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Effect of deuteron structure on hyperfine structure of deuterium
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The effect of deuteron structure on the hyperfine structure of deuterium is reexamined by using
several realistic nucleon-nucleon (NN) potentials. We find that the value of the Bohr-Low correc-
tion is almost the same for all the potentials considered, and is larger than the value obtained by
Low and by Low and Salpeter by using much simpler potentials. Among other corrections to the
hyperfine structure, the most important one is due to angular mornenturn (L) dependent terms in the
NN potential. This correction is sensitive to the choice of the potential. When these other correc-
tions are included, theory and experiment become compatible for some of the potentials, while the
situation is worsened for others. However, there are remaining ambiguities related to mesonic and
isobaric effects, the implications of which are discussed.

I. INTRODUCTION

The hyperfine structure (hfs) of deuterium has been a
subject of special interest due to its relatively large anoma-
ly as compared to that of hydrogen. According to
Fermi's model, ' in which the nucleus is treated as a point
particle, the hfs of the hydrogen-like atom is given by

8w 2I + 1
q2(0)

3 I

Immediately after the first measurement of vD/vH,
Bohr pointed out that the bulk of 6 pt can be explained
as being due to the loose structure of the deuteron. At
small electron-deuteron separations the electron wave
function is centered on the proton rather than the center
of the deuteron; this results in a reduction of the effect of
the neutron magnetic moment and hence an enhancement
of the hfs. Subsequently, Low reexamined Bohr's mecha-
nism in detail and obtained

b,L, ——(183+22)X 10 (1.5)

(1.2)

where mD and mH are the electron reduced masses for
the deuterium and hydrogen atoms, respectively. The ex-
perimental value for the ratio deviates from Fermi's value;
hence we write

V Fermi

(1+&) . (1.3)

An important point to note is that all QED corrections
cancel in this ratio so that 6 is entirely due to hadronic
corrections. The experimental value for 6 is given by

A,„p,——(170.3+0.5) X 10 (1.4)

where I is the nuclear spin, p the magnetic moment of the
nucleus, po the Bohr magnetron, and P(0) the value of the
Schrodinger wave function of the electron evaluated at the
origin. There are two types of corrections to Fermi's for-
mula; the first one is of quantum electrodynamic (QED)
Origin while the other is hadronic in nature. The hfs
predicted by Eq. (1.1), together with these corrections,
agrees with experiment for hydrogen; however, there is a
significant discrepancy in the case of deuterium. This
discrepancy is large in view of the degree of accuracy of
QED.

In comparing theory and experiment it is convenient to
take the ratio vD/vH, where D and H refer to deuterium
and hydrogen, respectively. Fermi's formula (1.1) gives

3
vD 3 pD mD

F, ; PH mH

which is consistent with the experimental value, Eq. (1.4).
The uncertainty in AL,„ofEq. (1.5) is mainly due to the
spread of its values for different potentials considered.
Low used very simple models for the nucleon-nucleon
(NN) interaction, i.e., the square well, the exponential, and
the Hulthen potentials. A few years later, with improved
knowledge of the deuteron wave function, Low and Sal-
peter recalculated AL,„and obtained

b,L, —(198+10)X10 (1.6)

This exceeds b,,„z, by about 20 ppm (parts per million) or
more.

Later Greenberg and Foley used the more realistic po-
tential of Signell and Marshak, which contains a spin-
orbit interaction. They also included the nucleon struc-
ture effect on the hfs and obtained

(195+41)X 10 —0.004pLs with PD ——7%,
(218+46)X 10 —0.004pLs with PD ——4%, (1.7)

where PD is the D-state probability, and pLs ( = —0.024)
is the deuteron magnetic moment, in nuclear magnetons,
produced by the spin-orbit force. With the large contribu-
tion of the spin-orbit interaction (96 ppm), the discrepan-
cy between theory and experiment becomes much greater.
This is the situation in which the deuterium hfs problem
has been left. Since 1960, however, our understanding of
nuclear forces has considerably improved. A number of
phenomenological NN potentials have been constructed
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b,„h„——( —2+25) X 10 (1.8)

The large uncertainty in A„h„stems from the recoil
correction.

In addition to the standard spin-orbit term, the modern
NN potentials, except the potential of Glendenning and
Kramer, contain terms which are linear or quadratic in
angular momentum (L). The potentials used by Low do
not have such terms. The magnetic moment arising from
such a force contributes an amount 51 to the hfs anomaly
of deuterium. We show that when the correction AJ is in-
cluded in 6, agreement with experiment is obtained for
some of the potentials, while the situation is worsened for
the others. The implications of the effect of the L-
dependent force on the hfs of deuterium will be discussed.
We will also briefly discuss the mesonic and isobaric ef-
fects on the hfs.

In Sec. II we summarize the main points of the calcula-
tions. Numerical results and discussions are presented in
Sec. III, and some details of the calculations are given in
the Appendices.

II. HYPERFINE STRUCTURE OF DEUTERIUM

In this section we summarize Low's calculations.

which reproduce the properties of the deuteron and
scattering data very well. The purpose of this paper is to
reexamine the problem by using a number of modern real-
istic NN potentials. ' For the method of calculation we
closely follow Low. We estimate the Bohr-Low correc-
tion AI, with these potentials. We find it remarkable
that Az „varies little from one potential to the other; its
values' range between 213 and 222 ppm.

At this point we should note that, in addition to Ai,„,
there are other corrections which are not directly related
to the NN interaction. They are those due to the finite
electromagnetic size of the nucleon and those due to nu-
clear recoil. We denote the part of the 6 that is due to
these corrections by 5„h„. Its value has been estimated

7, 16—21

1H„'=ea V„ Xp„,
/r —R/

(2.6)

e
Hi ——— (v a/r),

C

H=pv,

(2.7)

(2.8)

2H"= ~
4M

V,„(p R)
2A

(2.9)

where r is the position of the electron relative to the
deuteron center, p the momentum conjugate to r, R the
position of the neutron relative to proton, P the momen-

turn conjugate to R, v=R/2, m the mass of the electron,
M the mass of the proton (or neutron), and a,P the usual
Dirac matrices. The different parts of the Hamiltonian
given by Eqs. (2.2)—(2.4) are the Dirac Hamiltonian for a
free electron, the electron-proton Coulomb interaction,
and the deuteron Hamiltonian, respectively. HP, H„', and

are the proton spin, neutron spin, and orbital hfs in-
teractions, respectively. When the origin of the coordi-
nates is transformed from the deuteron center of mass to
the proton, the term H, remains the same, whereas other
terms are affected. The terms H' and H" emerge in this
transformation.

In Low's calculation the nuclear potential V was taken
to be

V = [( I t)+ rP,„]—V(R), (2.10)

B. First-order effects

where P,„ is the position exchange operator and t is the
fraction of exchange force. In the case of realistic NN po-
tentials V contains L-dependent terms, as well, which will
be discussed separately in Sec. II D. The realistic nuclear
potentials are not given in the above form. But they can
be put into this form by determining an effective value of
t; see Appendix A. Our estimate shows that t=0.5.
Moreover, the hfs of deuterium is not sensitive to t.
Therefore, we can safely assume that t =0.5.

A. Hamiltonian

When the electron is close to the deuteron it centers
around the proton instead of the center of the deuteron.
Therefore it is convenient to take the coordinate system in
which the proton, rather than the center of mass of the
deuteron, is at rest. The Hamiltonian then takes the form

(ae)= ea.V, —Xp )
1

r P

g (0)pop. p(1 ——', sin co), (2.11)

The proton-spin hyperfine interaction is due to HP. In
first-order perturbation theory, we obtain

H =He +H~ +HD +HP +Hn +HI, +H +H )

where

H, =ca.p+Pmc

Hc = e jr

(2.1)

(2.2)

(2.3)

where sin co is the D-state probability of the deuteron.
This (H~) is already contained in Fermi s formula and
hence does not contribute to A.

The neutron-spin contribution in first-order perturba-
tion theory is

p2
HD —— +V,M

(2.4) (H„')= eee V, Xp„) .
1

r —R
(2.12)

1H' =ea.V„P r XPP ) (2.5) Because the deuteron wave function consists of S and D
components, there are three terms in (H„'); the S term, D
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term, and SD cross term. The S term is

(H„' &s —— cos o)g (0)pp p„ 1 — f Rgs(R)dR
3

"
ao

(2.13)

where the second term in the large square brackets is the
correction obtained by Bohr. From the formula

—p~d 2
oo

2cos ~ 2 aR zdR
pDap 0

—
4 sin co aR DdR

v2 . 00

4
sino) cosa) (aR)gsgodR, (2.20)

0

/r —R/

oo RE
, Pi(cosy), r & R

E Or
E

, Pt(cosy), r &R
E=o R +

(2.14)

where a =(MR'p/))1 )', d ( = 1/a) is the size of deute-
ron, and 8'0 is the deuteron binding energy. The major
contribution to 6 comes from 6& and, in particular, from
its first term. The orbital hyperfine interaction HL does
not contribute in first order.

C. Second-order effects
where Pi(cosy) is the Legendre polynomial of order 1, the
D term can be obtained in the form For second-order effects we may combine the terms

H„', H„', HL, H', and H" with one another.

(H.'&g) ——(H'. &g) '+(H.'&g) ', (2.15)
1. Combination ofH' and Hr

where l refers to the 1 appearing in Eq. (2.14), and

(H„'&D= = sin oQ)(0)happ„( ——,
'

)
3

X 1 — f Rgg)(R)dR
ao o

(2.16)

The term H' gives a nonzero contribution between two
nuclear states of opposite parity, whereas Hz is nonzero
between states of the same parity. Hence the combination
of H' and H~ does not contribute to the hfs of deuterium.

2. Combination of H' and H'„

The energy shift arising from this combination is

(H'„&L) —— sin o)P (0)ppp f PD(R)dR
3 " 0 4ao

(2.17)

Z„=—2+ .g
m n+

(H )p, p (H) p, p

E„—Eo+ 8' —8'p

The SD cross term is

8tr . 2
~ W2R

( H„' &sD
—— cosa) sino)P (0)pp p„ 4'D4'sdR,

3 4ao

(H„')„p p (H')p„p
Ep —E„+8' —8 p

(2.21)

(2.18)

f psdR = f QDdR =1 .

The first order neutron-spin contribution to b, is

(2.19)

where ao is the Bohr radius. The deuteron S and D radial
wave functions are normalized as

the sums g„+ are over the positive and negative energy

states of the electron, and g is over the energy states of
the nucleus. Because E„ is a small correction, the contin-
uum states of the electron in the Coulomb field can safely
be replaced by plane waves. Furthermore, it is sufficient
to take the deuteron to be in the ~ state. Then, as shown
in Ref. 5, E„reduces to

2l 2 8 mc A/mc 4
9 trtc2

"
I

8'p
~

yd/2 3P (0) p„~ ln +—(R v& —(ln(2aR)R. v& —$ (Rp v p) ln
8' —8'0

/Wp/

(2.22)

( R v & = (1+rit),3iA
(2.23)

where y =1.78 is Euler's constant. The terms in the large
curly braces can be calculated by using the results

where

f R V(R)gsdR . (2.25)

(ln(2aR)R v &
= ( —, +A +Bt),3'

2M
(2.24)

Furthermore, we have

A = f Ps ln(2aR)dR, (2.26)
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f Ps[in(2aR )R V (R ) ]dR, (2.27) (H )o,o (HL, ) o, o
EL ———2 E„Ep—+ W —Wp

1 QR0 v oln
m

W —Wp
(2.28)

I
Wo

I
-

2 Wk+
I

Wo
I

dk k2 In
Pic . 0

I
Wpl

w„+Iwpl
I Wol

2

(H') o, o (HL )o, o

I
Ep E„+—W —Wp

On the other hand, the normal orbital hfs is

(2.31)

X f dR[R j,( kR)pz] . (2.29)

In deriving Eq. (2.29), the nuclear intermediate state
has been taken as a free state with kinetic energy
Wk ——A' k /M. The contribution to b,,„~, due to E„be-
comes

(H )0,0 (HL) 0, 0
EF———2

W —Wp

(H ) p, o (HI)o, o

W —Wp
(2.32)

r r

4e m Pn 2' a 4. (1+ilt) ln +-
AcM pD I Wol The difference EL EF res—ults in a contribution to the hfs

of deuterium,

—( —+A +Bt) 2Mc
3 3'

(2.30)

where

4 PL
7T PD

e mc2 2

Pic
f

Wp I

(2.33)

3. Combination ofH' and Ht.

The orbital hfs produced by this combination is given
by and

eAPL=
2M

(2.34)

I Wo
I

L2 = g z (Mvp X Rp ) w +
I

wpl
ln

w +lw, l

I
Wo I

(2.35)

3I W0IMc
10irirt c

Wk+ I Wo
Ik2dk ln

p Wo

oo 00f R dR j&(kR)QD — f R dRj 3(kR)QD
2

sin co . (2.36)

Some details for Lz are presented in Appendix C.
There are other combinations of the terms of Eq. (2.1),

but their net contribution to the hfs is negligible. For
it is sufficient to calculate A~, h2, and A3,' i.e.,

D. Contribution of L-dependent force
to the hfs of deuterium

In Low's calculation very simple models for the NN in-
teraction were used which did not include any L-
dependent terms. On the other hand, all realistic poten-
tials ' contain terms which are linear or quadratic in L,
such as LS, L, Q,2, L&2, and H, 2. They all contribute
to the magnetic moment of the deuteron and also to the
anomaly in the hfs of deuterium. Sessler and Foley es-
timated the correction ALS to the anomaly in the hfs of

deuterium arising from the spin-orbit force. They ob-
tained

—PLS 2D
~LS

PD ap
(2.37)

where PLs is the magnetic moment of the deuteron due to
the same spin-orbit force. The value of D depends upon
the range of the force. For a short-range force, like the
spin-orbit force in the NN interaction, D is given by

D = nap, (2.38)
I Wol

(2.39)= —39X10
PIS

As mentioned above, D depends on the range of the

where a is the fine structure constant. With this value of
D, Eq. (2.37) can be written as

~LS
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TABLE I. Potentials and corrections used in our calculations.

rection
(ppm) (ppm) (ppm)

AL,„(ppm) AL,„+A„h„(ppm)
+10 ppm +35 ppm

Reid soft core (RSC)
Reid soft core

alternative (RSCA)
Reid hard core (RHC)
Tourreil and Sprung (TS)
Tourreil, Rouben,

and Sprung (TRS)
Paris (PAR)
Glendenning and Kramer

(GK9)
Hamada and Johnston (HJ)

247
254
250

—21
—24
—23

250
243

—19
—20

—9
—10

247 —20 —10

246 —21 —10
247 —22 —9

215
216

217
221
218

222
213

217

213
214

215
219
216

220
211

215

force, and the range of the quadratic L-dependent interac-
tion is about the same as that of the spin-orbit force. It
therefore seems reasonable to assume that the same ratio,
(2.39), applies to all other components of this force. That
is to say,

= —39X10—4, (2.40)

III. RESULTS AND DISCUSSION

The hadronic correction to the hfs of deuterium is

(3.1)

which is to be compared with b,,„~, of Eq. (1.4). As we
discussed in Sec. II, AL,„consists of three terms:

~—6 l +A2 +63. The AL is due to the L-dependent
force in the NN interaction. The b«h„ is

~other ~p-D+ ~n-D+ ~recoil ~p-H ~ (3.2)

where b,~ H is the finite-size correction (including the
recoil effects) of the proton to the hfs of hydrogen. ' '
The corrections Ap D and A„D are the finite-size correc-
tions of the proton and the neutron to the hfs of deuteri-
um, respectively. These terms have been estimated to
be ' ' A~H=( —38+2) ppm, b~D=( —137+5) ppm,
h„D ——(21+2) ppm, and h„„„~——(76+16) ppm. Combin-
ing all of these we obtain Eq. (1.8), i.e., b«h„——( —2+25)
ppm. It may be useful to point out here that in estimating
the nucleon size corrections we have used the rms charge
radius of proton r, ~

——0.862+0.012 fm, its magnetic ra-
dius r p=0. 84+0.03 fm, and the neutron magnetic ra-
dius ryyg r1

=r
gpss p

Table I contains AL as obtained with the NN poten-
tials. ' These potentials differ from each other in a
number of ways and their D-state probability ranges from
5.45% to 7.42%. It is, however, remarkable that AL,„
varies only between 213 and 222 ppm. Therefore, AL,„is

where Ai is the correction to 6 and pLL is the magnetic
moment arising from the L-dependent force in the NN
interaction. We find that the correction AL to the hfs of
deuterium is quite substantial, as can be seen from Table
II.

TABLE II. Potentials and corrections used in our calcula-
tions.

RSC
TS
TRS
PAR
GK9
HJ

ion (ppm)

12
—17
—16
—28
—26

29

6 (ppm)
+35 ppm

225
202
200
192
185
244

insensitive to the D-state probability as it is insensitive to
the potential. In all the cases considered, AL, +A,ther

exceeds Ae„pt.
In their work Greenberg and Foley obtained

bL, +h«h, „——(195+41) ppm for 7% D-state probability,
which is substantially lower than our values. We there-
fore reexamined the result of Greenberg and Foley. They
calculated b

~ (eL, in their notation) and found
b,

&

——(224+5) ppm, with 7% D-state probability. Our es-
timate shows that 6& ——245 ppm with 6.57% D-state prob-
ability. If this value of 6& is used in the result of Green-
berg and Foley, one obtains b, L,„+b,«„„=(216+41)
ppm. This result is compatible with ours, as can be seen
from Table I.

From our results we find that AL, +A„her is not quite
enough to reproduce the experimental result. To remove
this discrepancy we have to look for some other source of
correction in the NN interaction. We know that all realis-
tic potentials contain an L-dependent force which contri-
butes to the deuteron magnetic moment and hence to the
hfs anomaly of deuterium.

We estimate this correction AL for a few potentials and
present the results in Table II. We find that AL is nega-
tive in the case of the Paris potential, the potential of
Glendenning and Kramer (GK9), the Tourreil-Sprung po-
tential, and the Tourreil-Rouben-Sprung potential; thus,
agreement between theory and experiment is attained.
The situation is, however, worsened in the case of the
Reid soft-core (RSC) potential and the Hamada-Johnston
(HJ) potential. The b, L of the HJ potential is twice as
large as that of the RSC potential. For the potentials con-
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TABLE III. Contribution to the deuteron magnetic moment from the L-dependent components of a
few realistic NN potentials and the total magnetic moment (Ref. 23) pl.l. ( = g; p, ; ) (p; in nuclear mag-
netons).

RSC
TS
TRS
PAR
GK9
HJ

LS
(10 ')

2.14
7.63
9.87
6.05
6.78
2.40

L2

(10 )

2.71
2.36
3.13

Qi2
(10 ')

—7.83
—5.73

L
(10 ')

—8.88
—6.19

(10 ')

—9.82

p2

(10 ')

7.40

PI.I
(10 ')

—2.98
4.26
4.12
7.26
6.78

—7.42

by us, AI varies between —28 and 29 ppm, and the effect
is far less in magnitude than that obtained with the
Signell-Marshak potential.

From Table III we observe that the magnetic moments
produced by the LS, L, and P terms are positive and
reduce the discrepancy, whereas the Q~q, L &2, and H&2
terms have the opposite effects. This suggests that the
agreement between theory and experiment can be im-
proved if the parameters of a given potential can be read-
justed in such a way that the contributions of the terms
like LS, L, and P are enhanced while the contributions
of other terms like Q&2, L,2, and H, 2 are reduced. We
note, however, that some ambiguities remain. It is known
that nuclear forces are, at least partly, mediated by the ex-
change of mesons. The magnetic moment arising from
meson exchange currents contribute to the anomaly in the
hfs of deuterium. Furthermore, the deuteron may have a
small admixture of some isobaric component which also
contributes to A. For example, the presence of 6++ and

in the deuterium nucleus can affect the hfs. However,
it is difficult to estimate these effects in a reliable way.
Due to these ambiguities in 6, it is difficult, at this stage,
to make any categorical statement about the superiority of
any one potential over the others.

In conclusion, we mention the quark effect on the
anomaly in the hfs of deuterium. The quark degrees of
freedom have already been speculated on the deuteron
structure. In fact, we were motivated by this idea to look
into the hfs of deuterium. We soon realized, however,

R
that the correction to Fermi's formula, = 'RgsdR, is

0
negligible for small values of R, . The quark effect is ex-
pected to be of a short range and hence its impact on the
hfs anomaly will be insignificant. Some simple model cal-
culations which we carried out substantiated our belief.
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APPENDIX A

As mentioned in Sec. II, the NN potential V in Low's
model was taken to be

V = [(1 r)+ rP—,„]V (R), (Al)

where t is the fraction of exchange force in the NN poten-
tial. To put the realistic NN potential in the above form,
we will develop an expression for t along the following
lines.

Let us write the NN potentials as follows:

where P„and P are the space exchange and spin ex-
change operators, respectively, and V~, VM, Vz, and VH
are the coefficients giving relative contributions of the
various potential terms. For a spin triplet and isospin
singlet system, which is the case of interest, Eq. (A2) is re-
duced to

V = —[(Vw+ Va ) + ( VM + VH )P„] .

By comparing Eqs. (Al) and (A3) we get

VM+ VH

Vw+ Va

(A3)

(A4)

To evaluate t from Eq. (A4) we use the following relations
deduced from Eq. (A2):

V( Even)= —[( Vw+ Vz)+( VM+ VH)],

V( Odd)= —[(Vw+ V~) —(V~+ VH)],

V( Even)+ V( Odd) = —2( Vw+ V~ ),

V( Even) —V( Odd)= —2(VM+ VH) .

Therefore,

(A5)

(A6)

(A7)

(A8)

t V( Even) —V( Odd)
1 —t V( Even)+ V( Odd)

Using the values of V( Odd) and V( Even) from the real-
istic NN potentials, for example, the Reid hard core po-
tential, t can easily be estimated from Eq. (A9).

(A9)

V= —[Vw(R)+ VM(R)P„+ V~(R)P + VH(R)P P„],
(A2)
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(Rlo)= X', ,
Ps(R)

4m
(81)

APPENDIX B

The quantity ~ was introduced in Eq. (2.28) and was
presented in a computable form in Eq. (2.29). Equation
(2.29) is derived below. The deuteron is considered to be
in the S state and its excited state is assumed to be a free
state. One can write

(Rln&= e'"Ry, '
V

g ~'j&(kR) Y~~(k) Y(~(R)X, ', (82)

where (R
I
0) and (R

I
n ) denote the wave functions for

the ground and the excited states of the deuteron, respec-
tively. Using R= g Rqgq, Rq ——(4m!'3)' RY)q(R), and
the wave functions given in Eqs. (81) and (82), we obtain

( n
I R, I

0) = g i'jl (kR) Ff~ (k) Flppg (R)X) '
V I

' 1/2

4~
3

' 1/2 ' ) /2

R Y) (R) XI 4~

16
3V

5
& ( —i)Y,q(k) f dR[R j)(kR)P, )] -. (83)

With the help of Eq. (83) we can write

' 1/2

g(OIRln). (n IRIO)=
3V g f k dk f de- 5 ) gg iY) (k) f dR[R2j)(k~)y, ] .

m

) g gq
—iF)q (k) f dR [R j)(kR)P, ] .

q

f k2dk . f dQ- g F*,q(k)Y, q(k) . f dR [R j,(kR)P, ] .
2

f k dk f dR [R j)(kR)p] .
0

2

(84)

We have replaced the summation over intermediate states
by integration in Eq. (84), using the prescription

f kdk f dQ-+.
m

Next let us define

Here we have used the relation

v„p —— (n
I
HDR —RHD

I
0)

2A

( Wn —Wo)Rno
2A

K
LC

Ro„v„pln

Rp„.R„p

W„—Wo

I
Wo

I

W„+ Iwpl

I Wpl

I
Wo I -, Wk+ I Wo

I
wt, +

I
wpl

I
Wo

I

in Eq. (85).
Substituting Eq. (84) into Eq. (85), we obtain

)& ln
w„+ Iwpl

I Wol
(85)

2 '

dR R j1kR, - . B6

APPENDIX C

In this appendix we derive the expression for L2 given in Eq. (2.36) starting from Eq. (2.35). To begin with we have

1
L2 = g z'Mvo )&R p ln

W„—Wp

I Wol

W„—Wp

I Wol

—iM
I

Wo
I g z'Rp )(R pin

2A

W„—Wp

IWpl
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Wk+ IWpf

I Wpf
3z f k'dl f dn, g(OIRfn)X(n IRIO)lnL2 ——

Taking intermediate nuclear states as free states, we can replace the summation by integration as shown in Appendix B.
Equation (Cl) can be written as

r

i—M IWpf
(C2)

2A

In L2 the S component of the deuteron wave function does not contribute, and therefore we simply write

(RI0) = g(21(1—M, )M,
I
11)Y2 '(R)g, (C3)

(R
I
n) = y,'j/( kR) YI' (k) Y/ (R)X$', (C4)

('J)(kR)YI (k)YI (R)ki (RYir(R)
l

(21(1—M, )M* 1(1)Y~(, -)(R)Yi'l
l, m, M

Nl ltl q R

where / =since{{)D,and all other symbols stand for their usual meanings. Using Eqs. (C3) and (C4), we write
' 1/2

(n IRq fo)=

1/2

=(21(l—m, )m,
I
ll) ( —i) Y( (k) 4' 21+1 (21(1—m, )q

I
lm)

X(2100
I
lo) f dR [R ji(kR)p] (C5)

With the help of Eq. (C5), we obtain

& fR fn)X(n IR fo)=
'I

(21(1—,), I
11)

X g g ( I )'(i—}'+'
I, m, q l'm'q'

15 1

4n. (21 +1)(21'+1)

1/2

f dRR jI(kR)p f dRR j~(kR)p

x[(21(1 ms}q f1m)(21(1 —mY)q I
1'm'&&21oo

I
lo&&21oo

I
1'0&]

X[(— )q(gq Xg q}Y ~I(k)Y(~(k)]

r

240m Oo=i /pe f dRR jg(kR)P (2100IIO)~
I Yg (k) f~

3V I 21+1

X(21(1—m, }m,
I
11)

X[(21(1—m, ) —1
I
lm) —(21(1—m, )1

I
1m) ] (C6)

Summing over intermediate spin states and performing angular integration over the directions of k, we get
r 2r f«„&0IRln&-x&n IR fo&=i&,

S

f dR [R'J, (kR)p] — f dR [R'J, (kR)(}I)] .
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Substituting from Eq. (C7) into Eq. (C2), we obtain

3]8'p/M
10mB

W'k+
~

Wp (dkk 10
0 p

OO 2f dR R~j&(kR)PD — f dR R j &(kR)PD sin cv, (C8)

which is the same as given in Eq. (2.36).

E. Fermi, Z. Phys. 60, 320 (1930).
W. H. Parker, B. N. Taylor, and D. N. Langenberg, Phys. Rev.

Lett. 18, 287 (1967).
P. Kusch, Phys. Rev. 100, 1188 (1955).

4A. Bohr, Phys. Rev. 73, 1109 (1948).
5F. Low, Phys. Rev. 77, 361 (1950).
F. E. Low and E. E. Salpeter, Phys. Rev. 83, 478 (1951).

7D. A. Greenberg and H. M. Foley, Phys. Rev. 120, 1684 (1960).
P. S. Signell and R. E. Marshak, Phys. Rev. 106, 832 (1957).

9R. V. Reid, Ann. Phys. (N.Y.) 50, 411 (1968).
R. De Tourreil and D. W. L. Sprung, Nucl. Phys. A201, 193
(1973).
R. De Tourreil, B. Rouben, and D. W. L. Sprung, Nucl. Phys.
A242, 445 (1975).
M. Lacombe, B. Loiseau, J. M. Richard, R. Vinh Mu, J. Cote,
P. Pires, and R. De Tourreil, Phys. Rev. C 21, 861 (1980).
N. K. Glendenning and G. Kramer„Phys. Rev. 126, 2159
(1962).
T. Hamada and I. D. Johnston, Nucl. Phys. 34, 382 (1962).
We assume an uncertainty of +10 ppm in AL,„due to the
inaccuracies involved in our calculations.

' C. K. Iddings and P. M. Platzman, Phys. Rev. 113, 192
(1959); A.C. Zemach, ibid. 104, 1771 (1956); A. M. Sessler
and R. L. Mills, ibid. 110, 1453 (1958).
S. J. Brodsky and S. D. Drell, Annu. Rev. Nucl. Sci. 20, 147
(1970).

' C. Greifinger, Ph.D. thesis, Cornell University, 1954.
' G. Hohler, E. Pietarinen, I. Sabba-Stefanescu, F. Borkowski,

G. G. Simon, V. H. Walther, and R. D. Wendling, Nucl.
Phys. B114,505 (1976).
G. G. Simon, Ch. Schmitt, F. Borkowski, and V. H. Walther,
Nucl. Phys. A333, 381 (1980).
The hq is contained in Aq,„as well as in the recoil correction
calculated by Greifinger and by Greenberg and Foley. There-
fore, to avoid double counting, the 6, „~ is estimated by sub-
tracting 6& from the recoil correction given by Greenberg and
Foley. We take 6& ——( —21+7) ppm, where an uncertainty of
+3 ppm is due to the spread in its values for different poten-
tials considered and the remaining uncertainty is due to the
assumptions made in our calculation.
A. M. Sessler and H. M. Foley, Phys. Rev. 110, 995 (1958).
D. W. L. Sprung, Nucl. Phys. A242, 141 (1975); R. R. Sheer-
baum, Phys. Rev. C 11, 255 (1975).
R. K. Bhaduri and Y. Nogami, Phys. Lett. 152, 35 (1985); Y.
E. Kim and X. Orlowski, in Hadron Substructure in Nuclear
Physics (Indiana University, 1983), edited by W. Y. P. Hwang
and M. H. Macfarlane (AIP Conf. Proc. No. 110) (AIP, New
York, 1984), p. 271.

~5R. R. Roy and B. P. Nigam, Nuclear Physics (Wiley, New
York, 1967).


