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Potential model analysis of low energy H(d, y) He fusion data
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Previously experimental data on the H(d, y) He reaction have been analyzed within a potential
model of structureless particles to derive quantitative information about the He ground state. We
have tested the applicability of the potential model by comparing cross sections calculated for a wide
range of Woods-Saxon parametrizations covering those of previous studies with recent low energy
H(d, y) He fusion data. We find that the results for the capture cross sections from the d+d S-wave

into the D-state component of the He ground state, which dominate the fusion data at E (200 keV,
are very sensitive to the parametrization of the nucleus-nucleus potential. Hence simple
potential model studies seem not to be an appropriate tool for quantitative analysis of low energy
H(d, y) He fusion data.

I. INTRODUCTION

Recent measurements of the tensor analyzing powers of
the H(d, y) He reaction indicate the existence of a D-state
admixture in the "He ground state. ' A straightforward
analysis of these measurements is hampered by the fact
that the data, taken at c.m. energies in the d+ d channel
of roughly E= 5 MeV, are a superposition of several elec-
tromagnetic multipolarities and that fragments other than
the entrance channel configuration are also expected to
contribute. However, to obtain quantitative statements
about the strength of the D-state component the data have
been analyzed on the basis of a phenomenological d+ d
potential model with structureless particles resulting in
predictions about the D-state admixture in the range of
3—6 % (Refs. 1 and 3).

The existence of a D-state component in the He
ground state has recently been convincingly confirmed in
measurements of the H(d, y) He fusion reaction at low
energies (E=0.04—1 keV, Refs. 4 and 5). Applying pene-
trability arguments in a model of structureless fragments
these fusion cross sections at energies far below the
Coulomb barrier arise from E2 transitions from d+ d
scattering states with orbital angular momentum L =0
and total spin S =2 into the (L =2,S =2) component of
the He ground state (D state). This assumption has been
experimentally confirmed by the energy dependence of
the astrophysical S factor exhibiting the typical pattern for
nonresonant S wave capture as well as by the angular dis-
tributions measured at E =75 keV showing a nearly iso-
tropic behavior, as expected for an E2 transition from
(L =O,S =2) scattering states into a (L =2,S =2) bound
state. This trend towards isotropy in the angular distribu-
tions has also been observed in Ref. 3.

It is therefore natural that the low energy H(d, y) He
fusion data have also been used to derive quantitative pre-
dictions about the D-state admixture in the He ground
state. Based on a potential model of structureless frag-
ments, Weller et al. deduced a D-state strength of 3—6%
from fusion data above E =300 keV. Barnes et al. em-

ploying similar assumptions within a standard direct cap-
ture formalism (which is also based on a potential model
of structureless particles) analyzed a D-state component of
1.4+0.6%%uo for the low energy data at E =40—200 keV.

Recognizing that the H(d, y) He cross sections at
E(200 keV are the most unambiguous experimental in-
formation about the D-state admixture in the He ground
state presently at hand, we have critically studied these
data within a potential model of structureless particles, in
this perspective following the basic assumptions of Refs.
1„3, and 5—7. However, we are quite aware of the fact
that a potential model of structureless fragments might
not be an appropriate tool to study the low energy fusion
cross section or the tensor analyzing power of the
H(d, y) He reaction as the following occur.

(i) The He ground state does not have predominantly a
d + d cluster structure if the two fragments are described
by wave functions appropriate for free deuterons. '

(ii) The contribution arising from the internal quadru-
pole moment of the deuteron, allowing for a transition
from the d+ d S waves into the dominant S-wave com-
ponent of the He ground state, might well yield a non-
negligible component to these cross sections.

Hence, the aim of our potential model studies is not to
derive quantitative statements about the D-state admixture
in the He ground state, but to demonstrate the following.

(i) The apparent reproduction of the low energy fusion
data reported in Ref. 5 and the discussion of these data as
given in Ref. 3 are based on questionable assumptions.

(ii) The potential parametrizations used in Refs. 1, 6,
and 7 to study the tensor analyzing power data at E= 5
MeV are not consistent with the low energy fusion data.

(iii) Small variations in the potential parametrization of
the He ground state can lead to drastic changes in the
predictions about the magnitude of the D-state admixture,
even if, as this is suggested in Refs. 6 and 7, the uncer-
tainty in the potential model studies is reduced by deriv-
ing the scattering states from potentials which are phase
equivalent to the resonating group method (RGM) poten-
tials of Ref. 10, which are known to give a good descrip-
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tion to d + d scattering at low energies.
Our paper is organized as follows. In Sec. II we

present a brief description of the potential model used in
our studies. The H(d, y) He cross sections calculated by
use of the potential pararnetrizations adopted from Refs.
1, 3, and 5 —7 are presented in Sec. III. Finally, we dis-
cuss these results regarding the applicability of simple po-
tential model studies of low energy H(d, y) He fusion
cross sections in Sec. IV.

II. THEORETICAL BACKGROUND OF THE
POTENTIAL MODEL

2 L' L
~(L'020 ~I.O)'

Z 2 (2)

Here the radial matrix element is defined as

I2 —— dr gLS «gL, 'S r
0

and the radial scattering wave functions are normalized as

1
gL5 ~ [cos(6L )FI (kr)+ sin(6L )Gi. (kr)]

kr

(3)

(4)

to guarantee unit llux in the entrance channel. In (2) and
(4), k and U are the wave number and the relative velocity
in the entrance channel, 6L is the nuclear phase shift, and
FL, GL denote the regular and irregular Coulomb func-
tions. Finally, E~ is the energy of the emitted photon
(Er =E+23.84 MeV).

Following the intention of the paper we have calculated
the nuclear wave functions from a Schrodinger equation

In our potential model studies we have calculated the
H(d, y) He fusion cross sections at energies E (3 MeV

assuming that in this energy region the capture cross sec-
tions are dominated by E2 radiation. As is indicated by
the microscopic study of Ref. 18, this assumption is cer-
tainly a very good approximation at very low energies
(E (500 keV) where, due to penetrability arguments, the
fusion reaction will mainly occur via E2 radiation from
d+ d S-wave scattering states into the He ground state.
Since this transition yields information about the D-state
admixture in the He ground state, within potential mod-
els of structureless particles the limitation of the present
study to E2 radiation only does not represent any restric-
tion regarding the aims of this paper.

Assuming that the E2 radiation is dominated by the
contributions arising from the spin-independent part of
the transition operator the initial and the Anal nuclear
states have the same total spin quantum numbers. The
E2 capture cross section from a d+ d J =2 scattering
state at energy E with orbital angular momentum I and
spin S, denoted by gis into the He ground state de-
scribed as a normalized bound state of the d + d system
with quantum numbers J=0, L' and S (gLs) is then
given within a potential model of structureless deuterons
b 11

t7(E)= g oL,L(E),
L,L', s

5

oLI. (E)= e2~ Er (2L'+1)
45 Ac AU

2

of relative motion. According to Refs. 1, 3, and 5 —7 a
Woods-Saxon form factor

V(x) = —Vp 1+exp
r —Rp

(5)

S(E)=o (E)E exp I 2~g I,
where g is the Sommerfeld parameter.

All values concerning the magnitude of the D-state ad-
mixture in the He ground state PD given in this paper are
calculated by comparing the experimental and the theoret-
ical S factor in the low energy region following Ref. 5.
Assuming full spectroscopic strength, the D-state admix-
ture is then given by

~expt(E)
PD ——

&..t.(E)

for E (100 keV. Note that realistic values of the spectro-
scopic factor SL are smaller than unity, so Eq. (7) gives
only a lower limit of the D-state admixture in the He
ground state.

III. RESULTS

At first we have calculated the low energy H(d, y) He
cross sections using the potential parametrization as given
by Weller et al. ' Adopting a heuristic model they ana-
lyzed the tensor analyzing power of the H(d, y) He reac-
tion at E =4.85 MeV assuming that the scattering states
with angular momentum L are generated from the same
potential as the component of the ground state with the
same angular momentum. They adopted the parameters
Rp ——2.52 fm and a =1.0 fm for their WS potential and
adjusted the depth of the potential for both components
individually (Vp=54. 61 MeV for L =0 and 120.8 MeV
for L =2) requiring bound states at E =23.84 MeV, the
experimental binding energy of the He ground state. As
can be seen from Fig. 1 the used potential parametrization
agrees with the experimental H(d, y) He cross sections at
around E = 5 MeV, but it does not reproduce the energy
dependence of the data at lower energies. In fact, the po-
tential parametrization of Ref. 1 yields a D-wave reso-

has been adopted for the nucleus-nucleus potential. The
Coulomb potential was approximated by that of a homo-
geneously charged sphere whose radius was set equal to
the radius parameter of the Woods-Saxon (WS) potential.

Since it is not our intention to derive at any quantita-
tive statements about the D state admixture in the He
ground state within the presently used potential model,
we will present our calculated partial cross sections uLL
at full strength in the following rather than fitting them to
the experimental data. For the same reason we have not
introduced any spectroscopic factors SL in our definition
of the cross sections as this has been done in several previ-
ous studies to account at least partly for the fact that the
He ground state is apparently not a pure bound state of

the d+ d system. However, we will give some remarks
on this procedure later in this paper.

For convenience we will discuss the capture cross sec-
tions in terms of the astrophysical S factor
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cross section measurements. We report now about poten-
tial model calculations in which we follow the suggestion
of Ref. 6. For that reason we have adjusted two Woods-
Saxon potentials to reproduce the RGM phase shifts in
the partial waves (L =0, $=2) and (L =2,$=0). We
find that the RGM phase shifts of Ref. 10 at E & 10 MeV
can be reproduced with an accuracy better than 1.5, if the
parameters in the WS potential are adopted as Vo ——15.5
MeV, Ro ——3.59 fm, and a =0.81 fm in the partial wave
(L =0, S =2) and VO=13.5 MeV, RO=3. 39 fm, and
a =0.79 fm in the partial wave (L =2, S =0). Our cal-
culated phase shifts are compared to the RGM phase
shifts in Fig. 2. Note that our potential in the
(L =0,$ =2) partial wave exhibits one bound state to
simulate the Pauli forbidden state which, within a micro-
scopically backed picture of the two-deuteron system with
the two fragments in their ground states, accounts for the
fact that the configuration with the four nucleons in 5 or-
bitals and their spins coupled to 5 =2 is forbidden by the
Pauli principle. There is no bound state in our
(L =2, S =0) potential as there exists no Pauli forbidden
state in this partial wave.

In Refs. 3 and 5 the low energy H(d, y) He cross sec-
tions have apparently been reproduced within a potential
model. The calculation presented in Ref. 3 followed the
line as suggested by Santos et al. and generated the
scattering states from a potential phase equivalent to the
RGM phase shifts, while the ground state components

FIG. 1. Excitation functions calculated using the potential
parameters of Santos {Ref. 13) (Ro ——3.78 fm, a =0.5 fm; solid
lines) and Weller (Ref. 1) (Ro ——2. 52 fm, a =1.0 fm; dashed
lines). The parameter set of Ref. 13 has also been used in the
studies of Refs. 3 and 6. Experimental data are taken from Refs.
4, 5, and 19—23.

nance at around E=1 MeV and two bound J =2 states.
Both facts are not in agreement with our present
knowledge about the He system. '

We have tested the idea of Ref. 1 that the two com-
ponents of the He ground state as well as the d+ d S-
wave and D-wave scattering states can be generated by the
same WS potentials by varying the di6'useness and the ra-
dius of the Woods-Saxon potential over a wide range of
parameters. But we failed to determine such a set of two
WS potentials which can simultaneously describe the level
structure in He as well as the low energy H(d, y) He
fusion cross sections.

Coming to a similar conclusion, Santos et al. suggest-
ed to derive the ground state components and the d + d
scattering states from different sets of potentials. In order
to reduce the uncertainty in the fit procedure for
d(d, y) He cross section they suggested furthermore to ad-
just the d + d scattering states to independent elastic
d+ d scattering data. Due to the lack of knowledge of
experimental d + d phase shifts such an adjustment has to
be performed using the phase shifts of a microscopic
RGM calculation which, however, gives a good account
of the experimental elastic scattering differential cross sec-
tion data and the total He(y, d) H photo disintegration
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FIG. 2. Fit of the RGM phase shifts of Ref. 10 (crosses) in
the partial waves (L =0, S =2) and (L =2, S =0) by the
presently derived Woods-Saxon potentials. The potential param-
eters are given in the text.
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have been derived from WS potentials whose parameters
have been given in Ref. 13 (Ro=3.78 fm, a =0.5 fm).
N h t the calculation of Ref. 13 apparently no
Coulomb interaction has been considered. In Re . t e
effect of the Coulomb interaction has been qualitative y
taken into account for scattering states by multiplying the
various E2 amplitudes calculated without the considera-
tion o a ouf Coulomb interaction by an approximate energy

re eateddependent Coulomb penetration factor. We have repeate
the potential model calculation of Weller et al. , however,
including the Coulomb interaction as defined above. Our
results are shown in Fig. 1. We find that the potential pa-
rametrization gives a fair account o

~ ~ ~ ~ f the fusion data at
E=0.4—3 MeV assuming a spectroscopic factor for the
d + d S component of roughly 0.4. However, the calcula-
tion predicts fusion cross sections at E &200 keV dom-
inated by the E2 transition into the L =2 component of
the He ground state which are roughly in agreement with
the experimental data if the D-state admixture in the He

Barnes et al. deduced a D-state admixture of 1.4%
from a reproduction of the H(d, y) He fusion data within
the direct capture potential model of Ro
more, they found that their results are approximately
stable against modest variations of the potential parame-
ters from which they calculated their ground state wave

their D-state admixture which they derived from adjusting
the low energy fusion data with WS potentials, varying
the radius and diffuseness parameters in the range
Ro ——2.27 —3.53 fm and a =0.7—1.0 fm. However, the
model o e . isf Ref. 15 is based on the assumption that the
sca erintt ring states can be derived from pure ar -sp ere

a
'

thescattering setting e att th radius of the hardsphere equal to
radius parameter of the nucleus-nucleus potential from
which the nuclear bound states are determined. Conse-
quent y, e il the direct capture model does not consider any
contributions to the capture process arising from the nu-

~ ~ ~

a sim lification as1 r interior region r &Ro. Suc a
'

p 'fi

been shown to be justified for nonresonant capturere into
slightly bound states, but it is certainly not valid for the
capture into a state as tightly bound as the He ground
state. In fact we find in our potential model studies that a
significant contribution to the E2 transition matrix ele-
ments arises from the nuclear interior region. Due to
penetrability arguments this is especia y

'
ll true for the E2

capture from the d + d S wave and changes noticeably the
results about the strength of the D-state admixture as de-
rived in Ref. 5.

To be more quantitative about our reservations regard-
ing the analysis of Ref. 5 we have performed potential
model calculations of the low energy, yH(d ) He cross
sections varying the parameters in the WS potential over
the same range as in Ref. 5. We have exemplified our re-
sults in Fig. 3 for the extreme choices of parameters con-
sidered by Barnes et al. , Ro ——2.27 fm; 3.53 fm and
a =0.7 fm; 1.0 fm.

In all calculations using parameter sets of Ref. 5 we
find similar predictions about the E2 cross sections for the
capture from the d+ d L =2 scattering states into the
He ground state. Furthermore, these results might be in-
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FIG. 3. Excitation functions calculated with the extreme
choices of Woods-Saxon parameters given by Barnes et al. (Ref.
5): R =2.27 fm, a =1.0 fm (solid lines); Ro=3.53 fm, a == 1.0
fm (dashed lines); R o =3.53 fm, a =0.7 fm (dotted lines);
Ra=2. 27 fm, a =0.7 fm (dashed-dotted lines). Experimental
data are taken from Refs. 4, 5, and 19—23.

terpreted as compatible with the experimental data in the
energy range E=0.2—2 MeV assuming a spectroscopic
factor of =0.3—0.5 for the S-state admixture in the He
ground state. In contrast, the calculations based on the
same range of potential parameters predict cross sections
for the E2 capture into the He D-state component w ic
differ from each other by up to two orders of magnitude
for energies E &200 keV. This result indicates that a
rather small variation in the parameters of the WS poten-
tial can lead to drastic changes in the predicted strength
of the D-state component. Furthermore, using the param-
eter set Ro ——2.27 fm and a =1.0 fm the magnitude of the
D-state admixture determined by Eq. (7) is roughly 500%;
this of course is an absurd prediction. Note that the po e
in the cross sections at E =450 keV calculated with this
parameter set is caused by a change of sign in the transi-
tion matrix element.

In Ref. 6 a D-state component of the He ground state
has been extracted from tensor analyzing data of the
H(d, ) He reaction on the basis of potential model anal-

yses. In this calculation the scattering states are derived
from potentials adjusted to reproduce the microscopic
RCxM hase shifts of Ref. 10, while the ground state corn-
ponents are derived from the WS potential o e .f Ref. 13.
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FIG. 4. Excitation functions calculated using the potential
parameters of dweller et al. (Ref. 1): Ro=2. 52 fm, a =1.0 fm

(solid lines); Karp et al. (Ref. 16): Ro=3.78 fm, a =0.5 fm

(dashed lines); Tostevin (Ref. 7): Ro ——2. 11 fm, a =0.75 fm for
L =O,S =2 and Ro=2.65 fm, a =0.9 fm for L =2,S =0 (dot-
ted lines). Experimental data are taken from Refs. 4, 5, and
19-23.

Since this potential is the same as used in Ref. 3 the
respective potential model cross sections are identical to
those already shown in Fig. 1.

We have also performed a potential model calculation
using the potential parametrization for the He ground
state as very recently given by Tostevin. These parame-
ters are derived from the sophisticated microscopically
calculated He ground state wave function of Schiavilla,
Pandharipande, and Wiringa, ' however, forcing their re-
sults into the straight jacket of a bound state of a WS po-
tential. Note that apparently no Coulomb interaction has
been considered in Ref. 7. As is shown in Fig. 4 we cal-
culate cross sections for E2 capture from the d + d L. =0
scattering states which are obviously not in agreement
with the experimental data.

Finally we have evaluated the low energy H(d, y) He
cross sections within our potential model deriving the He
ground state components from WS potentials as given in
Refs. 1 and 16. Note that in Ref. 16 the WS parametriza-
tion of the He ground state was used in a distorted-wave
Born approximation ana1ysis of tensor analyzing powers
of the Y(d,ao) Sr reaction resulting in D-state com-
ponent of the He ground state of 7%. The results of our

potential model studies based on the WS potentials of
Refs. 1 and 16 are shown in Fig. 4. Obviously both pa-
rametrizations are not compatible with the H(d, y) He
fusion data at E &200 keV.

IV. CONCLUDING REMARKS

In conclusion, we have studied the H(d, y) He cross
sections at low energies E & 2 MeV within a d+ d poten-
tial model assuming the domination of an electromagnetic
capture process of E2 multipolarity. Following previous
studies of the H(d, y) He reaction the scattering states in
the entrance channel as well as the He ground state have
been derived from WS potentials. The parametrization of
these nucleus-nucleus potentials has been chosen in accor-
dance with the previous studies, hence covering a wide
range of choices for the radius (Ro=2.27—3.78 fm) and
the diffuseness parameter (a =0.5 —1.0 fm). The depth of
the potentials has been adjusted to reproduce the experi-
mental binding energy of the He ground state in all
cases. Except for a calculation based on the parametriza-
tion of Ref. 1, the scattering states have been determined
from a WS potential which reproduces the phase shifts
found in a microscopic RGM calculation which in turn
gives a good description of low energy d+ d scattering.
This procedure which follows a suggestion of Refs. 3, 6,
and 7 is aimed to reduce the uncertainties within our po-
tential model calculations.

Regarding the intention of this paper the two following
results are of interest.

(1) The H(d, y) He cross sections in the energy range
E=0.2—2 MeV are compatible with the potential model
predictions for an E2 transition process from the d + d
L =2 scattering states into the He ground state if a spec-
troscopic factor of =0.3—0.5 is introduced for the S-state
component of the ground state. This result is in agree-
ment with the generally accepted understanding of the
H(d, y) He process before the low energy fusion data for

E & 200 keV became available. '

(2) An analysis of the low energy fusion data within a
simple potential model is not reasonable, especially if this
study is aimed at deriving quantitative statements about
the He ground state. We have shown that slight varia-
tions of the WS parameters can lead to drastic changes in
the calculated cross sections for the E2 transition from
the d+ d S waves into the He ground state. This sensi-
tivity on the WS parameters is then transferred into the
quantitative statements about the D-state component in
the He ground state, if the strength of the D-state com-
ponent is determined by adjusting the calculated cross
sections to the experimental fusion data at E &200 keV.
In particular, we have found that such a procedure might
even result in an absurd D-state component of more than
100%, although reasonable WS parameters have been
used in the calculation.

The fact that the potential model can describe the E2
capture from the d+ d L =2 scattering states into the
He ground state, but apparently not the capture from the

L =0 scattering states, can be understood in terms of
penetrability arguments. Due to the strong centrifugal
barrier the L =2 scattering states in the energy range
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E (2 MeV are strongly suppressed in the nuclear interior
region and hence the transition matrix elements are only
sensitive to the asymptotic region of the initial and final
nuclear wave functions. The situation is obviously
difT'erent for the d + d S waves which, as we have already
mentioned in the discussion of the validity of the hard-
sphere direct capture model, are very sensitive to the nu-
clear wave functions in the interior region.

Summarizing these results, an analysis of the low ener-
gy fusion data within a simple potential model seems not
to be a reasonable tool, in particular, if this analysis is
aimed at deriving quantitative statements about the He
ground state. The applicability of a potential model to
study low energy H(d, y ) He fusion can also not be
justified by the introduction of d + d spectroscopic factors
for the He ground state components (as suggested in
Refs. 3, 5, and 7) or by deducing information about the
D-state component from a "ratio of ratios" by (Ref. 5)
comparing experimental and calculated cross sections at
two difterent energies, since the results are sensitive to the
potential parametrizations. Often the strength of the
(d+ d) D-state admixture in the He ground state is dis-
cussed relative to the strength of the (d+ d) S-state com-
ponent in terms of the asymptotic D-to-S state ratio (for a
definition and a discussion of this quantity see Refs. 13
and 3). It is believed that an extraction of this quantity
from experimental data is less model dependent than a

direct analysis of the D-state amplitude. However, due to
penetrability arguments an analysis of the low energy
fusion data at E (200 keV in terms of a potential model
of structureless particles does yield direct informations
about the D-state amplitude. Hence, a discussion of its
strength in terms of the asymptotic D-to-S state ratio
seems not to be necessary.

We believe that our calculations have confirmed the
finding stated previously (Ref. 9) that the He ground
state can not simply be treated as a bound state of the
two-deuteron system and requires a more sophisticated
microscopic four-nucleon description. The low energy
H(d, y) He fusion data of Refs. 4 and 5 are then a well

suited test case for these microscopic wave functions and
for the underlying nucleon-nucleon interaction. A first
step into the direction of such a consistent microscopic
description of the H(d, y) He reaction has been already
taken in Ref. 18 in which the data at E (200 keV were
found to be compatible with a D-state admixture in the
He ground state of 5 —7%. However, this microscopic

calculation lacks the inclusion of possible n+ He and
p+ t fragmentations and neglects the internal quadrupole
moment of the deuteron. Hence further improved micro-
scopic studies (i.e., incorporating the sophisticated many-
body wave functions of Ref. 14 for the He ground state)
are- desirable.
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