.2 fm. The first term in brackets essentially
takes into account the efFect of the Coulomb potential on
the tail of the bound state wave function.

The rms longitudinal momentum widths are shown in
Table VII. These are compared directly with the carbon
data at 1.05 and 2.1 GeV/nucleon and Friedman's pre-
dictions. We list only those isotopes which we were able
to measure in this experiment. The widths of the Li and
Li measured here are probably too narrow. This is be-

cause the distributions averaged were preferentially the
low-transfer-momentum bites. These widths are quoted
as lower limits. The widths are systematically narrower
than those of the high-energy data, approximately 1.5'
below those at 1.05 GeV/nucleon. We do not feel that
this is a real effect. The longitudinal widths measured at
87, 90, 120, and 213 MeV/nucleon"' ' all agree quite
well with the high-energy data as expected, because
Coulomb effects should not change the longitudinal
widths.

Because the widths are expected to be independent of
target, projectile, and possibly energy, data with other
targets at other energies and projectiles are listed in Table
VIII. Here, for simplicity, we list the crp fitted to each
data set. The carbon data show a very weak energy
dependence at the one-sigma level, but there seems to be
a larger projectile mass dependence.
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TABLE VII. rms parallel momentum distribution widths (projectile rest system) carbon data
(MeV/c).

Li
Li

'Be
'Be

10Be
10B
l 1 B
11C

This experiment
o.o ——67+3.5

98.9+7.0
99.9+7.0

111.7+ 19.0
97.1+13.0

109.4+ 19.0
114.4+ 18.0
97.9+12.0
79.7+ 14.0

1.05 GeV/nucleon
o o ——70.5+2.5

122.0+ 10.0
142.0+ 7.0
140.0+ 6.0
131.0+ 9.0
125.0+11.0
135.0+ 9.0
102.0+11.0
105.0+ 10.0

2. 1 GeV/nucleon
o 0

——73.5+2.0

1.27.0+7.0
144.0+2.0
145.0+2.0
133.0+3.0
129.0+4.0
134.0+3.0
106.0+4.0
103.0+4.0

Friedman

149.0
142.0
143.0
128.0
124.0
120.0
102.0
103.0

Greiner et al. found an approximately linear relation-
ship between the average momentum mean and the
widths, except for charge exchange and charge exchange
plus one nucleon. The average momentum was slightly
negative (velocity less than beam) with respect to the pro-
jectile with a mean of 30 MeV/c. Fragments resulting
from charge exchange had larger means of 100 MeV/c.
The means from this experiment are shown in Table III.
The uncertainties in the means are large because of the
drift-chamber efficiency. Nevertheless, we argue that the
same amount of energy is transferred to the fragment
(similar o ~~). This will result in a larger negative mean be-
cause there is less energy in the P.R.S. The average mean
in this data is —99.5+48.1 MeV/e. The uncertainties in
these data are too large to confirm the linear relation be-
tween means and widths, but they do not preclude it.

The transverse momentum widths are shown in Table
V. At high energy, the measurements of Greiner et al.
showed that the widths of the transverse momentum dis-
tributions were equal to those of the longitudinal ones
within 10%%uo. At 250 MeV/nucleon, one might expect
Coulomb scattering to contribute to the widths. In order
to investigate this qualitatively, we formed:

We do not know the impact parameters, but with reason-
able assumptions about them, we find that the widths
without the Coulomb contribution agree quite well with
the 1.05 and 2.1 GeV/nucleon data. The results and the
assumed impact parameters are shown in Table IX. Note
that the lighter fragments have smaller impact parame-
ters (larger overlap and larger residue), and the heavier
fragments have larger impact parameters. This is con-
sistent with the simplest mechanism of fragmentation in
which the residue interacts with the target. We have not
done a fit because the data are not sufficiently accurate to
warrant one.

This is certainly not conclusive, but this type of
Coulomb scattering has been seen at lower energy. At
87, 90, and 120 meV/nucleon"' the measurements
showed that the transverse widths were approximately
200 MeV/c. Van Bibber et al. interpreted this dispersion
as orbital deflection of the ' 0 projectile by the combined
Coulomb field of the target together with the usual
dispersion due to the Fermi motion. No broadening was
seen in the transverse momentum widths from the nitro-
gen data at 0.52 GeV/nucleon, ' but this could well
be because the target was hydrogen.

o c,„~,b(Z, A ) =P„,»(Z, A )sin
Z)Z2e

Eb

TABLE VIII. o 0 from other experiments.

Energy (GeV/nucleon) Projectile Target o.
o (Me V/c)

0.25
1.05
2.1

0.52
0.087

0.092
0.092
2.1

0.21

Carbon
Carbon
Carbon
Nitrogen
Carbon

Oxygen
Oxygen
Oxygen
Argon

Carbon
Carbon
Carbon
Hydrogen
Carbon

Gold
Aluminum
Carbon
Carbon

67.5+3.5
70.5+2.5 (5)
73.5+2.0 (5)
73.0+5.0 (18)

109.0 at 4' (12)
65.0 at 8

80.0 (11)
86.0 (11)
85.5+1.5 (5)
94.0+5.0 (17)

where E is the total kinetic energy. The argument of the
sine is the angle through which the fragment is scattered
by the target and projectile residue, and b is the impact
parameter. The two contributions should add in quadra-
ture so that one can subtract the Coulomb contribution.

CONCLUSIONS

The energy dependence of the cross sections seems to
be confined to the one- and two-nucleon removal cross
sections. With the exception of "C, "B, and ' B, there
appears to be very little diA'erence from the high-energy
data. However Buenerd et al. pointed out some time
ago the remarkable simi1arity of cross sections at 20
MeV/nucleon and 2.1 GeV/nucleon. As mentioned ear-
lier, Friedman's arguments about the energy indepen-
dence of the fragmentation process seem to be very good
at this energy.

The longitudinal momentum widths measured here are
similar to those at other energies but slightly narrower.
All other experiments measure widths which are very
close to the high-energy data. We conclude that the lon-
gitudinal momentum widths at this energy are similar to
those measured from 87 MeV/nucleon to 2. 1

GeV/nucleon.
Greiner et al. ' found that all centers were negative

with respect to the projectile. The uncertainties in this
data are large, but we find larger negative centers as one
would expect at this energy. These data are not accurate
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TABLE IX. Carbon transverse momentum distribution widths with Coulomb correction.

Li
Li
Be

'Be
10Be

8B
10B

11B
11C

b (fm)

1.00
1.07
1.07
1.22
1.30
1.15
1.30
1.35
1.35

This experiment

125.0+ 15.0
187.0+14.0
132.0+ 7.0
145.0+21.0
156.0+38.0
123.0+16.0
134.0+ 8.0
121.0+ 8.0
104.0+ 11.0

(Me V/c)
1.05 GeV/nucleon

122.0+ 10.0
142.0+ 6.0
140.0+ 6.0
131.0+ 9.0
125.0+ 11.0
139.0+12.0
135.0+ 9.0
102.0+11.0
105.0+ 10.0

2.1 GeV/nucleon

127.0+ 7.0
144.0+ 2.0
145.0+ 2.0
133.0+ 3.0
129.0+ 4.0
151.0+ 16.0
134.0+ 3.0
106.0+ 4.0
103.0+ 4.0

enough to check the linear dependence of the centers and
the widths.

The transverse momentum widths measured here are
large. We feel that there is a Coulomb contribution at
this energy which, when subtracted roughly, yields trans-
verse widths which are consistent with the high-energy
data. More accurate data are needed to separate
Coulomb effects accurately at this energy.

The nuclear fragmentation at 250 MeV/nucleon shows
very little energy dependence (except for the single- and
double-nucleon cross sections) when compared to the
1.05 and 2. 1 GeV/nucleon data. The nuclear fragmenta-
tion mechanism appears to be virtually identical with
that at high energy. However, the energy here is low
enough that there is an additional contribution to the
transverse widths from Coulomb scattering of the frag-
ment.

It was first pointed out by Greiner et al. that there
was strong and recurring evidence of nuclear structure
effects in their data. This is true in this experiment. Nev-

ertheless, we conclude that so long as one can separate
Coulomb effects, the fragmentation process is surprising-
ly energy independent from 20 MeV/nucleon to 2.1

GeV/nucleon —an economic and elegant conclusion.
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