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Single- and double-charge-exchange reactions of pions on nuclei are analyzed by means of an ele-

mentary model based on the first- and second-order impulse approximations. The model is applied
to the description of transitions induced between the isobaric analog states of ' C and ' 0 and ' N at
50 MeV incident pion energy. We find that the model, with only the familiar nuclear orbital wave

functions as input, successfully explains the angular distributions observed in both the single and
double analog state transitions. In the case of the double-charge-exchange reaction a particularly
significant role in the process is played by the position correlation of the two valence neutrons in '"C.
Double-charge-exchange measurements, we show, furnish a direct means of detecting this correlation,
which is an important feature of any nuclear shell model. Calculating the effect of this correlation
requires summing the nuclear transition amplitudes over all accessible intermediate states. To re-

strict the summation to the intermediate analog state is to omit the effect of correlation. The double-

charge-exchange probability also has some sensitivity to the spatial dependence of the pion-nucleon
interaction at short distances. We find that it indicates an approximate radius for the interaction of
about 0.7 frn. We have evaluated corrections to the impulse approximations due to nuclear scattering
and absorbtion and find that they make only modest quantitative changes in the analysis based on

plane waves.

I. INTRODUCTION

Although the double-charge-exchange process is one of
the rarer forms of pion reactions, it is no longer difficult
to detect and has recently been receiving considerable
study. ' Several of the more interesting features of the
process are the consequences of its second-order nature.
If a positive pion, for example, entering a nucleus, is to
emerge as a negative pion simply by exchanging charge
with the nucleons present, then the process must take
place in at least two stages —converting two different neu-
trons to protons. This picture of the reaction as a se-
quence of two single-charge-exchange processes suggests
that it may be sensitive to the correlation properties of
pairs of nucleons within the nucleus. We shall show that
double charge exchange is indeed sensitive to the relative
position distribution of the nucleons lying outside closed
shells and furnishes the first direct probe of those correla-
tions. The reaction, we shall see, offers some information
about the range of the fundamental pion-nucleon interac-
tion as Well.

Double-charge-exchange measurements carried out re-
cently at TRIUMF, ' and at the Clinton Anderson Labo-
ratory have presented an interesting puzzle. Observa-
tions of the double-analog-state transition
tr+ ' C(0+ )~sr ' O(0+ ) at 50 MeV incident pion energy
have revealed a cross section larger than that predicted by
optical model calculations and a strong forward peak in
the angular distribution. The forward peak was perhaps
the greater surprise in view of the known properties of the
single charge-exchange process. At 50 MeV there is a

destructive interference between the s and p wave contri-
butions to the amplitude for pion-nucleon charge ex-
change that leads to a dramatic minimum in the forward
direction of an otherwise relatively fiat cross section. The
double-charge-exchange process had proved to be most
probable, in other words, in the angular range in which
the fundamental single-charge-exchange process was quite
improbable. The single-charge-exchange processes impli-
cit in double charge exchange tend to take place in con-
nection with scattering processes at finite angles. The
convolution of two such finite-angle scatterings could
indeed have an angular distribution with a smoothed-out
dip in the forward direction, but that would not explain
the observed forward peak.

A possible resolution of the puzzle and a challenge to
the sequential picture of the double exchange process has
been presented by Miller who has suggested that the pro-
cess depends on the existence of di-nucleon structures
within the nucleus. A pion striking one of these can ex-
change two units of charge in a single step. The angular
distribution of the emerging pions is then just the form
factor for the distribution of di-nucleons and that form
factor could easily be forward-peaked.

It is our purpose to show in the present paper that the
paradox can be resolved without invoking any such
mechanism. All that is required is a careful analysis of
coherent multiple scattering. We shall present a model
that allows us to discuss both single- and double-charge-
exchange processes by means of the most elementary ap-
proximations. We are enabled thereby to gain simple
analytical insights into the dependence of the angular
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distributions of the scattered pions on the properties of
the nuclear wave functions and the ~N charge-exchange
amplitudes.

We shall base our initial approach on the first and
second order impulse approximations. Our purpose in
doing this is to take full advantage of the insight made
available by the relative weakness of the ~N interaction
at low energies. We thus begin by neglecting the effects
of pion absorbtion and elastic multiple scattering and
thereby simplify the analysis considerably. Once we
have outlined the properties of the charge-exchange pro-
cesses by means of this approximation, we undertake the
inclusion, in approximate terms, of the effects of ab-
sorbtion and elastic scattering. Taking account of these
effects, we show, does not materially alter any of the
conclusions reached without them.

The charge-exchange processes we shall study are in-
duced by positive pions incident on ' C and lead either to
the analog state in ' N or to the ground state of ' 0 as
final states. In such analog-state transitions the nuclear
isospins are simply rotated. The nuclear transitions are
otherwise essentially elastic; the configuration space and
spin wave functions of the nucleons undergo no change.
The nucleus ' C may be accurately pictured as consisting
of a closed core, which is essentially ' C, plus two valence
nucleons. Within the context of the lower order impulse
approximation, the single-charge-exchange reaction takes
place in a single collision process and double charge ex-
change involves no more than two successive collisions.
Since in the analog transitions these processes take place
elastically, they cannot involve any core excitations. The
core then plays a completely passive role. We therefore
focus our attention for the present entirely on the two
valence nucleons, which are the only ones that can play
an active role.

The basis elements of our model and its application to
the analysis of the angular distributions of the charge-
exchange reactions are presented in the following two sec-
tions. The object of these sections is to demonstrate that
by using the same fundamental form for the ~N charge-
exchange amplitude in the analysis of both single and
double charge exchange, it is possible to give simultaneous
descriptions of the two processes that are in accord with
the experimental data. Section IV is then devoted to a
more detailed discussion of the mechanism of the double-
charge-exchange reaction. Its purpose is to discuss the
properties of the nuclear wave function, of the intermedi-
ate nuclear states, and of the features of the ~N interac-
tion that are most responsible for determining the magni-
tude and shape of the observed differential cross section.
The modifications made by pion absorbtion and scattering
effects are then estimated in Sec. V.

II. SINGLE-CHARGE-EXCHANGE REACTION

We begin by discussing the single-charge-exchange pro-
cess sr+ ' C(0+ )~~ ' N(0+ ). If we denote the spin-
dependent charge-exchange amplitude of the jth nucleon
by F~(kf, k; ), where k; and kf are the initial and final
pion momenta, we can write the amplitude for the ex-

change of one unit of charge with the two valence neu-
trons as

In this expression r, and rz are the positions of the two
valence nucleons, while cr& and o.

z are their Pauli spin
operators and ~& and ~z are their respective isospin
operators. The pion isospin operator is represented by
T and f(p', p) and g(p', p) are the spin-independent
and spin-Hip amplitudes, respectively.

The wave function of the ' C nucleus is assumed to
separate into a wave function for two valence neutrons in
the p-shell orbit (ri, rq

~

1,2) and a wave function for the
core. Since the core plays a passive role we can omit fur-
ther mention of its wave function. The two p-shell nu-
cleons, having total angular momentum zero, can only be
in either of two states, the spin singlet 'So or the spin trip-
let Po state. The most general state available to them can
thus be written as

~

1,2) =a
~

Sp)+P Pp) (2.3)

with a + P
~

=1. We shall employ as shell model
wave functions the harmonic oscillator parametrizations
of the S and P states,

(ri, rp Sp) =Nse (Ii, rp)X (1,2)i) (1,2)

(2.4)

and

—(r
&

+r& ))I2b O& —~z 0=Ace ' ' i (r, Xrz) X (1 2)rl (1 2)
2

(2.5)

where X (1,2) is the spin-singlet wave functioh of the
two valence neutrons, q ( 1,2 ) is the T, = —1 com-
ponent of their isospin-triplet wave function, and
Ns =2/&3n ~ b and Ne =&2/3m ~ b are the
normalization coefficients. The wave functions of
' N(0+) and ' O(0+), which are related by rotation in
isospin space, are identical to those of Eq. (2.4) and Eq.
(2.5) in their coordinate and spin dependences and can
be obtained by replacing the isospin wave function

(1,2) by g (1,2) and g+(1,2), respectively. For a
J =0~J =0 transition, such as the one we are consider-
ing, the terms linear in the target nucleon spins make no
contribution to the single-charge-exchange amplitude.

Fscx(k/, k;)=(~ ' N Fi(kf, k;)+F, (kf k;) w+ ' C) .

(2. 1)

The charge-exchange amplitudes F~ contain familiar re-
tardation phase factors depending on the positions of neu-
trons 1 and 2. We can specify these and the spin- and
isospin-dependent parts of the amplitudes as well by writ-
ing

I

F, (p'p) =e '(r, T )

X [f(p', p)+io,'(pXp')g (p', p)], j =1,2.

(2.2)
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That amplitude may be written as

Fscx(Q) =2f (kf, k; )S (Q),
where Q=kf —k; is the momentum transfer and

S(g)=(12
~

e '
~

12) =('So
~

e '
~

'So)

= ('Po
~

e ~ '
~

'Po ) =(1—Q b /6)e —~ ' '4

(2.6)

(2.7)

is the form factor for the single-particle density distribu-
tion of either of the two valence neutrons. While the
wave functions for the 'So and Po states tend to correlate
the positions of the neutrons in rather different ways, it is
easy to verify that their single particle densities take the
identical form

p(r) = 3 /277 3/2b —5r 2e —r /b (2.8)

103
7r' '4c —~' "4N

50MeV

10—

characteristic of p-shell orbitals and that is, of course, why
the two form factors in Eq. (2.7) are the same. It follows
then that the single-charge-exchange cross section is in-
dependent of the amount of mixing of the S and P states
in the wave function of the two valence neutrons.

The factorization of the amplitude for the single-
charge-exchange reaction represented by Eq. (2.6) makes
it clear that the narrow forward dip in the elementary
charge-exchange cross section will be preserved in the nu-
clear charge-exchange process. The form factors S(Q)
typically vary much more slowly as a function of momen-
tum transfer Q.

Single-charge-exchange measurements on ' C at 50
MeV do clearly show the presence of the forward dip as
do measurements on several other nuclei as well. It is
worth emphasizing that the forward dip structure could
be altered substantially or annihilated entirely if the effects
of elastic scattering and absorbtion within the nucleus
were appreciable. That fact alone furnishes a reassuring
indication that our neglect of these effects by using the
impulse approximation remains fairly accurate.

In Fig. 1 we display the results of our calculations of

the angular distribution for the single-charge-exchange
cross section. The dashed curve was obtained by using
the impulse approximation, as we have noted. The solid
curve, on the other hand, follows from a calculation in-
cluding the effects of pion scattering and absorbtion
corrections that we shall discuss in Sec. V. The correc-
tions involved are evidently quite small ~

The parametrization we have used, in the above calcu-
lation for the ~N charge exchange amplitude f takes the
familiar form

f(P P)=+&+bi(P P ) (2.9)

III. DOUBLE-CHARGE-EXCHANGE REACTION

We make use of the second-order impulse approxima-
tion in treating the double-charge-exchange reaction. The
two stages of the process will each be assumed to involve
the same effective ~N amplitude that fits the single-
charge-exchange data.

Our expression for the transition amplitude for the
double-charge-exchange reaction m+ ' C(0+)~m ' O(0+)
in the second-order impulse approximation is given by the
matrix element, between the initial and final nuclear
states, of an operator F(Q, r~, r2) that represents the
double-collision amplitude for pion scattering from the
pair of nucleons located at r~ and r2,

where the coefficients a ~ and b ~ can be obtained from the
compilation of phase shifts for ~-N scattering. We note
that since our calculation is carried out in the target Breit
frame, the coefficients ai and b~ differ from the corre-
sponding values of the expansion coefficients a ~ and b ~

of the ~N amplitude in the center-of-mass frame through
a Galilean transformation that is described, for example,
by Brown, Jennings, and Rostokin. If we follow their
prescription for a nucleon at rest, we find that the trans-
formation changes the value of a j from —0.13 fm
(=a

~ ) to —0.18 fm ', while leaving b~ =b
~ . We have

used in our impulse approximation calculation an adjust-
ed effective value a~ ———0.21 fm ' which represents a
further change from the free value by 17%. Such an ad-
justment seems to be well within the range of the ambi-
guities associated with the Galilean transformation of nN
amplitudes into the frame of reference of a bound but rap-
idly moving nucleon. An additional motivation for ad-
justing the value of the isovector component of the AN
amplitude results from the inclusion of the effect of the
Coulomb field effects in the phase shift analysis of nN
scattering.

Focx(Q) = (~ ' 0
~
F(Q, r~, rq)

~

~ ' C) .

The operator F is given by

(3.1)

50
1 I I l I I l

0 100 150
8 (deg j

FIG. 1. Comparison of the experimental differential cross sec-
tion for ~+ ' C{0+)~n. ' N{0+) at 50 MeV, and the theory pre-
dictions. The dashed and solid curves correspond to the plane
wave and modified impulse approximations described in Sec. I.

F(Q, r~, r2) = — f d p [F~(kf,p)G(p)F2(p, k;)
272

+F2(kf, p)G (p)F~(p, k;)] .

(3.2)

In this expression
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G(p)=(k —p +ie) (3.3)

F, (p', p) =e '(r,'.T )

X [f(p', p)+i~, .(pXp')g(p', p)]h (p,p'),

j =1,2, (3.4)

where the function h (pp') represents the off-shell form
factor with the constraint

h(k;, kI)=h (ki, k;)=1 . (3.5)

The form factor h (p, k), on the other hand, presumably
decreases for phoo, as p recedes from the mass shell.
We shall assume for convenience that h (p, k;) can be
represented by the frequently used expression

A'+k'
h (p, k) = h (k,p) =

A +p
(3.6)

Such a form factor serves the function of describing the
finite size and shape of the ~-N interaction. The parame-
ter A it contains may be interpreted as the reciprocal of its
range. Indeed, in the absence of such a form factor, the
scattering amplitude (3.4) describes, in effect, point in-
teractions that are known to lead to unphysical and even
divergent descriptions of scattering at higher energies.

A convenient way of discussing the effect of form factor
(3.6) is to combine it with the free-pion propagator (3.3)
by defining an effective propagator

G(p)=G(p)h'(p, k) . (3.7)

is the propagator for the neutral pion wave in its passage
from the first collision to the second.

It is worth emphasizing that the matrix element (3.1)
and the operator (3.2) make no reference to any particular
intermediate states through which the nucleus may pass
in the interval between the two collision events. That is
because a summation over a complete set of intermediate
nuclear states (often called the closure approximation) is
contained implicitly in the expressions presented. They
render account, in other words, of transitions to all acces-
sible intermediate states, including isosinglet states and
states that fail grossly to conserve energy. We shall dis-
cuss the special role of the analog intermediate state at a
later point.

The intermediate nuclear states are not the only un-
constrained element in the expression (3.2). The
propagates only a short distance between collisions and
thus is not constrained to be on its mass shell. In order
to evaluate the integral (3.2) then, we need to know not
only the values of the ~N scattering amplitude on the
mass shell (i.e., for

I p I

=
I

p'
I

=
I
k;

I

—=k) (but its
values "half-off-shell" as well (i.e., for

I p I

=k and

I

p'
I
&k or for

I

p'
I

=k and
I p I

&k). In the absence
of a complete theory of the ~N interaction, only the on-
shell (i.e., energy conserving) part of the vrN amplitude
can be determined from existing phase shift analysis of
experimental scattering data. We shall treat the off-shell
dependence of the ~N interaction phenomenologically
by parametrizing the isovector components of the ~N
collision matrix entering Eq. (3.2) as

Although the effects of free-particle propagation and in-
teraction are logically quite separate, the effective propa-
gator 6 can be thought of as an average propagator for
finite-sized particles. In configuration space it takes the
form

G(r)=, f e'~'G(p)dp1

(2~)'
ikr —Ar g 2+ A2

+ 1+ ) (3.8)
4~r 4mr 2A

while G(r) is simply the first of these terms. The propa-
gators G(r) and G(r) differ only in their behavior for
r~0, where G(r) becomes infinite while G(r ) tends to a
finite value. The role of the propagator is an important
one in the matrix element (3.1) since it lends heavy em-
phasis to configurations in which the two neutrons are
close together. The eff'ective propagator G(r) moderates
that emphasis to a degree, but still provides that double
charge exchange is most probable when the separations
are small.

By substituting the target wave functions of Eq. (10)
and the nN scattering amplitudes given by Eqs. (2.2) and
(2.3) into Eq. (3.2), we cast the expression for the double-
charge-exchange amplitude into the form

FDcx(Q)
I

]z
I
'FDcx(Q)+

I P I FDcx(Q)
+2'&PF Dcx ( Q )

=
I

~
I
'FDcx(Q)+

I
&

I
'FDcx(Q) (3.9)

The two terms in this expression labeled by S and P are
contributed individually by the 'So and Po components
of the wave function of the two valence nucleons. The
remaining interference term is contributed only by col-
lision induced double spin flip processes and vanishes for
zero momentum transfer. We find this term to have an
upper bound of about 2% of the cross section. We have
included that term in all of our calculations but will not
discuss its structure in detail here. The absence of other
interference terms representing S~P and P~S transi-
tions follows from considerations of rotational invari-
ance and parity conservation.

Each of the two valence nucleons receives a certain
recoil momentum during the double collision process, but
their overall wave function remains intact. The amplitude
for this part of the process is a two-particle form factor
that is implicitly contained in the matrix element (3.1) and
takes fairly different forms for the 'So and Po states. For
the 'So state it is

=[1—,'b (q]+q—2)+,', b (q].qp) ]—
—b (q 1+q2) j42 2 2

Xe
while for the Po state the corresponding expression is

=[1 ,'b'(q ]q+) )—+'—b'(q]xq,)']

(3.10)

2 2 2—b (q, +q2)t4 (3.11)
For its latter state we must also define a second species of
form factors associated with the possibility of spin flips.
We write
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S (qi qz)=~ Po! e (ai A)(az'B)! Po~

= [ —( A.B)+ ,' b—'(A. B)(q, X q2)' —'b —[ A. (qi X q~)][B (qi && q2)]!e (3.12)

where A=k; &&p, B=pXk&, and A.B=(k~ p)(p. k;) —p'(k; k~).
By making use of these form factors and carrying out the appropriate spin algebra we can write the explicit matrix ele-

ments (3.1) for the double-charge-exchange process in the 'So and Po states as

P'Dcx(Q) =- d pG(P)[a, +2 ab, (l.p)+b, (k& p)(p k;) —ci( A B)]S,(q, , qz)
2772

(3.13)

and

FDc„(Q)= — d'pG(p)! [a, +2a, b, (I p)+b, (k&.p)(p k; )]S~(q, , q2)+c, S~(q, , qz)!,
2772

(3.14)

respectively. The vector I in these expressions is defined
as 1=—,'(k;+kg), and the parameter ci represents the con-
stant spin-Rip amplitude g =c~.

With our choice of harmonic oscillator shell-model
wave functions and the off-mass-shell form factor given by
Eq. (3.6), it is possible to carry the integrations out analyt-
ically to a last stage that involves error functions of com-
plex argument. ' Anticipating the possibility of using oth-
er forms for the function h (p, k), however, we have
chosen to carry out the last integration, over the absolute
value of p numerically.

The theory we have described to this point contains two
partially unknown parameters, the inverse range A, and
either of the two linear combination coefficients, a or /3.
Since the 'S state and the P state lead to rather different
angular distributions, comparison of our calculated results
with the shape of the experimental angular distribution

leads to an estimate of the parameters a and /3. The pa-
rameter A on the other hand influences mainly the magni-
tude of the cross section. Decreasing A tends to raise the
cross section slightly since it raises the maximum
modulus of the function (3.8).

The angular distribution we have calculated for the
choice

! a! =0.8S, ! /3! =0.52 (which correspond to
14% of @3&2 and 86% of Pizz configurations), and
A=3. 5 fm ' is compared with the experiment data' in
Fig. 2. In this figure, the dashed curve follows from the
calculation based on the second order impulse approxi-
mation. The solid curve represents the differential cross
section calculated with pion scattering and absorbtion
corrections which we find, similarly as in the case of the
single-charge-exchange reaction, to be quite small. Our
method of calculating these corrections will be presented

~' "C-~- "0
50MeV

'C-a ' 0
50MeV

ij LANL

! TRIUMF

b c: 1

Cohen-Kurath 100'~o S state
wave function

50
I I

100

e, (deg)

~50

&0 '

0 50 100
8, (deg)

150

FIG. 2. Comparison of the experimental differential cross sec-
tion for ~+ ' C(0+)~~ ' O(0+) at 50 MeV, and the results of
the calculations described in Sec. IV. The dashed and solid
curves correspond to the plane wave and modified impulse ap-
proximations, respectively.

FIG. 3. Comparison of angular distributions for the double-
charge-exchange reaction w+ ' C(0+ )~w O(0+ ) at 50 MeV,
and the theory predictions based on pure 'So-state wave function
for the target valence nucleons (dashed curve), that employing
pure 'Po-state wave function (dotted curve) and that in which the
Cohen-Kurath wave function was used (solid curve).
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10—
~+ 14(- ~- 140 &Q, (r, Q=O, A)&

C3

1
CD

50 ~00

9, (deg)

150
0
0

r (fm)

FIG. 4. Comparison of angular distributions for the double-
charge-exchange reaction ~+ ' C(0+ )~~ ' O(0+ ) at 50 MeV.
The dashed curve corresponds to the omission of spin-dependent
terms from the ~N amplitudes. The solid curve represents the
angular distribution that includes all spin-dependent terms.

in Sec. V. The calculated results, we must emphasize,
are based on the' same ~N scattering amplitudes we used
earlier in our description of the single-charge-exchange
process. While the graph shows that the theory can
indeed predict a forward peak in the angular distribu-
tion, the close agreement shown with experiment must
be considered in conjunction with the values of the pa-
rameters we have reached. In fact, the values we have
found for

~

a
~

and
~
P

~

happen to be consistent within
about 2% with the theoretical values found for ' C by
Cohen and Kurath, "' who have used an intermediate

~+ 14(- ~- 140

50Mev

FIG. 6. Comparison of the functions II(r, Q=O;A) for two
values of the parameter A. The solid and the dashed curves cor-
respond to A = 3.5 fm ' and A = ~, respectively.

coupling scheme to calculate the shell model wave func-
tion. The value A=3. 5 fm ' corresponds to a root-
mean-square radius (mean radius) for the charge-
exchange interaction of about V6/A=0. 7 fm.

In Figs. 3—8 we illustrate the sensitivity of the calculat-
ed angular distribution for double charge-exchange to
various elements that have entered the calculations. It is
particularly significant, as we shall see, that the 'So and
Po states furnish different angular distributions. We have

shown these angular distributions separately in Fig. 3.
The cross section for the 'So state is larger and much
more strongly forward-peaked than that coming from the
Po state. We shall discuss the reason for these results in

the next section.
The contribution of the spin-dependent terms is isolated

in Fig. 4, which shows the angular distributions reached

0.06—

&Q, (r, Q=O, Aj r p (r) &

b C 0.04—

o 002

lO-'
0 50

I I

~00

9, (deg)

150

FIR. 5. Comparison between the angular distributions for the
double-charge-exchange reaction for the reaction
m. + ' C(0 )~v- ' O(0+) at 50 MeV, resulting from the calcula-
tion employing A= oo (dashed curve) with that resulting from
the complete calculation (A=3.5 fm), the same as that in Fig. 2
(solid curve).

0
0

r (fmj

FIG. 7. The function II(r, Q=O;A) r p (r) averaged over
orientations of r calculated with A=3. 5 fm ', where p (r) is
the probability density distribution of the relative coordinate of
the valence nucleons.
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10—
~+ '4|:-~- '40

50MeV

b

ana log intermediate
state only

a11 intermediate
states

50 100
8, (deg)

~50

FIG. 8. Comparison of angular distributions for
n+ ' C(0+)~a ' O(0+) at 50 MeV. The dashed curve results
from the restriction that the analog state be the only intermediate
state, while the solid curve results from including all accessible
intermediate nuclear states.

function of Eq. (2.4), on the other hand, is largest in
modulus for r~ and r2 parallel or antiparallel, and van-
ishes when they are perpendicular. It does not inhibit the
close approach, r~ =r2, of the two nucleons at all.

The role of the pion Green's function in the calculation
is also a significant one. Its purpose is to describe the
propagation of the neutral pion present in the intermedi-
ate state from the site of the first collision to the site of the
second. Its amplitude for going that distance is greatest,
of course, when the distance is small. The free particle
Green's function G(r) is proportional to I lr. The
effective Green's function G(r) given by Eq. (3.8) tempers
the singularity at small distances —1/r, but still provides
that the amplitude for double charge exchange is largest
when the nucleons approach each other most closely.

In view of this sensitive dependence on r =
~

r~ —r2 ~, it
is useful to express the wave functions and the integrals in
the scattering amplitude in terms of the relative coordi-
nate vector r=r~ —r2 and the center of mass, or centroid
coordinate vector R= —,

' (r ~ + rq ) for the two nucleons.
The double scattering amplitude (2.12) when expressed in
this way can be written as

with and without them. Inclusion of the spin-flip terms
leads to a slight flattening of the differential cross section
and a decrease of its value at small angles of about 40%%uo.

The sensitivity of the differential cross section to the pa-
rameter A is illustrated in Fig. 5. Alongside the angular
distribution for A=3. 5 fm ' we have plotted the one for
A= oo, which corresponds to assuming pointlike mN in-
teractions. The latter assumption raises the cross section
slightly and gives somewhat heavier emphasis to the 'So
state contribution than that of the Po state.

F(Q, r~, rq) =F(Q,R+ —,'r, R —
—,'r)

= —8vre'~ Il(r, Q, A),

in which the function 0 is given by

Q(r, Q;A)=e' '[a~+2a~b~il V,

(4.1)

b i(kf. V„)—(k; V, )]G(r) . (4.2)

These expressions permit us to write the double-charge-
exchange amplitudes for the 'So and 'Po states as the ex-
pectation values

IV. INTERPRETATION OF ANGULAR DISTRIBUTIONS FDcx(Q) = —8~(e'~ II(r, Q;A) )s, (4.3)

What are the central elements of the double-charge-
exchange process' We hope by simplifying and rephasing
several features of the foregoing calculations to make
them a good deal clearer. We can begin by neglecting al-
together the dynamical effects of spin dependence and the
effects of nuclear absorbtion and scattering. Although
these effects make perceptible quantitative differences,
they do not seem to influence greatly the nature of double
charge-exchange.

An important feature of our results, on the other hand,
is that the 'So and Po states lead to quite different angu-
lar distributions for the double-charge-exchange process.
If they do that, it cannot be because of their single particle
density functions, which we have already noted are both
the same. That fact alone is enough to suggest that the
difference must arise from the different correlation proper-
ties implicit in the two states. The constraints on the an-
gular momenta in their wave functions and the require-
ments of overall antisymmetry do indeed impose certain
long-range correlations on the nucleon coordinates. The
Po wave function of Eq. (2.5) for example is spatially an-

tisymmetric and vanishes for r~ ——r2, or more generally
whenever r~ and r2 are parallel or antiparallel. It is larg-
est in modulus for r~ and r2 perpendicular. The 'So wave

and

FDcx(Q) = —877(e' "II(r,Q;A)) (4.4)

II(r, Q, A) =a )G(r) . (4.5)

A graph of this function for the value A =3.5 fm ' is
shown in Fig. 6, where it may be compared with the free
particle Green s function G(r). For this case, at least, it is
clear that the integration over the relative coordinate r is
simply weighted with a function that heavily favors small
r and is independent of the momentum transfer Q. When
the p waves are taken into account in the m.N interaction
the function 0 assumes the more general form given by
Eq. (4.2), but its dependence on the coordinate r is not
changed in nature. The function does begin to depend, al-

respectively. These expressions show that the coordinates
R and r play grossly different roles in the calculation.
The matrix elements are simply Fourier transforms of the
distribution of the centroid coordinate R, but they are in-
tegrals over the relative coordinate r weighted with the
function A.

If only S-wave scattering were present in the ~N in-
teraction (bt ——0) the function Sl would assume the simple
form



688 M. BLESZYNSKI AND R. J. GLAUBER 36

though rather weakly, on the momentum transfer Q, but
it still gives heaviest emphasis to small nucleon separa-
tions r.

Since the dependence of Q(r, Q, A) on the direction of
Q is not too important, it is useful to simplify the expres-
sion by averaging over the directions of Q, which is
equivalent, according to Eqs. (5.1) and (5.2), to averaging
over the orientations of r. Some measure of the weighting
of the internucleon distances r for which the double-
charge-exchange process takes place can then be gained by
plotting this averaged function 0 multiplied by r times
the distribution of distances r implicit in the shell-model
wave function we have used. This plot is shown in Fig. 7.
It indicates that most of the double-charge-exchange pro-
cesses occur for distances smaller than 2 fm and that the
most probable distance for their occurrence is about 1.2
fm.

We should also note that our findings concerning the
sensitivity of the double-charge-exchange reaction to the
properties of the two-nucleon wave function appear to be
consistent with the results obtained recently by Gibbs,
Kaufmann, and Siegel' who work within an advanced
numerical framework allowing them to evaluate the Wat-
son multiple scattering series in the fixed scatterer approx-
imation (the calculations of Ref. 13 are based on the
Monte Carlo integration over the 42-dimensional space of
target nucleons).

The fact that the dependence of 0 on Q is not very
strong shows that the angular distribution of the emerging
pions is determined mainly by the average value of e'~
It is governed, in other words, by the form factor for the
distribution of the centroid coordinates R. That coordi-
nate is distributed in practice over the entire volume of
the nucleus, and so the angular distribution is inevitably
somewhat forward peaked.

Some further insight into these effects may be gained by
examining more closely the two-particle densities associat-
ed with the 'So and Po states. When expressed in terms
of the coordinates R and r these are

(~ r) N2[R 4 r2R 2/2+r4/16~e —(2R +r l2)lb

R exp( —2R /b ). This integral, because it contains the
factor R rather than R, contains contributions from
larger radii than the integral for the P state. It therefore
causes the angular distribution for the 'So state to be
much more sharply peaked near the forward direction
than the corresponding angular distribution for the Po
state.

Our calculation, as we have emphasized, has summed
from the beginning over the contributions of all accessible
intermediate nuclear states. But the analog-state transi-
tion we have discussed is essentially elastic in nature and
so it is only natural to ask what is the special role, if any,
of the analog state itself as an intermediate state. The nu-
clear wave functions enter the process through a two-
particle form factor that for a wave function +0 takes the
form

S(q),q2)= f Vo(r(r2)e ' 'e ' '4'o(r)r2)dr(dr2 . (4.8)

X f e,*(r'(r2)e ' '~o(r'(r2)dr')dr2 (4.9)

and that is indeed a form which we would have encoun-
tered had we begun by being more explicit about taking
all intermediate states into account. The particular
question raised about the role of the intermediate analog
state amounts to the comparison of the form factor (4.8)
with the single term

So(q) q2)= f l
+o(r)r2)

l

e ' 'dr) dr2

I

Po r&rz e ' 'dr &dr2 4.10

of the summation (4.9). We should note carefully there-
fore that the form factor (4.8) is a form factor for the two
particle density p(r)r2),

This integral can be expressed explicitly as a sum over a
complete set of intermediate state wave functions +; by
writing it as

S(q), q2)= g f 'po(r)r2)e ' ')p;(r(r2)dr)dr2

(4.6) S(q),q2)= f e' '" ' '"p(r)r2)dr(dr2, (4. 1 1)

and

(R r)=N2fR2r2 (r ~)2]e —(2R +r l2)lb (4.7)

while the single term So is a product of form factors for a
single particle distribution

respectively. The P-state density of course vanishes qua-
dratically as r~O, an expression, as we have noted, of the
exclusion principle. The P-state contribution to double
charge exchange is therefore suppressed by the require-
ment that the nucleons be close together. Some double
charge exchange does take place in the P state, however,
and its angular distribution is given by the form factor of
a density proportional to R exp( —2R /b ).

The S-state density, on the other hand, contains a term
proportional to R and it remains finite for r~O. The
contribution to that term is greatly enhanced by the
weighting coming from the propagator G or the function
0, , and it therefore dominates the double-charge-exchange
amplitudes. Its contribution to the scattering amplitude is
a term proportional to the form factor of

So(q), q2)= f e ' 'p(r)dr f e'q'p(r')dr' . (4.12)

If the wave function 4'o were a product wave function,
that is if the particle coordinates r& and rz were entirely
uncorrelated, its two expressions S and So would be the
same. But as soon as the coordinates r& and rz become
correlated, that is p(r), r2)&p(r, )p(r2), they may become
quite different. The analog states we have been describing
in fact contain significant correlations, and we can see
that restricting the summation to the analogue intermedi-
ate state, as is implicitly done in an optical model
analysis, amounts to ignoring them altogether. Indeed,
when we project the intermediate nuclear state in our cal-
culations onto the analog state as in Eq. (4. 10), the angu-
lar distribution that results is shown in Fig. 8. It corre-
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sponds to omitting the correlation that tends to bring the
nucleons together and therefore lowers the contribution of
the dominant term contributed by the 5 state. It annihi-
lates the strong forward peak in the angular distribution.

V. EFFECTS OF PION SCATTERING
AND ABSORBTION

+

b=0fm
b=1 fm

b- 2fm

The analyses of the single- and double-charge-exchange
reactions we have presented in the foregoing sections have
been based on the assumption that the initial and final
pion states are plane waves. The pion wave function may
in fact deviate greatly from a plane wave within a nucleus,
because of the effects of absorbtion and elastic scattering.
It is important to estimate the changes these effects intro-
duce, and we have carried out a number of calculations to
that end. A fair estimate of the effects of pion scattering
and absorbtion on the single-charge amplitude can be ob-
tained by replacing the incident and final pion plane wave
functions in Eq. (2.1) by the solutions of the Klein-
Crordon equation within the nucleus. We take these to be
the solutions obeying the appropriate outgoing and incom-
ing wave conditions for an optical model interaction suit-
ed to the description of elastic scattering of pions. This
procedure leads to the following modification of Eq. (2.6):

0
-6

I

-4

I4 (t kt )I

l

0

z (fm)

b= Qfm
—-- —b =1fm
.--.-.----. b = 2 fm

Fscx(Q) =2f (kI k )S(Q)

where

S(Q)= J d r e'~'P' '*(r,k/)p(r)PI+'(r, k;)

(5.1)

(5.2)

is the effective form factor modified by the pion ab-
sorbtion and scattering corrections. The function p(r) in
Eq. (5.2), we recall, represents the single-particle density
of the valence nucleons, and the functions P'+'(r, k, ) and

'(r, k/) represent the incident and scattered pion
waves, respectively.

We carried out a number of computations of the func-
tions P'+'(r, k;) and Pj '(r, k/) for the pion wave equa-
tions containing optical potentials of the form

V(r)=vof (r)+v~f (r) +t'vz exp( —r /yz)

with

0
-6

I

-2
I

0

z(fm)

(c)
b= Qfm

————b= 1fm

b=2 fm

f(r) =(1+50r +5~r ) exp( r /) o), —
in which the various coeScients are treated as adjustable
parameters. Fitting the elastic m-nucleus scattering cross
section narrows the choice of these parameters consider-
ably, but does not determine them uniquely. One fit to
the elastic scattering data of m. + by

' C at 50 MeV, for ex-
ample, correspond to the choices vo ——0.01, v ~

——0.28,
60 ——0.006, 5l ——0.25, yo ——1.85, v2 ———0.015, and
yz ——1.44 (all values in fermi units). The differential cross
section for the single charge exchange obtained with these
parameters in the one shown in Fig. 1. It evidently differs
from the impulse approximation far less than the gross
departures of the functions P'+'(r, k;) and P' '(r, k/) from
the plane wave behavior might indicate. We have com-
puted several other solutions for the parameters in V(r)
and found them to lead to ratios S(Q)/S(Q) ranging be-
tween 0.9 and 1.15 in modulus, and thereby, to lead to

4
~ ~ ~ '~ ~ ~ ~ ~ ~ ~ \ ~ ~ ~ ~ ~ ~ ~

0
-6

I

-4
l

-2
l

0

z {fm)

FIR. 9. (a)
~

P'+'(r, k;) ~, (b) P '(r, k;) ~, and (c)
'*(r,k;}P'+'(r, k;)

~

for three impact parameters b as func-
tions of z {component of r along the normal to the impact pa-
rameter plane). The pion incoming P'+'(r, k; ) and the outgoing

'(r, k; } wave functions result from the Klein-cordon equa-
tion which describes the elastic scattering of positive pions
from ' C at 50 MeV.
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modifications of about 10—30 % in the single-charge-
exchange cross section.

To estimate the corresponding corrections for the
double-charge-exchange cross section, we have applied
analogous correction factors to each of the charge-
exchange amplitude F& and Fz in the integrand of Eq.
(3.2). This procedure amounts to inserting the factor
R (q~, q2)=S(q~)S(qq)/S(q~)S(q2), with the function S
defined by Eq. (4.1). This factor R (q&, qz) into the in-
tegrand and carrying out the integration numerically. It
implicitly neglects the off-shell dependence of the correc-
tion factors and so may only represent a crude approxi-
mation. For the double-charge-exchange reaction, how-
ever, much as for the single-charge-exchange reaction,
our procedure indicates that the overall corrections to
the plane wave analysis are fairly small. A calculation,
for example, based on the parameters for V(r) noted ear-
lier leads to the double-charge-exchange angular distri-
bution shown in Fig. 2. For our other solutions the de-
viations from the plane wave result amounts to only
about 10%. If the absorbtion and scattering corrections
are small, we should emphasize, it is not because the
pion wave functions correspond closely to plane waves.
That can be seen for example, in the graph of the
modulus of P'+'(r, k;), shown in Fig. 9(a), as a function
of position in the nucleus for three values of impact pa-
rameter b. The wave function has a modulus consider-
ably larger than unity within the forward hemisphere of
the nucleus. Its modulus then drops to values well
below the unity in the shadowed rear hemisphere of the
nucleus. The wave function P' '(r, k;), since it describes
the escape of pions from the nucleus rather than their

entry, exhibits the complementary variation shown in
Fig. 9(b). In the product of P'+ (r, k;) and PI "(r,k;),
which occurs in the expressions for the forward charge-
exchange amplitudes, the variations of the two wave
functions compensate each other to a considerable de-
gree. The modulus of the product of tb'+'(r, k;) and

i*(r,k;), presented in Fig. 9(c) is seen to differ appre-
ciably from the unit value, one would have for plane
waves only in a central region of the nucleus of radius of
about 1 fm. But, this wave function product only occurs
in the single-charge-exchange reaction amplitude of Eq.
(2.1) multiplied by the single particle density of the
valence nucleons given by Eq. (2.8). The latter density,
which is characteristic of the p-shell vanishes at the nu-
clear center, r =0, and thus give zero weight to the
larger deviations from plane wave behavior indicated in
Fig. 9(c). The net effect then of all these compensations
is a result for the single-charge-exchange amplitude not
to be different from that of the plane wave impulse ap-
proximation. The double-charge-exchange amplitude,
involving only products of two such amplitudes also
seems to undergo only the smallest corrections.
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