
PHYSICAL REVIEW C VOLUME 35, NUMBER 3 MARCH 1987

Symmetric mass fragmentation following capture in reactions
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As a first application of our fusion model, the dynamical fragmentation process of fusion and
subsequent fission is analyzed in the reactions of 4.8—8 MeV/nucleon Pb on Ti, ' Cr, ' Fe, and

Ni. In this two step model, the colliding nuclei are first shown to be captured in the pockets
behind the adiabatic interaction barriers and then the composite systems so formed, being strongly
excited, fission adiabatically. The calculated capture cross sections agree reasonably well with the
experiments and the mass distributions are systematically symmetric, independent of the choice of
relative separation distance R and the large structure in the cranking masses. The symmetric mass
fragmentation is a (dynamical) liquid drop effect and the peaks or other detailed structure in mass
distributions depend on how the temperature would modify the masses and also on the dynamical
coupling of mass asymmetry with the relative motion. This demands refined measurements of the
fission data for larger mass asymmetry. The calculated critical angular momentum, which refers to
the vanishing of the interaction barrier, in these reactions occurs at the incident energy greater than
8 MeV/nucleon. This suggests a possible importance of extending these experiments beyond their
present energy limits.

I. INTRODUCTION

In reactions of 4.8—8 MeV/nucleon Pb beam born-
barded on many light targets of Mg, Al, Ca, Ti,

Cr, Fe, and "Ni, recently the cross sections for making
the fused systems are measured (called the capture cross
sections) and the fused systems are then found to disin-
tegrate with fragment mass distributions centered around
zero mass asymmetry. ' The measured excitation energies
are also large —about 70—80% of the Coulomb barrier
heights at 8 MeV/nucleon. This process of capture and
subsequent symmetric mass fragmentation observed in
these reactions is in contrast to the other deep inelastic
collisions where the mass distribution is peaked around
the entrance channel (called the quasi-fission reactions).

In this paper we show that the above mentioned two
step process of "symmetric mass fragmentation following
capture" is given satisfactorily within the fusion model of
our earlier paper (hereafter referred to as I), based on the
dynamical fragmentation theory. The fused or the cap-
tured system in this model is formed by the crossing over
of an adiabatic interaction barrier and, depending on the
excitation energy, which is shown to increase as mass
asymmetry increases, the captured system proceeds to
form a cool compound nucleus or the fusion-fission pro-
cess occurs. Since the partners involved in the reactions
studied here have all very large mass asymmetries, the
second possibility of fusion-fission is expected to happen
such that the symmetric mass fragmentation is given by
the adiabatic fission of the excited composite system
formed.

The process of capture and subsequent symmetric frag-
mentation is also given by the three-dimensional time-
dependent Hartree-Fock calculations of Stocker et al.

Also, Swiatecki has proposed a similar two-step model of
"nuclear coalescence and reseparation" for these reactions.
Within the fragmentation theory, a two-step model of
"fission following a few-nucleon transfer" was applied
much earlier by one of us, very successfully, to quasi-
fission reactions.

A very brief description of the theory is given in Sec. II
and we use it first to calculate the angular momentum
dependent adiabatic scattering potentials, in Sec. III. Cal-
culations of the first step (the capture cross sections) and
the second step (mass distribution yields) of our model are
presented in Secs. IV and V, respectively. Our con-
clusions are summarized in Sec. VI.

II. THE DYNAMICAL FRAGMENTATION THEORY

Using the coordinates of relative separation R (or,
equivalently, the length coordinate A, =l/2Rp, with l the
total length of the system and Rp the radius of the corre-
sponding spherical nucleus), the deformations p; (i =1,2),
the neck parameter e (see Fig. 15), the mass asymmetry
rI =(A

&

—A2)/(2 ~+22), and the charge asymmetry
riz ——(Z~ —Z2)/(Z~+Z2), the collective Hamiltonian of
the fragmentation theory is written as

H = T(R,p;, g, re, R,p(, r), riz )+ V(R, p; ) ri, rjz ),
where the collective potential V is calculated using the
Strutinsky method from the asymmetric two center shell
model (ATCSM) and the appropriate liquid drop model
(LDM). For R &R~+R2, the adiabatic potentials are ob-
tained by carrying out three dimensional minimization in
shape parameters p; and i and, for R )R&+R2, the po-
tential can be expressed simply as
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V(R t)) = —B&(A ] Z& ) —Bp(A 2~Zp)+Ec+ Vp+ VI . (2)

Here, A;,Z; are fixed by minimizing in the charge asym-
metry gz, the sum of the two binding energies B;(A;,Z; )

(taken from Seeger' and the 1983 compilation of the
IAEA, Vienna). The Coulomb interaction Ec and the
proximity potential Vp are calculated as described in pa-
per I. For the angular momentum contribution, we have

VI —— l(l+ 1), (3)

where, in terms of the bombarding center-of-mass energy
Ec.m. ~

R V'2pE,l= (4)

KJ —pR + —,A
~
mR ~ + s A 2mR 2 (6)

which, for the separated nuclei (R &R, +Rq), becomes
simply equal to pR, the so-called nonsticking limit.

The mass parameters 8;~ for the kinetic energy term are
consistently calculated by using the ATCSM states in the
adiabatic cranking formula based on the BCS formalism
(see Refs. 7 and 11 for details).

The temperature effects on the potential are brought in
here through the well accepted relation'

V= VLDM+5U exp( —0 /2. 25), (7)

where 0 is the nuclear temperature (in MeV) and is relat-
ed to the excitation energy E* by the following statistical
expression

8=(10E*/2 )
'

Apparently, according to relation (7) the shell correction
6U(0) decreases as the temperature increases, and for
complete washing away of the shell effects the potential is
given simply by the liquid drop model potential VLDM.
The mass parameters should also vary with temperature, '

but no usable prescription is available to date.
Finally, for the dynamical mass fragmentation process,

we quantize the motion in the mass asymmetry coordinate
Considering that the g motion is fast compared to the

R motion, R can be taken as a time-independent parame-
ter and the stationary Schrodinger equation in g, using
the Pauli-Padolsky prescription, can be written as

with

A)A2p= m= —,Am(l —q )
A)+A2

as the reduced mass. m is the nucleon mass. Wz is the
moment of inertia of the rotating system about an axis
perpendicular to the symmetry axis, which for the overlap
region (R &R, +R2) is given by Eq. (A5), derived in the
Appendix for the ATCSM nuclear shape. (For a two
center shell model nuclear shape, the moment of inertia
about the symmetry axis itself, ~~ ~, is also derived in the
Appendix. ) For R =R

& +R 2, one can use the complete
sticking limit, such that

' + V(~) ~"(~)=El'~'"'(~)
2+B„„&gQB„„&g

(9)

We choose the value of constant R at a point just after the
barrier penetration, under the assumption that the main
behavior of the distributions is already fixed at this point.
After the tunneling is completed (or the saddle is formed),
the fissioning system simply runs down the barrier. This
assumption is widely used' ' and is supported by the
near constancy of the potentials V(ri) and fission mass
yields (described below) at later stages of R (Refs. 7 and
15), and also by an explicit fission model calculation' in-
volving the analytical solution of the time-dependent
Schrodinger equation. More recently, the fragmentation
theory is extended to include the dynamical coupling of
mass asymmetry g with the relative motion R, demon-
strating explicitly that this coupling effect is of negligible
order for the mass yields in a-particle transfer resonances.
Furthermore, now an experimental verification of this as-
sumption is also given, ' at least for the nuclear charge,
indicating that division of nuclear charge is decided much
earlier than for neutrons, so that on the way to scission
the two nascent fragments are polarized by the Coulomb
repulsion and they are linked by a neutron rich neck. The
present calculations, however, indicate some possible con-
tribution of this coupling between R and g, though the
main results of the experiments are still obtained within
the above approximation.

Equation (9) is solved numerically. Then,
~
4~(rl)

~

gives the probability of finding the mass fragmentation g
at the position R, which when scaled to mass yield Y (in
percent) at the mass, say, A

&
of one fragment (dq =2/A ),

gives the mass distribution yield

Y(A])=
~

qig(7J(A]))
~

v Bgq(A])
200
A/2

(10)

This yield is directly comparable with experiments. If
only the ground state contributes and there is a complete
adiabaticity, then v=0. However, if the system is excited
or we allow the effects of interaction with other degrees of
freedom, then higher values of v would contribute. The
possible consequences of such excitations are also included
here through the simple Boltzmann-like occupation of ex-
cited states.

e"p( —E~ '/O) .
v=o

III. ANGULAR MOMENTUM DEPENDENT
ADIABATIC SCATTERING POTENTIALS

First of all, we argue about the possibility of this phe-
nomena of fusion and subsequent fission in reactions of

Pb on various light targets, from the point of view of
the amount of angular momentum l a fused system can
carry. This is also used by Ngo et al. for the "fast-
fission" phenomena —a process whose characteristics are
similar to those of fission following compound nucleus
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IV. CAPTURE CROSS SECTIONS

For the first step of the model, we have calculated the
capture cross sections by using the sharp cutoff model ex-
pression

o., =n.Rr ( I —Vi /E ).. (13)

Furthermore, we notice in Table I that the critical angular
momentum l„ for all these reactions corresponds to
E~,b/A ~~8 MeV/nucleon. Hence it will be of interest to
see what happens beyond the present range of the experi-
ments. ' In the following sections, we analyze further
these two steps of capture and subsequent fission more
quantitatively.

where RI and VI are the positions and heights of the in-
teraction barriers. We have seen in Fig. 1 that Vl varies
considerably with incident energy (the 1 value) and RI (1)
remains constant (RI ——7.74 fm for Pb+ Ti). In view
of this result, for the calculations of o., as a function of
E, , shown in Fig. 2, we have used (i) the barrier for
1=0 only (dashed lines), and (ii) the 1-dependent barriers
(solid lines). For comparisons, we have normalized the
calculations to the experimental data' (shown as dots with
error bars) at one point (the lowest E, value). This is
essential because the interaction (or fusion) barriers are
known to lie higher and at much smaller R values
than the Coulomb barriers. We notice in Fig. 2 that our
calculations show a reasonable agreement with experi-
ments, particularly for the low energy region and for the
angular momentum dependent interaction barriers.

750—
208 50 . 258Pb+ Ti II
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208Pb ~ 52 g„ 260)06
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250
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FKx. 2. The capture cross section cr, as a function of the center-of-mass energy E, Our calculations, in the sharp cutoff approx-
imation, are made for a constant VI (l =0) (dashed lines) and for I-dependent Vq (solid lines) and compared with the experimental
data of Bock et al. (Ref. 1) (dots with error bars).
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V. MASS FRAGMENTATION
DISTRIBUTION YIELDS
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The second step of our model is to calculate the mass
fragmentation distribution yields for the fission of the ex-
cited composite systems formed. Figures 3—6 show the
calculated adiabatic fragmentation potentials V(tI) and
the adiabatic cranking masses B;J (i,j =q, R ) for all four
composite systems 104*, 106', 108*, and 110*,
respectively. In view of the discussion following Eq. (9),
the A, value is chosen near the top of the barrier and the
effect of varying this choice is then studied. We notice in
Figs. 3—6 that in each case the liquid drop potential
VLDM(rl) is smooth, like a simple harmonic oscillator,
and the shell effects 5U contribute to both the potential
and mass parameters. The effect of temperature 0 on the
potential, given by Eq. (7), is shown in Fig. 3 for the illus-
trative case of 104. We notice that the shell effects
5U(O) reduce as 0 increases and for 0=1.90 MeV,
which corresponds to 6.5 MeV/nucleon for Pb bom-

barded on Ti, the shell effects are nearly zero such that
the total potential V(q) reduces almost to VLDM(tl ).
Similar effects are expected for the mass parameters, but,
as stated above, to date one does not know how to calcu-
late the mass parameters at finite temperatures.

The mass fragmentation yields, calculated by using the
potentials VLDM+5U(O) and the masses B„„ofFigs.
3—6 at various 0 values corresponding to the available ex-
perimental data, ' are presented in Figs. 7—10, respective-
ly for fission of 258 ]04 2M

106 266
108 and 272

1 10. Th
temperature effects are also included by allowing, through
Eq. (11), the fission from excited states. The experimental
data, shown as dots, are derived from Fig. 10 of Ref. 1 at
the three incident energies of 5.5, 5.9, and 6.5
MeV/nucleon. The data at 5.2 MeV/nucleon are not con-
sidered here because they are similar to those at 5.5
MeV/nucleon and are less precise. It is also relevant to
mention here that the data on the shoulders at lower ener-
gies, i.e., the peaks at A2-200 and A&

——A —A2, seen in
the experiments, are not certain' because the measure-
ments are unreliable for q) 0.4. In other words, experi-
mentally only the symmetric fragmentation can be said to
be seen at all the incident energies. ' In the following
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FIG. 3. The adiabatic (a) fragmentation potentials and (b)
cranking mass parameters (in units of the nucleon mass m) for
the compound system 104 at A, =1.55. In (a) the dotted-
dashed curve gives the liquid drop model potential VLDM (calcu-
lated for 24 points that are shown as dots) and the solid line
gives the total potential [VLoM+5U(8=0)]. The other two
curves illustrate the effect of temperature 0 on the shell correc-
tions 5U.
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I I I
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FIG. 4. Same as in Fig. 3, except for the compound system' 106 at A, =1.53.
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paragraph we shall see that this result might have an im-
portant consequence for the dynamical fragmentation pro-
cess. We shall first analyze the case of 104 (refer to
Fig. 7) in detail and then give our results for other sys-
tems.

Figure 7(a) refers to the calculations and the experimen-
tal data at E, =5.5 MeV/nucleon (0=1.42 MeV) for
the composite system 104. Curve 1 gives the results of
our calculation for VLDM + DU(8 = 1.42 MeV) and
8„„(g). We notice here strong peaks at Az ——199 and
A~ ——59 and some other structure. The interesting point
about this structure as well as the peaking effect is that,
except for the decrease or increase of amplitudes, no
change occurs when 5U=0, i.e., only VLDM is used (curve
1') or 8=0, i.e., no temperature dependence at all (curve
1"). Apparently, then, both the peaks and other structure
in the distribution are not due to shell effects in the poten-
tial. In order to study the role of large structure in mass
parameters B„z(r)), which might get reduced with the ad-
dition of temperature in it, we have calculated the mass
yields using the averaged constant mass 8„„(=5 X 10
fm, in units of nucleon mass, for the present case of

104 at A, =1.55). This is shown by curves 2 and 2' cal-
culated, respectively, for VLDM+5U(8=1. 42 MeV) and
VLDM alone. We notice that these two distributions are
identical and completely smooth, without any peaking ef-

272
11O

Bqq{x1O ) g =1.35

feet [curve 2 is slightly broader because of the additional
5U(8=1.42 MeV) energy]. Thus, it seems that the peak-
ing effect as well as the other structure in the distributions
arose due to the large structure in masses Bzz(rl). A real-
istic temperature dependence on masses, however, might
not be able to keep this result and one has to then look for
their source somewhere else. Figures 7(b) and 7(c), refer-
ring to E, =5.9 and 6.5 MeV/nucleon or 0=1.62 and
1.90 MeV, respectively, give exactly the same results.
Now, comparing our calculations with experiments, we
notice that, if the shoulders or peaks observed in the ex-
perimental data are disregarded, ' the symmetric mass
fragmentation is simply the (dynamical) liquid drop ef-
fect. The calculated mass distributions are symmetric for
the averaged constant mass parameter and with or
without shell effects in the potential energy, thereby
reproducing successfully the gross features of the experi-
mental data. ' With the increase of temperature, though,
our calculated distributions do become broader, but not as
much as is required by the experiments. The shoulders
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FIG. 5. Same as in Fig. 3, except for the compound system
108 at A, =1.47.

FIG. 6. Same as in Fig. 3, except for the compound system
110at g= ] 35
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and different temperatures (0 values) or incident energies. Curves 1, 1', and 1" give the calculated yields by using, respectively, the
potentials VLDM+6U(O), VLDM or VLDM+6U(0=0), and B»(q). Curves 2 and 2' give the calculated yields, respectively, for
VLDM+5U(O) or VLDM and the average constant B„„=5&& 10' rn fm . The experimental data, deduced from Fig. 10 of Ref. 1 at dif-
ferent incident energies, are shown as dots. The calculations are not normalized to experimental data.

260 6 E = 5.5 McV/A

1 = 1.53 Q = 1.30 McV

(a) Kc ~ ~ 5 OQcV/A (b&
~ 1.5SMcV

Ec m = d.5 McV/A (c)
I.62 QcV

-2'
10

Vlo 1P
Lal

I

10

-4
10 I I l I I I l I l l 1

50 70 90 110 130 150 170 190 50 70 90 110 130 150 1'FO 190 50 70 90 110 130 150 170 l90
F RAG MKNT MASS

FIG. 8. Same as in Fig. 7, except for the compound system 106 at A, = 1.53 and B„„=2.2&(10 m fm .



35 SYMMETRIC MASS FRAGMENTATION FOLLO%'ING CAPTURE. . . 1001

I
10 - ~

266
10S

l = 1.4'7

=5.S McV/A

= 1.3PMcV
Ec ~ 5.QIVleV/A

8 =155Mcv

(b) =g.g VcV/a

=1 85 &c&

~ ~

-2
10'

Lh

C)

4J
& 10

10

-4
10 I t

50 70 90
) I i I I I t t l t t I I ( )

110 130 150 170 190 210 50 70 90 110 130 150 170 190 210 50 70 90 110 130 150 170 190 210

FRAGMENT MASS

FIG. 9. Same as in Fig. 7, except for the compound system 108 at k= 1.47 and B„„=1.7& 10 m fm .

are also predicted in our calculations, at about the same
positions as observed in the present data, ' and their ab-
sence, if confirmed, could help determine the effective
dynamical role of the mass parameters. This demands,
however, the use of temperature-dependent cranking
masses.

In view of our observations in the last paragraph above,
Figs. 8, 9, and 10 give for the systems 106, 108, and

110, respectively, a comparison of the experimental
data with calculated mass distribution yields for only two
cases of VLDM+5U(O) with (i) B„„(g)and (ii) constant
B„„(cruves l and 2). Apparently, all the results obtained
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FIG. 10. Same as in Fig. 7, except for the compound system 110 at A, = 1.35 and B„„=3)C 10 m fm .
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critical angular momentum for the vanishing of the fusion
barrier also suggest extension of the present experiments
to still higher energies.

Hence, in these reactions a two step process of "sym-
metric fragmentation following capture, " which is given
by the dynamical fragmentation theory, is clearly
prevelent. -(a) + Z))

PI
= 01 /b1 P2= a2ib2

z
Z=O Z2

SYHHETR Y
Z

(~2+ Z ) aXiS
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FIG. 15. A typical nuclear shape obtained in the asymmetric
two center shell model. The relevant geometry and other pa-
rameters are also indicated.

APPENDIX: MOMENT OF INERTIA FOR AN ASYMMETRIC TWO-CENTER
SHELL MODEL NUCLEAR SHAPE

A typical nuclear shape obtained in the ATCSM is shown in Fig. 15. The generating function p(Z) for such a shape is
given by

2Z =
Ia; —e(Z —Z;) [1+c'(Z—Z;)+d'(Z —Z;) ]]

[1+g;(Z—Z;) ]

(Al)

(i = 1,2), where the coefficients g; are introduced to avoid the cusp in the potential and the factor
[1+c'(Z—Z;)+d'(Z —Z;) ] allows for the variable barrier heights via the neck parameter e.

We first consider that the nuclear system rotates about the axis p, perpendicular to the symmetry axis. For this pur-
pose we take an infinitesimal disk of thickness dZ at a distance

~

Z
~

from the origin. The moment of inertia of this in-
finitesimal disk about its diameter AB is

Wqs ——
4 o'harp (Z)dZ p (Z)= ~ vrop (Z)dZ, (A2)

where o =M/[(4'/3)RO] is the nuclear density of an equivalent spherical nucleus of radius Ro and mass M =2m, m
being the nucleon mass. Then, using the parallel axis theorem (W~=W„&+MZ ) and integrating over the limits of vari-
ation of Z, the moment of inertia of the total system about the axis p, perpendicular to the symmetry axis, is given by

[~2+Z2) [~2+
(A3)

This integral can be solved by substituting for p(Z) from (Al) and by noting that

f, ,
f(Z)dZ= f, ,

f(Z)dZ+ f f(Z)dZ+ f f(Z)dZ+ f f(Z)dZ

f, ,
f(Z)dZ+ f f(Z)dZ + f f(Z)dZ+ f f(Z)dZ

Z (ai+Zl ) Z2 2+Z2)
f(Z)dZ+ f f(Z)dZ+ f f(Z)dZ+ f f(Z)dZ . (A4)

For the simple case of c ' =d' =0, we get



35 SYMMETRIC MASS FRAGMENTATION FOLLOWING CAPTURE. . .

3Am 1

4&o i =t Pt' 40|(1+aZi )

tan
—'~g;Z,
S~g,

2 2
4 t-'ai ezai+ +

2g;

a,4 2ra;2

13,' 13,'g;

3e 8e
2 2

+8Z;a; —
2 2

—
2 +

P,'g,"
8eZ;

Z 2— 5

ln(1+g;Z; )+ z
—+0(a;+Z;) + 6a;(a;+Z;) ——,a; Z;

g 15P;

Z a;+
7~Zl EZl' E Zl

2 + 2 2+30 i

g; 4 ;g;
(A5)

Similarly, using the perpendicular axis theorem (Wz ——~q~), the moment of inertia of a nucleus of shape given by
Fig. 15, about the symmetry axis, is given by (for c'=d'=0)

(a2+Z2) 4 3g~ 2
1

2

z= 2i ~tT f, , p (Z)dZ= g —,a; + +
SRo .

t (1+gZ ) g 2g'

2
4 Eat

+ tan ~gZ; —,a;
gi

3e- e Z Sa-

2,g. g. 15

(A6)

(A7)

and

As a corollary, one can show that, for an ellipsoidal nu-
cleus (Zt ——Zz ——0, c'=d'=g& ——g2

——0, e= 1, and
ai ——a2 ——a andgi ——P2 ——P),

p'(Z) =, (a' —Z'),1

2 Wma'
(A9)

Finally, for a sphere (P= 1, a =Ro), we get from (AS) and
(A9) the well known result

1 Ama 11+ (AS) 2 2
WJ ——Wi

i

———,AmR 0 (A 10)
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