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The systematics of continuum angular distributions in nucleon- and alpha-particle-induced reac-
tions at energies up to several hundred MeV have been studied and parametrized. It has been
confirmed that at lower bombarding energies the shapes of the angular distributions are determined
mainly by the kinetic energy in the exit channel, and by the division of the cross section into its mul-

tistep direct and multistep compound parts. For incident nucleons with energies above 130 MeV
there is a change in the systematics, and the ratio of the energies in the exit and entrance channels
of the reaction becomes the important energy parameter. Small second order dependences are also
evident for nucleon-induced reactions. The systematics are parametrized using exponentials in cos8
and a small number of universal parameters,

I. INTRODUCTION

The present work represents an effort to extend earlier
results on the systematics of continuum angular distribu-
tions to higher energies, to improve the systematics at
low emission energies, and to look for second order
dependencies of the angular distributions on various reac-
tion parameters.

A. The Kalbach-Mann systematics

The year 1981 saw the publication of what have since
become known as the Kalbach-Mann systematics' for
continuum angular distributions in light particle nuclear
reactions. These systematics describe the shapes of the
angular distributions for inclusive reactions at incident
energies up to 80 MeV and emission energies up to 60
MeV.

In the Kalbach-Mann (KM) systematics, the angular
dependence of the inclusive cross section was found, at
least to first order, to be independent of the bombarding
energy and the nature of the projectile, target, and emit-
ted particle. Rather, it is determined primarily by the en-

ergy of the emitted particle and the fraction of the time
that it was emitted in a multistep direct (MSD) process
rather than a multistep compound (MSC) one. The ob-
served systematics were parametrized in terms of Legen-
dre polynomials using only a small number of universal
parameters.

While the KM systematics have been quite successful
at reproducing data in a wide variety of applications over
the intervening years, they have problems at both high
and very low emission energies. At high emission ener-
gies the MSD angular distributions become strongly for-
ward peaked, and it becomes increasingly difficult to
reproduce the smooth behavior of the data at back angles
using Legendre polynomials. At the other end of the
scale, the systematics do not predict isotropy of the angu-
lar distributions as the emission energy goes to zero.

One additional disadvantage of the KM systematics is
that second order dependencies on other reaction param-

eters could not be studied. The information on such
dependencies is spread among up to six reduced Legendre
coefficients and thus is difficult to discern.

In spite of these difficulties, the KM systematics con-
tinue to play an important role in preequilibrium reaction
studies. One reason is that the literature still displays a
variety of angular distribution models which make
differing assumptions. Second, no other approach is
applicable to as wide a variety of reactions and is as sim-

ple to use as the KM results. Finally, there is still no ex-
planation of the observed similarity of the angular distri-
butions in reactions with varying projectiles and emitted
particles.

B. Other approaches

The generalized exciton model ' (GEM) has gained ac-
ceptance as a somewhat realistic but still nonmicroscopic
approach to preequilibrium angular distributions. This
concensus is, however, somewhat offset by the diversity
of modifications to the model which have been proposed.

To better reproduce experimental angular distributions
for (nucleon-nucleon) reactions at backward angles, addi-
tional physics has been introduced, destroying much of
the simplicity of the exciton model. Various groups have
tried the following improvements in various combina-
tions: (a) replacing free nucleon-nucleon scattering infor-
mation with nuclear matter results (including Pauli prin-
ciple and Fermi motion effects) based either on a Fermi
gas or a harmonic oscillator model, (b) considering
refraction effects, ' (c) including angle-energy correla-
tions, (d) including the effects of the finite nucleon
temperature, and (e) using the GEM only for the MSD
part of the preequilibrium cross section, with the MSC
part assumed to be isotropic. '

Two other difficulties with the GEM are that it is not
readily applicable to reactions involving complex parti-
cles, and that, like the KM systematics, it uses Legendre
polynomials so that it cannot be used at emission energies
above 50 to 60 MeV.

While the GEM is certainly an interesting and promis-
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ing avenue to pursue, these difficulties certainly leave
room for a more phenomenological approach to be inves-
tigated as well.

A similar approach has been employed in the geometry
dependent hybrid model, " and in that connection Blann
et al. have raised a number of concerns about all such
semiclassical methods.

Quantum mechanical methods' '' are also used, but
their calculations are far too time consuming for large
scale applications, and again differing assumptions are
made.

At very low emission energies, the parametrization
does not produce isotropy at either e&

——0 or at e~=0
(e'& ———8&, corresponding to zero energy above the Fer-
mi level of the emitting nucleus). At eb

——0, the largest
reduced coeIIicients are b, and b2 which are 10% and

1%, respectively, of their asymptotic values. Since the
cross section is expected to be nearly pure MSC, the
value of bl is not important and the deviations from isot-

ropy should be very small. Still, some users of the sys-
tematics have felt it necessary to modify them to correct
this low energy behavior.

C. The present work

The present work represents an effort to remove the
difficulties in the Kalbach-Mann systematics and to ex-
tend them to bombarding energies of several hundred
MeV. Section II of this paper gives a brief review of the
Kalbach-Mann systematics, while Sec. III discusses the
method used to study the systematics of the data. Section
IV considers the possible origin of extra apparent cross
section sometimes seen at forward angles, Sec. V gives
the observed systematics, and Sec. VI describes their pa-
rametrization. Calculated angular distributions are com-
pared with the data in Sec. VII. A more complete
description of this work can be found in Ref. 14.

II. REVIEW OF THE KALBACH-MANN SYSTEMATICS

Mathematically, the angular distributions in the
Kalbach-Mann systematics are described in terms of
Legendre polynomials up through order 6. All of the po-
lynomials contribute to the multistep direct component
while only even order polynomials are used for multistep
compound processes. It is assumed that the angle in-
tegrated, energy differential cross section and the fraction
of it which is multistep direct are known from preequili-
brium calculations' or from experiment. (At a large eva-
poration peak the cross section is nearly pure MSC while
at the high energy end of a spectrum it is nearly pure
MSD. )

The original work used the total kinetic energy, eb, in
the exit channel as the pertinent energy parameter, but
later work showed a preference for the parameter
e& ——e& +BI, over either e& itself or eI, +BI,—B,. Here Bi,
is the empirical binding energy of the emitted particle in
the composite nucleus and B, is the projectile binding en-

ergy. The reduced polynomial coefficients and, indeed,
the calculated angular distributions are independent of
the target, the projectile, and the emitted particle for all
light particle induced reactions (except in so far as the
nuclei involved determine the binding energies).

The high energy limit of these systematics occurs at
emission energies around 50 MeV. The experimental
cross section drops by more than 2 orders of magnitude
between 0' and 180, and the Legendre polynomials
(which fiuctuate between + 1 and —1) can no longer can-
cel out at back angles to yield a smooth curve. Further-
rnore, the equations for the reduced coefficients imply
that an infinite number of polynomials would be needed
at energies of 90 or 100 MeV.

III. THE METHOD

The necessary ingredients for improving the KM sys-
tematics and extending them to higher energies are a
broader data base, a mathematical form to replace the
Legendre polynomials, and a requirement of reasonable
behavior at very low emission energies.

A. The data base

The data used in the present study includes nearly all
of the nucleon- and alpha- particle-induced angular dis-
tributions used in the original work. These were supple-
rnented with a large number of angular distributions from
reactions at higher bombarding energies and additional
data at the lower energies. The data systems' are list-
ed in Tables I—III, and are all for inclusive reactions.
The targets range from ' C to Th, and all emitted par-
ticles with mass numbers up to four were considered.
The bombarding energies extend up to 720 MeV, al-
though both the quality and quantity of the data prohibit
the fitting of the parametrization above about 200 MeV.

Most of the data are given in the laboratory frame of
reference, and it was necessary to transform them into
the center of mass. For the higher energy systems this
transformation was done relativistically. It was assumed
that all of the particles were emitted from the original
composite nucleus. This, of course, will not always be the
case, but even for the very light targets, there are only a
few instances where the assumption causes any obvious
problems. In these cases a slight apparent rise is noted in
the cross section at back angles above the straight line
trend of the more forward angle data. Otherwise the as-
sumption of emission from the original composite nucleus
seems adequate.

Another common difficulty with continuum reaction
data is the presence of experimental background, particu-
larly at very forward angles where additional components
may also contribute. The differentiation between these
two situations is discussed in Sec. IV.

B. The assumed angular dependence

The most obvious angular dependence to replace the
Legendre polynomials for describing the MSD cross sec-
tions is an exponential decay with angle. Here an ex-
ponential in cosO was chosen since it yields a smooth
turnover of the cross section at 0' and 180 and since
dO=d cosodg. It was then verified that calculated an-
gular distributions for pure MSD reactions based on the
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TABLE I. Data for inclusive neutron induced reactions.

Reaction

(n,n')

Target

Fe-Bi

Proj. energy
(MeV)

26 16-23.5 17

Channel energies
Range
(MeV) No. No. fit

Lab.
Range
(deg)

25-140

angles

No. Ref.

16

(n,p)
(n,p)

(n,a)
(n,a)

Nb
Ni

Nb
Nb

14
15

7—11
21.5-52.4

11-17
11-17

3
13

1

13
24-164

6—70

24-164
45-140

16
12

16
3

17
18

19
20

Total 41 24

TABLE II. Upper: data for inclusive (p,nucleon) reactions. Lower: data for inclusive (p,complex) reactions.

Reaction Target
Proj. energy

(MeV)
Range
(MeV) No.

Channel energies

No. fit No.

Lab. angles
Range
(deg) Ref.

(p,n)

(p,n)

(p,n)

(p,n)

(p,p')

(p,p')

(p,p')

(p,p')

(p,p')

(p,p')

(p,p')

(p,p')

(p,p')

(p,p')

Rh, Ag
Ag

Al-Zr
Al-Pb

Fe,Au
Fe,Bi
C-Bi
Al-Bi

Ni
Al-Pb
Al, Au
Al-Bi
Fe,W
Al, Ta

18
25
90

590

29
39
62
90

100
165
200
450
558
600

5.5-12.5
6.5-18.5
20-75

120-400

4-20
5-30
4-55
15-80
15-90

35-140
10-180
130-360
60-460
120-360

8

5

32
25

6
11
37
46
16
30
25
22
35
15

32
10

2
6

23
45
16
29
24

35
14

4—144
4-159
30-135
30-150

30-125
15-120
12-160
20-140
25-155
25-150
14-135
30-60
10-60

30-150

10
16

6—7
3

4
4—7

5 —18
6—9

8
6—12

5

3
6
5

21
22
23
24

25
25
25
26
26
27
28
29
30
31

Total (E;„,&300 MeV)
Total (E;„,&300 MeV)

228
97

191
59

(p,d)

(p,d)

(p,d)

(p,d)

(p,d)

(p,d)

(p,d)

(p,d)

(p, t)
(p, t)

(p, t)

(p, t)

(p, 'He)

(p, He)
(p, 'He)

(p,a)
(p,a)
(p,a)
(p,a)
(p,a)
(p,a)

Fe
Fe,Bi
Fe,Sn
Al-Bi

Ni
Ni

Al, Au
Al-W

Fe,Bi
Fe,Sn
Al-Bi
Al, AU

Fe
Al, Bi
Al, AU

Fe,Au
Fe,Bi
C-Bi
Al-Bi

Ni
Al, AU

29
39
62
90

100
165
200
558

39
62
90

200

62
90

200

29
39
62
90

165
200

4,7
7-25
5-42
25-80
30-75

40-140
30-140
100-360

10-30
10-42
15-80

30-110

24-33
25-75
30-90

8-22
8-40
10-55
30-80

40—150
40—100

2
7

17
44

6
11
23
43

7
14
31
17

6
9

12

5

10
24
29

7
13

3
9

44
6

11
23
43

2
6

31
17

4
9

12

1

9
29

7
13

15-125
15-120
12-160
20-140
15-155
25-150
14-135
10-60

12-120
12-160
20-140
14-135

12-160
20-140
14-135

15-130
15-120
12-160
20-140
25-150
14-135

5
4-7

20-21
9
9
12
5

6

4-7
20-21

9
5

21
9
5

4—5

4—7
6—21

9
13
5

25
25
25
26
26
27
28
30

25
25
26
28

25
26
28

25
25
25
26
27
28

Total (E;„,&300 MeV) 294 296
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TABLE III. Data for inclusive alpha-particle-induced reactions.

Reaction Target
Proj. energy

(MeV)

Channel energies
Range
(MeV) No. No. fit No.

Lab. angles
Range
(deg) Ref.

(a,p)
(a,p)
(a,p)
(a,p)
(a,p)
(a,p)
(a,p)

(a,d)
(a,d)

(a,t)
(a,t)

(a,a')
(a,a')
(a, a')
(a,a')
(a,a')
(a,a')
(a,a')

Ni
Co,Rh
C,Fe
Al, Ni
Al-Th

Ni
Al, Ta

Ni
Fe

Ni
Fe

Ni

C,Fe
Fe

Mg, A1

Fe
Al-Th

Fe

36
42
59

100
140
172
720

36
59

36
59

36
59
90

100
120
140
160

4—25
10-32
6—40
25-75
15-100
30-80
70-190

5-19
6-33

6-18
8-31

10-28
7-45
36-66
30-80
33-103
20-110
70-140

3
10
11
21
33
6

19

3
11
4
8

8

46
8

6
4

21
33
6

19

6
4
8
8

42
8

20-150
10-159
20-120
20-150
20-140
20-155
30-150

20-150
20-122

20-150
20-122

30-150
20-122
15-140
20-113
10-160
20-120
15-105

8

10-11
5 —6
7—8

8—11
8

5

7
5-6
10
7
11

7-11
6

32
33
34

35,36
37
36
38

32
34

32
34

32
34
39
35
39
37
39

Total (E;„,&300 MeV)
Total (E;„,&300 MeV)

191
19

153
19

KM systematics follow this dependence with extreme ac-
curacy for emission energies below 40 MeV (where back
angle bumps begin to appear).

The rnathernatical form for the MSD part of the angu-
lar distributions is determined by requiring that angle in-
tegration yield the correct energy differential cross sec-
tion, do MsD/dEb. The result is

2« MsD

dQ drab

1 o MSD 2a
exp(a cos8),

4m. d eb

2d o.Msc 1 do. Msc
[exp(a cosO)

d Qdeh 4m deb e —e

+ exp( —a cos0)] . (2)

where 0 is the emission angle in the center of mass frame.
Based on the KM systematics, the slope, a, of the ex-
ponential for incident energies below 80 MeV should, to
first order, be a function only of the energy parameter
eb ——eb+Bb

The form for the multistep compound part of the angu-
lar distributions was assumed to contain exponentials
with both positive and negative slopes, each having the
same slope parameter, a(eb ), as is used for the MSD part.
This yields distributions which are symmetric about 90
in the center of mass and does not introduce any new pa-
rameters. Thus the MSC part of the cross section is
given by

The resulting MSC angular distributions nearly coincide
with the corresponding curves from the KM systematics
when a(eb ) is chosen to make the MSD angular distribu-
tions coincide.

Combining Eqs. (1) and (2) and expressing the exponen-
tials as hyperbolic functions gives the general expression

[cosh(a cos8)
d2o 1 do g

1T eb Sin a

+fMsD sinh(a cos8)] . (3)

Once again, the angle integrated cross section do /dEb'
and the fraction, fMsD, of the cross section which is mul-

tistep direct are assumed to be known either from pre-
equilibrium model calculations or from experiment.

Guaranteeing reasonable behavior for the angular dis-
tributions in the new systematics at very low emission en-
ergies is simply a matter of constraining a(eb) in this
domain. This question is discussed in Sec. VI.

C. Analysis of the data

Most of the data in Tables I, II, and III for which the
cross section was thought to be pure multistep direct
were analyzed by plotting the double differential cross
sections for a given emission energy as a function of cosO
on semilogarithmic graph paper. For systems used in
Ref. 1 the quantity fMsD was taken from that work. At
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higher bombarding energies, particles emitted at energies
of at least 25 MeV were assumed to be from purely mul-
tistep direct processes, as they were at the lower incident
energies. This assumption was later verified by observing
that the data points followed the expected decay with
cosO.

In each case, a straight line was fit by eye through the
data points, and a value for the slope a(eb ) was extracted.
These slopes were then studied to determine the sys-
tematics of the full ensemble of data. Since the object of
the study was to determine general trends rather than
precise slopes for particular angular distributions, the use
of least-squares fitting was not deemed necessary. The
tables indicate the number of angular distributions for
each reaction which were actually fit to determine slope
values.

IV. EXTRA FORWARD ANGLE CROSS SECTION

For many of the experimental angular distributions,
the cross section at one or more of the most forward an-
gles was clearly well above the trend set by the rest of the
data points. In such cases the straight line fit was carried
out ignoring these forward angle data. Unfortunately it
is often not clear whether the extra cross section
represents uncorrected background counts or an addi-
tional reaction mechanism. The mechanisms which are
thought to be included in the main angular distribution
systematics are (based on the work of Refs. 1 and 40)
equilibrium evaporation, simple preequilibrium emission
(both MSD and MSC), pickup and stripping reactions,
and knockout and inelastic processes involving cluster
degrees of freedom.

Background subtraction is a particularly difficult prob-
lem for continuum energy spectra and is generally most
severe at very forward angles. In the absence of duplicate
data from different laboratories, the problem of
differentiating forward angle background from real data
is partly a matter of conjecture and partly a matter of
looking for systematic trends in the "extra" cross section.

A. Nucleon-induced reactions

For (p, p') reactions at energies up to 100 MeV, data
taken using passive detector collimators show back-
ground due to slit edge penetration, primarily by elasti-
cally scattered particles. ' Above 100 MeV, quasifree
scattering becomes increasingly important, so energy-
angle combinations with obvious QFS contributions have
been eliminated from consideration.

The 18 and 25 MeV (p, n) data of Grimes et al. ' are
known to have forward angle background due to the tun-
ing of the beam upstream of the target. This is likely also
to be the origin of the extra cross section in the 90 MeV
(p, n) data of Kalend et al.

In general, the angular distributions get progressively
cleaner as one goes from (p,p') and (p,n) to (p,d), (p, t),
(p, He), and (p,a) reactions, and any observed extra cross
section occurs only at the higher emission energies. Its
origin is not known.

B. Alpha-particle-induced reactions

The extra forward angle "components" in the alpha-
particle-induced reactions studied generally extend to
larger angles than for their proton projectile counterparts
and represent a larger fraction of the angle integrated
cross section. Because they merge more gradually with
the main component, they were not obvious in the work
leading to the KM systematics but are clear in the cos0
plots used in the present study. They are believed to
represent real cross section and are discussed in more de-
tail in Sec. VII C.

V. OBSERVED SYSTEMATICS

A. General trends

10
(p.p')

8 —o62 MeV
~ 90 MeV

6 —~165 MeV
v 200 MeV
o 558 MeV ~

Pa'
4 —~ 600 MeV

~ ~ d

F4~9 v

lpv
(

8
0

10

T

v
vv

&9

o 8

(p, d)
062 MeV

~200 MeV
4 —&558 MeV ~i 4

ge2—
1 I I I I0

14

(a, a')
59 MeV

~ 90 MeV
~120 MeY
~ 140 MeV

8 —o160 MeV

qe

0
I l I

0
0

I

8Q
I

12Q
I

160 200

e
b

= e b+ Bb (Me V)

FIG. 1. Empirical slopes resulting from fitting experimental
angular distributions with an exponential in cos8 plotted vs the
exit channel energy parameter eb for several projectile-emitted
particle combinations. The points are identified by their bom-

barding energies.

Plots were constructed of the slope values a versus the
energy parameter eb ——eb+8b for each combination of
projectile and emitted particle. Each plot therefore
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spanned a variety of targets and incident energies. A few
of these plots for bombarding energies above 50 MeV are
shown in Fig. 1.

For incident alpha particles, the points all cluster
about a single curve as expected from the KM systemat-
ics. For incident protons the same seems to be generally
true for bombarding energies up to 100 MeV. In addi-
tion, the general trend of the data points is the same for
each projectile-emitted particle combination. Thus for
incident proton energies up to around 100 MeV, and for
incident alpha particle energies up to 160 MeV, the angu-
lar distributions are determined primarily by the emission
energy, with at most a secondary dependence on target
mass, bombarding energy, and type of emitted particle.

Data taken with 165—600 MeV protons, on the other
hand, show slope' values which fall ever further below
those expected from the trends of the lower energy data.
Figure 2 shows the (p,p') results of Fig. l plotted versus
eb /e, where e, =e, +B, is the entrance channel
equivalent of eb. The 165 and 200 MeV data now follow
a single trend, and the 558 and 600 MeV data are brought
into somewhat closer agreement with them. Whether the
remaining differences are real or are simply due to the
fragmentary nature of the 558 and 600 MeV data cannot
be determined until more complete experimental work
has been done.

In any event, it seems clear that there is a change in the
physical parameter determining the shape of the angular
distributions at incident proton energies somewhere be-
tween 100 and 165 MeV. A good candidate for the new
parameter is the ratio eb/e, . The angular distributions

are, however, still largely independent of target or emit-
ted particle.

If a similar transition occurs for incident alpha parti-
cles, it must do so at incident energies above 160 MeV.
The only data available which might show such an effect
are the 720 MeV (a,p) results of Cordell et al. Howev-
er, while the slopes of these angular distributions are
quite small (indicating that a transition may have oc-
curred), the values from the two different targets do not
agree with one another, and their behavior looks quite
different from that observed for any of the other data sys-
tems. Thus, much more experimental work at intermedi-
ate bombarding energies is needed to be able to address
this question adequately.

B. The choice of energy parameters

Because of the scatter in the slope values evident in

Figs. 1 and 2, it is worth investigating the optimum ener-

gy parameters before proceeding to a parametrization.
Here the 90 MeV proton data were used.

The parameter ez was considered but (as found in Ref.
2) it did slightly worse than ez, so a variant of eb was con-
sidered.

The quantity eb should represent the energy of the exit
channel relative to the Fermi level of the emitting nu-

cleus. However, emission occurs from excited nuclei so
that much of the inhuence of pairing and shell structure
on the position of the ground state Fermi level should
have washed out. Thus it would be more appropriate to
use a separation energy measured relative to the excited

14

12—
o 82 MeV
~ 90 MeV
z 185 MeV
v 200 MeV
0 558 MeV
~ 800 MeV

0
0

pO
~ ~Sr

I II~ IV III
4h ~)PP~

0.2 0.8 0.8 1.0
eb/e

FIG. 2. Empirical slope values for (p,p') reactions plotted as a function of the energy parameter ratio eb/e, . The curve shows the
general trend of the results for 165 and 200 MeV incident protons.
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state Fermi level in evaluating eb.
To accomplish this change, the parameter e& is re-

placed by eb=eb+Sb where the separation energy Sb is
obtained from the liquid drop model with the pairing and

shell terms neglected. Using the mass formula of Myers
and Swiatecki for spherical nuclei, the separation ener-

gy for a nucleus C into a particle b and a nucleus B is

given by

(Nc —Zc ) (N
Sq ——i5.68( Ac —A~ ) —28.07

Ac

N —Z—i g. 56( A,'"—A,'")+33.Z2
C

B ZB)

(N~ —Z~ )

8
—0.717

ZC

A 1/3
C

Zg Zc+1.211
Ac

(4)

Here the subscripts C and B refer to the corresponding
nuclei, the quantities N, Z, and A are the neutron, pro-
ton, and mass numbers of the nuclei, and Ib is the energy
required to break the emitted particle up into its constitu-
ent nucleons.

A comparison of Figs. 1 and 3 shows that the parame-
ter eb ——e&+Sb indeed gives a more consistent description
of the 90 MeV incident proton data than does eb.

Other data systems are not as complete as the 90 MeV
proton data and thus are not as sensitive to the choice of
energy parameter. All seem to be adequately described
using eb, and this energy parameter has been adopted
here.

6-

0

Al & Zr

I I 0o~ &Sc~
o Ni

C. Dependence on emitted particle type

The data from Fig. 3 have been replotted in Fig. 4 to
compare the angular distribution slopes for the different
particle types emitted from a single target. While all the
results agree at the lower end of the energy scale, at
higher energies the neutron results tend to be below the
trend of the proton, deuteron, triton, and He slopes,
while the alpha particle results tend to be above them.
This behavior seems quite general for nucleon induced re-
actions. For alpha-particle-induced reactions, this trend
is not evident, but the data are more limited and their
analysis is complicated by the presence of forward angle
components.

D. Dependence on bombarding energy

When the angular distribution slopes for a single pro-
ton induced reaction at a variety of bombarding energies
are plotted together, a second order dependence on bom-
barding energy becomes evident, as shown in Fig. 5.
While there is general broad agreement between the
points, the angular distribution slopes for a given bom-
barding energy begin to rise above the main trend line as
the emission energy approaches its maximum.

The Fe(a, a') data in Fig. 6, on the other hand, ail fail
on a single, well defined curve even though the measure-
ments were done at two different laboratories. No bom-
barding energy dependence is observed.

He

2—a
p~Z 0

~ +S (Men

100

VI. PARAMETRIZING THE ANGULAR
DISTRIBUTION SLOPES

Only a subset of the available data was used in the pa-
rametrization so that the predictive ability of the final

FIG. 3. Empirical slope values for reactions induced by 90
MeV protons shown vs the exit channel energy parameter
e& ——eb +Sb. The different types of points refer to the four
different target nuclides, and the results for each type of emitted
particle are shown separately.
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90 MeV PROTONS

I I I

Al
5 Ni

9 0
&o

~ fl

V p
0 cI

a t
g 3He
~ 0

0

I I I I

6 90z„ 209@

0
0 20 40 100 0

eb= e&+Sb (MeV)
FIG. 4. Empirical slope values for reactions induced by 90 MeV protons shown vs the energy parameter eb. The different types of

points refer to different emitted particles, and the results for each target nuclide are shown separately.

equations could be verified, and a concerted e6'ort was
made to limit the number of free parameters. Since the
parametrization is only intended to reproduce global
trends in the somewhat scattered slope values, a least
squares fitting process was deemed unnecessary.

A. General behavior

The incident energy dependence is accounted for by
adding a third term which varies as (eb/e, ')" where e,' is
the entrance channel analog of eb. The 39, 62, and 90
MeV (p,d) data were chosen to set this term, and the ex-
ponent was determined to have a value of 4. The results
are shown in Fig. S.

The slope values, a(eb ), have been described with a po-
lynomial in eb. The leading term was assumed to be
linear to guarantee that calculated angular distributions
at eb ——0 will be isotropic. With an energy parameter oth-
er than the channel energy itself, it is impossible to
guarantee isotropy at zero emission energy, but the con-
dition of isotropy for zero particle energy inside the emit-
ting nucleus, is a good alternative.

Because of the second order dependences seen with in-
cident protons and because of the change in the primary
parameter at incident energies above 100 MeV, the pro-
cess of parametrizing the general shapes of the angular
distributions was begun with the Fe(a, a') data shown
in Fig. 6. These data lead to the relation

a (eb ) =0.040eb + 1.8 X 10 (eb )

oI
4

CI

0
0

I I I I I

20 40 80 80 100 120

which in turn was used to generate the curve shown in
Fig. 6.

B. Incident nucleons at 35—100 MeV

Equation (5) must now be modified to account for the
observed second order dependencies on bombarding ener-

gy and emitted particle for nucleon induced reactions.

eb' (MeV)

FIG. 5. Empirical and calculated slope values for (p,d) reac-
tions at bombarding energies of 39—100 MeV. The empirical
points are designated by bombarding energy. The solid curves
are the result of the pararnetrization for proton-induced reac-
tions, while the dashed curve shows the corresponding values
for alpha particle-induced reactions.
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12

10

determination more accurate than one based on ratios of
small whole numbers.

For incident neutrons the slopes of the 60 MeV (n, p)
angular distributions were found to be better reproduced
using the three term expression rather than the two term
one. The third term will therefore be used for all nucleon
induced reactions.

Taking into account both the projectile and emitted
particle dependences, the slope parameter for the angular
distributions can be written as

a (eb ) =0.040eb + l. 8 X 10 (eb )

+ 1.9M, mb(eb le,' ) (6)

0
0 20 40 60 80 100 120 140 160

Bg' = E'g+ S&(MeV)

where

M =0,
(7a)

FIG. 6. Empirical slopes for inelastic scattering of 59—160
MeV alpha particles from ' Fe. The different types of points are
for different bombarding energies, while the curve shows the
slopes calculated with the parametrization adopted for alpha-
particle-induced reactions.

M„=M =1,
m I

n

m =md ——m, =m3 —1,He

ma 2

As a simple approximation to the second order depen-
dence on the emitted particle, this third term in a(eb) is
assumed to have the same normalization for proton,
deuteron, triton, and He angular distributions, while it is
halved for neutrons and doubled for alpha particles. The
scatter in the experimental results does not permit a

C. Incident nucleons above 150 MeV

To avoid a whole new parametrization for nucleon in-
duced reactions in the regime above 150 MeV, the pa-
rameter eb in the first two terms of Eq. (6) is replaced by

10 10— |

10 10

I

C5

10 10

0 0.2 0.4 0.6 0.8 &.0 0 0.2 0.4 0.6 0.8 1.0

eb /ea
FIG. 7. Empirical and calculated slope values for proton-induced reactions at bombarding energies greater than 100 MeV. The

empirical points are designated by bombarding energy for each reaction type. The solid curves are the result of the parametrization
adopted for proton-induced reactions.
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the ratio

X, = (E, eb /e. ),
where

(Sa)

data follow the same trends, while the 600 MeV (p,p') and
the 558 MeV (p, d) reactions have higher slope values.

D. Incident nucleons below 40 MeV

E
&

——min(e, ', E, &
) (Sb)

and E,
&

is the energy at which the transition is made from
an e& dependence to an et', /e,' dependence. For incident
energies below the transition point, the previous results
are recovered, and the only new parameter is the transi-
tion energy which must lie between 100 and 165 MeV.

A value of E«of around 130 MeV was found from the
165 and 200 MeV (p, p') data. To distinguish between the
assumed sharp transition and a more gradual one, a lot of
good angular distribution data is needed for incident en-
ergies between 100 and 150 MeV. Figure 7 shows that all
of the 165 and 200 MeV data plus the 558 MeV (p, p')

While isotropy is now guaranteed as eb approaches
zero, the third term in Eq. (6) can cause the angular dis-
tribution slopes to jump by an unrealistically large
amount in a very small interval of emission energies. To
deal with this problem, the third term was recast to give
it the same form as the first two, but with a lower transi-
tion energy, E,3. For values of e,' below E,3, the third
term and, indeed, the slopes of the angular distributions
thus depend on the emission energy but not the incident
energy.

Six (nucleon-nucleon) angular distributions were calcu-
lated in Ref. 1 to be at least 90% multistep direct emis-
sion. Together they indicate a transition energy of about

I
'

I

NEUTRONS INCIDENT

0 00
Nb(n, a)

14.6/1 1/12

PROTONS INCIDENT

Fe(p, a)
29/8/4

10
V)

"Nb(n, a)
1 4.6/13/42

0 " a~~--,—„—
A g(p, n)

1 8/4. 5/19

~00 ~o'
0 Fe(p, d)

29/7/65

~00 i00

Fe(n, n )
25.7/18/100

i00

10 )0-1 —-- K-M (82)

0 40 80 120 160

e(deg)

40 80 120 160

e(deg)
FIG. 8. Comparison of experimental and calculated angular distributions for nucleon-induced reactions at energies less than 35

MeV. The points show the data, the solid curves are the results of this work, and the dashed curves are the corresponding KM re-
sults (Ref. 2). Each angular distribution is labeled by the reaction, the incident laboratory energy, the emitted channel energy, and
the percent of the cross section which is believed to be multistep direct.
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a ( eb, e,
'

) =0.040X, + 1.8 )& 10 (X, )

+6.7 x 10 'M, m b (X, )

where X3 is defined analogously to X, .

(9)

VII. COMPARISON OF PARAMETRIZATION
WITH DATA

A parametrization is only useful if it successfully ac-
counts for the data not used in setting the parameter
values.

41 MeV. Thus the final formula for the slope parameters
1S

A small computer program was written to calculate an-
gular distributions for all of the systems listed in Tables
I—III except those for the 720 MeV (u, p) reactions, for
which the needed parameter E„ is unknown. The pro-
gram uses the liquid drop model binding energies of Eq.
(4) to calculate the parameters e,

' and eb, Eqs. (7), (8), and
(9) for the slope parameter, and Eq. (3) for the angular
distributions. The results have been compared to the
measured center-of-mass angular distributions, with the
normalization do /deb adjusted to facilitate comparison
with the data. For the systems used in the KM studies,
the fractions, fMsD, of multistep direct emission from
that work were employed. All other angular distribu-
tions were chosen to be pure MSD.

10
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Tg

10' 10o 10o

10'
54Fgp pg)
B2/10/20 —100 10-1 10-1

&O0 10' 100 10 2

10o "100 10-1

101 10 ' 10 1: 10 3
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101 10o

&00 10 ' 10 1 10 3
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6CHh! MeV NGK)ENT

10 3 I 1 1 ) I ) I 1p 3
0 40 80 120 180

10~ 1 I ) I ) I l l 1P~
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FIG. 9. Comparison of experimental and calculated angular distributions for reactions induced by 60—90 MeV nucleons. The
points, solid curves, dashed curves, and labels are as in Fig. 8.



37 SYSTEMATICS OF CONTINUUM ANGULAR DISTRIBUTIONS: 2361

A. Nucleon-induced reactions belo~ 300 MeV

The primary interest in this work is in nucleon-induced
reactions at incident energies up to 200 MeV. These re-
actions show slightly different systematics in each of
three domains of incident energy. Figure 8 shows the re-
sults for incident energies below 35 MeV (or e,

' below

E,3=41 MeV) where the angular distributions are in-

dependent of the incident energy. Figure 9 covers in-
cident energies of 62 and 90 MeV for which e,' is between

Et 3 and E„=1 35 MeV and there is a second order depen-
dence on this parameter. Figure 10 shows results for in-
cident energies of 165 and 200 MeV, where the energy
parameter describing the angular distributions is e& /e,'.

In each of the three figures, the level of agreement be-
tween experiment and calculation is quite good. Nor is
there any significant difference in the quality of the fits
between the systems that were and were not used in the
earlier phases of this work.

0 40 0 40 0 40 0 40 80 120 160

100

10 '
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Z
UJ

U

0
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0 40 80 120 80 120 160 120 160 120 160
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10o
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D
O
C4

10 3
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FIG. 10. Comparison of experimental and calculated angular distributions for reactions induced by 165 and 200 MeV protons.

The points, solid curves, and labels are as in Fig. 8.
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FIG. 11. Sensitivity of experimental angular distributions to variation in the parameters describing second order dependences.

The points show the data, the solid curves give the results of the present work with the adopted values of all the parameters, and the

dashed curves give the results when one of the parameters is varied as indicated.
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FIG. 12. Comparison of experimental and calculated angular distributions for (a,p) and (a,a') reactions. The points, solid curves,

dashed curves, and labels are as in Fig. 8.
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An important result from these figures is the applica-
bility of the current parametrization for multistep com-
pound emission. The angular distributions shown in Fig.
8 range from 4% to 100% MSD, and the good fits sug-
gest that the assumption made in Sec. III regarding the
functional form of the MSC component is both reason-
able and adequate.

Figures 8 and 9 also show angular distributions from
the KM systematics with the energy parameter
eb ——eb+Bb. The current results are on average at least
as good at reproducing the data, and the results in Fig. 8

imply that they are somewhat superior at low emission
energies.

The most noteable disagreements seen are for 62 MeV
protons incident on ' C. Here the inelastic proton angu-
lar distributions at 30 and 40 MeV are found to have
nearly identical shapes at forward angles, with only the
40 MeV data accounted for by the systematics. The
' C(p,a) reaction at an emission energy of 30 MeV
displays bumps of extra cross section at angles forward of
40' and backward of 140'. This is quite possibly related
to the alpha cluster substructure of the target.

A much smaller difficulty is seen in the 90 MeV (p, p')

angular distributions. For all of the targets except Al,
the angular distributions for channel energies greater
than 40 MeV are better reproduced using an effective
channel energy which is 5 MeV higher than the real one.
Other exit channels do not show this effect, nor do (p,p')
results from lower or higher bombarding energies.

B. Sensitivity to parameter values

The third term in Eq. (9) has two multipliers: M,
which is a function of the projectile and mb which is a
function of the emitted particle. Of the three values of
M, which have been assigned, the values M =0 and
M = 1 simply reflect the origin of the third term in the
equations for a. Thus only M„ is an adjustable parameter
and only values of 0 and 1 were considered. Similarly, for
mb, variations from unity were only considered for m„
and m, and then only in ratios of small whole numbers.

Figure 11 shows the sensitivity of the data to using
M„=O instead of 1 and to chosing m „=m = 1 instead of
the adopted values of —,

' and 2, respectively. In each case
there is a small but decided preference for the adopted
values. Thus, the main argument in support of the pro-
posed values of M„, m„, and m comes from the accumu-
lated weight of weak but consistent evidence from a num-
ber of reactions.

C. Alpha-particle-induced reactions below 200 MeV

For incident alpha particles, the systematics appear to
be simpler than those for incident nucleons, but the addi-
tional forward angle components make the fits to the data
look less impressive. In the original KM work, the pres-
ence of these extra components was not recognized, and
the parametrization was designed to reproduce all of the
data points. this is why it was possible to use the same
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FIG. 13. Comparison of experimental and calculated angular distributions for (a,d) and (a,t) reactions. The points, solid curves,

dashed curves, and labels are as in Fig. 8.
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parametrization for both proton- and alpha-particle-
induced reactions.

In Figs. 12 and 13, the present results have generally
been normalized to the data at the more backward angles.
The corresponding KM results (which have occasionally
been renormalized downward) are also included.

Using the present parametrization, the fits to the an-

gles that are free of the forward angle components are
generally quite good, but there are a few exceptions. The
'Ni(a, a') reaction data at 35.5 MeV show a rise at back

angles, even at emission energies where the cross section
should be pure multistep direct. For the 100 MeV (a, a')
data on Mg and Al (the only targets used), the angular
distributions get steeper at back angles than at forward
angles. No other data do this, and it is possible that too
much background was subtracted. The 140 MeV (a, a')
angular distributions for reactions on Al and Ni are
better reproduced if the energy parameter is arbitrarily
increased by about 10 MeV. Finally, the 100 MeV (a,p)
angular distributions for reactions on Al and Ni show
empirical slopes well above the general systematics and
are not reproduced by the present parametrization.

59 MeV INCIDENT

I I I I

(Heavier targets were not employed. ) This probably
reflects an inability to resolve the "main" component
from a quite dominant "forward angle" component. The
present results for these systems were generally normal-
ized to the data taken backwards of 115 . To probe the
origin of the forward angle components, it is instructive
to study the cross section in excess of the present results.

The angular distributions of the extra forward angle
cross section show very little variation with either in-
cident or outgoing energy, although the uncertainties are
quite large. In general, their slope parameters would nor-
mally correspond to values of eb around 100—140 MeV.

The energy distributions are more instructive. Figures
14 and 15 show the 20' spectra of the excess cross section
for some sample reactions.

For the (a,p) reactions and the few (a,d) and (a,t)
cases that have been studied the spectra peak at an ener-

gy roughly corresponding to the beam velocity, suggest-
ing some variety of breakup mechanism. ' The (a, a')
forward angle components are relatively flat across a
given energy spectrum. They increase rapidly in intensity
with target mass at 140 MeV (not even being seen for the
aluminum and nickel targets), and decrease in intensity
with increasing bombarding energy, suggesting a possible
correlation with the elastic scattering peak. Clearly a de-
tailed investigation of these components is needed but is
outside the scope of this paper.

0
10

(a,a')
D. Proton-induced reactions above 300 MeV

While the data at incident energies above 300 MeV are
too fragmentary for definitive analysis, it is still interest-
ing to compare them to the current systematics.

Figures 16 and 17 show such comparisons. As expect-
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FIG. 14. Energy spectra of the excess 20' cross section for re-

actions of 59 MeV alpha particles with ' Fe. The arrows show
the emission energies which correspond to the beam velocity for
proton, deuteron, and triton emission. The curves are intended
simply to guide the eye.
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FIG. 15. Energy spectra of the excess 20 (a,p) cross section
at various bombarding energies. The curves show the trends of
the data, and the arrows indicate the emission energies which
correspond to the beam velocity.
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FIG. ]6. Comparison of experimental and calculated angular distributions for reactions induced by 450 and 558 MeV protons.
The points, curves, and labels are as in Fig. 8.
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ed from the results in Fig. 7, the 558 MeV (p,p') angular
distributions can be well reproduced, while the systemat-
ics seriously underpredict the steepness of the 558 MeV
(p,d) and the 600 MeV (p,p') curves. The fragmentary an-
gular distributions for the 450 MeV (p,p') reactions are
also seen to be at least qualitatively consistent with the
calculated curves. Finally for the 590 MeV (p, n) data, the
angular distributions sketched out by the data tend to be
roughly consistent with the systematics, but for e& above
about 200 MeV, the 150' experimental cross section be-
gins to rise above the calculated curves.

io'

10

esc (d )
—10

24.7/10.3/4
(xylo)

5 0—10

E. Deuteron-induced reactions

Deuteron-induced reactions have not been studied here
because of the expected significant contributions from
projectile breakup processes. However, because of the
success of the KM systematics, it is interesting to see how
well the present parametrization can do. The data
used are listed in Table IV.

It is assumed that Md =1 and E,3
——41 MeV as for in-

cident nucleons. The value of E, ~
would be expected to

be at least 130 MeV (the proton value), but is not needed
at the available incident energies.

Figure 18 shows that, perhaps surprisingly, the present
results account quite well for the 25 MeV data, except, of
course, for the breakup cross section in the proton chan-
nel. The effect of the third term in Eq. (9) is crucial in
this regard. For the Cu(d, a) reaction with an emission
channel energy of 27.8 MeV, replacing Md = 1 with

Md ——0 would produce an angular distribution
significantly Hatter than the KM result shown.

Figure 19 shows the comparisons of the present sys-
ternatics with the data taken at 70 and 80 MeV. The
data for the aluminum, nickel, and zirconium targets are
all well reproduced (again, except for proton angular dis-
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FIG. 18. Comparison of experimental and calculated angular
distributions for reactions induced by 24.7 MeV deuterons. The
points, curves, and labels are as in Fig. 8.

TABLE IV. Data for inclusive deuteron-induced reactions.

Reaction

(d,p)
(d,p)
(d,p)

Target

Cu
Al
Pb

Proj. energy
(MeV)

25
80
70

Range
(MeV)

4.3—24.8

60
50

Channel energies

No. No. fit No.

30-150
30-150
20-140

Lab. angles
Range
(deg) Ref.

32
49
49

(cl,c1')

(ci,c1')

(d,d')

(d, t)
(cl,t)
(cl,t)

(d,a)
(d,a)
(d,a)

Cu
Al, Ni
Pb, T}1

Cu
Al, Ni
Zr, Th

CU

Al, Ni
Zr-Th

25
80
70

25
80
70

25
80
70

5.3 —18.8
30,50

20—60

5.8 —18.3
20,40
30,40

10.3 —27.8
40-60
20-50

3

6
10

30-150
20-150
20-140

30-150
20-150
20-150

30-150
20-150
20-150

9
7—8
8—9

9
7—8

8

8

7—8

8 —9

32
49
49

32
49
49

32
49
49

Total (E;„,&300 MeV) 43
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FIG. 19. Comparison of experimental and calculated angular distributions for reactions induced by 70 and 80 MeV deuterons.

The points, curves, and labels are as in Fig. 8.

tributions for energies on the breakup peak). The fits are
generally comparable to those obtained from the KM sys-
tematics using the energy parameter eb, but avoid the
wild oscillations at the higher emission energies. On the
other hand, the data for lead and thorium show
significant forward angle cross section that is not ac-
counted for.

A possible mechanism to explain the extra cross sec-
tion would be normal preequilibrium reactions induced
by one of the breakup nucleons. This is, of course, only
speculation, but in many cases the present parametriza-
tion for reactions induced by neutrons with half the beam
energy can at least qualitatively account for the angular
dependence of the extra cross section.

VIII. SUMMARY AND CONCLUSIONS

The present work extends the range of applicability of
the earlier Kalbach-Mann systematics to higher born-
barding energies and improves their behavior at very low
emission energies. This has been accomplished without
dramatically increasing the number of adjustable parame-
ters, and at the same time some useful insights have been
gained into the special intricacies of complex particle in-
duced reactions. The key to the success of this work was
the use of a simple exponential in cosL9 to describe the an-
gular dependence from multistep direct processes.

A General systematics

The present work confirms the KM result that for
bombarding energies less than 100 MeV, the main physi-
cal parameter determining the shape of the angular distri-
butions is the energy of the emitted particles. The most
consistent description of the data occurs when this ener-

gy is combined with a liquid drop model separation ener-

gy from which the pairing and shell effects have been re-
moved.

For incident protons (and presumeably neutrons) with
energies above 130 MeV, the systematics change and the
angular dependence of the cross sections is determined by
the ratio of the energies in the entrance and exit channels
of the reaction. If such a transition occurs for alpha-
particle-induced reactions, it does so above 172 MeV.

Many of the angular distributions for alpha-particle-
induced reactions have at least two components: the
main component corresponding to the usual preequilibri-
um cross sections and a much more forward-peaked com-
ponent which is probably due to some variety of breakup
process.

Finally, some second order dependencies were ob-
served when the emission energy approaches the incident
energy. The alpha projectile results tend to be Aatter
than those for nucleon or deuteron projectiles, and they
do not show the small incident energy dependence seen in
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those reactions at energies below the 130 MeV transition
point. In addition the nucleon and deuteron projectile
data show a weak dependence on the nature of the emit-
ted particle, with the neutron angular distributions being
somewhat flatter and the alpha particle results somewhat
steeper than those for p, d, t, or He emission.

B. Parametrization

As was the case with the KM systematics, the angular
distribution parametrization derived here can in no sense
be considered to be unique. It can only be considered as
appropriate and useful.

The new formulae for calculating continuum angular
distributions in light particle induced reactions are sum-
marized in the following equations as

d 1 do. a
[cosh(a cos8)

eb m eb sin a

The quantity e,
'

is defined analogously to Eq. (13) and the
separation energies S, and Sb are given by Eq. (4).

The values of the parameters in the above equations
are given in Table V along with the number of angular
distributions that were used to determine them. Note
that of all the parameters listed in the table only five are
continuously variable. The two exponents were required
to be integers, while M, and mb were constrained to be
ratios of small whole numbers.

This list compares with four continuous variables and
two integer exponents in the KM systematics. If the
present systematics were constrained to the same range of
bombarding energies, the parameter E„could be omitted
and the number of parameters would be the same as in
the earlier study except for the M, and mb values which
represent second order effects too weak to be seen there.

C. Perspectives

+fMsDsinh(a cos8)],

a (eb, e,' ) = C,X, + Cz(X, )" + C3M, mb (X3 )"',

X, =(E,eb/e, ),
X, =(E3eb leo )

E, =min( e,', E„),
E3 =

min�(

e,', E~3 ),
eb =&b+Sb

(10)

(12)

(13)

The parametrization described here successfully ac-
counts for a wide variety of experimental angular distri-
butions, including those that were used neither to study
the systematics nor to set the parameter values. For sys-
tems which were considered in the earlier KM systemat-
ics, the present results provide comparable or better
agreement with the data. Thus the high energy threshold
of the KM systematics has been extended from 60 to 200
MeV and perhaps higher. (Data at higher bombarding
energies are scarce, and results for 450—600 MeV proton
induced reactions are mixed. )

For a complete description of continuum angular dis-

TABLE V. Summary of parameter values.

Parameter

712

Ci
C2

C3
Eti
E,
M„
Mp
Md
M
mn

m~
md

m,
m3

He

ma

Value

3
4

0.04
1.8 &&

10-'
6.7x10 '

130+10 MeV
41+5 MeV

1

1

1

0
1

2

1

1

1

1

No. angular distributions used'

24
56

(24)
(24)
(56)
65
6
13

From definition of C3
Assumed

From definition of C&, C2
32

b

From definition of C3
b

21

Total used
data set (E;„,&300 MeV)

Full Data set

217
750
913

'Values in parentheses mean that these angular distributions were also used for determining one or
more previously listed parameters.
Variation of this parameter was not considered.
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tributions it will be necessary to include additional com-
ponents. For incident alpha particles (and deuterons)
there is a need to describe the cross section due to break-
up processes, while for nucleon-induced reactions above
100 MeV quasifree scattering must be considered. Addi-
tional work on both mechanisms is needed, and the
present systematics may help to separate these com-
ponents from the main preequilibrium cross section in
the data.

On the experimental side, there is clearly a need for
more data at bombarding energies between 200 and 600
MeV. Each data set should optimally include energy
spectra for several emitted particle types, each taken over
a wide range of angles (preferably at increments of 15' or
less) on a variety of targets. This would enable the
current results to be tested and modified at the higher en-
ergies.

Finally, it is hoped that the present results will stimu-
late new theoretical work. The basic KM systematics are
still unexplained after seven years of use. In addition

there is the newly recognized change in energy parameter
at incident nucleon energies of around 130 MeV. Could
this be related to the threshold for pion production? If
so, should we expect to see other "particle physics" phe-
nomena, like the b, (1236) resonance, influence the results
at still higher bombarding energies? The systematics
only tell us what is going on, but we still need to learn
why.
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