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The generator-coordinate method is applied to the study of the three-a-particle system. The
choice of the basis functions allows us to calculate the @+ %Be phase shifts. We perform a compar-
ison between the full three-cluster approach and two of its approximations. Distortion effects are
shown to be important in the spectroscopic properties of 2C. We present the ®Be(a,y)'?C S factor
derived in the three-a-particle model. At low temperatures, the reaction rate is found to be slightly

different from earlier studies.

I. INTRODUCTION

The triple-a reaction, which leads to the production of
12C nuclei, is expected to occur in two steps.1 The first is
the formation of ®Be from two a particles. The ®Be nu-
cleus is unstable with respect to a decay, but in some stel-
lar sites a quantity of ®Be exists in thermal equilibrium
with the a particles. The second step involves the a cap-
ture by ®Be. The latter reaction depends crucially on the
properties of the 0; excited state in '°C (see Ref. 1). The
triple-a reaction has recently been reconsidered by Nomo-
to et al.,’ and by Langanke et al.? in nonmicroscopic
models. However, microscopic descriptions of capture re-
actions may lead to rather different results.* We have al-
ready presented the *He(a,y )®Be cross section obtained in
a microscopic framework® with an exact account of the
unstable nature of the ®Be ground state. In this paper we
investigate microscopically the second step of the triple-a
reaction, the ®Be(a,y)'?C capture reaction. We assume
that the ®Be ground-state wave function can be approxi-
mated by a square-integrable wave function.

Microscopic calculations give a satisfactory description
of the bound-state and scattering properties of two-cluster
systems.® The generator-coordinate method (GCM) has
recently been applied to the determination of electromag-
netic properties of such systems.” Until now, mainly
single-channel approaches have been investigated. The
single-channel model is not reliable when one of the col-
liding nuclei is easily deformable.® In this case distortion
effects have to be considered in the calculation. These ef-
fects can be taken into account by introducing configura-
tions involving either physical excited states ° or pseudo-
states of the compressible nucleus.® Both techniques im-
prove the quality of the wave functions, but in different
ways. The physical configurations introduce a distortion
in the wave function of the unified nucleus only, but allow
one to study inelastic reactions. In the pseudostate ap-
proach, the wave functions of the unified nucleus are dis-
torted through the distortion of the clusters.

In this paper we want to study the a+®Be system.
Since the ground state of the ®Be nucleus is a short-lived
nuclear molecule formed of two a particles, a one-center
description of this nucleus is expected to be poor. A way
of solving this problem is to describe the a-+3Be system
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by a three-a-particle configuration. This leads to the in-
troduction of two generator coordinates, one internal to
the ®Be nucleus and the other associated with the a4 *Be
relative motion.

The spectroscopic properties of '2C have already been
studied by Kamimura,'® in a fully microscopic three-
cluster framework. However, the choice of the antisym-
metric basis functions employed by Kamimura is not ap-
propriate for the investigation of the a+®Be collision.
Here we perform the calculation with a different basis of
wave functions. This investigation takes correct account
of the two-center structure of ®Be, but in an approxima-
tion where its wave function is square integrable. In order
to evaluate the importance of distortion effects, we com-
pare three different approaches. The first is a multichan-
nel study based on the full three-cluster model, while the
second consists of a single-channel calculation in which
the ®Be nucleus is described in a two-center model. Our
investigation is completed by a conventional two-cluster
calculation of the a+5%Be system with the ground-state
SU(3) wave function for ®Be. Since the ®Be nucleus is a
particularly deformable nucleus, the a + %Be system offers
a favorable case for such a comparison. It will allow us to
evaluate the influence of the ®Be description in the study
of the a + ®Be system.

In Sec. II we present the three-cluster model. Applica-
tion to the '>C nucleus is presented in Sec. III, and the
8Be(a,y)'*C reaction is investigated in Sec. IV. Conclud-
ing remarks are given in Sec. V.

II. THE THREE-CLUSTER MODEL

Let us consider translation-invariant a-particle wave
functions ¢; (where i is the cluster index), constructed in
the harmonic oscillator model with parameter b. A basis
function of the 12-nucleon system reads

P(R|,Ry)) = . L $16,830(b1,p,R)T(D3,p",R,) , (1)

where by =(3)"?b, b,=2"1"%b, o/ is the antisymmetri-
zation projector, and R, and R, are the generator coordi-
nates. The relative coordinates p and p’ are defined by
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where r; is the coordinate of nucleon i. In (1), the func-

tion I' is given by

['(B,p,R)=(mB*) 3 exp[ —(p—R)*/23] , 3)
and ¢ ,, is chosen as
¢c.m.=r((12)_l/2b9 RC.mJ 0), 4)

where R_ ., is the center-of-mass coordinate. With defi-
nitions (3) and (4), the wave function (1) is readily written

as a Slater determinant:
D(R,Ry) =& D(— TR+ 7R)P(— TR — 7 Ry)P(IRy),

(5)
|

where ®(S) represents a Slater determinant composed of
four Os particles centered at S. This property allows one
to use simple formulas for the calculation of matrix ele-
ments.'!

The GCM basis functions are obtained by projecting
out ¢ on the total angular momentum J. Moroever, in
order to study the a-+®Be reaction, it is useful to intro-
duce the orbital momentum L of the ®Be nucleus and the
relative orbital momentum /. The basis functions read

PIMT(R,Ry) = [[Y)(Q)8 Y, (0,)][3P(R;,R)AQ,dQ;
6)

where Q; and Q, denote the directions of R; and R,,
respectively, and where w=(—1)+L,

For an irreducible tensor operator 07‘ of rank A, the re-
duced matrix elements are given by

(DIF(R{,R,)||OM| @] (R|,RY)) =872 — 1) [(2T + 1)(2A+1)] 172
X3, [[[¥:(0,0)8 Y, (2,) 8 [ Y1(6},0)8 ¥, (23)] 13*
I

X (D(R},R,) | O} | D(R},R}))sin6id6d Q,d Q) )

where we have chosen R, along the z axis, and R} forms
an angle 0] with z, in the x-z plane. The matrix elements
involve five-dimensional integrals. With the choice of
basis functions (1), the integrals have to be evaluated nu-
merically. On the contrary, the choice of Kamimura'® al-
lows an analytical evaluation of the matrix elements, but
is not appropriate for the study of reactions.
The total wave function of the system reads

\yJMﬂ_sz (R],R JMTr(Rl’RZ)dR dR, , (8)

where f11. is the generator function, and where the sum
over [ and L is restricted by the condition w=(—1)'*L,
In practice, the integrals in (8) are discretized over a finite
set of generator-coordinate values, which leads to

WMTS S fit (R imsR2a )P (R 1 R2) - ®

IL mn

For '2C bound-state wave functions, the coefficients fi;"
are deduced from a variational principle. For a+®Be
scattering wave functions, the coefficients are calculated
with the microscopic R-matrix method (Ref. 7 and refer-
ences herein).

Equation (9) exhibits the three-cluster nature of the
wave function. However, this form is not practical for
the study of reactions. Therefore, it is useful to decom-
pose (9) on a basis emphasizing the a +®Be structure. Let
us consider the N variational solutions of the two-cluster
equation (N is the number of values of R,,),

HeMo=ELogtM® (9=0,...,N—1). (10)

The two-center trial function ¢3¢ is given by

r

LMa) Eng R2n fYL (QZ)

n=1

X o D(— 3Ry, )P(3R,,)dQ, (11)

N
=47 Y gL%R ) $16,TL(b2,0',R2,) Y1(Qy) .

n=1

(12)

The coefficients g-?(R2x) are determined by solving (10)
and by normalizing ¢12/°. The function I'; is defined as

L. (B,p,R)=(mp*) =3 *exp[ —(p*+R?)/2B*iL(pR /B ,

where i, is a spherical Hankel function. Let us point out
that, for each L value, only the ® =0 wave function has a
physical meaning. It represents, in a bound-state approxi-
mation, the lowest ®Be state in the partial wave L. In the
a+a case, eigenvalues with >0 cannot be related to a
physical ®Be state. In accord with the definitions of the
Introduction, the three-cluster model mixes physical states
(w=0) with pseudostates (w=0).

In order to introduce the internal wave functions of ®Be
in the 12-nucleon wave function (9), we define

DR 1) =em. L $3[$15°0 Y(Q) 134 T1(b 1,0, R 1)
(13)
and the total wave function (9) reads

WM S F (R )P IT (R ) - (14)

ILo m

The coefficients Fj%(R,,) represent a new generator
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TABLE 1. Bound-state and resonance energies. The energies
are expressed with respect to the a +®Be threshold.

Calculations
J7 1 2 3 Expt.?
of —7.01 —5.65 —11.07 —7.36
07 0.29 0.84 0.27 0.29
2F —3.73 —0.22 —2.02 —2.93
25 1.90 2.24 3.07 3.80
41 5.20 5.40 5.00 6.72
17 5.13 6.06 3.48
3r 0.78 1.37 1.69 2.28

aReference 13.

function, defined in the basis (13). Therefore, the three-
cluster wave functions can be expressed as a linear com-
bination of two-center wave functions. The three-cluster
problem is replaced by a multichannel two-cluster prob-
lem. The scattering and bound-state wave functions (14)
are therefore determined according to the method of Ref.
7.

III. THREE-CLUSTER STUDY OF '2C

A. Conditions of the calculation

The calculations are performed with the interaction V,
(Ref. 12) and an oscillator parameter b=1.36 fm. The
full three-cluster calculation (referred to as calculation 1)
is carried out with a Majorana parameter m =0.5955.
This choice reproduces the experimental energy of the 05
state. The R,,, values are located from 1.2 to 10.2 fm,
with a step of 1 fm. This set of generator coordinates
contains larger values than in usual two-center studies.
Such large R, values are necessary to take account of
the important size of the ®Be nucleus. The R,, values,
relative to ®Be, are 2.8, 3.8, and 4.8 fm. This choice al-
lows one to simulate the compressibility of ®Be with
reasonable computation times. The energy of the ground
state is found to be 0.36 MeV above the a+a threshold,
which differs from a more accurate value by a few tenths
of a MeV only. Hence, the description of ®Be is expected

(1) (2)

0*

L
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0 2 4 6 0
Ec m! MeV)
FIG. 1. a+°%Be phase shifts calculated in the three models.
1, Multichannel three-cluster model; 2, single-channel three-
cluster model; and 3, two-cluster model.

to be reliable. For L =0, the energies of the pseudostates
w=1 and 2 are located near 13 and 30 MeV, respectively.
In order to reduce the computation time, we restrict our
study to L =0 in (9). With this assumption, Kamimura!'®
obtains a valuable description of the '>C nucleus.

The calculation denoted calculation 2 is performed
under the same conditions, but the terms with w40 in the
wave function (14) are dropped. This procedure will allow
us to estimate the importance of the role of the pseudo-
states in the three-cluster wave functions. A third calcu-
lation, denoted calculation 3, is performed by describing
the ®Be nucleus in the one-center LS coupling scheme.
The ®Be ground state is then the usual L =S =0 com-
ponent of the (4,0) representation of SU(3). Notice that
this case corresponds to the limit of a three-cluster calcu-
lation with the generator coordinate R, tending to zero.
This approach corresponds to a usual two-center calcula-
tion. The m value is chosen as 0.642 in order to repro-
duce the 0; energy of '>C. The comparison of calcula-
tions 1 and 3 is expected to give valuable information on
the influence of the ®Be description in the capture process.
In the following, energies are expressed in MeV and
lengths in fm.

B. Bound-state and resonance properties

In Table I we give the bound-state and resonance ener-
gies of the '>C nucleus. The energy locations and widths
of the resonances are extracted from the a+%Be elastic
phase shifts displayed in Fig. 1, for the three approaches.
The energies of calculation 1 are in excellent agreement
with Kamimura’s. Notice that he uses slightly different
values of the oscillator and Majorana parameters. The ro-
tational constant of the ground-state band is better repro-
duced with the present parameter choice. The phase
shifts obtained in calculation 1 suggest identification of
the broad 2% and 1~ resonances to the experimental 25
and 17 states. The energy difference between the 1; and
3| states is overestimated in our model.

As expected from the variational principle, the energies
deduced from calculation 2 are systematically higher than
in 1. This effect is not really a problem, since it could be
compensated by a slight decrease of the Majorana parame-
ter. The phase shifts presented in Fig. 1 are qualitatively
equivalent.

In calculation 3 the energy difference between states of
the same partial wave is too large. For the sake of com-
pleteness, let us add that the binding energy of the '*C
ground state is found to be —19.6 MeV, with the Majora-
na parameter m =0.5955. This effect arises from the fact
that, because of the choice of identical oscillator parame-
ters for a and ®Be, the internal energy of the ®Be nucleus
is not minimum. Hence the binding energy of '°C, calcu-
lated with respect to the a -+ ®Be threshold, is overestimat-
ed. This problem is also encountered in the a+ '*C sys-
tem,” where the ground-state band is too deeply bound.
The phase shifts presented in Fig. 1 show that the 17 res-
onance is not reproduced by a simple two-cluster model.
The 0%, 2%, and 3~ phase shifts are not very different
from one calculation to another. The 41 phase shift ex-
hibits a narrower resonance in the two-center approach.

We display in Table II the reduced a widths, calculated
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TABLE II. Reduced a widths and quadrupole moments of '?C states. The reduced a widths are cal-
culated at 7.0 fm. The experimental quadrupole moment for the 2{ state is 6+3 e fm% 1—3 refer to

calculations 1—3 in the text.

6% (%) 0 (e fm?
Jr 1 2 3 Expt.? 1 2 3
of 0.1 0.4 0.06
05 39.8 37.8 14.9 37.3
2 0.1 2.4 1.5 5.7 3.0 —82
27 38.2 37.1 27.7 15.0 —37.6 —39.0 —17.4
4 31.0 31.2 11.4 7.1 —63.6 —67.0 —10.9
17 6.6 25.6 10.3 -7.0 —11.3
37 4.3 6.8 1.8 5.2 —15.0 —16.1 —10.7

2Reference 13.

at 7 fm, and the quadrupole moments of low-lying !*C
states. Table II shows significant differences between the
three approaches. Except for the 07 state, whose small 62
value obtained in calculation 3 is due to an overly large
binding energy, the bound states have a larger reduced
width in calculations 2 and 3. This means that the molec-
ular character of these states is enhanced and often
overestimated in single-channel models.” On the other
hand, the resonant states present closer 62 values in the
three approaches. The agreement between theory and ex-
periment is good. Fortuitously, the reduced width of the
257 and 4 states is better in calculation 3 than in the oth-
ers.

The calculation of 6% requires the knowledge of the
wave functions at the channel radius only. On the other
hand, the quadrupole moments allow one to test the wave
functions over a larger spatial domain. A striking feature
is the disagreement between calculations 1 or 2 and calcu-
lation 3 for the ground-state band. The sign of the quad-
rupole moment of the 2; state is even incorrect in calcu-
lation 3. The results of approximation 3 are characteristic
of the dinuclear rotator model, where the quadrupole mo-
ments are obtained from an intrinsic quadrupole moment

Qo by
Q=—0Q¢J/(2J+3).

The quadrupole moments of the 2{" and 4; states corre-
spond nearly to Qo=30 efm? This result confirms the
conclusion drawn from the 6,2, values: In calculation 3 the
ground-state band has too large a molecular component.
For the negative-parity states, the agreement between the
three models is relatively good.

C. E?2 transitions

The E2 reduced transition probabilities calculated in a
bound-state approximation’ are presented in Table III
Our three-cluster calculation fairly reproduces the avail-
able experimental data. It also agrees with the microscop-
ic results of Kamimura.!° The results of calculations 2
and 3 are systematically higher than those of 1, except for
the 257 —O0f transition, whose radiation width is probably
inaccurate in the bound-state approximation. This effect
arises from too important a clustering when the three-
alpha structure of '*C is not properly taken into account.
It is particularly striking for the 03t —2;" transition; since
this transition probability plays an important role in the
8Be(ot,y)”C cross section, the present comparison shows
that a three-cluster model is required for the study of this
radiative capture reaction.

The importance of the pseudostates is clearly visible
from Table III, by comparing the columns for calcula-
tions 1 and 2. It confirms the result obtained by Tang
and co-workers,® who studied the elastic scattering of dif-
ferent systems composed of s shell nuclei. The conclusion
drawn by these authors is that the importance of the dis-
tortion is correlated with the compressibility of the clus-
ters involved in the system. The influence of the distor-
tion effects has been investigated by Tang and co-workers
on the elastic phase shifts only. Our study shows that, in
spite of the fact that these effects do not qualitatively
modify the a+®Be phase shifts, they drastically affect the
electromagnetic properties in the '2C nucleus. Therefore,
radiative-capture calculations involving soft nuclei should
be considered with special care.

TABLE III. E2 reduced transition probabilities.

B(E2) (e?fm?

Calculations
g Jr 1 2 3 Ref. 10 Expt.*
2 o 10.3 20.4 15.9 9.3 7.7
2 o 4.1 3.0 0.8
05 2 8.6 108 98.6 5.6 13.4
4 2f 3.9 36.5 29.2

2Reference 13.
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IV. THREE-CLUSTER STUDY
OF THE ®Be(a,y )'2C REACTION

A. Capture cross sections

We present in Fig. 2 the astrophysical S factors for the
8Be(a,y)!2C reaction towards the 0f and 2{ states of *C.
Since the electromagnetic properties of the !2C states are
not well reproduced by calculations 2 and 3, we only
display the results deduced from the exact three-cluster
model. We use an effective charge 8¢ =0.12¢ in order to
reproduce the correct experimental value of the
B(E2,0;f —2{") which, as we shall see, is an important
ingredient of the calculation. Moreover, the experimental
energies of the bound 0; and 2; states are employed in
the calculation of the transition energies. The astrophysi-
cal S factor relative to the ground state presents a broad
peak near 1.75 MeV, corresponding to the 25" resonance.
Over the energy range considered in Fig. 2, it can be
parametrized with good accuracy by the simple Breit-
Wigner-type expression

So~ 5't9 > keVb. (15)
(E —1.75)°+(0.28)
Notice that the B(E2, 27 —0;") value is overestimated in
our model. Therefore, in order to take account of the ex-
perimental value, we recommend replacement of the
numerator of S, by 2.67 keV b. This value will be used in
the following.
The capture cross section towards the 2{ state is dom-

3 S(lfeV b)

300 ||, So

201

Ec.m,( MeV)

FIG. 2. ®Be(a,y)'?C astrophysical S factors for transitions
towards the O and 2{ states of 12C.

inated at astrophysical energies by the contribution of the
05 resonance. A small bump appears near 1.75 MeV, due
to the 25 resonance. The astrophysical S factor towards
the 27 state is well parametrized below 1 MeV by

0.29
(E —0.29)+(4.72X107°)?

Notice that in this case the usual expansion

S,(E)~S,(0)+ ES5(0)++E*S5(0)

Sy~ keVb. (16)

is not accurate for astrophysical purposes. The compar-
ison of S, and S, shows that the contribution of the
ground-state transition is not negligible as E tends to-
wards zero.

What do the capture cross sections become in the ap-
proximate calculations 2 and 3? Since the cross section is
mainly dominated by the contribution of the 0 reso-
nance, we can estimate the S factor from Tables II and
III. The main ingredients necessary to determine the
cross section at low energies are the 6%(0)) and
B(E2,0f —2{") values. Since the reduced widths are
similar in the three models, the differences arise from the
E 2 transition probability. Table IIT shows that this value
is strongly overestimated in calculations 2 and 3. There-
fore, the radiative capture cross sections calculated in the
approximate models are expected to be unrealistically
enhanced by about a factor of 10.

B. Reaction rates

The reaction rates' at low temperature T, towards the
ground and first excited states of 2C, are given in Table
IV. They are obtained by a numerical integration of the
capture cross section multiplied by the Boltzmann distri-
bution. We compare our results with those of Nomoto
et al.? and of Langanke et al.> These authors evaluate
the reaction rates from a Breit-Wigner formula with
energy-dependent widths? plus a direct contribution.> Our
reaction rate is slightly higher than that of Ref. 2, where
the authors neglect the capture towards the ground state.
On the contrary, the GCM values are smaller than the re-
sults of Ref. 3. This is probably due to an inaccurate es-
timation of the direct capture rate in Ref. 3. Indeed, since
the S factor presents a marked resonant structure, it is not
possible to separate the direct and resonant capture rates
with accuracy. Hence the direct reaction rate presented in
Ref. 3 is probably overestimated.

The low-temperature reaction rates presented in Table
IV can be reproduced by using the off-resonance approxi-
mation'

172

2E,
- S(Ej)exp

3 , (17)

4 0
(ov) =27 —3%r

where Ej is the Gamow-peak energy,
Eo=[(uc*/2)"V*1Z,Z,e*kT /#c 1?7, (18)

and S(E) is given by (15) and (16). In (17) and (18), u is
the reduced mass of the system and Z,e and Z,e are the
charges of the colliding nuclei. In this way, the reaction
rates of Table IV are reproduced within 20%. At higher
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TABLE IV. a+*Be reaction rates (in cm®s~!). The rates are given in powers of 10, where the power

is denoted in square brackets.

T
(10" K) of 2t Total Ref. 2 Ref. 3

1 8.36[ —64] 4.50[—63] 5.34[—63] 3.65[—63] 9.42[—63]
2 3.45[—54] 2.19[—53] 2.55[—53] 1.73[—53] 4.30[— 53]
3 1.59[ —49] 1.15[—48] 1.31[—48] 9.06[ —49] 2.25[— 48]
4 1.38[—46) 1.14[—45] 1.28[—45] 8.98[ —46] 2.04[ —45]
5 1.71[—44] 1.61[—43] 1.78[—43] 1.27[—43] 2.73[—43]
6 6.71[—43] 7.23[—42] 7.90[ —42] 5.73[—42] 1.18[—41]
7 1.26[—41] 1.96[ — 40] 2.09[ —40] 1.26[—40] 2.45[—40]

temperatures, the usual resonant rate' > due to the 05
state should be added to the approximation (17).

V. CONCLUSION

In this paper we compare the properties of the a+ ®Be
system obtained in three microscopic approaches. The
first one is a three-cluster model in which the distortion of
the ®Be nucleus in the collision is realistically included.
The second approach freezes the two-cluster ®Be wave
function by dropping the pseudoconfigurations. The third
model involves a ®Be cluster in its ground-state SU(3) con-
figuration. The spectrum of '’C and the a+°Be phase
shifts are not qualitatively modified in the approximate
approaches, provided the interaction is readjusted in the
third model. However, in calculation 3 the energy differ-
ence between two states of the same partial wave is obvi-
ously overestimated. The reduced a widths of the 0;" and
2" states, and the E2 transition probabilities involving
the ground-state band are enhanced in approximate
models. Hence radiative-capture calculations of the

®Be(a,y)'?C reaction require a full three-cluster model.

Our results extend—to a heavier system—the con-
clusions of Tang and co-workers,® who show the impor-
tance of distortion effects in systematic studies of systems
involving a soft cluster. Introducing distortion seems to
be a general necessity for clusters with high compressibili-
ty. Other types of distortion could be considered. It
would be worthwhile to compare the relative importance
of distortion effects introduced by physical configurations
or pseudoconfigurations.

Our microscopic three-cluster model brings information
about the ®Be(a,y)!2C capture reaction. With respect to
the results of Nomoto et al.? and of Langanke et al.,’
who make use of less sophisticated models, we find inter-
mediate results for the reaction rate. Moreover, we pro-
pose a simple parametrization fitting accurately the reac-
tion rate at low temperatures.
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