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Solvable model for one-dimensional nuclear matter:
Simultaneous eigenstates of spin, isospin, and energy
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The eigenvalue problem is solved exactly for a one-dimensional system composed of many protons
and neutrons interacting via delta-function potentials which conserve the total spin and isospin of
protons and neutrons. It is shown that simultaneous eigenstates of spin, isospin, and energy, and en-
ergy eigenvalues are determined by the solutions of some transcendental coupled equations for given

quantum numbers.

We consider a one-dimensional model described by the
Hamiltonian H =H,+ H,,, which is given by

Ho= 3 (p*/2m){pT(p)p,(p)+p} (p)p,(p)
P

+ny(pnp)+ni(pn,(p)}, (1a)

Hin= 3 (g/L){pT(p+rp,(plpi(g—rip,(q)
b, qr
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—pi(p+rp,(pni(g—rin,(q)}, (1b)

where pi(q) and n7(q) [p;(q) and n}(g)] denote the
creation operators of an up (down) spin proton and neu-
tron of mass m with momentum g =(2##/L) X integer (L
is the length of our system), respectively. The interaction
Hamiltonian with a coupling constant g conserves the to-
tal spin and isospin of the system defined by
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14
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We must therefore look for the simultaneous eigenstate of
spin, isospin, and energy.

On the basis of the simultaneous eigenstate' of spin and
energy in the one-dimensional system? of many fermions
interacting via delta-function potentials, we assume the
following form for the eigenstate of the present N-body
system:
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where S=S;=N/2—M means that the eigenvalues of
the square of spin and its z component are
(N/2—M)N/2—M +1) and N /2—M, respectively, and
the corresponding meanings in isospin are indicated by
T=Tz=N/2—K. N momenta {g;} are introduced as
quantum numbers. Similarly, M momenta {A3} and K
momenta {k,,T } are introduced as quantum numbers con-
cerning spin and isospin. Greek letters 4 and v indicate
the permutations pu= (”’12,’“'2; : M M M) and v—(ill;éy-.._,'x ).
The functions /5(j,a) and f7(j,a) are defined by
fS(.h Pj, kﬁa)—l and fT(jra)z(PjTa _kj,Ta )_1 .
(5)

The integers {/,} and {m,} denote the positions of
creation operators concerning down spin and down iso-
spin particles. We define the down isospin particle as a
neutron. Then the operator O*({p;};{l,};{m,}) is com-
posed of (N —K) protons and K neutrons, where M parti-
cles among them have down spin; for example,

O*(Pl’ “ .. ’p4;1v3;213)

The N momenta {p;} are connected with pfa, pfa, and g;
as

=pt(pnT(p)nT(p3)pT(ps) .

M K
Pi=4j+ 3 Piat+ 3 Pla (1ZjEN). (6)
a=1 a=1

According to this, let us introduce auxiliary quantities k;,
=q;+ 2 jat 2 ja

a=1
Correspondmg to the restrlctlons concerning the momenta

pja, Qa,B, and pja, Qa » through Kronecker’s deltas, we
assume

(1Zj<N). %)

N M
S kig=Ag+ 3 wspg (1ZBEIM), (8a)
a=1

j=1
a#pB

N
zkjb—kb-f- Z(J)ab lébéK) (Sb)
j=1

a=1
a#b

for the quantities kfﬂ, a)ﬁ,ﬁ and kj,T,,, wZ:,,.
If we require the conditions

N ) 2 M N s
2 pi—k)= 3 3 (bju,—

—kipu) Pl —Ki ) NP

2 cot(Lwy p/2#) =cot(Lk; g /2#)

—cot(Lk;,/2%) (1Za<B<M), (9a)
=cot(Lk/, /2#)

—cot(Lk},/2%) (1Za <b<K), (9b)

2cot(Lal, /2#)

then we can prove that

=N/2-M
y+|‘l’r TZZ_N/z A Mif:“\aT}):O:

and

S=S,=N/2—-M
T ‘I’T=TZZ=N/2—K{¢IJ‘},[7\§},M¢;T§ )=0,

in the same way as in the case of the proof' of the spin
eigenstate in the one-dimensional many-fermion system.
By successive operations of '~ and .7~ on the vector
(4), we can make’ the eigenstate vectors corresponding to
the (25 +1) eigenvalues of ., and the (27 +1) ones of
7 7. We can rewrite’ the eigenstate (4) expressed in terms
of the configurations of down spin and down isospin par-
ticles by the one expressed in terms of the configurations
of up spin and down isospin ones, down spin and up iso-
spin ones, and up spin and up isospin ones by working the
conditions (8a),(8b) and (9a),(9b).
If we require that

cot(Lk}y /28) —cot( Lk, /2%) = (k; —k;) /(mg /2#) ,

(10a)
cot(Lk}l, /2#) —cot(Lk[, /2#) = —(k; —k;) /(mg /2#) ,
(10b)
besides (9a) and (9b), then we can prove that
=N/2—-M
(Ho+Hip — I‘I’T TZ-N/Z Pran {Aa},{ra}>=0,
(11)
where the energy eigenvalue E is given by
N
E= 3 (kj/2m) . (12)

j=1

Operatlon of 2m (H O—E) on the eigenvector (4) yields a
factor 21_1 Dj —k ) in it. Fixing the permutations u
and v, we can decompose the factor as
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— Py v,

k:,,, +(Pr£a,v,, —krza,vb)}(pma _pmb +kma_kmb) (13)
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by making use of (8a) and (8b) and the restrictions through Kronecker’s deltas. Contributions from the second and
fourth terms vanish! because of the conditions (9a) and (9b). The contributions from the first and third terms are classi-

fied into vectors of six types. The typical examples are

| A) =0 1piu, —kiu Nps—pi+ki—ki ) ptip ) - piipy) -+ |0), (14a)
|BY=[""" pJy, =kl NPy —Pm,+ks—Kkm )" 1t (P ) P (ps) " [0), (14b)
1CY=L""" 1P, = Kimys )P, —P1,+ Kim, — K1 ) =0T (py ) o nY () |0, (140)
I DY=0"" " 1pLy, =kl D1, —Pm, + ki, —Km ) (P ) pY(p ) o+ 10), (14d)
|EY=0""" W Pm,uy—Kmy )= PLv, =KL s )P, —P1 K, — K1 ) pL(pr ) 0T (P )=+ [ 0), (14e)
| F)=["" H(pIu,—kiu)+PLy, = ks Y Ps—Pm,+ks—km) " 5Py —m ) pTps) -+ |0, (14f)

where the symbol [ - - - ] represents the remaining factors,
except the operator O*({p;};{I,};{m.}) for fixed integers
{Ix}, {m.}, and J. We turn our attention to the vector
| E). Let us denote I, and m, by I and J, which are
subjected to m, _;<I <my and lg_; <J <lg. Extracting
the factor f5(J,u,)f T(I,v,) from [ - - - ], we multiply it by
two factors in curly brackets. Then the content
of the curly brackets changes to {(pI,Tva —kLTva )~ !
—(pf#a—kj?#a)_l}. The sum of the first term over PI?:V,,
can be taken to become (—L /Zﬁ)cot(Lk,TVa /2#) due to
such changes of summation variable as pfua—w —pI,TVa,

f

pJS’“a—mS—v +p{va, and p{va —u T—p[,,a. In the case of
the second term, achievement of the sum over pjs, fy yields
(—L/Zﬁ)cot(ijS:Ma /2#), which is permitted by transfor-
mation pf#aaus—pj?#a, pfva ——uS+4v +pfya, and
p{,,a —uS+u T—v—pfua. Thus, the two factors in the
curly brackets have been changed to

(—L /2%){cot(Lk ., /2#)—cot(Lk}, /2%)} .

There exists a vector | E’') corresponding to | E ),

|ED =0 Wppy —k7 ) =Py =Ky W Pr—py+kr—ky) - ni(pp) = plipy) - |0), (15)

where integers {/;} and {m.} are related to {I/} and
{m.} in |E) as I;=I;, (1SfAZa—1, B+1ZAZM),
=04 (@=AZB-1), m.=m, (1Zc=b—1,
a+1=2c=ZK), and m.=m._; (b+1=c=a), and we
have set I =m,;, and J =l The two factors in the curly
brackets of (15) can be changed to

(—L /2#%)] cot(LkJTv;) /2#) —cot(Lk fﬂb /2#)}

by applying the same arguments as for the vector | E).
In order to combine this result for | E’) and the one for
| E) mentioned above, we make two changes as follows.
First, two permutations u’ and v’ in | E’) are changed as

pr—py  (1S2AZa—1, B+ISASM), pi—pig
(@=AZSB—-1), L g Ve —V, (1<c=<b-—1,
a+1=2c=2K), v,—v._| (b+1=Zc=Za), and vj,—v,.

Then the changed two factors in the curly brackets be-
come

|E)+|EY=[--"] X & prua—kZ Q;qu#a—}‘fta“*'us
+a

us’u Ty j#ILJ

f

(—L /2#){cot( Lk}, /2%)—cot(Lky,, /2#)} ,

which equals

(—L /2#){cot( Lk, /2#)—cot(Lk}, /2%)}

according to the conditions (10a) and (10b). Next, we in-

terchange p; with p; by transforming v into

—v+uS+ul+(gr—g)+ 3 (pf,,k—pf,yl)
As£a

+ E (PJT:Vc —PITVC) .
c+#a

Then, the sum of | E) and | E’) is given by

8| 2 pilvy = 2 Quo, = Ay +u”

j#ILJ c+#a

X(—L /2#)[cot(Lk], /2#)—cot(Lk3, /2W)]2(k;—k;) - pi(pp) - ni(p)---|0),

(16)
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where
pr=ar+ 3 Pi?,q + pI],-VC +v
Asa c¥#a
and
Pi=41+ X Piu,+ 2 Piv, +uS+uT—v,
Asta c#a

and all factors not necessary for our discussion are con-
tained in the symbol [- - - ]'.

Among the vectors produced by the operation of
2mH;, on the state vector (4), there are two vectors,
denoted | Ej, ) and | E{,, ),

| Ef) =0 N—2mg/L)3 -+ ptip;—r)- -

r

Xny(py+r)--+ |0),(17a)

|Epe)=[""-1(—2mg/L)3Y - ny(py—r)---

r

Xpi(ps+r)---0), (17b)

| Eine ) + |E;;n>:{ o

—cot(Lk,’fua/zﬁ)cot(Lk{va /28] pipp) - nt(py) -

where the symbol { - - - } indicates the symbol [ - - - ], the
summation symbol, and the Kronecker deltas in (16).
Noting that two terms in the square brackets of (18) can
be changed to

[cot(Lk[, /2#)—cot(Lk}, /2#)]
X [cot(Lkf,, /2#)—cot(Lk], /2#)]

due to the conditions (10a) and (10b), and then to
[cot(Lk,, /2%)—cot(Lk},, /2#))(k;—k;)/(mg/2#),

we can see that the right hand sides of both (16) and (18)
cancel each other.

The same arguments can be applied to the vectors of
the other types, and then we have the same conclusion ob-
tained above. In this way Eq. (11) for the state vector (4)
has proved to be valid under the conditions (9a),(9b) and
(10a),(10b).

Let us summarize our results obtained in our previous
discussions for the present system. The state vector of the
assumed form (4) with the assumptions (8a) and (8b) be-
comes the eigenstate vector of spin and isospin when the
conditions (9a) and (9b) hold. It also becomes the energy
eigenstate when the conditions (10a) and (10b) are fulfilled

where [} =10, (I1SAZa—1, B+1SA=M), Ii=l4,
(@=A=B—1), Ig=J, and m;=m, (1=c£K) in (17a).
In (17b), mi=m, ((1=Zc=b—-1, a+1=ZcZK),

me=m,_1 (b+1=Zc=Za), my=I,and [} =I, (1ZAZM).
For the vector | Ej,, ), let us first change the permutation
poas py—p, 1ZAZa—1, BH1SASM), up—pri
(@=A=p—1), and ug—p, Next, we make such dis-
placements as Py, —Plu, +7 and pj(’:#a —»pf#a —r. Then,
we can take the sum zr(pf#a -|—r—kf,,m)_1 to yield
(— L /2fi)cot(Lk}, /2%). After this, we can utilize the
same transformation as in the case of the first term in the
curly brackets of (14e). Then we can take the sum over
p,ﬁ,ﬂ, and we have the factor

(—L /2#i)’cot(Lky, /2#h)cot(Lk[, /2#)

on the right-hand side of (17a). Similarly treating the rhs
of (17b), we get

(—L /2%’ cot(Lkj, /2#)cot(Lk], /2H) .

By making use of the same transformation of the variable
v as in the combination of | E) and | E'), the above two
results for | E}, ) and | Ej,, ) are combined to become

“}(—2mg /L) —L /2#)*[cot(Lk}, /2#)cot(Lk], /2#)
‘#a *Ya

r

besides (9a) and (9b). Then it proves to be the simultane-
ous eigenstate of spin, isospin, and energy under the con-
ditions (9a),(9b) and (10a),(10b). By successive operation
of &~ and .7~ on the eigenvector (4), we can obtain the
simultaneous eigenstate vector of given eigenvalues S,
(—S=<S;<8) and T, (—T<Tz<T) in the same way’
as in the one-dimensional many-fermion system.

The conditions (10a) and (10b) mean that we can intro-
duce M auxiliary quantities Ai and K auxiliary quantities
Al defined by

Ag=k;/(mg /2#) —cot(Lk;, /2#)
and

Al =—k;/(mg/2#)—cot(Lk], /2#) .

Then, the conditions (9a) and (9b) become
cot(Lwj g/2%)=(Ag—A$)/2  and  cot(Lwl,/2#)
=(AT—A])/2. From these definitions, (7) and (8a),(8b),
we can obtain coupled equations for k;, A3, and AL. Fur-
ther analysis for these coupled equations is under con-
sideration. Details will be published elsewhere.
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