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Rotational collectivity in shell-model wave functions for A =20—28 nuclei
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Results of shell-model calculations for A =20-28 nuclei are examined for manifestations of col-
lective rotational structure. The calculations use the full set of Od5/2-1s i/p Od3/2 configurations and

an empirical Hamiltonian which yields a comprehensive reproduction of A =18-38 spectroscopy.
The shell-model eigenvalues and the electric quadrupole matrix elements calculated from the shell-

model eigenfunctions are treated as pseudodata from which the parameters of the simple rotational
model are extracted. These analyses reveal extended groups of model levels in several nuclei which

can be characterized in terms of well-defined moments of inertia and stable intrinsic quadrupole de-

formations. The "bandlike" structure of these groups persists, with diminishing intensity, to the
largest values of total angular momentum which can be generated within the sd-shell space for these
nuclei. Other sd-shell nuclei which are sometimes considered as "rotational" exhibit some fragmen-

tary evidence for rotational collectivity in the present analyses, but the characteristics of band struc-
ture are not sustained over extended sequences of levels.

I. INTRODUCTION

While rotational collectivity conventionally is associ-
ated with heavy nuclei, for which a large number of
shell-model orbitals presumably cooperate in generating
the requisite deformations, evidence has also long been
available for strong rotational collectivity in the light sd-
shell region. With the three active orbits of the sd
shell (Od5/2, ls&/2, and Od3/p), it is possible to make ex-
plicit shell-model calculations of the microscopic struc-
ture of levels which appear to have a rotational collective
structural nature. Such calculations successfully repro-
duce many of the observed features of such levels which
are responsible for their being characterized as "rotation-
al." As in the case of heavy nuclei, the primary experi-
mental evidence for rotational structure in the sd shell is
the adherence of a sequence ("band") of levels to a
J(J+ 1) spacing of energies and electric quadrupole (E2)
matrix elements (primarily transition matrix elements)
which are consistent with their being generated from the
angular-momentum coupling coefficients which relate
states of particular J values in a "band" to the rotation of
the deformed intrinsic state of the band and its per-
manent quadrupole moment. Qualitatively, the levels of
a band are connected to each other by large E2 matrix
elements, while E2 matrix elements between members of
the band and other levels are weak to vanishing.

Given the vagaries of experimental feasibility, evidence
for such a "rotational band" in a light nucleus typically
consists of a sequence of level energies up through J=8
and three to four quadrupole matrix elements. In fact,
we will make only passing reference to actual experimen-
tal data in the present study. The essential features of al-
most all existing spectroscopic data on sd-shell nuclei are
reproduced by current shell-model wave functions com-
bined with appropriately renormalized effective opera-
tors. Comparisons with experimental data are included
here principally as reassurance on this point and as illus-

trations of the relative paucity of the experimental evi-
dence for postulating rotational structure in this region.

Our aim in this work is to establish in detail the degree
to which realistic shell-model calculations in the com-
plete 015/2-ls, /z-Od3/2 configuration space generate the
characteristics of collective rotational motion. Our prin-
cipal concerns are with energies and, moreso, the electric
quadrupole matrix elements generated in the shell-model
calculations. These calculated values of energy-level
characteristics are free from the inescapable uncertainties
and extensive (pervasive) lacunae of actual experimental
results. They provide the basis for exhaustive and precise
comparisons with the predictions of the simple rotational
model. Thus, the degree to which these two descriptions
are mutually consistent can be definitively established.
Further, if one allows the assumption that the shell-
model predictions are the best available estimates of un-
measurable experimental properties of sd-shell nuclei,
then these comparisons can be extrapolated to estimate
the degree to which actual sd-shell nuclei are governed by
simple collective-rotational dynamics.

II. SHELL-MODEL ASPECTS

The sd-shell-model wave functions
~

(sd)",vJTT, ) we
use in this study are calculated with the "universal sd"
(USD) interaction in the full sd shell-model space. The
USD interaction was derived by making an iterative
least-squares fit of shell-model eigenvalues to experimen-
tal level energies through the medium of the two-body
matrix elements and single-particle energies of the
effective model Hamiltonian. A critical factor in the suc-
cess of this process was the assumption of a scaling factor
of (18/A) for the magnitudes of the two-body matrix
elements used in the diagonalizations for levels of each
given value of the mass number A. A total of 440 level
energies were used in the data set which determined the
USD interaction, these data being selected rather uni-
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formly from over the entire A =18—38 mass range.
These data were reproduced by the converged set of in-
teraction parameters with an rms deviation of 140 keV.
Another several hundred level energies in the region have
subsequently been found to be predicted by the USD
Hamiltonian with equal or better accuracy. A number of
examinations of the wave functions obtained in the diago-
nalizations have been carried out and have yielded the
conclusion that this manifestation of the shell-model ap-
proach to sd-shell structure yields an accurate accounting
of the experimentally observed single-nucleon, spin-
observable, and shape-collective features of levels across
the entire shell.

The model-space reduced matrix elements of the E2
operator, A (E2)p&„ for protons and neutrons, respective-
ly, are calculated in the conventional impulse approxirna-
tion from the "USD" wave functions via the prescrip-
tions given in Ref. 8. Input to these calculations require
the one-body density matrix elements determined directly
from the N-body "USD" shell-model wave functions and
the single-particle matrix elements of the O(E2)„&„
operator between the single-particle states of the model
space. The radial integral parts of these single-particle
matrix elements are calculated by using radial wave func-
tions derived from the simple harmonic oscillator with a
size parameter determined by the experimental rms
charge radius of the ground state of the stable nucleus of
each A value.

The total E2 proton transition matrix elements,
M(E2)p, which correspond to E2 values obtained with
electromagnetic experimental probes, are obtained by re-
normalizing the model-space proton/neutron matrix ele-
ments A (E2) z„ to account for the effects of model-space
truncations. The simplest procedure for renormalizing
the shell-model matrix elements for electric quadrupole
observables is to assign total "effective" charges e and F„
to the protons and neutrons which are active in the mod-
el space. Overall, the experimental values of the
strengths of sd-shell E2 transitions are consistent with
effective proton and neutron charges for the model parti-
cles which are constant, independent of state and mass.
Thus one can express the total model E2 matrix elements,
M(E2), as

M(E2) =V A (E2) +F„A (E2)„.
In this study, the values F and F„are taken to be 1.35e
and 0.35e, respectively. The static electric quadrupole
moment of a nuclear state Q, and the electric quadrupole
transition strength B (E2) are given in terms of M(E2)pb'

values, along with the excitation energies obtained in the
same model calculations, were then examined for the
characteristics of simple rotational structure, as formu-
lated in the next section.

The basic assumption of the nuclear shell model is
that, to a first approximation, each proton and neutron
moves independently in a potential that represents its
average interaction with the other nucleons in the nu-
cleus. In this sense, the shell model makes no initial as-
surnptions about collective motion. The large E2 transi-
tion matrix elements characteristic of rotational collec-
tivity can be partially realized in the shell-model frame-
work via coherent interference between different com-
ponents of strongly configuration-mixed states. In the
present calculations, for example, the shell-model basis
states, 4;(NJT), are represented as coupled products of

configurations, where N&+Nz+N3 ——A —16 and the
N;, J;,T; give the number of nucleons in the orbit p; and
the value of the internal coupled angular momentum and
isospin for that orbit. The eigenfunctions of the model
space, %(NJT), are obtained as linear combinations of
these basis states 4, (NJT), i.e.,

%(NJT) = g a;4;(NJT),

where the sum runs over all allowed basis states. The
matrix element A (E2) z„can be expressed as a linear
combination of the basis-state matrix elements

A (E2)pi„

= g g a;a" (4~(NJT)~~O(E2)p&„(~4,'(NJ'T') ) .

(4)

"Collective" arnplification in the shell-model calculation
(i.e., large values of

~

A (E2)
~

) thus can result from hav-
ing a large fraction of nonzero products

(4J(NJT) ~(O (E2) p~„[~4';(NJ'T') )

in the sum of Eq. (4) together with many amplitudes a;,a'
of comparable magnitude and phase relations such that
the products

a;aj" ( @J(NJT)~~O(E2)p/„~[@';(NJ'T') )

are predominantly of one sign. It is found that these
three conditions are satisfied simultaneously for a small
but significant subset of the sd-shell model E2 matrix ele-
ments.

and

B (E2;i ~f ) =M (E2) /(2J; + 1),

J(2J —1)
(2J + 1)(J+ 1)(2J+3)

' 1/2

M(E2) 5;I .

(3)

Values of Q and M(E2) were thus calculated from the
"USD" sd-shell model wave functions of Ref. 6. These

III. ROTATIONAL-MODEL ASPECTS

The basic assumption of the collective rotational model
of nuclear structure is that the constituents of the nucleus
exist in stably deformed shapes and that nuclear energy
levels correspond to the allowed states of rotational
motion of these shapes. We restrict our consideration
here to deformations which are axially symmetric with
respect to the z' axis of an internal x'y'z' coordinate sys-
tem fixed in the nuclear matter. These shapes are



37 ROTATIONAL COLLECTIVITY IN SHELL-MODEL WAVE. . . 1683

P=(—', )&m /55= 1.0575, (6)

where 5=LLR/Ro with bR =R (8'=0}—R(8'=n/2)
Such an axially deformed shape has a nonzero intrinsic
quadrupole moment Qo which is related to the deforma-
tion parameters (to second order in P) by

parametrized (to first order in P) as

R (8') =Ra[1+pY',0(8', p')],
where Ro ——ro A ' reproduces the observed rms radius of
the nucleus in question and preserves (to second order in

P) the volume of the sphere with radius Ro. Geometri-
cally, the parameter P is a measure of the relative
difference between the major and minor axes of the
spheroid given in Eq. (5). Specifically,

for K=O we can build sets of rotational levels with, alter-
natively, J=0,2, 4, 6, . . . or J=1,3,5,7, . . . . The ener-

gy eigenvalues of the levels within a given band are
given' '" by the eigenvalue spectrum of a quantum
mechanical rotor with total angular momentum J,

E(JK)=E(K)+(R'/2X)[J(J+1)

+u( 1)J+1/2

&&(J+-,')4, in]
where' '" a is the so called "decoupling parameter, "
E (K) is the "band-head energy" and X is the moment of
inertia of the intrinsic state about an axis perpendicular
to the body-fixed axis of symmetry z'. Except for K = —,',
Eq. (8) reduces to the still simpler expression

Qo=&16m/5 f f f pr'Y, o(8', P') E(JK)=E(K)+(fi /ZE)J(J+1), (9a)

X r' sin(8')dr'd8'd(t)'

= (3/&5n)ZeR OP. [1+—', P&5/m ],
or, in terms of 5,

Qo
——( —', )ZeR 05[1+—,', 5] . (7b)

IK I
+1 IK I +» IK I

+3

can be constructed from the intrinsic state Xz(r '), while

For our present purposes, it is not necessary to know
the microscopic origins of the nuclear deformation. In
principle, it can be represented by an "intrinsic" state
wave function X(r ') which specifies how the nuclear con-
stituents are distributed as a function of the internal coor-
dinates. The total energy of the nucleus is decomposed
into the internal energy of the instrinsic state, the energy
of the rotational motion of the intrinsic state, and a cou-
pling between these two terms which in the limiting case
is assumed to be negligible. In this limit, the total angu-
lar momentum J of the system in the laboratory frame,
its z component in the laboratory frame, M, and the z

component of J along the axis of rotation in the body-
fixed frame, K, become good quantum numbers which
can be used to label the wave functions

I
JKM ) for the

nuclear state (see Refs. 10 or 11 for details).
For each value of K(K&0), rotational levels with an-

gular momenta

with Js representing the total angular momentum of the
band head and E„(Js} its excitation energy in the nu-

cleus.
The essential step in applying the collective rotational

model to electric quadrupole observables is to express the
quantities as observed in the laboratory frame of coordi-
nates in terms of the properties of the deformed intrinsic
shape, as expressed in the body-fixed coordinate system.
The observables are the same as those dealt with in the
preceding discussion of the shell-model calculations. As
mentioned, we do not attempt to determine explicit ex-
pressions for the intrinsic-state wave functions Xx(r ).
We assume only that (Xz(r ')

I Xx(r ') ) is unity. In this
framework, the electric quadrupole moments and transi-
tion strengths are calculated via the standard prescrip-
tions given in Refs. 10 and 11. Specifically, the electric
quadrupole moment (for a K&1 band) is calculated via
the expression' '"

Q (JK)= Qo(K), (K&1) .
3K' J(J+1)—

(10)

and the transition strengths (within a band of given K,
i.e., K, =K& K) are calculated —w—ith the equation

B(E2;JK~J~K)=M (E2;J K~J/K)/(2J;+1) . (11)

with

or in terms of the excitation energies of the levels within
the band,

E„(J)=E„(J)+(A' /~)[J(J+1) J(J +—1)), (9b)

I
M(E2; J;K~J/K)

I
=&(5/16m)(2J;+1)'~ (2J/+1)'

Jg 2 J, Jf 2 J;
—K o K Qo'K'+' "' —K 2K K Q~(K)

(12a)
In this equation, [ . ] is the 3j symbol for the angular momentum dependence and for K&—, or 1, the second 3j sym-
bol in Eq. (12a) vanishes, giving

I

M (E2;J/K ~J/K)
I

=&(5/16m. )(2J;+1)' (2J/+ 1)'
J~ 2 J;
—K o K QO'K' (12b)
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The quadrupole moment Q(JE), and the in-band E2
transition strengths

~
M(E2; J;K~J&K) ~, in the labora-

tory frame can then be calculated from the quadrupole
moment of the intrinsic state Xx, Q0(K), and the E2 in-
trinsic matrix element connecting the intrinsic state wave
functions Xx and X x (not a quadrupole moment),

Q, (K).
In summary, the rotational model as we utilize it here

reduces for all values of K other than K =—,
' and 1 to the

assumption of an intrinsic state 7& which is character-
ized by the quantum number K, by a moment of inertia
X(K), and by an intrinsic quadrupole moment Q0(K),
but which is otherwise unspecified. For K =—,', we have
the additional two pal'ameters, a and Q, . Each intrinsic
state Xz can give rise to a "band" of rotational levels

~

JKM ), of ascending values of total angular momentum
J, the energies and electric quadrupole matrix elements of
which are related to each other by Eqs. (8), (9a), (9b), (10),
(12a), and (12b).

IV. ROTATIONAL-MODEL ANALYSIS
OF SHELL-MODEL RESULTS

Our goal in the present investigation is to determine
the degree to which the shell-model results discussed in
Sec. II manifest characteristics similar to the features of
the simple rotational model discussed in Sec. III. To this
end, we treat the shell model results as "data, " e.g., as
measured values of E„and M(E2), and use Eqs. (8), (9a),
(9b), (10), (12a), and (12b) to extract from these "data, "
values of the rotational-model parameters A' /M and

QQ(K). Of course, this process cannot fail to yield values

of fi /2X and Q0(K). The question is one of the accuracy
with which the deconvolution of the "data" in terms of
these simple equations is internally consistent with the
underlying concept that all the levels of a "band" are
manifestations of a single, stable-deformed, intrinsic
shape. That is, do a succession of shell-model energies
and M(E2) values yield the same values of fi /2J and

QD(K)?
We express the results of our analysis of energies in

terms of fits of Eq. (9b} [Eq. (8) for K =—,
' ] to sequences of

level excitation energies E„(JK). The levels fitted are
selected first on the basis of being the lowest-energy states
available and then, after initial study, upon a more de-
tailed analysis of energy and E2 properties in combina-
tion. As with real experimental data, the K value of the
band is inferred from the J value of the lowest-energy
state of the band (except for K =O, J=odd, bands), in
conjuction with the values of J of the remaining states
and their sequence.

The results of the energy-formulae fits are displayed
visually by plotting the excitation energies on a vertical
scale against the values of J(J+ 1) plotted on the hor-
izontal scale. Equation (9b) produces straight lines in
such plots. In the special case of K = —,', Eq. (8) is opera-
tive and the dependence of E„(J,K =—,') upon J is more

complicated. Displays of the individual level energies in
comparison with the straight line which yields the rms

best fit to the excitation energies of the levels selected as
belonging to a band give an indication of the accuracy of
such an approximation. In addition to these graphical
analyses, we also note the numerical parameters of the
fits, namely the slope of the line and the rms deviation
value (rms=(1/n)[g[E„(s. m. ) —E„(rot.)] ]'~ ).

The values of the electric quadrupole transition matrix
elements

~

M (E2)
~

and static quadrupole moments Q of
the levels of a simple rotational band should all reduce to
the same value of Q0(K). We tabulate the values of
Q0(K) extracted from such shell-model matrix elements
under the assumption of a given K value for a putative
band and examine them for consistency. The values of Q
yield the sign of QD(K} as well the magnitude, since for
identical initial and final states the arbitrary phases of the
wave functions are the same and cancel out. Only the
magnitudes of the matrix elements M(E2) between di-
ferent final and initial states are meaningful.

We give primacy to the consistency of the sign of
Q0(K) in evaluating whether a group of levels can be as-
sociated meaningfully with a rotational band, since a
stable intrinsic state is the foundation of the simple model
and a change in the sign of deformation is evidence of a
more profound instability in the intrinsic shape than is a
change just in magnitude. Given a constant sign of defor-
mation, the remaining criterion is the degree of constancy
in the extracted magnitudes of QD(K). We have not for-
mulated a simple numerical criterion for this constancy
but, rather, examine each exemplar of a band on a case-
by-case basis.

The formula relating electric quadrupole matrix ele-
ments Q and

~

M(E2)
~

to the intrinsic quadrupole mo-
ment QQ(K) of a band has different features for different
K values. The equation relating Q(JK)/QQ(K) to J.
Equation (10) illustrates that the static quadrupole mo-
ment Q vanishes for the combination (K =2,J=3). Also,
of course, the static quadrupole moments of J=O and
J =—,

' states are identically zero, as expressed in Eq. (3).
As is seen from Eq. (10), the signs of Q(JE) for states of
every J value in a band with either K=O or K =—,

' are
constant and opposite to the sign of the associated intrin-
sic quadrupole moment QD(K). For bands with K) —', ,

however, the sign of Q (JK) relative to that of Q0(K) will

change at some point as the value of J increases. The
sign change will occur between J =—', and J =—,

' for K =—,
'

bands, between J=—', and J =—', for K =—,
' bands, between

J=4 and J=5 for K=3 bands, and, as noted, at J=3 for
K=2 bands.

As with "real" data, there are always ambiguities of
one degree or another in selecting which calculated ener-
gy levels are "members" of a band and which are not.
The ambiguities arise from a combination of deviations
from the J (J+ 1) formula, from variations in the values
of Q0(K) for "in-band" matrix elements and from "large"
values for "out-band or cross-band" matrix elements. As
the identity of band membership becomes ambiguious we
tabulate alternate possibilities of in-band and out-band
matrix elements to illustrate the nature of the
phenomenon. Our study can be considered as an explora-
tion of how many levels can be attributed to a given
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"band" before ambiguity renders the exercise meaning-
less.

The issue of characterizing the underlying instrinsic
state Xz of a band, and evaluating its constancy, can be
addressed by examining the construction of the shell-
model wave functions. Watt et al. ' ' have suggested
that the occupation numbers of the shell model orbits of
the states in a given band should be quasiconstant and
should be characteristic of the band. In the full sd shell-
model space with an ' 0 inert core, we have

20
15PPP (:) Ne(K=0 Band)

10000

( Od s/2 ) + ( ls )/q ) + ( Od 3/2 ) 3 —16 . (13)

Hence, for a given mass number A, only two of these
three quantities are independent. A shell-model state can
thus be graphically characterized by its position in the
(Od5/2 ) —(Od3/p ) occupancy plane. From the numeri-
cal values of the occupation numbers of the sd-shell wave
functions used in this study, we have constructed such
plots for various possible bands.

V. RESULTS FOR EVEN-MASS NUCLEI

Data on states which can be characterized as arising
from a E=O intrinsic state are simplest to analyze. The
sign of the static moment for each state in such a band
should be the same and the number of "in-band" E2 tran-
sitions is limited by the absence of J~J —1 transitions.
We investigate possible E =O,J=even, band structures in

Ne, Ne, Mg, Mg, and Si, and a E =O,J=odd,
band in Na. We also investigate a possible E=2 band
structure in Mg and a possible E=3 band in Na.

In the sd-shell model space, the low-lying states of Ne
correspond to two protons and two neutrons coupled to
T=O. The model wave functions have dimensions for
even values of J which range from a maximum of 56, for
J =2+, to a minimum of three, for J =8+, J=8 being
the maxium total angular momentum that can be gen-
erated with four particles coupled to T=O in the full sd-
shell model space. The excitation energies of the first 0+,
2+, 4+, 6+, and 8+ states calculated for Ne are shown
plotted versus a J(J+ 1) spacing in Fig. 1. The least-
squares fit of the straight line [Eq. (9b)] to these points is
given by E„(keV)= 186J(J+ 1), with an rms deviation of
530 keV. We see from Fig. 1 that the energies of the 2+,
4+, and 6+ states lie above this best-fit line and that of
the 8+ state noticeably below it.

The electric quadrupole matrix elements calculated
from these model wave functions of Ne, and the values
of Qo(K=O) extracted from them under the assumption
that they are members of a E=O rotational band, are
presented in Table I. The value of Qo(E=O) extracted
from the average of the values of the 2+~+ and
4+~2+ transition matrix elements and the 2+ and 4+
static moments, is + 50.9+1.9 efm . The positive sign of
Qo(E=O) is inferred from the negative signs calculated

60

S(S+1)
100 120

FIG. 1. Plot of E„vs J(J+ 1) for the suggested K=O band
in Ne (squares) and the suggested K=O band in Ne (circles).

The dimensions for model states of A =22, T=1, and
even values of J range from a maximum of 525 for
J"=2+ to a minimum of six for J =10+. The latter
value is the maximum value of total angular rnomenturn
which can be constructed for this system of six active
particles in the full sd-shell model space. The energies
calculated for the lowest 0+, 2+, 4+, 6+, 8+, and 10+
states of Ne are shown plotted against the J (J+ 1)
spacing in Fig. 1. The least-squares straight-line fit to
these data is given by E„(keV)= 153 J (J+ 1), with a rms

for the 2+ and 4+ static moments. This value of
Qo(E=O) corresponds to a large prolate deformation of
the intrinsic shape [5=+0.51 from Eq. (7b)]. The
values of Qo(K=O) extracted from the static moments of
the 6+ and 8+ states are also positive, indicating a stable
prolate deformation throughout the sequence, but their
magnitudes are smaller than those extracted from the
states of lower J, the value for J=8 by a factor of about
0.8. For values of J equal to and greater than 2, the
values of Qo(K=O) extracted from the transition matrix
elements between states of J and J+ 2 are smaller than
the Qo(K=O) values extracted from the separate static
moments Q (J) and Q (J+ 2) for the same two states.

The occupation numbers (Fig. 2) for the 0+ and 2+
states are very similar. The Ods&2 occupancies in the 4+
and 6+ states are larger than the 0+ and 2+ values by 0.4
and 0.6 units, respectively, these increases coming at the
expense of the 1s&&2 occupancy. The Od&&2 occupation of
the 8+ state is 1.1 units greater than for 0+ and 2+, and
its 1s&&2 occupancy is zero. These changes of occupancy
among the higher-spin members of the presumed band
occur as more and more configurations which involve
s, &2 and d3/2 terms fail to be able to generate the re-
quisite total angular momenta for the four-particle states.
The changes are seen to correlate with discernable, but
still relatively small, effects upon the calculated energies
and E2 properties of these states.
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TABLE I. Values of calculated electric quadrupole matrix elements M(E2; J;~Jf ) and Q( J; ) for T=O states in 20Ne and ~'Si and
T= l states in Ne and Mg, together with values of Qo extracted from these matrix elements and from corresponding experimental

data under the assumption that the states are members of K=O rotational bands. The values quoted in the Q, ~

M (E2)
~

column are

~
M(E2)

~

when different states are involved and are Q when the initial and final states are identical. States whose J values are not
subscripted are the first occurring states of the respective J-T values. The units are efm .

States Q, ~

M(E2)
~ Qo Qo(exp)' States Q, i

M(E2)
i Qo Qo(exp)'

2+~+
Q(2+ )

4+~2+
Q(4+ )

6+ 4+
Q(6+ )

8+ 6+
Q(8+ )

2+++0+
Q(2+)
4+~2
Q(4+)

6+ ..+

Q(6+)
8+ 6+
Q(8+)

10+~8+
Q(10+)

2+~+
Q(2+)
4+~2+
Q(4+)

6+ ~+

Q(6+)
8+ 6+
Q(8+)

10+~8+
Q(l0+)
Q(10+)

12+~10+
Q(12+ )

Q(122+)
Q(l23+)
Q(12+ )

Q(125+ )

14++-+12+
Q(14+)

16.4
—14.9

24. 1

—18.8
25.5

—18.8
23.5

—17.6

Ne (K=O)
52.1

+ 52.3
47.6

+ 51.6
39.9

+ 47.1

31.5
+ 41.8

Ne
15.2

—13.6
23.7

—17.0
25.7

—18.5
20.2

—14.9
11~ 5

—14.5

(K=O)
48.1

+ 47.5
46.9

+ 46.8
40.3

+ 46.3
27.0

+ 35.3
13.7

+ 33.2

18.5
+ 17.1

29.6
+ 21.3

33.1
+ 26.2

32.3
+ 24.5

32.2
+ 25.7
—10.5

24.8
+ 28.8
—21.7

4.88
1.76

—2.38
0.37
0

28Si (I(, —0)
—58.7
—59.9
—58.4
—58.5
—51.9
—65.6
—43.3
—58.3
—38.3
—59.0
+ 24. 1

—26.8
—64.7
+ 48.7
—11.0
—3.96
+ 5.35-
—0.37

0

58.0+1.7
+ 80.7+10.5

50.2+2.4

47.8+0.4
+ 66.4%14.0

47.6+0.4

40.1+2.2

—57.4+0.8
—56.0%10.5
—49.6+2.4

—39.4+5.5

2+~0+
22+ 0+
Q(2+)
Q(2~+)
4+~2+
4+~2+
42+~2+
4+~2+
Q(4+)
Q(42+)

6+ g+

62+~42+

Q(6+)
Q(62+)

82+~62+

Q(82+)
10+~8'+
Q(10+)

102+~82+

Q((0'+)
103+~82+

Q(103+)
10+ 8+
Q(10+ )

12++ 10+
12+ 10+
12+~103+
12+ 10+
Q(l2+)

12)+~10+
122+~102+
122+~103+
122++ 10+
Q(122+ )

123+~10+
123++ 102+

123+~103+
12+~104+
Q(123+)
Q(124+)

M
17.3
3.00

—12.0
+ 12.3

14.3
6.69

19.5
9.39

+ 2.31
+ 0.075

7.32
17.2

—1.22

+ 14.4
12.0
18.0
11.3
21.8

1.20
—3.37

0.59
—17.3

4.54
0.15
2.83

12.9
13.3
4.7

—12.4
0.09
1.85

12.9
3.57

—6.26
3.33
4.08
1.54

12.1
—9.15

—14.1

g (I( =0)
55.0
9.54

+ 42.1
—43.2

28.2
13.2
38.5
18.5

—6.47
—0.21
11.5
27.0

+ 3.06
—36.1

16.1
—42.8

13.4
—50.1

1.43
+ 7.75

0.70

+ 39.8
5.40

—0.35
3.06

13.9
14.4
5.08

+ 27.9
0.10
2.00

13.9
3.86

+ 14.1
3.60
4.41
1.66

13.1
+ 20.6
+ 31.7

56.7+1.2
11.9+1.2

+ 45.6+10.5

27.6+0.9

46.8+4.3
33.4+7.3

'Taken from Ref. 7.

deviation of 179 keV. The energy points are distributed
about the line similarly to those of Ne, but the scatter is
much smaller, as is rejected by the smaller value of the
rms deviation. The only significant excursions are for the
2+ state (slightly too high) and the 10+ state (slightly too
low).

The values of the electric quadrupole matrix elements
calculated for these model states of Ne and the values of
Qo(K=O) extracted from them under the assumption
that they are members of I%'=0 rotational band are

presented in Table I. All values of the static moments
Q( J) are negative, corresponding to all positive values of
Qo(K=O) and a stable prolate defortnation. This is con-
sistent with what was found for the Ne wave functions.
The value of Qc(K=O) extracted from the average of the
values from the 2+ gnd 4+ static moments and the
2+~+ and 4+~2+ transition matrix elements is
+ 47.3+0.5 efm~ (5= + 0.44). The value of Qo(K=O)

from the static moment of the 6+ state is consistent with
this value, while those from the 8+ and 10+ states are
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2.0
and the occupation numbers all are suggestive of a stable
intrinsic state generating a "K=O band" in Ne.

15

A

1.0
o
V

20
Ne(K=0)

0.5

0.0
2

&Oci )
S/2

FIG. 2. Occupancy diagram for states in the suggested rota-
tional bands in i Ne and 22Na. The solid point for each nucleus
represents the band head and the points are connected in order
of increasing Jvalues.

2.5

significantly smaller. As for oNe, the Qo(E=O) values
extracted from the transition matrix elements between
states of J and J+2 are smaller than those extracted
from the bracketing static moments for higher values of
J.

The occupancies of the Od&&z orbit (Fig. 3) are quite
stable throughout the range of J values, the only Auctua-
tion being the 0.4 unit jump for J=8. The 1s &/2 occupan-
cies decrease noticeably for J=8 and J=10, particularly
for J= 10, where most of the configurations involving this
orbit are unable to generate the required angular momen-
tum. As is evident from Fig. 3, the clustering of the
J=0-6 points in the Ne occupancy diagram is much
tighter than for the corresponding points of Ne. Taken
together, the energies, the quadrupole matrix elements

The model wave functions for Si have 12 particles (or
12 holes) in the sd shell. The dimensions for even values
of J range from 3793 for the J =4+ spin to one for
J =14+, the maximum total angular momentum for 12
particles coupled to T=O in the sd shell. The calculated
energies of the lowest occuring states in Si with even
values of J from 0 through 14 are shown plotted against a
J(J+ 1) spacing in Fig. 4(a). The least-squares straight-
line fit to these points is given by E„(KeV)=192J(J+ 1),
with an rms deviation of 604 keV. The most significant
excursions from the line occur at J=12, where the shell-
model eigenvalue is roughly 3 MeV below the line and at
J= 14 which is comparably too high.

The calculated E2 static moments and transition ma-
trix elements of these states of Si, and the values of
Qo(E=O) extracted from them, are shown in Table I.
The signs of the static moments Q (J) are all positive,
leading to a negative value of Qo(E=O) and a consistent
oblate deformation. The value of Qo(E=O), taken from
averages of the 2+ and 4+ static moments and the
2+~0+ and 4+~2+ transition matrix elements, is
—58.9%0.6 efm, and corresponds to 5= —0.49. The
values of Qo(E=O) extracted from the static moments do
not show the decrease in magnitude with increasing J
that was found in Ne and Ne, the values for 6+, 8+,
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1 0 —
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We(
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=O) 24 +
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0 c
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FIG. 3. Occupancy diagram for states in the sugggested rota-
tional bands in Ne and Mg. Also included are the occupa-
tion numbers for the yrast 8+ state in Mg. The solid point for
each nucleus represents the band head and the points are con-
nected in order of increasing Jvalues.
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FIG. 4. Plot of E„vs J(J+ 1) for the suggested E=O band
(a) Si and (b) Mg
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10+, and 12+ being —66, —58, —59, and —65 efrn, re-
spectively. For values of J higher than four, the values of
Qo(K=O) extracted from the transition matrix elements
between states of J and J+ 2 are smaller in magnitude
than the values from the static moments of the bracket-
ing states, behavior which is consistent with that found in

e and Ne.
As mentioned [see Fig. 4(a)], the excitation energy of

the yrast 12+ level in Si falls below the best-fit J(J+ 1)
line by more than 3 MeV in energy. There exist four
higher-lying 12+ shell-model states in the Si system
whose energies are within 2.4—0.8 MeV of the best-fit
J(J+ 1) line, suggesting (at least on the basis of energy)
that one of these higher 12+ states should belong to the
E=O ground-state band. To address this possibility, we
show in Table I the calculated values of Qo(K=O) ex-
tracted from the quadrupole moments of these states. In
all cases, these values of Qo(K=O) are either much too
small in magnitude or of the wrong sign. Hence, we con-
clude that the lowest energy 12+ level is the best candi-
date for membership in the ground-state K=O band. In
the Si system, only one 14+ level is possible. Its model
wave function is the pure (Od 5&2 ) -( Is, zz ) -(Od 3/2 )

configuration and so, by the selection rule' that E2 ma-
trix elements between states of the same seniority vanish
for half-filled shells, its quadrupole moment must be zero.
The small value of the 12+~14+ E2 transition strength
results from the fact that the three largest components
(17.3%, 13.7%, and 10.7%) of the 12+ wave function
contain eight particles in the 01~&2 subshell and hence
cannot be connected to the 14+ wave function by the
one-body E2 operator.

The occupation numbers of the sd-shell orbits for 2 Si
states of the presumed K=O ground-state band (Fi . 5)
show quite a different trend from those observed in Ne
and Ne. The Odszz occupancy for the 0+ state is much
larger (by 0.8 units) than for any of the other states, and
its value decreases steadily from J =2+ to 12+, then

(Oci
s/a

FIG. 5. Occupancy diagram for states in the suggested rota-
tional bands in Mg and Si. The solid point for each nucleus

represents the band head and the points are connected in order
of increasing Jvalues.

makes another major decrease in going to the J =14+
state. The change in occupancy between the 0+ and 2+
states reflects the filling of the Od»2 orbit with 12 parti-
cles. Twelve particles can occupy the Od»2 orbit only
when coupled to J=O. This configuration dominates
(19.7%) the ground-state model wave function and this
thereby enhances its Od»2 occupancy relative to all other
states. The trends for the higher-spin states are under-
stood better in terms of hole, rather than particle, occu-
pancies. The decrease in the Od»& occupancies for
higher spin states between J=2 and 10 can be understood
in the same fashion as the trends observed for the Ne
and Ne examples, namely as in transfering degrees of
freedom from the 1s,&2 and Od3/2 to the Od»2 orbit so as
to satisfy the need for additional net angular momentum.
However, in the present 12-particle example, additional
Pauli effects come into play, since beyond J=10, the
Odz&2 orbit becomes saturated and occupancy must re-
turn to the lower-spin orbits. In this nucleus the electric
quadrupole data suggest a K=O band originating in a
well-defined oblate intrinsic shape. However, there are
significant fluctuations in the energy systematics and in
the occupation numbers of these states over the entire
range of J values. These contrasting results leave the is-
sue of what defines a "band" more ambiguous.

D 2~Mg

The model states for the system of ten sd-shell particles
coupled to T=1 range from J=O to 12 and have dimen-
sionalities ranging from a maximum of 5028 for J =4+
to a minimum of 30 for J"=12+. Eigenvalues of even-
spin states are shown plotted against J(J+ 1) in Fig.
4(b). We initially assume, as discussed in the following
paragraphs, that there is a E=O ground-state band which
consists of the 0+, 2+, 42+, 62+, and 8&+ levels. The least-
squares straight-line fit to only these five points is given
by E„(keV)=202 J(J+ 1), with an rms deviation of 489
keV. An extrapolation of this best-fit line leads, however,
to ambiguities about the identity of the 10+ and 12+ lev-
els that should belong to this putative band, the lowest-
energy states of these spins falling well below the project-
ed line.

The values of the calculated E2 static moments and
transition matrix elements of these states (along with
many other states in the Mg system), and the values of
Qo(0) extracted from them, are presented in Table I. It
can be seen immediately that the regularities observed in
the results for A =20, 22, and 28 are not present in these

Mg numbers. The Qo(K=O) values extracted from the
static moments change from + 42 efm to zero, to —36
efm, to —43 efm in progressing from J=2 to 8. Alter-
nate choices for membership in the K=O band create an
even greater scatter of magnitudes and signs. The values
of Qo(K=O) derived from the transition matrix elements
are quite different, sometimes strikingly so, from those
derived from the bracketing static moments.

If the information upon which to base the decision
consisted only of the transition matrix elements, it would
be possible, on the basis of their extracted Qo(K=O)
values, to postulate that the above levels formed a E=O
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band, even if a rather significantly perturbed one. Such
an interpretation was made, on the basis of these calcula-
tions and corresponding experimental data, in Ref. 15.
However, the values of Qo(K=O) derived from the static
moments of these states show that there does not exist in

Mg a set of states which can be characterized as a rota-
tional band in the same sense that the sets of levels in

Ne, Ne, and Si can be simply so characterized.
The occupation numbers for the states of Mg in the

initially assumed band are plotted in Fig. 5. Apart from
the 0+ and 2+ levels, the Od»2 occupancies show varia-
tions of 0.3-0.5 units. These variations are not larger
than what were found in Ne and Ne, even though the
energies and the electric-quadrupole properties of these
states in Mg suggest little intrinsic-band structure.

E. E=O, J=odd, and X=3bands in Na

The states of three active protons and three active neu-
trons coupled to T=O correspond in the sd-shell model to
levels of Na. In the full sd-shell basis space the state di-
mensions range from a maximum of 366 for J=3 to a
minimum of one for J=11, the maximum value for the
total angular momentum which can be generated for this
system in the basis. Some eigenvalues calculated for
these states are shown plotted against the J(J+ 1) spac-
ing in Fig. 6(a). Two straight lines are shown fitted to
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FIG. 6. (a) Plot of E„vs J(J+ 1) for the suggested K=O, J
odd (squares), and K=3 (circles) bands in Na. (b) Plot of E„
vs J(J+ 1) for the suggested K=O (squares) and K=2 (circles)
bands in 24Mg.

these points, one to the energies of a presumed K=3
band consisting of the J"=3+,4+, 5+, 6+, 7+, 8+, 9+,
and 10+ states, the other to energies of a presumed Jodd,
E=O band consisting of the J =1+, 3q+, 52+, 72+, 9q+, and
11+ states. The equation for the E=3 line is
E„(keV)= 135 J(J + 1)—1620 and has an rms deviation
of 389 keV. The equation for the /=0 line is
E„(keV)= 138J (J+ 1) + 114 and has an rms deviation of
120 keV. Both lines are essentially parallel, rejecting
that the two bands have almost identical moments of in-
ertia. Both of these bands could incorporate a J =11+
state, but there is only one such state in the sd shell-
model space. On the basis of its energy it would appear
most appropriate to associate the existing state with the
E=O band. However, we have seen in the previous ex-
amples that the energy of the highest-spin states in the
various shell-model systems, with their very small dimen-
sionalities, typically are not very consistent with the
trends from the lower-spin states.

The E2 matrix elements calculated from the wave func-
tions of these states of Na, together with the values of
Qo(K=3) and Qo(K=O) extracted from them under the
assumptions that they are members of K=3 and K=O
bands as noted, are presented in Table II. The relation-
ship between the signs of Q(J) and Qo(K=3) dictated by
Eq. (10} yields the same sign for the static quadrupole
moments Q(J) and the intrinsic quadrupole moment
Qo(K=3) of the states with J=3 and 4, while for states
with J & 5, Q (J), and Qo(K=3) have opposite signs. For
J=5 states the magnitude of Qo(K=3) is 26 times that of
Q(J). The calculated values of the static moments Q(J}
of the presumed K=3 states of Na yield positive signs
for each value of Qo(K=3), corresponding to a stable
prolate deformation of the intrinsic shape. The magni-
tude of Qo(K=3) obtained from the average of the values
from the 3+ and 4+ static moments and the 4+~3+
transition matrix element is + 53.4+2.7 efm, which cor-
responds to a value of 5= + 0.46. The values of
Qo(K=3}extracted from the static moments of the states
of higher angular momentum are about 0.8 of this value,
and the Qo(K=3) values extracted from the transition
matrix elements between the higher-spin states are about
0.6 of this "band-head" value.

The value of Qo(K=3) extracted for the J=5 state is
exceptional because of the large ratio of Qo(K=3) to Q
yielded by Eq. (10). The value calculated for the static
moment Q of the J=5 state ( —0.7 efm ) is very small rel-
ative to the typical magnitude of E2 matrix elements cal-
culated in the present shell-model context and a negligi-
ble variation ( = 1 efm ) in this value would put the ex-
tracted value of Qo(K=3) for the 5+ state in line with the
other values.

If we now focus on the E2 matrix elements for the
K=O, J=odd band, we find that Q(J) and Qo(K=O)
have opposite signs for all J in accordance with Eq. (10).
The positive signs for each value of Qo(K=O) correspond
to a stable prolate deformation of the intrinsic shape.
The magnitude of Qo(K=O) obtained from the average of
the values from the 1+ and 32+ static moments and the
1+~32+ transition matrix element is + 52.7+0.8 efm,
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States

Q(1+ )
3+~1+
Q(3p )

5z+

Q(&~')
7+~5+
Q(7+)
9+~7+
Q(9p+)

11+ 9+
Q(ll+)

Q(3+)
4+~3+
Q(4+)
5+ 3+
5+ g+

Q(5+)
6+. .+

6+~5+
Q(6+)
7+~5+
7+~6+
Q(7+)
8+~6+
8+~7+
Q(g+)
9+~7+
9+~8+
Q(9+)

10+~8+
10+~9+
Q(10+)

11+~9+
11+~10+
Q(11+)

Q, ~

M(E2)
~

Na
—10.6

21.8
—17.8

25.4
—20.1

28.4
—20.9

18.0
—16.2

6.40
—16.9

22. 1

28.1

7.23
14.7
29.0

—0.702
19.9
26.8

—6.60
23.3
26.0

—7.9
22.7
22.3

—12.7
20.4
13.7

—12.8
22.7
17.2

—14.1
0.003

14.2
—16.9

(K=O)

(K=3)

Qo

+ 53.2
51.6
53.3
44. 1

+ 52.2
40.8

+ 50.7
22.6

+ 37.8
7.24

+ 48.3

+ 53.0
50.3

+ 56.8
48.1

48.4
+ 18.3

45.0
45.6

+ 46.2
42.8
46.0

+ 37.0
36.4
41.3

+ 48.2
29.4
26.4

+ 42.8
30.1
34.6

+ 42.9
0.004

29.8
+ 48.3

Qo(exp)'

50.022.2

39.4+6.6

50.6+0.7

47.0+0.9
49.9+1.7

43.5+4. 1

42.1+4.3

41.4+6.2

'Taken from Ref. 7.

TABLE II. Values of calculated electric quadrupole matrix
elements M(E2;J,~Jf) and Q(J;) for T=O states in Na, to-
gether with values of Qo extracted from these matrix elements
and from corresponding experimental data under the assump-
tion that the states, variously, are members of K=O and K=3
rotational bands. The values quoted in the Q,

~

M(E2)
~

column are M (E2) when different states J; and Jf are involved

and are Q when the initial and final states J; are identical.
States whose J values are not subscripted are the 6rst occuring
states of the respective J-T values. The units are efm~.

tion matrix elements between the higher-spin states
(again excluding the 9&+ level) are about 0.8 of this
"band-head" value.

As noted earlier, there is only one way to construct a
state with spin 11+ from sd-shell orbits in this 3=22,
T=O system. The value of Qo(K) extracted from the cal-
culated quadrupole moment Q of the ll+ state is con-
sistent in both sign and magnitude with the value of ei-
ther the extant Qo(K=3) or Qo(K=O) value. However,
the energy of this level favors associating it with the
K=O band and, although both the 11+~9+ and the
11+~9&+ E2 transitions are small compared to other E2
"in-band" transitions in the K=O ad K=3 bands, the
11+~9&+ E2 transition is three orders of magnitude
larger than that of the 11+~9+ E2 transition. Thus, it
would appear that the unique 11+ sd-shell model level in

Na should be associated with the K=O, J=odd band.
The Ods&z occupation numbers for these two bands

(Fig. 2) show that they are nicely separated in the occu-
pancy plot, with the Odszz occupation of the K=3 band
being on average greater than that of the K=O band. Ex-
cluding the 11+ level, the members of the K=O, J=odd
band have Od&&z occupation numbers which scatter by
about 0.25 units from the mean. The Od5&z occupancies
for states in the K=3 band show a larger variation, par-
ticularly for the 8+ and 9+ states. Taking energies, quad-
rupole matrix elements and occupation numbers all into
account, the states of each of these two "bands" in Na
appear, similarly to what was found for an analogous
group of states in Ne, to be closely related to other
members of the band when viewed through the
rotational-model analysis.

The question of how distinct the two bands of shell-
model states in Na are, can also be addressed by calcu-
lating the E2 matrix elements between a state in one band
and a state in the other. In the limit of the simple rota-
tional model, these E2 matrix elements should be zero.
Values of E2 matrix elements between the levels in the
nominal K=O band and the levels in the nominal K=3
band (i.e., cross-band transitions) are shown in Table III.
The values are not zero but are, on the average,
significantly smaller (a factor of 3 —4) than the "in-band"
E2 matrix elements. The only "large" E2 transition rates
occur for the 9&+~9+ and 10+~11+ processes. The
large M(E2;10+~11+) element, as mentioned already,
is an indication that the unique 11+ shell-model state is
shared between the K=O and K=3 rotational bands,
with most of the state belonging to the K=O band.

which corresponds to a value of 5= + 0.46. This defor-
mation is essentially identical to that of the K=3 band.
This is consistent with the parallelism of the best-fit exci-
tation energy lines of Fig. 6(a), since the slopes of these
lines are related to the momenta of inertia of the intrinsic
shapes and hence should be equal for identical shapes. In
contrast to the ground-state K=O, J=even bands, the
values of Qo(K=O) extracted from the static moments of
the states of higher angular momentum in this band (ex-
cluding the 9&+ level) are about 0.95 of the "band-head"
value, and the Qo(K=O) values extracted from the transi-

F. K=0 and K=2 bands in Mg

The model wave functions for Mg have dimensions
ranging from a maximum of 1311 for J =4+ to a
minimum of six, for J =12+, the maxium total angular
momentum allowed for eight particles in sd-shell orbits
coupled to T=O. The energies of T=O states with J from
0 through 12 are shown plotted versus a J (J+ 1) spacing
in Fig. 6(b). Two difFerent straight lines are fitted to sets
of these points, one to the set 0+, 2+, 4+, 6+, 8z+, 10&+,

and 12&+, the other to the set 2+ 3+ 4+, 5+, 6&+, +, 83+,
9+, 10+, 11+, and 12+. The equation for the best fit to
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TABLE III. Calculated and experimental cross-band E2 transitions in Na and Mg. (Units are in

efm . )

States

3+~1+
3+~3+
4++ 32+

5+~32+
5+~3+
5+ g+

5+~5+
6+ 5+
7+~5+
7+~5+
7+ 6+
72' 7+
8+++7+
9+~7+
9+~7+
9,+ 8+
9+~9+

10+~92+
1 1 +~9+
11+~92+
11+ 10+

"Na
i
M(E2) i,

0.517
0.572
1.16
2.89
2.31
3.78
S.20
2.59
3.17
0.915
4.49
5.29
2.45
8.44
3.26
0.673

16.1
3.82
0.003
6.40

14.2

[ M(E2)
f
„p'

0.32+0.01
& 1.21
& 4.55

States

2+ 2+
3+ 2+
4+~2+
4+~3+
4+ A+

5+ g+
6+ ~+
6+~5+
6+ 6+
7+~6+
8+ 6+
8+~7+
8+~8+
9+~8+

10++ 82+

10+~9+
102+~10+
11+~102+
12+~102+
12+~11+
12+~12+

Mg
i
M(E2) i,

8.71
8.37
5.30
8.23

10.6
9.18
1.43

16.5
11.0
4.90

17.8
9.58

10.3
3.41

20.7
5.41
3.28

15.5
27.9
7.80
9.48

i
M(E2) i,„p'

7.43+0.34
8.16+0.38

11.02+0.93
4.50+1.44

'Taken from Ref. 7.

the first set, assumed to correspond to the members of a
K=O band, is given by E„(keV)=188 J(J+ 1), with an
rms deviation of 216 keV. The equation for the second
set of energies, assumed to correspond to members of a
It. =2 band, is

E„(keV)=148J(J+1)+3234,

with an rms deviation of 257 keV. As seen from Fig. 6(b),
the lines cross between J =8+ and J =10+. In addi-
tion, the lowest energy 8+ state is not included as a
member of either assumed band.

An interesting property of the entire geneology ' ' of
the empirical Wildenthal Hamiltonians, in which they
differ from the Kuo-Brown' and other theoretically de-
rived Hamiltonians, is that they predict the lowest 8+
state in Mg to be a "spherical" or "Ods&2 condensate"
state, not the member of either the "ground-state" E=O
or the "excited-state" X=2 rotational band. Consider-
able experimental evidence' has been obtained subse-
quent to these predictions that such a "spherical" 8+
state does indeed exist in Mg, close to the predicted en-

ergy of 11.86 MeV. We shall elaborate on this point fur-
ther below.

The electric quadrupole matrix elements calculated
from the shell-model wave functions of these Mg states
are presented in Table IV, together with the values of
Qo(K) extracted from them under the assumption that
they are members of K=0 and E=2 bands as noted. The
values of Q(J) for the states assigned to the K=O band
all have negative signs. This corresponds to a positive

value of Qo(K=O) for each state, consistent with a stable
prolate deformation of the underlying intrinsic state of
the band. The magnitude of Qo(K=O) obtained as the
average of the values from the 2+ and 4+ static moments
and the 2+~+ and 4+~2+ transition matrix elements
is + 57.0+1.6 efm, corresponding to 5= + 0.43. That
this value of 5 is 16% smaller than that of Ne, while the

Mg value of Qo(K=O) is slightly larger than that of
Ne, reflects the fact that the value of Qo(K=O) has a

dependence on r, which is divided out of the expression
for 5 [Eq. (7b)]. The magnitudes of Qo(K=O) extracted
from the static moments of the E=O states with values of
J greater than four are smaller than the "band-head"
value by factors of 0.8 to 0.5. The Qo(K=O) magnitudes
extracted from the transition matrix elements tend to be
still smaller, with the greatest discrepancy from con-
sistency with the features of a E=O rotational band
occuring for the 12z+ to 102+ transition.

The existence of a K=2 band built upon the second
J=2 state is a common feature of deformed doubly-even

nuclei. The energies of Mg states obtained from the
shell-model calculation exhibit features of such structure,
as is evident from Fig. 6(b) and from the electric quadru-
pole matrix elements of these states presented in Table
IV. For a K=2 band, the sign of Qo(K=2) is the same as
that of Q(J) for the J=2 state and is opposite to that of
Q (J) for the states with J & 4. For J=3 the value of
Q(J) derived from any finite value of Qo(K=2) is zero.
We see that the calculated value of Q(J) obtained from
the shell-model wave function of the first J=3 state is
indeed very small. Excluding the case of the J=3 state, '

the values extracted for Qo (K=2) from the values of
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Q(J) for the states assumed to belong to K=2 band are

all positive, corresponding to a stable prolate deforma-

tion, similar to what was observed for the I( =0 band.
For K&0 bands we have transitions from states of spin

States Q, ~

M(E2)
~ Qo Qo(exp)'

2+~+
Q(2+)
4+~2+
Q(4+)6+,+

Q(6+)
8+ 6+
Q(g+)
Q(gp+)

102+~8'+
Q(10~+)

122+~102+
Q(12+)

Q(2+)
3+~2+
Q(3+ )

42+~22+
4++-+3+

Q(42')
5++-+3+
5+ Q+

Q(5+)
6+ +

62+~5+
Q(6~+)

7+++5+
7+~6+
Q(7+)
8+~6+
83+~7+
Q(g3+)
9+~7+
9+~83+
Q(9+)

10+~83+
10+~9+
Q(10+)

1 1+~9+
11++-+10+
Q(11+)

12+~10+
12+~11+
Q(12+)

24

18.6
—16.3

28.8
—19.9

33.7
—16.7

28.2
+ 15.2
—13.7

11.9
—9.59

0.74
—21.1

Mg
+ 16.6

29.3
—0.055

17.8
27.5

—9.09
23.8
26.5

—13.6
24.5
19.4

—20.5
27.5
24.0

—17.5
22. 1

20.7
—19.9

19.7
16.7

—8.59
14.7
19.9

—10.3
8.31

16.9
—9.59

16.5
22.2

—11.8

Mg (K=o)
59.1

+ 57.2
57.0

+ 54.6
52.9

+ 41.8
37.8

—36.1

+ 32.5
14.2

+ 22.2
0.80

+ 47.6
(K=2 band)

+ 58.0
58.7

54.6
56.2

+ 62.5
52.0
57.9

+ 59.1

44.4
45.6

+ 71.7
43.8
60.1

+ 54.1

31.9
54.9

+ 56.6
26.2
46.8

+ 23.1

18.3
58.5

+ 26.6
9.76

52.0
+ 24.0

18.3
71.2

+ 28.7

65.8+0.7
+ 63.2+7.0

73.1+5.4

65.6+ 16.4

& 65.6

82.8+5.9

82.9+5.4
& 69.2

44.9+13.6

'Taken from Ref. 7.

TABLE IV. Values of calculated electric quadrupole matrix
elements M(E2;J,~Jf) and Q(J;) for T=O states in ' Mg to-
gether with values of Qo extracted from these matrix elements
and from corresponding experimental data under the assump-
tion that the states, variously, are members of K=O and K=2
rotational bands. The value quoted in the Q, ~

M(E2)
~

column
are M(E2) when different states J; and Jf are involved and are

Q when the initial and final states J; are identical. States whose

J values are not subscripted are the first occurring states of the
respective J-T values. The units are efm'.

J to states with spins of both J —1 and J —2. The value
of Qo(K=2) at the band head, obtained as the average of
the values extracted from the values of Q (J) for the 22+

and 42+ states and from the transition matrix elements be-
tween the states 22+, 3+, and 42+, is + 58.0+2.7 efm
(5= + 0.43). We note that the slightly larger magnitude
of Qo(K=2) relative to Qo(K=O), which implies a more
deformed intrinsic shape, is consistent with the smaller
slope (and hence larger moment of inertia) of the K=2
J(J+ 1) line [Fig. 6(b)]. From Table IV we see that the
Qn(K=2) values extracted from the static moments
remain near to the band-head value for states of increas-
ing J up through the state of J=7, then decrease to about
half of this size for the terminal state of the band, and the
largest spin for Mg, J=12. At the higher values of J,
the scatter in the values of Qn(K=2) extracted from the
J~J—1 and J~J —2 branches of a given state J be-
comes larger than the deviation of the average value of
the Qo(K=2) of this state from the band-head value.

As noted, the I( =0 ground-state band and the K=2
excited-state band intersect each other between J=8 and
J=10. The evidence for this appears visually in the
J (J+ 1) excitation energy plot of Fig. 6(b), and from in-

spection of the values of the E2 matrix elements listed in
Table IV. Also, as noted, the energy level plots show that
the 8&+ levels belongs to neither band. This is especially
brought out from the E2 matrix elements, in that the cal-
culated quadrupole moment calculation for the yrast 8+
state is + 15.15 efm, opposite in sign to those of the 8+
states assigned to the I( =0 ground-state band and to the
EC =2 excited-state band.

The orbit occupancies (Fig. 3) for the presumed K=O
states of J=O through J=6 in Mg are clustered togeth-
er very tightly. The presumed J=8 state of the E=O
band has 0.3 units less Od ~&2 occupancy than the average
of the lower spin states, perhaps in correlation with the
1.0 unit greater Ods/z occupancy of the yrast 8+ state.
The 1s, /2 occupancies of the 102+ and 122+ states decrease
markedly from the values of the J =0+ —6+ states, as
was also the case for the Ne 8+ level. However, in

Mg the excess occupancy released from the 1s&/2 orbit
goes into the Od3/2 orbit, not the Ods/2 orbit as in Ne.
The occupancies of the states of the K=2 band with
J=2-8 are also tightly clustered, with the excursions as-
sociated with higher spins again tending towards ex-
change of 1s»2 for Od3/2 particles. The lower-spin states
of the two bands are separated from each other (Fig. 3),
but beyond J=8 the crossing of the bands can be seen
also in the mingling of the occupancy paths. The singu-
larity of the lowest-energy 8+ state is evident in Fig. 3.

As with the case of the EC=O and I( =3 bands in Na,
we have calculated E2 matrix elements between states in
the nominal It:=2 band and states in the nominal %=0
band in Mg, the values being presented in Table III.
The cross-band E2 transitions between the low-spin states
(J (9) are on the average, a factor of 2 smaller than the
corresponding in-band E2 transition. Similar inhibitions
are found for the cross-band E2 transitions between
states of spins 11+ and 12+. The cross-band E2 transi-
tions between states of spins 10+ and 11+, however, are
comparable in strength to the in-band E2 transitions. Of
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sumption that the wave functions can be interpreted as
originating from a K =—, intrinsic state of prolate defor-
mation. The magnitude of Q (J=—,

'
) is indeed very small.

The associated magnitude of Q0(K =—,') is smaller than
the values extracted from neighboring matrix elements,
but the change in the value of Q (J= —,

'
) which would be

necessary to bring the value of Q0( —,') into consistency
with its neighbors is small relative to the typical scatter
(1—2 efm ) in the shell-model values.

The magnitude of Q0(K = —,') near the band head is

+ 48.5+2.3 efm, obtained as the average of the values
extracted from the J =—,

' and —,
' static moments and the

transition matrix elements between the J =—,', —,', and —,
'

states. This is equivalent to a value of 5= + 0.46. The
values of Q0(K =—', ) extracted from the static moments of
the higher spin states decrease slowly from the band-head
value as J increases, the values for J= —", , —", , and —", being
a factor of 0.8 smaller. The magnitudes of QD(K =—', ) ex-
tracted from the transition matrix elements between
states of J and J+ 1 are similar to those extracted from
the static moments of these same two states, with a
slightly increasing scatter as J increases. The magnitudes
of QD(K = —', ) extracted from the transition matrix ele-
rnents between states of J and J+ 2 are smaller than
those from the corresponding static moment values, how-
ever.

The occupation numbers (Fig. 8) for these wave func-
tions are clustered relatively tightly up through J= —", .
The Od3/2 occupation is quite stable for these states, with
the variations taking the form of complementary changes
in the Od5&2 and 1s &&2 values. As the spin values increase
to the limiting values for the model space, at J = —", and
—", , the variations in occupation number increase in mag-
nitude, with a large increase in Odszz occupancy for
J = —", followed by a very large increase in the Od 3/2 occu-
pancy for J= —", . Thus, until Pauli effects become dom-

course, this is not unexpected, since it is here [Figs. 3 and

6(b)] that the two bands cross, with a consequent mixing
of their structure.

VI. RESULTS FOR ODD-MASS NUCLEI

A. K =
2 bamds in 'Ne and Na

The T= —,
' nuclei of the 3=21 and A=23 systems

have J"=—,
'+ ground states and experimentally observed

features of some of their prorninant energy levels which
are suggestive of the structure of E =—', rotational bands.
The full sd-shell space allows construction of states with
spins up to —", + for five active particles coupled to T =—,

'

( 'Ne). The maximum dimensionality is 223, for the
J =—,

'+ states, and the minimum is two, for J = —", +.
The eigenvalues obtained for states of 'Ne in the shell-
model calculation are shown plotted against the J(J+ 1)
spacing in Fig. 7. The equation of the least-squares fit to
these points is E„(keV)= 141 J (J+ I ) —529, with an rms
deviation of 236 keV. The energies of the various states
are staggered systematically about the straight line, with
the J =—,'+, —', +, —", +, and —", + states lying below and the
J =—'+ —"+ —"+,and —"+ states lying above. This effect

2 ' 2

is particularly pronounced for the highest three spins.
The electric quadrupole matrix elements calculated

from these 'Ne shell-model wave functions, and the
values of Q0(K =—,') extracted from them under the as-

sumption that the states are members of a K =—,'rotation-
al band, are presented in Table V. As seen from Eq. (10),
in the case of a K =—,

' band the sign of Q (J) is opposite to
that of QD(K =—,') for J=—,

' and of the same sign for
states of higher spin. The other qualitative feature of
K =—', bands is that the magnitude of Q(J) for the J= —,

'
state of the band is much smaller (by a factor of 14) than
that of Q0(K = —,'). The values calculated for Q(J) for
the various states yield positive signs for each associated
QQ(K =—', ). Hence, the results are consistent with the as-
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FIG. 8. Occupancy diagram for states in the suggested rota-
tional bands in 'Ne and Na. The solid point for each nucleus
represents the band head and the points are connected in order
of increasing Jvalues.

FIG. 7. Plot of E„vs J(J+ 1) for the suggested E =
2

bands

in 'Ne (squares) and Na (circles).
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TABLE V. Values of calculated electric quadrupole matrix elements M(E2;J;~Jf } and Q(J;) for T = 2' states in 2'Ne and '3Na,

together with values of Qll extracted from these matrix elements and from corresponding experimental data under the assumption

that the states are members of K = 3 rotational bands. The values quoted in the Q, ~

M(E2)
~

column are M(E2) when different

states J; and Jf are involved and are Q when the initial and final states J; are identical. States whose J values are not subscripted are

the first occurring states of the respective J-Tvalues. The units are efm .

States

g( 3+)
5+ 3+
2 2

g( 5+
)

7+ 3+
2 2
7+ 5+
2 2

Q( —'+)
9+ 5+
2 2
9+ 7+
2 2

g(-', +)
11+ 7+
2 2
11+ 9+

13+ 9+
2 2

13 + 11 +
2 2

g (
13 +

)
15+ 11+
2 2

15+ 13+
2 2

g( 15+)
2

17 + 13 +
2 2
17 + 15 +
2 2

Q( 17+
)

19 + 15 +
2 2
19 + 17 +
2 2

g( 19+
)2

Q( —'+)
5+ 3+
2 2

+ 10.1
21.4

—1.92
16.1
21.3

—9.05
21.1
17.9

—12.6
24.0
17.4

—14.8
24.0
12.9

—15.4
22.7

e

10.7
—15.5

21.3
11.4

—15.5
19.0
7.95

—16.3
Na

+ 10.4
24. 1

Q, ~
M{E2)

~ Qo

(E=—)

+ 50.6
47.4

+ 26.9
47.8
51.6

+ 45.3
45.7
47.9

+ 46.1

43.6
50.8

+ 46.5
38.4
40.6

+ 44.0
33.0

36.1

+ 41.6
28.7
40.9

+ 39.8
23.9
30.1

+404
(K= —)

+ 52.0
53.3

go{exp)'

+ 51.6+4.0
49.1+2.7

47.325.0
40.8+5.9

47.8+2.3

45.4+11.4

46.0+9.2
40.3+13.0

+ 50.3+1.0
55.2+3.3

States

g( 5+)
7+ 3+
2 2
7+ 5+
2 2

g(7+)
9+ 5+
2 2
9+ 7+
2 2

g(-,'+)
11+ 7+
2 2
11+ 9+

g( ll +
)

13+ 9+
2 2

13 + 11 +
2 2

g( 13+)
15 + ll +
2 2
15 + 13 +
2 2

g( 15+)
17 + 13 +
2 2
17 + 15 +
2 2

g( 17+
)

19 + 15 +
2 2
19 + 17 +
2 2

g (
19 +

)
21 + 17 +
2 2
21 + 19 +
2 2

g( 21+)
2

23 + 19 +
2 2

23 + 21 +
2 2

g( 23+ }

Q, )
M(E2}

)

—2.3
16.8
20.9

—10.2
22.3
19.8

—11.9
26.0
17.5

—14.0
23.4
11.6

—13.2
26.3
7.06

—9.83

21.2
14.4

—12.2
10.7
16.1

—14.1
8.64
8.58

—10.1
6.92

15.8
—15.9

Qo

+ 32.6
49.7
50.6

+ 50.8
48.4
53.0

+ 43.7
47.1

51.2
+ 44.0

39.2
38.3

+ 377
40.2
25.0

+ 26.4
28.4
51.6

+ 31.2
13.4
60.8

+ 34.9
10.2
34.1

+ 24.5
7.43

65.7
+ 377

Qo(exp)'

56.0+3.2
49.3+5.1

59.4+1.8
108.5+27.2

33.7+11.4
39.1+13.1

'Taken from Ref. 7.

inant near the shell-model termination of the "band, " the
occupancies of the states are quite constant. Together
with the close adherance of the energies to the J(J+ 1)
line and the constancy of Qo(K =—', ), these results suggest
a well developed intrinsic deformation underlying this
group of states.

The full sd-shell space allows construction of states
with spins up to —", + for seven active particles coupled to
T =—,

' ( Na). The maximum dimensionality is 1158, for
the J =—,'states, and the minimum is three, for J=—", .
The eigenvalues obtained for states in Na in the shell-
model calculation are shown plotted against the J(J+ 1)
spacing in Fig. 7. The equation of the least-squares fit to
these points is E„(keV)=148 J(J+1)—550, with an rms
deviation of 133 keU. The energies of the A=23 states
are staggered systematically about the straight line in the
same fashion observed for the A =21 example, although
the e8'ect is not so pronounced.

The electric quadrupole matrix elements calculated

from the shell-model wave functions of these states of
2 Na, and the values of Qo(K =—,'}extracted from them
under the assumption that the states are members of a
K =—,

' rotational band, are presented in Table V. The
magnitude of Qo(K = —,

'
) near the band head is

+ 51.3+1.2 efm, obtained as the average of the values
extracted from the J =—', and —', static moments and the
transition matrix elements between the J=—,', —'„and —,'
states. This is equivalent to a value of 5= + 0.43. As
with the 3=21 system, the magnitude of Q(J= —', ) is

very small, as is required by Eq. (10). Again, the associat-
ed value of Qo(K = —,

' } is smaller than the values extract-
ed from neighboring matrix elements, but by an amount
that is small relative to the typical scatter in the underly-
ing shell-model values. The relationships between Q(J)
and Qo(K =—,') discussed above for the 3=21 example

hold identically here. Likewise, we observe the same
qualitative features in the calculated and extracted values
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of Q(J) and QD(K =—', ).
As with the A=21 system, the occupation numbers

(Fig. 8) for these 3=23 wave functions are relatively
tightly clustered up through J= —", . As the spin values
increase to the limiting values for the model space, at
J= —", ——", , the variations in occupation numbers increase
in magnitude, with a large increase in Ods&2 occupancy
for J= —", followed by a very large increase in Od3/2 occu-
pancy for J= —", , —", , and, especially, —", . The overall re-
sults for 3=23 are thus strikingly similar to those for
A=21, with the extra model particles apparently con-
tributing to a somewhat more stable intrinsic state and,
of course, a higher value of the angular momentum at
which the band terminates.

VII. SUMMARY AND CONCLUSIONS

We have examined shell-model calculations of energies
and electric quadrupole matrix elements for A =20-28
nuclei for characteristic features which would suggest
that the levels in question are members of pure rotational
bands built upon stable, deformed intrinsic shapes. Un-
like experimental data, these model results yield complete
sets of precise values for all observables, in particular for
quadrupole moments of all states.

The critical features, which are taken as evidence that
the levels of a group belong to a given band, are a linear
dependence of excitation energies E„(J)upon the values
of J(J+ 1), a common sign for the intrinsic quadrupole
moments extracted from the static quadrupole moments,
and approximately equal magnitudes for all the intrinsic
quadrupole moment values extracted from transition and
moment matrix elements. Such features emerge most
clearly in 2'Ne and Na (apparent K =—', bands), in Ne,
2Ne, and Si (apparent K=O, J-even bands), in Na (ap-

parent K=O, J odd, and K=3 bands), and in Mg (ap-
arent K=O, J even, and K=2 bands). In contrast, the
6Mg nucleus exhibits no convincing evidence for simple

band structure beyond a few enhanced values of electric
quadrupole matrix elements. These features of Mg are
similar to those we calculate for the neighboring nuclei

Al and Mg. While there is some significant evidence
for K =—,

' and K =—,
' band structure in the Mg wave

functions, the bands cannot be extrapolated neatly to
higher J values. In Al, the electromagnetic matrix ele-
ments allow very little inference of simple band structure
at all.

A general and, of course, inevitable feature of shell-
model results in any specific model space is that there is a
maximum possible value of the total angular momentum
J for each nucleus, the so-called "band cutoff" value of J.
For the sd-shell examples studied, the cutoff values of J
range from J=8 to 14. The experimental existence of
band cutoffs has been an interesting but unresolved issue
for some time. In the context of the present study, the is-
sue is the degree to which the band properties which
characterize the levels near the lowest value of J, the
"band head, "persist unmodified up to the cutoff value.

In the nuclei with the most clearly developed band
structures, the values of the intrinsic quadrupole mo-

ments extracted from the matrix elements involving the
lowest several J values typically vary by only 2—3 %%uo from
each other, with the values from the quadrupole moment
of the lowest state and from the transitions to the lowest
state being very close to each other. The exceptions to
this stability of extracted values of QD(K) at low values of
J occur in the K&0 bands, at those J values for which
the ratio of QQ(K) to Q(JK) is very large. These cases
necessarily involve very small values of the shell-model
predictions relative to the single-particle values. As the
values of J increase up to the cutoff J values of the
"bands, " the values of Q0(K) extracted from the static
quadrupole moments retain the same sign and approxi-
mate magnitude, while the magnitudes of Q0(K) extract-
ed from the transition matrix elements show increasing
fluctuations towards smaller values, with the typical ex-
cursions from the "band-head" values of QD(K) being
20-50%.

The existence of a well-defined band does not seem
correlated with extraordinarily large values of deforma-
tion. All of the systems considered have comparable
magnitudes of 5 as inferred from the levels near the band
head. These inferred deformations are largely indepen-
dent of the number of active particles in the model space,
the Ne system, with only four particles, having a slight-
ly larger value than any of the "heavier" (five to twelve
particle) systems. The quantitative degree of stability in
the band parameters does seem positively correlated with
shell-model dimensions, however, with the smaller sys-
tems such as Ne showing symptoms of not having
enough wave function components to generate the
coherent interference necessary for smooth propagation
of the E2 band features from level to level.

The energies of the levels in these bands follow similar
trends, with close adherance of the J(J+ 1) line at low
values of J giving way to larger, typically oscillating, ex-
cursions as the cutoff value is approached. In the K=O
bands, the energies of the 2+ and 4+ levels always fall
above the straight lines which give the best fit to the en-
tire set of energies. The two K =—', bands show a sys-
tematic staggering about the best-fit lines, with the
second, —,'+, states already showing the effect clearly. The
fluctuations in energy values near cutoff values of J tend
to be correlated with the shell-model dimensions, the
largest energy deviations occuring for the cases in which
the dimensions are smallest.

The correlation of well-defined band properties with
tightly grouped points in the plots of the occupancy dia-
gram of the shell-model orbits is positive overall, but with
some significant exceptions. As with values of energies
and Q0(K), the occupation numbers of the shell-model
orbitals are more stable for wave functions near the band
head than near the band cutoff. The excursions of the oc-
cupancies from the "average" values for the bands near
and at the cutoff values of J are more striking than are
those for the values of energies and Q0(K). Of course,
the occupancies in a sense are a direct reflection of the
cutoff phenomena, so this is not surprising. In the in-
stances for which two bands are identified in a single nu-
cleus, the occupancy points for the lower J members fall
into distinctly different areas of the diagram.
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These features would seem to confirm the conjecture of
Watt et al., that the orbit occupation numbers are keys to
identifying and characterizing a band within the shell-
model representation. However, Si provides an instruc-
tive counterexample. The bands found in the A =21—24
systems occur in the "middle" of the Odsi2 subshell. Up
until the band-cuttoff values, different values of J can be
formed without the necessity of transfering particles from
one orbit to another. It could be presumed that this "dis-
tance" from the effects of shell closure is a prerequisite
for the emergence of well-developed bands. The example
of Si contradicts this presumption. In the context of
Qo(E) values and, up to J=8, energies, there is striking
evidence of a E=O band in Si. This "band" thus occurs
directly upon a minor shell closure (filling of the Odszz
subshell}. The points in the occupancy diagram for Si
show the excursion necessary to build states of successive
higher J values upon the foundation of a shell closure.
Nonetheless, these excursions in occupancy apparently

fail to affect the energies and electric quadrupole matrix
elements of the states.

In summary, shell-model wave functions for several nu-
clei in the A =20—28 region exhibit very stable
rotational-band characteristics for the lowest several
values of J in the band sequence. In these systems the
features of band structure has been traced, with diminish-
ing quantitative accuracy, all the way to the highest al-
lowed values of J in the shell-model space. Results for
other systems in this region show little evidence for band
structure beyond a few enhanced E2 matrix elements and
the inevitable increase of excitation energy with increas-
ing angular momentum. Clustering of orbit occupation
numbers is a frequent, but not inevitable, corollary of a
well-developed band structure.
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