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The emission of intermediate rapidity fragments with A &14 has been studied in 42 to 151
MeV/nucleon Ar- and ¹induced reactions on Al, Ca, and Au targets. The energy spectra were fit-
ted assuming emission from a single source moving with a velocity intermediate between that of the
projectile and target. The extracted temperatures were independent of fragment mass, indicating
that the fragments had a common source. The spectra for fragments as heavy as nitrogen were also
well described using the coalescence model and the resulting coalescence radii were independent of
fragment mass. The observed fragment production cross sections were fitted with a quantum sta-
tistical model from which the entropy produced was extracted. This entropy was found to be much
less than that derived from d/p ratios and higher than the entropy displayed by target-like frag-
ments. The light particle spectra were compared to a model utilizing a solution of the Boltzmann
equation incorporating mean field and Pauli blocking effects to describe the proton spectra from Ar
+ Ca. Nuclear fluid dynamics calculations agreed reasonably well with the higher energy data but

could not describe the 42 MeV/nucleon data.

I. INTRODUCTION

High energy nucleus-nucleus collisions provide a unique
tool for studying nuclear matter at excitations and densi-
ties far from the normal ground state. ' The study of
inclusive light particle (n, p, d, t, He and He) (Refs.
5—20) and complex fragment (Li—Ne) (Refs. 5, 21, and
22) spectra has produced a great deal of information con-
cerning the geometry and basic interaction mechanisms
that describe these reactions. Gf special interest are reac-
tions induced by nuclei with energies from 10 to 200
MeV/nucleon, where the reaction mechanisms are
thought to change from mean field phenomena at low en-
ergies to localized interaction regions where single
nucleon-nucleon scatterings become important at higher
energies. Several very different theoretical frameworks
have been devised to describe the low energy and the high
energy regimes, but a complete description of the transi-
tion from low to high energy does not yet exist. In this
paper we present a survey of inclusive measurements cov-
ering this transition regime ranging from 42 to 151
MeV/nucleon incident energy, where the velocity of the
projectile nuclei range from the Fermi velocity up to half
the speed of light.

An important concept in these reactions is the separa-
tion of the observed fragments into participants and spec-
tators. Because the relative velocity of the nuclei is higher
than the speed of sound in nuclear matter, reactions be-
tween two high energy nuclei are localized to the overlap-
ping volume of the nuclei, while the remaining volume of
the target and projectile nuclei retain much of their origi-
nal velocity and are only slightly excited. Fragments

from the projectile spectators are observed predominately
at forward angles near beam velocity, while those from
the target spectators are emitted almost isotropically in
the laboratory at energies characterized by the Coulomb
barrier. Participant particles, on the other hand, are emit-
ted at all angles and at energies up to several times the in-
cident energy per nucleon. Thus one may select kinemati-
cally those fragments emitted from the interaction zone
by studying energy spectra at large angles and high ener-
gies. This interaction zone has been termed a nuclear fire-
ball ' and can be characterized as a source of particles
moving in the laboratory with a velocity intermediate be-
tween those of the projectile and target nuclei. By sys-
tematically varying the incident energy, the projectile, and
the target, one can study the properties of nuclear matter
far from the normal ground state.

Light particle spectra from light projectile-induced re-
actions on heavy targets have been fitted assuming emis-
sion from a thermalized subset of target and projectile nu-
cleons, a method which resulted in a successful parame-
trization of light particle data at incident energies as low
as 10 MeV/nucleon and as high as 2.1 GeV/nucleon. ' '
The parameters describing the spectra, the production
cross section, the temperature, and the velocity of the
moving source, vary smoothly with bombarding energy. '

This smoothness is somewhat surprising because a 10
MeV/nucleon projectile moves slowly enough to allow
considerable exchange of information with the target. It
has been suggested that at bombarding energies where the
participants and spectators are not yet well separated, a
local thermalized zone, or hot spot, is formed. ' As
the bombarding energy goes up, this hot spot breaks away
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from the target and becomes the participant zone or fire-
ball.

In order to gain more detailed information about the re-
action mechanisms, experiments with some kinematic re-
strictions have been performed. Many of these first coin-
cidence experiments have focused on coincidences between
large fragments arising from projectile or target remnants
and fast charged particles. Studies at and below 35
MeV/nucleon have revealed that light charged particles
associated with a projectile remnant are most likely to be
found in one of two places. The first place is focussed
directly behind the fragment, consistent with a sequential
breakup of the excited projectile. The second is
focused to the opposite side of the beam from the projec-
tile fragment, suggesting emission from a recoiling
source. '

The observation that many gross features change very
slowly and regularly between 20 and 200 MeV/nucleon
has inspired the use of theories at the limits of their appli-
cability. The expected transition from the long mean free
path of nucleons to the region where two-body collisions
are important has led to the application of time-dependent

Hartree-Fock (TDHF) and hydrodynamical calculations
at intermediate energies. These two approaches are
compared for a central co11ision in Fig. 1. The density
plots on the left show the time evolution of a Kr + Kr re-
action in a TDHF calculation. It is clear that the nuclei
pass through one another and very little compression
takes place. The hydrodynamical calculation shown in
the right hand side of Fig. 1 indicates a total lack of tran-
sparency of the nuclei. The incoming matter is stopped
and squeezed out to the side. Realistically, one would ex-
pect a mixture of the one-body dissipation inherent in
TDHF and the two-body dissipation of hydrodynamics at
intermediate energies. '

A theory aimed at these reactions must include the nu-
clear mean field, Pauli blocking, and nucleon-nucleon col-
lisions. A convenient framework for such a theory is the
Monte Carlo method used in intranuclear cascade calcula-
tions. ' " Most cascade calculations include only two-
body collisions with a simple approximation for the Pauli
principle which makes them ineffective for intermediate
energy collisions. First attempts to fully incorporate the
required physics use a Monte Carlo solution of the full
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Boltzmann equation. ' This method agrees well with
high energy data and shows promising results at inter-
mediate energies. Inclusive proton cross sections for
40—140 MeV/nucleon reactions, where 80—90% of the
two nucleon collisions are Pauli blocked, are well repro-
duced.

In this work we present single particle inclusive mea-
surements of particles with 1 & 3 & 14 from 42, 92, and
137 MeV/nucleon Ar + Au and Ar + Ca reactions. Also,
we report light particle (1 + A &4) measurements from
100 and 156 MeV/nucleon Ne + Au and 156
MeV/nucleon Ne+ Al. The details of experimental set-
up, detector calibration techniques, data acquisition and
data reduction are presented in Sec. II.

The double differential spectra look approximately ex-
ponential as a function of the energy of the observed par-
ticle. They are presented in Sec. III along with contours
of constant cross section plotted in the plane of rapidity
versus perpendicular momentum/mass. These plots point
to the existence of a source intermediate in rapidity be-
tween the projectile and the target.

In Sec. IV the spectra are parametrized via a single
moving source prescription. The source temperature and
velocity and the integrated cross section for particle emis-
sion are determined via a least squares fit to the measured
spectra of a relativistic Boltzmann distribution in a mov-
ing frame. The systematics of the source parameters are
examined as a function of the projectile, target, and beam
energy.

Section V reviews several models of the reaction which
incorporate thermalization of the incident energy. The
light particle spectra are used to explore the low energy
limits of applicability of the fireball model. The as-
sumption of thermal and chemical equilibrium is used to
extract information about bulk properties of nuclear
matter from the inclusive data. If the heated subsystem
freezes into various fragments, the relative yields of the
fragments reflect the entropy in the system at the time of
freezeout. ' Alternatively, the fragments may be
formed by coalescence of nucleons close together in phase
space. The fragment spectra are compared to proton46

spectra to investigate the validity and extent of this
phenomenon.

In Sec. VI, two dynamical models are discussed. The
present data are used as a first test of the Boltzmann
equation approach to intermediate energy heavy ion col-
lision. ' The dynamics of the Ar+ Ca interaction are
followed using a Monte Carlo solution of the equation.
This model incorporates the Pauli blocking and nuclear
mean field necessary for low energy reactions and the
nucleon-nucleon collision terms typical of high energy ap-
proaches, and is applied at all three bombarding energies.
The light particle data are also used to test the perfor-
mance of hydrodynamical ' models in this energy re-
gime.

The last section summarizes the experiments and calcu-
lations presented in this work which show that the transi-
tion between low and high energy nuclear reactions is a
smooth one and that intermediate energy collisions show
characteristics of both. Single particle inclusive measure-
ments provide a useful survey, but coincidence experi-

ments with kinematic selection of the measured quantities
are required to trace the evolution of specific reaction
mechanisms.

II. EXPERIMENTAL

The experiments were done at the Lawrence Berkeley
Laboratory (LBL) Bevalac.

A. Ar-induced reactions

BEAM

SECONDARY
ELECTRON
MON1TORS

t
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l~
BEAM COUNTING SCINTILLATOR

FIG. 2. Scattering chamber configuration for measurement
of the Ar-induced reactions.

The experimental setup consisted of three particle tele-
scopes. One telescope consisted of two silicon AE detec-
tors and a Nal E detector to detect particles of Z=1,2.
This telescope was mounted on a movable arm inside the
LBL Low Energy Beam Line 1.5 m scattering chamber
and was moved from 30' to 130. Mounted on a separate-
ly movable arm in the scattering chamber were two stacks
of silicon detectors for measurement of particles with
Z=3—7. The scattering chamber arrangement is shown
in Fig. 2. All three telescopes achieved isotopic resolution
for the elements detected. The data were stored on mag-
netic tape in event-by-event mode and analyzed off line.

The targets used were self-supporting and consisted of
80 mg/cm Au and 35 mg/cm Ca for the 42 and 92
MeV/nucleon Ar beams, and 200 mg/cm Au and 160
mg/cm Ca for the 137 MeV/nucleon Ar beam.

The normalizations were determined by the integrated
beam current in an ionization chamber downstream from
the scattering chamber. The chamber was calibrated by
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lowering the beam intensity such that individual beam
particles could be counted in a plastic scintillator directly
in front of the ionization chamber, as shown in Fig. 2.
The absolute normalizations were accurate to within 20/o.
In the case of the 42 MeV/nucleon beam, however, the
beam monitoring did not function properly and the result-
ing absolute normalizations are only known to within a
factor of 3. This method was compared to the rate of
secondary particle production as the beam traversed the
target, measured by pairs of plastic scintillators on either
side of the ionization chamber. The procedures agreed to
within 5%%uo. The secondary particle scintillators were also
used to monitor the beam centering on the target. The ra-
tio of secondary particles on the left and right side of the
chamber exit was calculated for each beam pulse, and data
from pulses differing greatly from the average were reject-
ed during the off-line analysis. Several percent of the
beam pulses were rejected this way.

1. Detector systems

a. Si NaI telesc-ope Ligh. t particles (p, d, t, He, He
and He) were measured with a b, E Etelescope -consisting
of two silicon b E detectors, 400 pm and 5 mm in thick-
ness, backed by a 10 cm NaI F detector. Light particles
from 15 to 160 MeV/nucleon were stopped. This tele-
scope subtended 7.2 msr, and was used to measure spectra
from 30 to 130 in 20' steps. Events were accepted by
detection of a signal in the second silicon detector.

The energy calibration for the silicon detectors was
done by injecting a known amount of charge by means of
a chopper pulser in the input stage of the detector pream-
plifiers and using the measured values of the ionization
energy of silicon, a=3.67 eV/ion pair. The NaI detector
was calibrated with direct beams of protons and He at
150 MeV/nucleon, and with these beams degraded to 143,
125, 103, 81, 58, and 35 MeV/nucleon. The energy reso-
lution was approximately 5%%uo. The energy spectra were
corrected for the energy loss in half the target thickness
and for the reaction losses of particles in the detectors.

The fraction of reaction loss for protons as a function
of proton energy was taken from Ref. 50. The proton
cross sections were scaled for different fragments using
Eq. (1) with Zi, A& being the atomic number and mass
number of the observed fragment and Z2, Az being the ef-
fective atomic number and mass number of the stopping
medium. These data were fitted with the equation

o.g Nor (1 —V, /E)[tl+(x/——E)' ]j,

f =1—exp
' —g n;cr; (2)

2. Electronics

The three telescopes were operated in a parallel fashion
with each telescope having its own dead-time circuit, CA-
MAC bit register, and CAMAC analog-to-digital convert-
er (ADC). Pile-up rejection circuitry (PUR), with a pulse
pair resolution of (100 nsec, was used to set a bit in the
telescope-dedicated bit register for a good event. Each
telescope produced its own ADC gate and interrupt for
the CAMAC branch driver of the PDP 11/34 computer.

TABLE I. Energy range in MeV of fragments detected in the
multielement silicon telescopes used for the Ar-induced reac-
tions.

where n; is the number of atoms/cm in cell i and o.; is
the average reaction cross section in cell i. This reaction
probability was calculated for each energy bin in the spec-
trum of each particle, and the cross section corrected by
the factor 1/(1 f). T—he corrections were approximately
3% for 50 MeV protons, 9'%%uo for 100 MeV protons, and
18% for 150 MeV protons.

b. Multi-Si telescopes. For the heavy fragments, from
lithium to nitrogen, the detection system consisted of two
stacks of silicon detectors. A low energy stack consisted
of three detectors of thickness 100 pm, 300 pm, and 5.0
mm. The high energy stack was comprised of five detec-
tors, two 800 pm counters, and three counters 5.0 mm in
thickness. The range of detected fragments in these two
telescopes is given in Table I. The telescopes subtended
14.0 and 16.0 msr, with opening angles of 7.6' and 8.2',
respectively. Both telescopes were mounted at the same
scattering angle, 10' out of plane, and were rotated togeth-
er to measure spectra from 30' to 130 in 20' steps. Events
in either telescope were accepted upon detection of a sig-
nal in the second detector of the stack.

These telescopes were calibrated with the same pulser
system as the silicon detectors in the light particle tele-
scope. In addition, they were calibrated with a direct
beam of Ne at 150 MeV/nucleon, and degraded to 137,
115, 93, 68, and 40 MeV/nucleon. The resulting energy
calibration was good to 5%. The energy spectra were
corrected for the energy loss in half the target thickness.
The energy spectra were combined, with the cross sections
in the region of overlap of the two telescopes averaged to-
gether, weighted by the statistical error.

where E is the energy of the stopping particle, X is a nor-
malization constant, and r = 1.2(A,' -+A 2

—1) fm
V, =1 44(ZiZ~/r) M.eV, and ~=20 MeV. N was taken
to be 1.1 for Si and 2.0 for NaI. The value of v deter-
mines the energy at the peak of the cross section. In order
to make the correction, the detector was divided up into
slices, and the particle energy in each slice was calculated
from the entrance energy using range-energy tables. The
reaction cross section for each slice was then calculated
from Eq. (1) and the reaction probability f of a particle
was given by integration over the slices

Fragment

Li
Li

'Li
'Li
Be

'Be
10Be
10B

11B
12C

Thin Si Stack

23—240
24—256
26—275
27—288
34—368
38—407
40—424
52—554
54—575
66—708

Thick Si Stack

80—445
85—480
92—510
96—540

123—689
136—762
142—795
185—900
192—1000
236—1320
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The live time was monitored by scaling the number of
times each telescope received a valid event and the num-
ber of valid events.

3. Data reduction

Particle identification was achieved by placing gates on
the AE-E two dimensional histograms. Double differen-
tial spectra were generated by collecting the events into 5
MeV/nucleon bins for light fragments and 15 MeV bins
for heavy fragments. The cross sections were generated
using the normalizations described above and correcting
for the telescope solid angle and dead time.

B. Ne-induced reactions

The scattering chamber arrangement for the Ne-
induced reactions is shown in Fig. 3. Aluminum fans
were mounted on the two movable arms, and several tele-
scopes were mounted on each fan. The light particles
were detected with seven AE-E telescopes.

Two energies of Ne were used, 156 and 100
MeV/nucleon. The 156 MeV/nucleon beam was used to
bombard a 100 mg/cm Au target an.d a 103 mg/cm Al
target. Measurements with the 100 MeV/nucleon beam
were done for the Au target only.

The relative normalizations and beam centering moni-
tors were done in the same manner as described above,
and the normalizations and energy calibrations checked
by comparing the overlapping spectra. The relative nor-
malizations agreed to within S%%uo, while the energy cali-
brations for the various types of detectors were good to
about 10%. The absolute normalizations were obtained
with the ionization chamber, as above, and were accurate
to within 25%.

1. Detector systems

The seven light particle telescopes were arranged to
measure spectra at six angles with respect to the beam
direction. Each telescope had two silicon AE detectors,
400 pm and S mm thick, except at 50', where the first
detector was 800 pm. All silicon detectors were calibrated
with the pulser system described above. The stopping
detectors were of three different types: plastic scintillator
detectors at 50', NaI at 90', 110, and 130', and CaFz at
90. The arms were moved during the experiment by 20'
in order to a11ow overlap spectra among the different
types of detectors. A summary of the telescopes, opening
angles, and solid angles is given in Table II.

The stopping detectors in the light particle telescopes
were calibrated with direct beams of protons at 150, 90,
and 50 MeV, and with a 150 MeV/nucleon He beam.
The calibrations yielded overlap spectra among different
types of detectors which agreed to within 10%. The light
particle spectra were corrected for reaction losses using
the method described above.

2. Electronics

The seven telescopes were operated in parallel. The
triggers from the telescopes forward of 70 were scaled
down a factor of 10. The pulse height from each detector
was recorded via a CAMAC ADC, and each telescope
with a valid event set a bit in a CAMAC bit register. A
strobe to the branch driver was issued whenever a valid
event in AE2 of one telescope was accompanied by a sig-
nal in the AE 1 or E detector.

3. Data reduction

The particle identification was done by determining
which detector the particle stopped in and calculating the
function '

using the stopping detector to determine E, and the detec-
tor before it for AE. The exponent j was varied to linear-
ize the, W values as a function of energy for each particle
type. The value of j was typically between 1.5 and 2.0.
Reaction loss corrections were applied as described above.
The cross sections were corrected for the telescope solid
angle, scale-down factor, and system dead time.

III. RESULTS

A. Double differential cross sections

FIG. 3. Scattering chamber configuration for measurement
of the Ne-induced reactions.

Figures 4—7 show the double differential cross sections
of hydrogen and helium isotopes produced in Ar + Au
and Ar + Ca at 137, 92, and 42 MeV/nucleon. They were
measured at 30, 50', 70', 90', 110', and 130' in the labora-
tory, with each angle represented by a different symbol.
The error bars show statistical errors only. The points in
the spectra of Figs. 4—7 in the region of 20—30
MeV/nucleon are suppressed because of nonlinearities re-
sulting from small dead layers in the silicon detectors and
the entrance window into the NaI crystal.
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TABLE II. Composition, size, highest energy proton stopped, and opening and solid angles for light
particle telescopes used for the ¹induced reactions.

Lab
angle
(deg)

30
50
70
90
90

110
130

Si
AE

(mm)

0.8, 5
0.8, 5
0.4, 5
0.4, 5
0.4, 5

0.4, 5
0.4, 5

(cm)

20.0 plas.
20.0 plas.
7.5 NaI
5.0 CaF2

10.0 NaI
5.0 NaI
S.o NaI

Max. p
energy
(MeV)

176
176
158
138
168
126
126

Angle
(deg)

8.2
8.3
5.3
5.4
3.9
4.6
6.7

Solid
angle
(msr)

16.1

16.4
6.9
6.9
3.6
5.0

10.7
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FIG. 4. Double differential cross sections for hydrogen isotopes produced in Ar+ Au reactions at 137, 92, and 42 MeV/nucleon.
Data at 30', 50', 70, 90', 110, and 130 are shown for each particle. The solid lines are fits with a single moving source parametriza-
tion.
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FIG. 5. Double differential cross sections for hydrogen isotopes produced in Ar + Ca reactions.

Above 35 MeV/nucleon, the energy spectra decay ap-
proximately exponentially with increasing energy. For
larger angles the cross sections decrease by several orders
of magnitude as a function of energy. A distinct low en-

ergy component of quite different slope is visible below 25
MeV/nucleon whose angular distribution is much less for-
ward peaked than the higher energy component.

The high energy tails become steeper for heavier parti-
cles, and much steeper as the bombarding energy is de-
creased. The maximum in the double differential cross
section does not change rapidly as one goes from 137 to
92 MeV/nucleon bombarding energy. The general
features of the low energy part of the spectra, including
the slope, do not change significantly with bombarding
energy.

Light particles are produced with smaller cross sections
in Ar + Ca reactions, with some~hat steeper energy spec-

tra than in Ar + Au reactions at the same bombarding en-
ergies. At 42 MeV/nucleon particle emission to 30 is
enhanced, possibly due to emission from an excited pro-
jectile fragment. This effect is more visible in data from
the Ca target because there are fewer nucleons participat-
ing in the reaction, and the projectile contribution has a
greater effect on the observed spectra. At the higher bom-
barding energies the projectile fragment moves with a
larger velocity and the emitted particles are kinematically
focused to smaller angles.

Measurements of heavier fragments are reported for
30', 50', 70', and 90'. Results for Li (Figs. 8 and 9), Be
(Figs. 10 and 11), and B (Fig. 12) isotopes are shown for
all the beam-target combinations. The energy spectra are
shown in MeV, rather than MeV/nucleon. The error bars
depict statistical errors and errors which arise from join-
ing spectra measured by thin and thick silicon telescopes.



1758 B. V. JACAK et aL 35

I02

IO
I

IOO =

I 37 MeV/nucIeon
Ar+ AU

'He

30

He

IO

IO

IO

IO

0~ IO

9
I IO'

92 MeV

50

)COe
kX + ~

X

E Io'-
-I

)0

b

10

IO

IO
I

42 MeV

IO

Io

IO

IO 1 I

50 IOO I50
I t

0 50 100 I 50 0
ENERGY (MeV/nucleon)

I I I

50 IOO I50 200

FIG. 6. Double differential cross sections for helium isotopes produced in Ar + Au reactions.

Figure 13 shows the isotope-integrated double differential
cross sections for C and N fragments from Ar+ Au.
Isotope-integrated spectra for B and C fragments from
Ar + Ca are given in Fig. 14. At all three bombarding en-

ergies, the cross sections for these fragments are consider-
ably lower for Ar + Ca than for Ar + Au reactions.

The energy spectra for the heavier fragments show high
energy tails which decay exponentially with increasing en-

ergy, similar to the light particle spectra. The slopes of
these spectra also get steeper as the bombarding energy is
decreased. The heavy fragments, however, differ from the
light particles in the behavior of the energy spectra at 30
for fragments with E ~ 43 MeV/nucleon. The 30' spectra
are much flatter than the spectra at more backward an-
gles. This is observed for both the Au and Ca target, and
for all three bombarding energies.

Figures 15 and 16 show the double differential cross

sections of light particles produced in Ne + Au at 156 and
100 MeV/nucleon and in 156 MeV/nucleon Ne+ Al,
respectively, measured at 50', 70, 90', 110', and 130' in
the laboratory. The general features of the light particle
spectra are the same for both projectiles.

B. Rapidity plots

The distribution of longitudinal motion can be analyzed
in terms of the rapidity variable

y = —,
' »[(& +p~~ )/(E —

p~~ )],
where E and p~~ are the total energy and longitudinal
momentum of a particle. Contours of constant relativisti-
cally invariant cross section, (I/p)d2o/dEdQ, may be
plotted in the plane of rapidity versus the transverse
momentum, p„divided by the mass, m, of the particle.
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FIG. 7. Double differential cross sections for helium isotopes produced in Ar + Ca reactions.

In such a contour plot, fragments emitted isotropically
from a single source will give contour lines centered
around the rapidity of the source. These contours are cir-
cles in the nonrelativistic limit. When the plot is drawn in
the laboratory reference frame, the circles are simply
shifted by the rapidity of the emitting source because y is
a scalar under Lorentz transformations.

Figure 17 shows rapidity plots in the laboratory frame
for protons produced in the Ar-induced reactions for a11

beam energy —target combinations. The solid curves show
the constant cross section contours in y and p, /m. There
are three logarithmically spaced contours in each decade
of invariant cross section. The projectile and target rapi-
dities are indicated in the figure by arrows. The dashed
circle centered about y =0 on each plot shows a contour
expected for protons emitted from the target remnant.
The contours of observed proton cross section are some-
what elongated, indicating contribution from more than

one source. Comparison of the proton contours with the
dashed circles suggests that some protons are emitted
from a target-like source. The low cross section contours
(corresponding to the high energy tails of the spectra
greater than 35 MeV) are nearly circular about a rapidity
intermediate between the projectile and target rapidities.
The arrow labeled y, indicates the rapidity of a single
source best describing the observed high energy proton
distribution. The dot-dashed circle represents a sample
contour of protons emitted isotropically from this inter-
mediate source. The outer contours approach this circle,
suggesting that one may describe the observed proton
spectra by emission from two sources: one target-like
source and one intermediate rapidity source.

The contours look quite similar for the two targets even
though the magnitudes of the cross sections are different.
The contours span a smaller region along the rapidity axis
as the bombarding energy is lowered, causing the particle
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FIG. 8. Double differential cross sections for lithium isotopes produced in Ar+ Au reactions at 137, 92, and 42 MeV/nucleon.
Data at 30', 50', 70, and 90' are shown for each particle. The solid lines are fits with a single moving source parametrization.

sources to become close together and difficult to separate.
For the Ar+ Ca system, the projectile and target are

indistinguishable in the center of mass reference frame
and the contours may be reflected about the rapidity of
the center of mass. Figure 18 shows a Lorentz-
transformed plot in which y =0 corresponds to the center
of mass rapidity, and the information given by the data
points in the lower left section of Fig. 18 has been reflect-
ed through the center of mass rapidity. The contours
have been drawn smoothly through the measured and re-
flected data points and show the contributions from vari-
ous sources of particles. Protons associated with the pro-
jectile and target are visible in the contours as bumps cen-
tered about the corresponding rapidities y and y, . The
remaining contours indicate proton emission from a
source moving with approximately the center of mass ra-
pidity.

The rapidity plots for Be produced in the Ar + Au and
Ar + Ca reactions are presented in Fig. 19 for comparison
with the light fragment results. Comparison of the ob-
served contours with the dashed circles for target emission
and the dot-dashed circles for the intermediate rapidity
source show that beryllium fragments arise from an inter-

mediate rapidity as well as target source as was the case
for light particles.

IV. SINGLE MOVING SOURCE
PARAMETRIZATION

A. Rationale

The high energy tails (E &40 MeV/nucleon) of the
spectra shown in Figs. 4—16 can be rather well described
in terms of a Maxwellian distribution observed in a mov-
ing frame. Such a distribution would result if the parti-
cles were emitted from a thermalized gas of nucleons.
The solid lines in these figures show a pararnetrization of
the high energy, exponential region of the spectra in terms
of emission from a single, thermalized source. The slopes
of the spectra indicate a large excitation energy, and the
angular distributions suggest that the source moves in the
laboratory frame. In contrast, the low energy portions of
the spectra suggest emission from a cooler region almost
stationary in the laboratory frame. Similar spectral
shapes and angular distributions in relativistic heavy ion
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collisions have led to the participant-spectator or fireball
picture of nuclear collisions. In this model, the reaction
is described in terms of a highly excited participant re-
gion, or fireball, consisting of nucleons present in the
overlap of the projectile and target, and the cold spectator
remnants of the target and projectile.

A single source parametrization has been used to
characterize emission of nucleons and composite frag-
ments from the participant region. The concept of divid-
ing the reaction (and the resulting energy spectra) into
major regions has been applied for bombarding energies as
low as 10 MeV/nucleon. ' The moving source parame-
trization is clearly an oversimplification of the reaction
mechanism. There are certainly a continuum of sources
for intermediate rapidity fragments, but we use this pa-
rametrization based on formation of such a region in or-
der to compare various sets of data and explore the evi-
dence for thermalization. The high energy tails of the
spectra have been successfully described by emission from
a single moving source, and the extracted parameters vary
smoothly from 10 to 2000 MeV/nucleon. ' '

B. Fitting procedure

In order to isolate the component of the inclusive spec-
tra originating from an intermediate velocity source, a

selection criterion in the spectra was established. Projec-
tile fragments populate forward angles near the projectile
velocity. We therefore associate light particles (p, d, t,
'He, He, and He) emitted at angles & 50' with an inter-
mediate source. Heavier fragments at angles & 30 are in-
cluded in the fits. Target fragmentation leads to low ener-

gy particles distributed almost isotropically in the labora-
tory frame.

Figure 20 illustrates the relative contributions of parti-
cles from different sources to the inclusive energy spectra.
The sizes of the projectile, target, and intermediate
sources of protons from 137 MeV/nucleon Ar + Au were
estimated using the cleancut geometry of the fireball
model at the most probable impact parameter. ' The
dashed lines show the energy spectra of protons emitted
by a source with 30 MeV temperature moving at a veloci-
ty 0.45 times the beam velocity. The solid lines show the
energy spectra obtained by summing the spectra from the
intermediate source with the spectra expected for protons
emitted from the projectile and target remnants with tem-
peratures of 8 MeV. It is evident that the inclusive spec-
tra at angles & 40' and E & 50 MeV consist primarily of
particles emitted from the intermediate source.

We have determined the intermediate source parameters
from the observed spectra by describing the energy distri-
bution in the source with a relativistic Boltzmann distri-
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bution of the form

d2

p dpdA

Oo —F. /w

(4w) 2(rim) K~(m lr)+(rim)EO(mls)

C7, d 0
dE dA p' dp'dQ'

where p and E are the momentum and total energy of a
particle in the source rest frame. The particle mass is
given by m, o.o is the production cross section, and ~ is the
source temperature. Ko and K~ are MacDonald func-
tions.

The distribution is assumed to be isotropic in a frame
moving with the velocity P in the laboratory frame. The
laboratory spectra of particles emitted from the source are
obtained by transforming relativistically from the source
rest frame to the laboratory using

where E'=y(E —Pp cos8) and ) = 1/( l —P )'~ . The
primed quantities refer to the source frame and the
unprimed quantities refer to the laboratory frame. The
parameters cTp T and P are determined by using a least
squares method to fit that part of the measured spectra
identified with the intermediate source.

The value of the low energy cut to exclude particles
arising from the target was determined by iteratively fit-
ting the data, raising the energy cut until the fit parame-
ters no longer changed. The low energy cutoffs for light
particles in experiments reported in this paper are given in
Table III. All measured heavy fragments were used for
the moving source fits.

A correction for the Coulomb interaction between the
observed fragment and the charged emitting region was
used in the fitting procedure. We assumed that particles
are emitted from a subsystem containing the nucleons
present in the projectile-target overlap region in a collision
at the most probable impact parameter, and that the parti-
cles come out late enough in the collision that the system
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FIG. 11. Double differential cross sections for beryllium isotopes produced in Ar + Ca reactions.

is separated in space from the target remnant. We have
further simplified the Coulomb correction by performing
it in the laboratory rather than in the rest frame of the in-
termediate source. The correction was applied by shifting
the calculated spectrum back by the amounts shown in
Tables IV and V. The fits are rather insensitive to small
changes in the Coulomb shift applied. We have compared
the parameters obtained using our fitting procedure' with
the non-relativistic procedure used by other authors. ' '

The parameters agree within error bars in those cases
where both fitting prescriptions have been done on the
same data set.

C. Limitations

The best fits with the moving source prescription are
shown as the solid lines in Figs. 4—16. For light particles
(l & A &4} the 30 spectra are consistently underpredicted
which results from. the fact that these spectra include sub-

stantial contributions from decay of projectile fragments.
%'hen the spectra of light particles emitted from the pro-
jectile fragments are transformed to the laboratory frame,
some are observed at 30, as schematically illustrated in
Fig. 20. Because of this projectile contribution we do not
expect single source emission to reproduce the 30' spectra,
and do not include these data when determining the pa-
rameters. The contribution from low energy fragments
associated with decay of an excited residual target nucleus
was minimized by the choice of the thickness of the front
element of the Si detector telescopes.

The 30 spectra for fragments with E~ 43
MeV/nucleon are quite flat and cannot be described by
emission from a single source. This effect is observed at
all three bombarding energies and for both targets. In the
fits for lithium and heavier fragments, it is difficult to
reproduce the energy spectra below 150 MeV. The
heavier fragment spectra do not show an obvious break in
slope, but the ability to reproduce the high energy tails
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with a single source and the difficulty with the low energy
fragments suggests that fragment emission may also be a
superposition of target and participant sources. Full char-
acterization of the participant source is difficult due to
the low cross sections at back angles. At 42
MeV/nucleon, the measured spectra at angles larger than
30 extend less than 200 MeV past the target evaporation
region, which emphasizes the difficulty in separating the
fragment sources at low bombarding energies and the
necessity of measuring the particles in the high energy
tails of the spectra to identify fragments arising from the
participant zone.

D. Discussion of parameters

The values of the three moving source parameters, the
temperature r, the source velocity P, and the production
cross sections a.o, are given in Tables VI—VIII. Results

for Ar + Au reactions are in Table VI, for Ar + Ca in
Table VII and for the Ne-induced reactions in Table VIII.
Figure 21 shows the temperatures extracted from the
spectra for each particle observed in the Ar-induced reac-
tions. These temperatures are considerably higher than
those expected for a compound nucleus, and increase with
bombarding energy. The temperatures for light particles
from Ar+ Ca are comparable to those from Ar+ Au,
and the heavier fragment temperatures for Ar + Ca are
systematically lower by a few MeV.

The most apparent feature of the figure is the lack of
variation of the temperature with fragment mass. The
fluctuations in the temperatures from 137 MeV/nucleon
reactions may be due to the fact that the heavy fragment
telescopes only measured particles up to 80 MeV/nucleon,
thus sampling only a portion of the intermediate rapidity
data. The similarity of the temperature over the measured
range of fragment masses suggests that the fragments ori-
ginate from a thermal source, and that the same type of
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source gives rise to the heavy and the light fragments. It
would be difficult to account for the production of 3 = 14
fragments at intermediate rapidity by only a few nucleon-
nucleon scatterings. Therefore the trends of the tempera-
tures support the idea of thermalization of the emitting
system.

Figure 22 shows the velocity parameter of the emitting
source (expressed as a fraction of the projectile velocity),
again plotted as a function of the fragment mass. This
parameter depends strongly on the angular distribution of
the observed particles, and is the Ieast well determined of
the three parameters. This dependence is particularly
strong for the heavy fragments, where spectra at only four
angles were measured.

The velocities extracted from the light particle spectra
are approximately half the projectile velocity for Ar + Ca,
and somewhat lower for Ar+ Au. These values corre-
spond to equal numbers of projectile and target nucleons
expected in the overlap region for Ar + Ca collisions, and
to the excess of target nucleons in Ar+ Au. As the frag-
ment mass increases, the velocity decreases, possibly due
to limitations in the measured angular distribution. It is,

however, likely that the lower velocity reflects a more cen-
tral collision. In such a collision, a larger thermal system
would be created, with enough nucleons to emit a heavy
fragment, and with a lower velocity in the laboratory due
to a higher fraction of target nucleons. Another possibili-
ty is that the heavy fragments are emitted from a later
stage in the reaction than the light particles, after a frac-
tion of the energy from the participant region has been
absorbed by the spectator region.

The third parameter, o.o, is the production cross section
for each type of particle. This cross section corresponds
to emission from the intermediate rapidity source, exclud-
ing particles originating from the projectile and target.
Figures 23 and 24 show the values of this parameter as a
function of the fragment mass for Ar+ Au and Ar+ Ca
reactions, respectively. The cross sections fall approxi-
mately exponentially with fragment mass and the distri-
bution becomes slightly steeper as the bombarding energy
Is increased.

The fragment distributions resulting from integration
of the measured spectra (extrapolated to all energies and
angles) look approximate1y the same as shown in Figs. 23
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and 24. The error bars in the figures reflect the differ-
ences between the integrated single source cross section
and the extrapolation of the measured spectra.

Figure 25 provides a comparison of fragment produc-
tion for the different targets and bombarding energies.
The cross section ratios of composite fragments and pro-
tons are plotted up to Li. These ratios fall with increas-
ing fragment mass, but exhibit an enhancement at He
due to its large binding energy. This enhancement is

prominent at 42 MeV/nucleon, where the excitation ener-

gy of the system is relatively low. The shapes of the dis-
tributions are very similar for both the Au and Ca targets,
with the formation of composites slightly less probable in
Ar + Ca reactions.

In Fig. 26 the projectile dependence of the extracted
source parameters is presented. Reactions of Ne and Ar
projectiles with Au targets at approximately the same
bombarding energies are compared. The temperatures
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are shown for each particle. The solid lines are fits with a single moving source parametrization.
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and velocities describing the triton and He spectra are
roughly comparable to the proton and deuteron parame-
ters in the case of Ar-induced reactions, but fall with in-
creasing fragment mass in Ne-induced reactions. This de-
crease may reflect a smaller interaction region in ¹

induced reactions, leading to a larger target-like source
contribution to the triton and He spectra. The particles
emitted from the target would cause the extracted tem-
peratures and velocities to look lower than if the fitted
spectra consisted purely of particles from the intermediate
rapidity source.

E. Systematics of the temperature

The excitation energy of the source, given by the tem-
perature parameter and the relative numbers of nucleons
and complex nuclei, should vary smoothly with incident
energy if a local, thermalized zone is formed. In fact, the
parameters in the simple one-source description do vary
smoothly with bombarding energy. ' Source temperatures

extracted using proton spectra from reactions at 10—2100
MeV/nucleon (Refs. 6, 7, 10, 12, and 14) are shown in
Fig. 27.

The circles represent temperatures extracted from pro-
ton spectra from 0- and ¹ induced reactions on heavy
targets. Temperatures resulting from the present data for
Ar + Au and Ne + Au data are shown as squares and tri-
angles, respectively. The solid line shows the temperature
expected for the participants if the projectile and target
cut cleanly and the nucleons in the overlapping region
come to thermal equilibrium. This temperature is calcu-
lated via the fireball model described in the next section
and includes pion production which causes the flattening
of the line above 400 MeV/nucleon. The dashed line
shows the temperature expected for an ideal Fermi gas of
nucleons.

The regularity of the temperature parameter as a func-
tion of bombarding energy observed over this range of in-
cident energies supports the idea that a subset of the nu-
cleons in the projectile and target are involved in a

I I

I37MeV/nucl. Ar+ Ca ~ p+ X
TABLE III. Low energy cutoffs for moving source fits to

spectra.
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FIG. 18. Rapidity plot for protons from Ar+ Au at 137
MeV/nucleon presented in the center of mass frame. The con-
tours at high rapidity were obtained by assuming forward-
backward symmetry.
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thermalized region during the reaction. The temperatures
deduced from the spectra are similar to those expected for
such a therrnalized system, resembling a Fermi gas at low
energies, and including pion production at higher energies.
Several models of the reaction mechanism incorporating a
thermalization step are discussed in the next section.

F. Three moving sources

In order to further investigate the applicability of the
participant-spectator picture of reactions at these bom-
barding energies, we have fitted the light particle data
from 137 MeV/nucleon Ar + Au assuming eInission from
three sources. One source is the intermediate source,
analogous to the single moving source described above.
The other two sources treat emission of light particles
from the relatively cool spectator fragments. We include
a projectile-like source, moving with the original projectile
velocity and with a temperature of 8 MeV. The target
evaporation spectrum is accounted for with a slow source,
moving with approximately the compound nuclear veloci-
ty.

When fitting the data, it was necessary to hold some of
the parameters fixed. The projectile source, for example,
was not sufficiently defined by the measured data as we
have no information forward of 30'. We therefore held
the velocity of this source fixed at the projectile velocity,
and the temperature fixed at 8.0 MeV. For the protons,
the cross section for the projectile-like source was a fitted
parameter, but for the other particles we were obliged to
hold this parameter fixed as well. For these cases the fit-

IO
TABLE IV. Coulomb shifts used in moving source fits to

spectra of particles from Ar-induced reactions.
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FIG. 20. Schematic proton spectrum for 137 MeV/nucleon
Ar+ Au, calculated from complete disassembly of the fireball
at the most probable impact parameter (dashed lines) and
disassembly of the fireball plus spectator fragments (solid lines).
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H
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B
C
N
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(MeV)
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Ar+ Ca
(MeV)

4.5
8.0

1 1.2
14.7
18.0
21.0
24.0
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TABLE V. Coulomb shifts used in moving source fits to
spectra of particles from Ne-induced reactions.

Particle

P
d

4He

Ne+ Au
(MeV)

10
10
10
18

Ne+ Al
(MeV)

10
10
10
18

40—
55—

I t t I 1

l57 MeV/nucl.

Ik
II

50- Ii

Il

&b'
8&

92 MeV/nuc leon

z~-

LLJ

25-

20-
42 MeV/nucleon

II
a

PI
P

ting was done by iteratively changing the cross section,
and subsequently choosing the fit with the best 7 value.
The fits were not, however, very sensitive to the cross sec-
tion of the projectile-like source.

We also fixed the velocity of the target-like source. The
upper limit of the recoil of the target-like source was es-
timated to be the velocity expected for the compound nu-
cleus. The target-like source temperature and cross sec-
tion were fitted parameters, and the temperatures were
found to be somewhat lower than 8 MeV.

Within these limitations, we were able to obtain fits for
protons through He. We were not able to fit the He
spectra, even when holding the spectator source parame-
ters fixed. It is possible that the lack of forward angle
and very low energy data reduced our knowledge of the
alpha emission from the spectator sources so that the
three source fit was not significantly better than the single
source fit.

V. THERMAL MODELS

A. The fireball model

As data from relativistic heavy ion collisions became
available, a variety of models to explain the reactions were
formulated. Intranuclear cascade models treat the reac-
tion as a superposition of nucleon-nucleon collisions. In
hydrodynamical models the nucleons are assumed to have
a very short mean free path and nuclear matter is treated
as a compressible fluid. These models will be discussed in
more detail in Sec. VI. Thermal models assume that an
equilibrated system is formed during the reaction and as-
cribe a density and hadronic temperature to the matter
during the collision . The fireball model ' ' predicts
such quantities by using an idealized geometry for the re-

I57 MeV/nucleon ~ Ar + Au

0.8- a Ar+CQ

A), ~

~ 0.2-
I a I I I s I

O I I I ' I

~ 0.8- 92 MeV/nucleon

0.2-
I I I a I ~ I
I ~ I ' I ' I

0.8- 42 MeV/nucleon

g) 0.6-

a I a I

I I a I
~ I \ g

Figure 28 shows the three source fits for protons, deute-
rons, and He from 137 MeV/nucleon Ar+ Au. It is
clear that the fits are much closer to the data at forward
angles and low energies than the single moving source fit
because particle emission from the spectators is taken into
account. The extracted source parameters are given in
Table IX. The parameters of the intermediate source in
the three source fit are very similar to the parameters ex-
tracted for the intermediate rapidity source in the single
moving source fit. This result supports the usefulness of
the single source parametrization of the intermediate rapi-
dity data and gives us confidence in the selection criteria
applied when making those fits.

IO-
~ Ar + Au
D Ar+ Co

0 I I I I I I l I I I I I I

0 5 IO
FRAGMENT MASS

0.4-

~ I I I I I ~ I ~ I ~ I ~ I

2 4 6 8 IO I2 I4
A

FICx. 21. Temperatures extracted from the spectra of frag-
ments emitted from Ar-induced reactions, as a function of the
fragment mass.

FIG. 22. The ratio of the source velocity extracted from frag-
ment spectra to the projectile velocity for Ar-induced reactions
as a function of the fragment mass.
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TABLE VI. Moving source parameters extracted for Ar + Au reactions.

Particle

137 MeV/nucleon
7 (Tp

(MeV) (mb) (MeV)

92 MeV/nucleon
C7p

(mb) (MeV)

42 MeV/nucleon
Op

(mb)

P
d

He
4He

He
Li
Li
Li

'Li
Be

'Be
1PBe
1PB

11B
&2B

C
N

30.2
35.6
34.2
38.2
34.5
36.8
33.5
30.2
29.0
29.5
34.3
33.3
33.2
32.7
39.1

42.5
33.6
34.8

40 400
19 500
10 100

3140
4120

820
410
810
300
200
180
86

110
75

100
36

240
125

0.24
0.24
0.20
0.23
0.19
0.19
0.14
0.13
0.12
0.10
0.14
0.13
0.13
0.12
0.13
0.13
0.11
0.10

22. 1

25.7
24.5

27.3
25. 1

22.8

28.6
28.2
26.2
21.9
28.0
26.8
30.0
28.0
28.7
26.0
27.0
26.4

26 100
13 800

6810
2100
3050
910
500
970
330
270
215
130
150
97

180
56

340
220

0.19
0.20
0.17
0.20
0.18
0.15
0.14
0.14
0.12
0.11
0.14
0.14
0.14
0.12
0.14
0.13
0.11
0.09

15.5
17.5
17.7
17.3
15.0
19.1
19.1
19.1

19.4
16.3
20.3
21.0
17.8
18.8
18 ~ 1

16.4
17.7
16.6

36 800
22 000
12 300

3740
22 900

1540
820

1640
420
246
280
225
335
150
420
110
710
550

0.17
0.18
0.16
0.13
0.12
0.17
0.14
0.15
0.14
0.12
0.15
0.13
0.13
0.15
0.13
0.13
0.12
0.12

TABLE VII. Moving source parameters extracted for Ar + Ca reactions.

Particle

137 MeV/nucleon
7 Op

(MeV) (mb) (MeV)

92 MeV/nucleon
Op

{mb)
7

(MeV)

42 MeV/nucleon
Op

(mb)

p
d

He
4He

He
Li
Li
Li

'Li
Be

'Be
"Be
B
C

27.8
33.1

34. 1

33.6
32.0
38.7
32.0
28.6
27.9
23.3
30.8
25.6
31.4
28.3
29.7

23 400
9750
3260
2010
1870
305

77
110
39
32
46
12

8
19
9

0.27
0.27
0.23
0.25
0.25
0.24
0.18
0.15
0.16
0.14
0.17
0.16
0.18
0.15
0.15

21.4
25.2
24.2
28.8
25. 1

23.0
27.7
24.4
20.8
20.0
26. 1

20.8

26.4
22. 1

21.4

14 400
5840
1850
820

1490
280
100
135
38
28
55
15
9

33
22

0.22
0.23
0.19
0.23
0.25
0.18
0.18
0.17
0.16
0.13
0.16
0.13
0.18
0.14
0.12

15.5
16.9
16.2
15.5
13.8
17.4
11.8
13.4
17.0
14.1

14.7
18.2
22.0
12.7
13.6

16 100
6600
2490
2090
6220
415
245
320
43
29
91
24
15

105
77

0.17
0.17
0.15
0.13
0.13
0.19
0.15
0.17
0.17
0.13
0.16
0.14
0.16
0.12
0.15

TABLE VIII. Moving source parameters extracted for Ne-induced reactions.

Particle

156 MeV/nucleon Ne+ Au
7 CTp

(MeV) (mb) 13

100

(MeV)

MeV/nucleon Ne + Au

Op

(mb)

156 MeV/nucleon Ne+ Al

r C7p

(Mev) (mb)

P
d

4He

32.1

34.9
26.7
25.6

10 500
4860
1940
995

0.24
0.23
0.16
0.15

22.5
25.6
17.8
14.2

11 400
4780
1930
3690

0.21
0.20
0.13
0.16

31 ~ 5
34.2
29.9

1650
643
127

0.29
0.27
0.19
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FIG. 23. The integrated fragment production cross sections
for Ar + Au as a function of the fragment mass.

FIG. 24. The integrated fragment production cross sections
for Ar + Ca as a function of the fragment mass.

action and statistical formulations of the state of the sys-
tem.

In the fireball model there is a fast primary reaction
stage where the interaction is localized to the overlapping
volume of target and projectile nuclei. Later, the excita-
tion energies of the remnants of the two spectator nuclei
are dissipated by the emission of particles and gamma
rays. The excitation energy of the remnants is relatively
low, so the particles from the remnants have lower ener-
gies than those from the participants. The nuclear fireball
consists of the nucleons contained in the region formed
via cylindrical cuts swept out of the target by the projec-
tile and the projectile by the target in the primary part of
the reaction. The projectile nucleons transfer all of their
momentum into excitation energy of the fireball which
moves forward in the lab at a velocity intermediate be-
tween those of the projectile and target. The fireball is
treated as an equilibrated nonrotating ideal gas and the
excitation energy and velocity are calculated from the
number of nucleons contributed by the projectile and tar-
get to the participant region.

The lab inclusive spectra are calculated by summing

over impact parameters and letting the fireball with tem-
perature r and velocity P emit particles with energies
given by a relativistic Boltzmann distribution in the fire-
ball rest frame. It is assumed that chemical as well as
thermal equilibrium is achieved in the fireball and com-
posite fragments as well as that protons are emitted. The
calculated spectra are the sum of bound nuclei and decay
products from particle unstable nuclear and baryonic reso-
nances. The relative cross sections for protons and com-
posites are determined by the temperature and the num-
bers of neutrons and protons in the system, the binding
energies of the composites, and the density at which the
fragments no longer interact. The density used in the
present calculation is p=0. 8po, but the results are relative-
ly insensitive to p for 0.5po &p & 1.5po.

Figure 29 shows the results of a fireball calculation for
proton, deuteron, and He spectra observed in the
137 MeV/nucleon Ar+ Au reaction. The nuclei in the
chemical equilibrium are truncated at 2=5, resulting in
unreliable predictions for He production. The solid lines
show the results of the calculation at 30, 50, 70', 90,
110, and 130 in the laboratory. The agreement between
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FIG. 27. Bombarding energy dependence of the temperatures
extracted from the spectra of protons. Circles represent O- and
¹induced reactions, while squares and triangles represent the
present Ar- and ¹induced reactions, respectively. The dashed
line is the temperature expected from a Fermi gas model and the
solid line is the prediction of the fireball model.

FIG. 25. The ratio of composite fragment cross sections to
the proton cross sections for Ar-induced reactions on Au and Ca
targets.
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FIG. 26. Projectile dependence of the moving source parame-
ters describing light particle spectra, for Ar and Ne beams on
Au targets.

the theory and the data is poor, especially at forward an-
gles where the fireball model underpredicts the high ener-

gy tails of the spectra. The comparison of the calculated
and observed temperatures is best done at 90 where the
transformation to the laboratory has the smallest effect.
For all three particles the 90' theory and data show a very
similar slope. At the most probable impact parameter for
Ar+ Au, b=5.2 fm, the temperature of the fireball is 31
MeV, compared with 30 MeV extracted from the proton
spectra with the single moving source fit.

The fireball predictions reproduce the data better for
relativistic collisions than the results shown in Fig. 29. It
is clear that the simple geometrical assumptions of the
fireball model should break down for intermediate ener-
gies. Several estimates have been made for the times re-
quired for various phases of the reaction. Bertsch and
Cugnon estimated that the entropy per participant nu-
cleon decreases to a constant value (the entropy increases,
but the number of struck nucleons increases faster) in
about 3)&10 sec. At this point the participant has
gained the maximum number of nucleons and begins to
expand. The cooling of the hot zone has been calculated
to be in the 10 sec range as well. In addition, the
freezeout time has been estimated at 4)& 10 sec by fol-
lowing the time development of fragment distributions
and comparing to observed distributions. In order to
evaluate the fireball geometrical picture, these source life-
times of approximately 5&10 sec should be compared
with the transit time of a 137 MeV/nucleon Ar nucleus
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FIG. 28. Fits to the p, d, and 'He spectra from 137 MeV/nucleon Ar + Au with three moving sources.

through a Au target of about 15)&10 sec. It is clear
that the projectile is not we11 separated from the target by
the time the source emits particles and that the interaction
of the hot, compressed matter with the surrounding spec-
tator nucleons should be taken into account for intermedi-
ate energy collisions.

B. Coalescence model

The constancy of the temperatures extracted from the
moving source fits suggest a common origin for the frag-
ments and light particles. Formation of complex nuclei in
heavy ion collisions has been described by final state in-
teractions, or coalescence of emitted nucleons. ' In
this model, composite fragments are formed when nu-
cleons are emitted close together in phase space. Nu-
cleons within a specified momentum radius, po, are as-
sumed to coalesce into light nuclei while the rest are emit-
ted as free nucleons. With the assumptions that the densi-
ty of nucleons is considerably less than normal nuclear
density, that the proton and neutron spectra are identical
in shape, and that the formation gf light nuclei does not
significantly deplete the original nucleon distribution, a
simple scaling law is obtained where the composite frag-

ment cross sections are obtained by raising the proton
cross section to the power of the fragment mass number,

The scaling relationship can be expressed as

E~(d cr~/dpi')=Cg[Ep(d op/dpi')] (7)

where 3 is the fragment mass number, d op/dp& and
d o.z /dpi' are the proton and complex fragment momen-3 3

turn space densities, respectively, at the same velocity, E~
and E& are the proton and fragment total energies,
respectively, and Cz is the scaling factor. The coales-
cence radius can be expressed as

p o = (3m cro/4~)

X ICq[(Z, +Z~)/(N, +Np)] A N!Z!I' '

where N, N„and Nz are the fragment, target, and projec-
tile neutron numbers, respectively, Z, Z„and Zz are the
fragment, target, and projectile proton numbers, respec-
tively, m is the nucleon rest mass, and o.o is the geometric
reaction cross section with ro = 1.2 frn.

In Fig. 30 the results are shown for coalescence model
fits to the deuteron spectra for Ar + Au and Ar + Ca re-

TABLE IX. Parameters for fit to 137 MeV/nucleon Ar + Au data with three moving sources. An asterisk means the parameter
was held fixed during fitting.

Particle

P
d
He

(MeV)

8 0g

8.0*
8.0

Projectile-like
O'p

(mb)

43 600
20000

3000*

0.51'
0.51*
0.51

(MeV)

28.6
32.9
37.2

Intermediate
CTp

(mb)

34 500
18 400

2800

0.23
0.24
0.27

(MeV)

4.2
8.0*
6.9

Target-like
Op

(mb)

8100
6000
7000

0.02
0.02*
0.02*
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where po is the reduced coalescence radius defined as

(9)

actions at 42, 92, and 137 MeV/nucleon. The solid lines
represent the coalescence model and the agreement be-
tween the model and the data from the six different sys-
tems is very good. Representative energy spectra at 30
and 90' for Ar+ Au are presented in Fig. 31 for frag-
ments up to 3= 14. The angles and particles that are not
shown follow the trends demonstrated by the angles and
particles shown. An example of the complete angular dis-
tribution of spectra for Be is given in Fig. 32. The solid
lines in both figures represent the proton energy spectra at
the same energy per nucleon in the laboratory raised to
the 3th power as described above. A single normalization
is used for all angles, which leads directly to the extrac-
tion of the coalescence radius for that particle from each
type of reaction using Eqs. (7) and (8). The resulting
coalescence radii are plotted in Fig. 33 as a function of
fragment mass for two incident Ar energies, 92 and 137
MeV/nucleon, and two targets, Ca and Au.

In Fig. 33 one can see that the coalescence radii are rel-
atively independent of the fragment mass within errors,
although there is an apparent trend toward higher values
above 3=8. Statistically, the values from both energies
for each target can be described by one value of the
coalescence radius, pq

——157.2 MeV/c for Ar+ Ca and
154.7 MeV/c for Ar+ Au. This constancy can be inter-
preted as evidence that these fragments are all emitted
from a common source, and it is in agreement with the re-
sult of single moving source fits.

One can relate the extracted coalescence radius to the
radius of the interaction zone between the target and pro-
jectile nuclei, R, using the following formulation,

FIG. 30. Coalescence model fits to the deuteron spectra from
Ar-induced reactions. The angles shown are 30, 50, 70', 90',
110', and 130. All angles were fitted with a single coalescence
radius.

p3( I 22/[g3(2/+1)] I
1 /(41))p3 (10)

and Sz is the ground state spin of the fragment. The in-
teraction radii are shown in Fig. 33 along with the coales-
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FIG. 31. Coalescence model results for fragment spectra at
(a) 30 and (b) 90.

I I I I I I

-I
IO

O
-2~ IO

E

UJ 0-3

b
OJD I0

IO
IOO 200 300 400 500 600

ENERGY (MeV)

cence radii as a function of observed fragment mass num-
ber. The radii are statistically consistent with a constant
value of 4.5 and 4.7 fm for Ar + Ca and Ar + Au, respec-
tively, although the trend for the heavier fragments is to-
ward smaller radii.

The present results for interaction volume radii agree
approximately with the results for 400 MeV/nucleon
Nb+ Nb and Ca+ Ca using the Plastic Ball model. In
that work the interaction volume was measured using two
proton correlations as a function of the observed charged
particle multiplicity. However, the observed radius was
almost constant above a multiplicity of 10 with R =4 fm
for Ca + Ca and R = 5 fm for Nb + Nb. Because the
present analysis deals with complex fragments emitted at
intermediate rapidities, the results must be biased toward
central collisions and indeed the interaction volume is
similar to that found using the high multiplicity selected
data in Ref. 63. Other particle correlation measurements
have yielded similar interaction radii for multiplicity aver-
aged data. A proton-proton correlation measurement
for 25 MeV/nucleon 0 + Au obtained R= 5 fm (=4 fm
Gaussian), while a two pion correlation measurement for
1.5 GeV/nucleon Ar + KC1 yielded R =6.0+0.6 fm
(4.9+0.5 fm Gaussian).

FIG. 32. Coalescence model fit to the Be spectrum from 137
MeV/nucleon Ar + Au. The angles shown are 30, 50, 70', and
90 . All angles were fitted with a single coalescence radius.

C. Deuteron-to-proton ratios and entropy

Even though the dynamics of the reaction are not as
simple as assumed in the fireball model, a consistent pic-
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ture emerges from thermal, TDHF, hydrodynamical,
and intranuclear cascade calculations. ' ' As the nuclei
interpenetrate each other, nuclear matter is compressed
and highly excited. From the state of highest density
[p& (2—4)po] and temperature, the system expands at ap-
proximately constant entropy towards lower densities,
p(po/2. During the expansion the temperature drops,
and in the late stages of the reaction the system disin-
tegrates and the finally observed fragments are
formed. ' ' The success of the coalescence approach
further supports the idea of thermalization during the re-
action.

Our goal in performing these studies was to learn about
the conditions present during the hot, dense early stage of
the reaction. Due to the expansion of the thermalized
subsystem, however, the temperature values derived from
the observed slopes do not directly reflect the actual initial
temperature and we must study other properties of the
system. The entropy per nucleon, S/A, is a state vari-
able which is expected to stay constant during the expan-
sion, and hence we need to determine a measure for the
entropy.

It has been suggested that if chemical equilibrium is
indeed reached and the system can be described in terms
of an ideal gas, the entropy can be deduced from the ob-
served deuteron-to-proton ratio Rzp. If the number of
protons greatly exceeds the number of deuterons and if
formation of other clusters as well as the deuteron binding
energy can be neglected, the entropy per nucleon is

S/A =3.95 —In(Rq~) .

Since, experimentally, Rtp ((Rpp (0 4 at E & 400
MeV/nucleon, ' ' this simple formula was expected to be
applicable. However, the entropy extracted from the data
in this way is much larger than expected.

The experimental Rzp is almost constant with bom-
barding energy, leading to a flat energy dependence of the
entropy. This behavior is inconsistent with the expected
drop with decreasing bombarding energy of the entropy
generated in the collision. Even for incident energies
greater than 400 MeV/nucleon, the values of S/A ex-
tracted from observed Rzp values exceed the entropies cal-
culated in a hydrodynamical model. On the other hand,
the deuteron-to-proton ratios obtained from the model
combined with a chemical equilibrium calculation agree
well with the experimental data over the whole range of
bombarding energies considered. This apparent paradox
can be explained by the decay of particle-unstable excited
nuclei A ~(A —1)+p, which becomes increasingly im-
portant at intermediate and low bombarding energies.
Hence the relation between the entropy and the observed
R&~ is not given by the simple formula of Eq. (11).

To learn about the entropy, we must include these addi-
tional states into any equations connecting the entropy
with experimentally observable quantities, requiring a
much more complicated theoretical treatment. Including
the decay of particle-unstable nuclei influences the experi-
mental approach to measuring the entropy as well. Many
protons are created by the decay of complex fragments
with A & 4, a mass region not covered by many experi-
ments. As the beam energy is lowered into the intermedi-

ate energy regime, the cross sections for heavier fragments
relative to the light particle cross sections increase consid-
erably. Thus it becomes especially important to take
heavier fragments into account when studying the entropy
from intermediate energy collisions.

D. Quantum statistical model

1. Description

Many statistical models have been formulated to
describe the production of fragments heavier than deute-
rons. These models range from the sequential decay of
the Hauser-Feshbach approach to explosion-evaporation
models incorporating classical ' or quantum statistics.
We have used a quantum statistical model of nucleons
and nuclei in thermal and chemical equilibrium at a given
temperature and density. We have extended current quan-
tum statistical models ' to take into account ground
state and y-unstable nuclei up to A=20, and the known
particle-unstable nuclear states up to A =10. The trunca-
tion of available states makes the predictions of this
model less reliable above A =10. However, comparisons
with data are not done above A=14. The model treats
fermions and bosons with the correct statistics and in-
corporates excluded volume effects, pions, and the 5 reso-
nance. The model does not include dynamical aspects of
the reaction. It presupposes the existence of a thermalized
subsystem and requires a choice of how much expansion
takes place before the fragments cease to interact. This
freezeout density is typically taken as 0.3—0.5 times nor-
mal nuclear matter density (po ——0.17 nucleons/fm ). Re-
cently, this freeze-out density has been estimated at 0.25po
by a measurement of correlated particles as a function of
multiplicity.

2. Calculated deuteron-to-proton ratios

Figure 34 shows the deuteron-to-proton ratio obtained
from the quantum statistical calculation. The curves are
labeled by the point particle densities, ppt/po 0.5 and 0.1,
corresponding to breakup densities pb„/po-0. 32 and 0.09,
respectively. The value of Rz in chemical equilibrium is
given by the curve labeled Rzz

"". In contrast to ex-
pectations from the data, Rzp is not much smaller than
unity, but, in fact, approaches unity at S/A=2. Due to
the decay of the particle-unstable nuclides, Rzp" drops
substantially. It is noteworthy that Rz'p"' is nearly in-
dependent of the exact value of the breakup density, and
S(Rz„) varies by about 10% despite variations in the
point-particle densities of a factor of 5.

Also evident from Fig. 34 is the fact that Rzp is a mul-
tivalued function of the entropy. The triton and He to
proton ratios are also multivalued functions of S/A, and
may carry information about the entropy for high or low
incident energies, but not for intermediate energy col-
lisions.

The independence of the ratios on the breakup density
eliminates the only unknown parameter, pb„, from the cal-
culation. The extracted entropy per nucleon, however, de-
pends on whether the matter from which the fragments
are formed has actually participated in the violent interac-
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suits correspond to an upper limit for the entropy pro-
duced, because in the calculation the incident matter
stops. At low energies the mean free path of the nucleons
may be quite long, causing the nuclei be rather transpar-
ent to one another and little or no entropy to be produced
in the collision.

To determine the extent to which the extracted entropy
depends on the assumed breakup mechanism, we have
performed a calculation based on the Hauser-Feshbach
formalism. These results are shown in the top of Fig. 36
as the dashed histograms. In this approach, particles are
statistically emitted from an excited nucleus at constant
density, and the temperature, charge, and mass evolution
of the system are followed. Emission of nuclei in ground
and particle-stable excited states as well as unstable states
with lifetimes long compared to the emission time is in-
cluded. A spherical initial system with Z=34 and A =82
was assumed, again corresponding to the fireball at the
most probable impact parameter. The entropy extracted
is for the initial system with a level density corresponding
to an ideal Fermi gas. Entropies determined by fitting the
measured mass yields with respect to temperature at fixed
Fermi energy eF were found to be rather independent of
eF in the range 24 & eF & 60 MeV. The histograms
represent calculations for eF ——38 MeV, corresponding to
an ideal Fermi gas at normal nuclear matter density.

The entropy values deduced from the two very different
approaches to the dynamics of the reaction, the explosion
picture of the quantum statistical model and the sequen-
tial emission of the Hauser-Feshbach model, are con-
sistent to within S/3 of 0.2. This agreement confirms the
independence of the entropy determination from assump-
tions about the breakup dynamics.

2. Rapidity dependence of the entropy

4IO—

137 MeV/NUCLEON

ii iii (xIO 4)

IO—-5

-6012345678
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FIG. 36. (a) Fragment production cross sections. The solid
and dashed histograms are results of quantum statistical and
Hauser-Feshbach calculations, respectively. (b) Entropy extract-
ed from the fits, as a function of bombarding energy. The solid
and dashed lines are the entropies expected from nonviscous and
viscous fluids.

This work is one of the few studies of fragments
heavier than alpha particles emitted from the participant
region of the reaction. However, a large body of data ex-
ists on the emission of target rapidity fragments from
proton- and heavy-ion-induced reactions on heavy targets.
We can apply the method described above to study the
bombarding energy dependence of the entropy produced
in the target remnant, and to investigate the differences in
the entropy produced in the participant and spectator re-
gions of the reaction.

In Fig. 37 relative production cross sections are shown
for target rapidity fragments from the reactions of 400
MeV/nucleon Ne + U, 2. 1 CxeV/nucleon Ne + Au, ' 480
MeV p+ Ag, and 80—350 CxeV p+ Xe. The solid
lines in the figure represent the quantum statistical calcu-
lation described above carried out at a density of
p=0. 3po. Although data were measured up to 3=30 for
the p + Xe case, only the cross sections that can be corn-
pared with the present model are shown. The fits agree
well with the observed fragment yields for all four cases,
except for Z=2 fragments from 480 MeV p + Ag.

The entropies obtained from the fits to these fragment
distributions as well as those extracted from the reactions
of 30 MeV/nucleon C + Au, 55—110 MeV/nucleon
C + Ag, s 250 MeV/nucleon Ne + Au, ' 2. 1

GeV/nucleon Ne+ U, and 4.9 GeV p+ Ag and U (Ref.
81) are shown in the top of Fig. 38 as a function of the in-
cident energy. The depicted errors reflect the errors from
the fits as well as known systematic errors in the data.
The fits generally encompass fragments with 3& Z&10
and appear to be independent of both projectile type and
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FIG. 37. Mass distributions of target rapidity fragments.
The histograrns are fits with the quantum statistical model.

energy. The average value for S/A in these cases is
1.84+0.16. Not shown in this figure is S/A extracted
from 80—350 GeV p+ Xe, which is 1.46+0.67. This
constant value of about 1.8 for the extracted S/A coin-
cides with the expected entropy of nucleons in the target
nucleus if it is excited to its binding energy, and suggests
that there is a limit to the amount of energy the target
remnant is able to absorb from the projectile and/or parti-
cipant region before it breaks up.

The open squares in the lower section of Fig. 38 show
the extracted entropies for the intermediate rapidity frag-
ments from the Ar + Au reaction. These values are
higher than those extracted from target fragments and in-
crease slightly with bombarding energy. No complex
fragment data currently exist at energies above 137
MeV/nucleon, as the data of Refs. 5 and 21 do not extend
to intermediate rapidities for the heavier fragments. We
are therefore unable to follow the energy dependence of
the entropy over a large range of bombarding energies.
The figure contains S/3 values expected from a fireball
model taking into account the slowing from Coulomb
repulsion between the two nuclei and calculating the en-

tropy using the Fermi gas model. These calculations are
shown as solid lines for three densities, p=1.0po, 2.0po,
and 3.0po. The maximum density of the fireball should
increase with beam energy, so these curves are clearly a
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FIG. 38. Extracted entropy per nucleon: (a) from target rapi-
dity fragments, and (b) from midrapidity fragments. The solid
and dashed lines represent the weighted average for fragments
with 1 & A &3 and 1 & A &4, respectively. The three grouped
solid lines show the entropy calculated using a fireball geometry
and a Fermi gas model at three different values of p/po.

FIG. 39. Intermediate rapidity fragment distributions, and
quantum statistical model results. In (a) and (b) fragments with
1 & A &4 are fitted, while in (c) only fragments with 1 & A & 3
are fitted.
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rough estimate of the expected behavior of the entropy.
The extracted entropies from intermediate rapidity

fragments with 1 & 3 & 3 and 1 & 3 & 4 from nucleus-
nucleus reactions are also shown in the bottom of Fig. 38.
Typical fits to intermediate rapidity light particles only
are shown in Fig. 39. In the top of the figure, light frag-
ments with 1 &3 &4 from 137 MeV/nucleon Ar+ Au
are fitted, while fragments with 1 & A & 4 and 1 & 3 & 3
from 393 MeV/nucleon Ne+ U (Ref. 6) are fitted in the
left and right lower sections, respectively. In addition to
the results from this work, included in Fig. 38 are 35
MeV/nucleon C + Au, ' 241 and 393 MeV/nucleon
Ne+ U, and 2.1 GeV/nucleon Ne+ Pb. The average
value of S/3 for fragments with 1 & 2 & 3 and 1 & 3 & 4
are 4.24+0.32 and 3.60+0.12, respectively, independent of
the incident energy and projectile nucleus. These values
can be compared to the entropies extracted from the
deuteron to proton ratios, where S/3 =4.7 was deduced.

The difference between the entropy extracted using the
same quantum statistical model compared to 1& 3 &4
and 1 & A & 14 cross sections is puzzling because these
fragments seem to have common origins. The apparent
temperatures of these fragments are similar to each other
at a given bombarding energy, while the extracted source
velocities vary from 0.5 times the projectile velocity for

3 to 0.3 times the projectile velocity for the heavier
fragments. Light particle inclusive data include contribu-
tions from more peripheral collisions, where the small
number of nucleons contained in the interaction volume
between the two nuclei excludes the formation of heavy
fragments. The macrocanonical approach inherent in the
quantum statistical model requires many particles in the
system and is inappropriate for peripheral collisions. In
contrast, the thermodynamic limit is approached for
near-central collisions, which is where the heavier frag-
ments are produced. ' In fact, even when only light parti-
cles were used to extract S/A, the entropy was found to
be lower when central collisions were selected. This
dependence provides further evidence that to learn about
S/A from intermediate energy nucleus-nucleus reactions,

it is necessary to include complex fragments as well as
light particles.

VI. VLASOV-UEHLING-UHLENBECK MODEL
AND HYDRODYNAMICS

A. Boltzmann equation

A microscopic description of high energy proton-
nucleus and nucleus-nucleus collisions has been provided
by intranuclear cascade calculations. In this ap-
proach, nuclei are approximated by a collection of point
nucleons. Initial nuclei with the proper sizes and Fermi
momenta are constructed by giving each particle a ran-
dom position and momentum vector. The reactions are
treated as a superposition of independent collisions of the
point nucleons, which move on straight line trajectories
until they collide. The collision probability is given by the
free nucleon-nucleon scattering cross sections.

The time evolution of the system is followed until the
collisions cease. The quantum mechanical nature of the
problem is recovered by averaging the final result over
many ensembles with different initial nucleon positions
and momenta, and different random choices for the out-
comes of the two-nucleon collisions.

The intranuclear cascade may be viewed ' as an approx-
imate solution of the Boltzmann equation. The
Boltzmann equation is a kinetic equation for a dilute gas
of classical point particles interacting through a poten-
tial, and includes both mean field and collision terms.
In the limit of relativistic nuclear reactions, the classical
collision term dominates the single particle distribution
and so the mean field term is omitted in intranuclear cas-
cade calculations.

In order to apply the Boltzmann equation for inter-
mediate energy reactions, we must take the mean field
term into account, and replace the classical collision in-
tegral by the Uehling-Uhlenbeck collision terms, which
respect the Pauli principle. The equation describing the
single particle distribution function f is then given
b 85, 86 43

dp2d p

dpi'

r)t Br Bv (2~)6
f+v /+a f=, ~Ui2[ff2(1 —fi)(1—fz) —fif2(1 —f)(1—f2)]&'(p+p2 —pl —pz) . (12)

Equation (12) shows that the time evolution of f is due to
two distinct causes: the free motion of the particles and
the two-body collisions. The potential field keeps the nu-
clei from expanding before collisions occur. The motion
of the test particles under the influence of this field alone
is governed by the left hand side of Eq. (12) set to zero.
This equation is the Vlasov equation, which could be used
to simulate collisions at very low bombarding energies.

In the following sections we review the implementation
of the additional terms into the Monte Carlo framework
provided by the intranuclear cascade approach. Our cal-

culation follows the method of Cugnon and extensions
made in Ref. 43.

1. nucleon-nucleon cross sections

Our goal was to produce a generally applicable micro-
scopic theory which could be used for asymmetric as well
as symmetric systems. We have therefore incorporated
protons, neutrons, deltas, and pions of different isospin
separately with their experimentally determined scattering
cross sections. Because we wish to carry out calculations
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for projectile energies as low as 40 MeV/nucleon, we have
extended the tabulated scattering cross sections in our
code to include the correct details for collisions at low en-
ergies. The calculation includes production of pions
directly and through deltas, and also the pion absorption
cross sections as determined from detailed balance.

2. Pauli blocking

3. Mean field term

A constant time-step integration routine is used to en-
sure synchronization of the ensembles. ' The accelera-
tion of the particles in the field is calculated at the begin-
ning of each time step and is recalculated for colliding
particles prior to further transport. The local gradients of
the field are computed via the difference between particle
densities in hemispheres of radius 2 fm, centered around
each test particle. Ensemble averaging results in a reason-
ably smooth single particle distribution function with
about 10% fluctuations at normal density.

The density dependent potential field U(p) is given by
a local Skyrrne interaction:

U (p) = —124p/po+ 70.5+ (p/po) MeV,

with a compressibility coefficient of %=375 MeV.

(13)

The Pauli blocking factor for each particle is given by
(1 f), an—d the scattering cross section is then reduced by
the Uehling-Uhlenbeck factor (1 f ~

)(—1 —fz). To allow
calculation of f, a six dimensional sphere containing X
nucleons in the initial system (i.e., at normal nuclear
matter density) is defined,

4 4 34N=
(2M)

—~r —~p

where r and p are radii in configuration and momentum
space, respectively. In this work N=4 particles was used.
The value of N is the result of a compromise between the
need for small radii to ensure a uniform local density and
the need for large N to reduce statistical errors in count-
ing the nucleons in the sphere.

Once the phase space coordinates of the scattered parti-
cles are determined, the particle density in the six dimen-
sional sphere is computed. In order to decrease the sta-
tistical error in this density, we use an ensemble averaged
density, requiring simulation of 15 collisions simultane-
ously. The number of particles in the sphere is compared
to the four particles expected in normal nuclear matter;
the ratio of these two numbers gives the occupation (or
blocking factor) f, and the collision probability factor
(1 f). When the p—article is near a surface of the system,
the test sphere is calculated, removing a pole cap with the
unoccupied volume. With this correction, the Pauli
blocking was 96% efficient.

Upon incorporating this Pauli blocking mechanism, we
found that a large fraction of the attempted collisions was
blocked for reactions at low bombarding energies. In the
Ar+ Ca system, 80% of collisions at 137 MeV/nucleon,
83% of collisions at 92 MeV/nucleon, and 90% of the at-
tempted collisions at 42 MeV/nucleon were blocked.

4. Generalized coalescence

After the collisions among the nucleons have ceased,
the resulting positions and momenta must be sorted into
particle spectra to compare with experimental data. As
the calculation yields only information for individual nu-
cleons, a method to discern light nuclear clusters or large
spectator fragments from single nucleons must be em-
ployed. This treatment is especially important for inter-
mediate energy collisions where the cross sections for for-
mation of complex fragments are quite large. We have
used a generalized six-dimensional coalescence approach
to identify the nucleons bound in clusters.

As the two-nucleon force is short ranged, it should be-
come negligible at a distance greater than about 3 fm. If
we define a cluster as a collection of nucleons interacting
with one another, but not with the rest of the system, we
can conclude that a nucleon belongs to a cluster only if it
is closer than a given distance ro to some nucleon in the
cluster. Clusters formed in this manner can, however, be
excited. In an excited fragment those nucleons with mo-
menta larger than some escape momentum will be emitted
from the fragment. We therefore require that nucleons
within a cluster do not have mornenta which differ by
more than po from the cluster momentum.

The algorithm has been tested on initial collision con-
figurations, where we should find two clusters —the pro-
jectile and the target. These tests indicated that reason-
able values should be around 2—3 fm for ro, and 200—300
MeV/c for po. The values for po are somewhat larger
than those derived by applying a momentum-space-only
coalescence model fit to complex particle spectra.

To perform the coalescence, we first collect all the nu-
cleons into clusters in configuration space. We then ran-
domly choose a particle within each cluster, and add the
other particles to it if their relative momentum does not
exceed po, recalculating the cluster momentum as nu-
cleons are added. The parameters ro ——2.2 fm and
po ——200 MeV/c have been chosen, as they yield correct
total cross sections for the observed protons.

5. Results of the calculation
for intermediate energy data

The code resulting from the changes described above
has been tested by comparisons to high energy data. Pro-
ton spectra from 800 MeV p + C reactions are reasonably
reproduced. The calculation resulted in correct predic-
tions of the pion multiplicity for relativistic Ar + KC1 re-
actions, and the event shapes for 400 MeV/nucleon
Nb+ Nb collisions were found to agree with rneasure-
ments. 4'

We have performed calculations for the measured
Ar+ Ca reactions. The calculated neutron and proton
distributions were essentially identical and were combined
to decrease the statistical error in the double differential
proton spectra.

The upper section of Fig. 40 shows the comparison be-
tween calculated and measured proton spectra for 137
MeV/nucleon Ar+ Ca at six laboratory angles between
30' and 130. The calculated spectra agree rather well
with the data, with the exception of high energy protons
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at 50 and 70, which are underpredicted by a factor of 2.
The same effect was found in a traditional intranuclear
cascade approach applied to collisions at 1 GeV/
nucleon, where it was suggested that hydrodynamics
may play a major role. The lower section of Fig. 40
shows the same data compared to proton spectra from the
intranuclear cascade model of Cugnon, which serves as a39

useful reference to demonstrate the importance of the
mean field and Pauli blocking for intermediate energies.
The resulting nucleon momentum distributions were
analyzed via the same procedure as the Boltzmann equa-
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FIG. 40. Inclusive proton spectra for 137 MeV/nucleon
Ar+ Ca. The data are indicated by the points. (a) The histo-
grams show results of the Boltzmann equation calculation. (b)
The histograms are results obtained with the cascade model.

tion results, including the coalescence step. It is impor-
tant to note that the same coalescence parameters were
used for both sections of Fig. 40. It is clear from the fig-
ure that the simple cascade simulation, though appropri-
ate for high energies, cannot reproduce the intermediate
energy data.

Figure 41 compares the Boltzmann equation calculation
including the coalescence step with the data for Ar+ Ca
at 92 and 42 MeV/nucleon in the top and bottom sections,
respectively. The coalescence parameters used were the
same as at the higher energy. At 92 MeV/nucleon the
calculations agree with the data and the spectra at 50 and
70 are reproduced better than at the higher bombarding
energy. The calculation at 42 MeV/nucleon agrees well
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with the data, except at 30', where low energy protons are
underpredicted. This disagreement is probably due to the
neglect of proton evaporation from the clusters, which
would dominate the projectile and target rapidity region.
It is evident from these comparisons that the Boltzmann
equation, including the nuclear mean field and Pauli
blocking corrections to the collision terms, provides a use-
ful calculational approach to the dynamics of intermedi-
ate energy heavy ion collisions. We can use this model to
study the effect of the collision term on the mean field
dynamics, as the calculation may be used in the one ex-
treme to mimic TDHF, and on the other hand to simulate
a high energy intranuclear cascade model.

B. Fluid dynamics

1. Description

tions are integrated including shear and bulk viscosity and
heat conductivity. The nuclear binding is treated via
Coulomb and Yukawa potentials.

The energy of the nucleons in the system is divided into
kinetic and internal energy. The internal energy is ex-
pressed in terms of the thermal energy and the compres-
sional energy. A compressibility of 200 MeV was used
and the binding energy was taken to be —16
MeV/nucleon. In the late stages of the reaction the sys-
tem breaks up into nucleons and light nuclei. Thus the
calculation is carried out to a density of half normal nu-
clear density where the assumption is made that the nu-
cleons and nuclei cease interacting. The distribution func-
tions and the concentrations of light nuclei up to He are
then calculated using a simplified quantum statistical
model. This model is similar to the one described above
except that only bound states up to A =4 are included.

The hydrodynamical calculations presented here treat
the nuclear matter as a viscous fluid in three dimensions.
The calculation is carried out using a grid 0.5 fm on side.
For each grid element the classical fluid dynamical equa-

2. Comparisons with data

Calculations were performed for 137, 92, and 42
MeV/nucleon Ar+ Au reactions. The results are shown
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FIG. 42. Fluid dynamical results (solid lines) for light particle spectra from 137 MeV/nucleon Ar + Au.
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FIG. 43. Fluid dynamical results (solid lines) for light particle spectra from 92 MeV/nucleon Ar + Au.

in Figs. 42—44 normalized to the measurements using the
factors given in Table X. These factors arise mainly from
the simplified quantum statistical model used to calculate
the relative production of the various fragments. The
calculation reproduces the shape of the data at 137 and 92
Me V/nucleon. The agreement is worse at 42
MeV/nucleon, indicating that the dynamics of the col-
lision are not well described. The assumptions of the fluid
dynamical model are apparently less justified at the low
incident energy.

P
d
t

He
4He

10
4
0.5
1

0.17

16
4
0.3
1

0.1

40
9
0.7
4
0.7

TABLE X. Renormalization factors for comparison of fluid
dynamical results to light particle data for Ar + Au reactions.

Particle 137 MeV/nucleon 92 MeV/nucleon 42 MeV/nucleon

VII. SUMMARY AND CONCLUSIONS

A. Summary of results

The emission of light and complex fragments up to
2=14 has been studied in intermediate energy Ar- and
¹induced reactions. The energy spectra were observed
to fall approximately exponentially with energy, and could
be described by a Boltzmann distribution. Plotting con-
tours of constant cross section in the rapidity versus per-
pendicular momentum plane revealed that many of the
observed particles arise from a source moving with a rapi-
dity intermediate between that of the target and of the
projectile. Combining this observation with the thermal
appearance of the energy spectra, a subset of the data was
fitted with a model that incorporates emission from a sin-
gle moving source. The parameters describing the inter-
mediate rapidity source were extracted. Fitting the full
data with three sources, including a projectile-like, target-
like, and intermediate sources, yielded similar values for
the parameters describing the intermediate rapidity
source.
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The systematics of the extracted source temperatures
and velocities were studied for various beam-target com-
binations. The extracted source parameters were found to
be relatively independent of the mass of the emitted frag-
ment, suggesting that complex fragments as well as light
particles are emitted from a thermalized subsystem of the
projectile and target.

Calculations were performed with the fireball model
and the temperatures of the particle spectra were approxi-
mately reproduced, but the fireball velocity differed from
the velocity of the intermediate source. This difference
suggested that although the fireball geometry is inade-
quate at these bombarding energies, thermalization of a
subset of the nucleons is still a useful concept. The ques-
tion of the entropy in this thermalized system was ex-
plored, and it was shown that a quantum statistical model
incorporating production of heavier fragments must be
used to extract reliable information about the entropy
from the data. A calculation assuming chemical equilibri-
urn at the entropy per nucleon describing the heavy frag-
ment (A &4) distribution was unable to match the ob-
served cross sections for light particles. However, it was
recognized that the inclusive data are, in fact, summed
over impact parameter and include collisions producing
very small interaction regions which produce predom-

inantly light particles. The entropy extracted from
target-like fragments was found to be independent of the
projectile energy and corresponded to the entropy expect-
ed for a heavy nucleus excited to its binding energy. The
entropy extracted from midrapidity fragments was higher
than the target rapidity data and increased with increasing
bombarding energy.

The spectra of complex fragments were well described
by the proton spectra raised to the 2th power. The con-
cept of coalescence of nucleons emitted close together in
momentum space into complex fragments was invoked to
explain this phenomenon, and the radius of a coalescence
sphere in momentum space was extracted for each ob-
served fragment. This approach worked well for emission
of fragments as heavy as nitrogen, and the coalescence ra-
dius was linked to the size of the source emitting the par-
ticles. This source was found to have a radius around 4.6
fm, in agreement with experiments measuring two-proton
correlations.

The light particle data were also used to test two
models describing the dynamics of the collisions. The
first was a solution of the Boltzmann equation, incor-
porating a mean field and Pauli blocking as well as two-
nucleon collisions into an extension of the intranuclear
cascade approach. A generalized coalescence in phase
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space was used to separate the projectile and target rem-
nants from the observed particle spectra as well as to pro-
vide predictions for spectra of light nuclei. The mean
field and Pauli blocking were found to be necessary to
describe the observed proton spectra.

In order to further test the limits of applicability of
models describing relativistic heavy ion collisions, nuclear
fluid dynamical calculations were performed. After re-
normalization of the calculation to the data, the agree-
ment with light particle spectra was fair at the two higher
energies, but the calculated spectral shapes were different
from the observed energy distributions at 42
Me V/nucleon.

B. Conclusions

This survey of intermediate energy heavy ion reactions
has answered a number of questions about the evolution
of the reaction mechanism as the bombarding energy in-
creases, but has raised many more. The concept of statis-
tical emission from a subsystem of the nucleons seems to
be reasonable for intermediate bombarding energies. The
energy spectra of observed particles may be described by
emission from a single moving source, as in higher energy
collisions. The temperatures of the sources vary smoothly
with bombarding energy, indicating that the transition to
mechanisms typical of relativistic energy reactions is a
smooth one. Although this smooth behavior seems to rule
out any abrupt transitions such as a phase transition from
a nuclear liquid to a nuclear gas, the small sizes of the
systems created could cause large fluctuations, masking
the sharp changes in temperature or fragment sizes typical
of such transitions.

Comparison of data with the fireball model, which as-
sumes clean cuts in the projectile and target, shows that
the simple geometrical picture is inadequate at these bom-
barding energies, where the reaction is slow enough to al-
low exchange of particles between the participants and the
spectators. The detailed time evolution of the thermalized
subsystem remains to be determined. The system may
start out as a hot spot in the target nucleus and grow into
the surrounding target matter, or it may undergo a rapid
explosion into nucleons and nuclear fragments. Experi-
ments investigating the correlations among such frag-
ments are necessary to address this question.

Midrapidity fragments with 2 & 4 are emitted from

similar sources. Their energy spectra and angular distri-
butions are consistent with their formation via coalescence
of nucleons emitted close together in momentum space.
This agreement suggests that they arise from collisions
with rather large interaction regions, and therefore small
impact parameters. It remains to be determined whether
one can use the emission of such fragments as an impact
parameter trigger, and whether the central collisions result
in a multifragmentation of the system, or in a very hot
gas of nucleons which freezes out into small and large
fragments.

The production of heavy fragments can also be used to
learn about the entropy generated in the collision as the
entropy cannot be reliably inferred from the deuteron-to-
proton ratio alone. The entropy from target-like frag-
ments is independent of the projectile identity and energy,
suggesting that the target absorbs a limited amount of en-

ergy and breaks up in a similar manner regardless of the
fate of the participant region. The entropy extracted from
midrapidity fragments is higher, in agreement with the
expectation that they arise from a more violent interac-
tion.

Detailed dynamical descriptions of reactions in this en-

ergy regime were found to need elements of low energy re-
actions (such as the influence of a nuclear mean field and
Pauli blocking) and of high energy reactions (the two-
body dissipation mechanism inherent in nucleon-nucleon
collisions). The assumption of a very short mean free
path in this energy regime was found to be inadequate,
especially for collisions at incident energies below 50
MeV/nucleon. It remains to be investigated at which
point the low energy effects become negligible. It is un-
likely that a simple cutoff in bombarding energy will be
found. It is more likely that complete theories to describe
the intermediate energy regime will merge with theories
used for relativistic collisions, yielding similar results at
the higher bombarding energies.

Coincidence experiments should help to more fully
describe the bombarding energy evolution in the reaction
dynamics. The further study of intermediate energy
heavy ion reactions promises to allow us to form a unified
picture of the response of nuclear matter from very gentle
to very energetic excitation.
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