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It is found that the differential cross sections for ' C(m. +,y)' N~, for 115.5 MeV kinetic energy
pions can be understood within the framework of a distorted wave impulse approximation, suggest-

ing that core polarization and precursor effects give small contributions. It is further found that,
within the limits of current nuclear photopion theory, the data for the radiative capture process are
incompatible with earlier measurements for the inverse reaction ' C(y, m. )"N~, . It is shown that
the reconciliation of the two sets of data places stringent demands on possible modifications to the
theory.

I. INTRODUCTION II. FORMULAE FOR CROSS SECTIONS

Recent measurements by Martoff et al. ' on the reaction
' C(n+, y)' N. s, for in-flight capture of pions of 115.5
MeV kinetic energy have shed interesting light on what is
one of the most perplexing problems in photopion nuclear
physics. This is the inability of existing theoretical calcu-
lations to reproduce satisfactorily the unusually small
measured angular cross sections for the reaction
' C(y, sr )' Ns, for T~=49 MeV. i The original
motivation for the (m+, y) experiment had been based on
predictions that pion condensation or precritical phenom-
ena would greatly enhance, and drastically change, the an-
gular distribution for this reaction. The measured
(sr+, y) cross sections were, however, a factor of 50 small-
er than those predictions, suggesting that the precursor ef-
fects were either absent or subject to delicate cancella-
tions. The calculations by Delorme" and Giraud and
Delorme involved standard distorted wave Born approxi-
mation (DWBA} techniques as well as more complicated
ones involving medium polarizations, zero-range repul-
sions, and 5-isobar effects. All these calculations are
compared with the data in Fig. 7 of Ref. 1. Martoff et al.
found that no calculations to that date, with or without
the precursor effects, were able to predict cross sections
small enough to fit the data. They raised the possibility
that the fault lay in the inadequacy of the transition
operator or in the nuclear physics input. '

In this study we find that the approximate size and
shape of the measured (m+, y) cross sections can be well
reproduced (to within two standard deviations) by a stan-
dard, local distorted wave impulse approximation
(DWIA) calculation with no adjusted parameters. We
further argue that the results of the (n+, y) experimen. t
are incompatible with the results of previous experiments
for ' C(y, m )' Ns, for T =49 MeV, within the frame-
work of existing theory. We show that, on the theoretical
side, the resolution of this inconsistency places stringent
constraints on possible modifications to the photopion
transition operator.

The formula for the differential cross section for the
(m, y) reaction in the center-of-mass frame is given by

+ AM*M

where

T~:—(JfMf' ~ Tf1f ~ H~ ~
J;M;:Ttr; }

and

(2)

Pq+'(r) is the wave function of a pion with asymptotic
three momentum q and appropriate incoming boundary
conditions denoted by ( + ) (for plane wave pions,
Pq+'(r)~[1 i(2n. }3~ ]e'q'), 'R(kA, ) is the polarization vec-
tor for a plane wave of momentum k and helicity A, , J„r is
the qseudovector (tr +,y ) transition -operator, F,
(=e~ ~ ") is the usual correction factor which adjusts
for the lack of translational invariance of the shell model
wave functions that we will be using to describe the nu-
clear states, Q is the momentum transfer to the nucleus,
and E;, Ef, and W are the center-of-mass energies of the
initial nucleus, final nucleus, and total system, respective-
ly.

In the calculations we assume that the initial and final
nuclear states are eigenstates of angular momentum (J)
and isospin (T) with quantum numbers (JM;:T;~;) and
(JfMf TfTf ), respectively. The experiments deal with un-
polarized target and photons and so we sum over final,
and average over initial, spin states. Since we will be us-
ing the impulse approximation with a transition operator
J~ obtained from the radiative capture of charged pions
on free nucleons, H~ is a one-body operator and ~+ is the
appropriate isospin raising or lowering operator.
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Since we will be comparing the (n +,-y) results to those
obtained for the inverse (y, m

—+) process, it is helpful to
write the corresponding expressions for that process.
These are given by

(4)

T = (Jf—Mf.Tfrf ~H„~ J;M;:T;r; ) (5)

(6)

The differences in these expressions over the (m, y) ones
are (i) an additional factor —,

'
coming from the photon

spin being now averaged over in the initial state; (ii) a new
operator Jr; (iii) different pion waves Pq '(r); and (iv)
the inverse of the kinematic factor q lk.

III. TRANSITION OPERATOR J'

For the transition operator Jz„, we will use the form de-
rived by Blomqvist and Laget (BL), which is obtained by
a semirelativistic reduction of the lowest order Feynman
diagrams contributing to the elementary process. The pa-
rameters in their amplitude are fitted using pion-nucleon
scattering and the elementary (y, m) data. These parame-
ters are then used unchanged in our calculations, in the
spirit of the impulse approximation. For applications in
nuclei, we use a local coordinate space version of this
operator. This operator is not without certain deficien-
cies, s 9 but it is useful and has, for the most part, enjoyed
considerable success in applications to low energy nuclear
charged pion photoproduction reactions.

For the inverse (n, y) operator, Reynaud and Tabakin'
have used time-reversal and detailed balance arguments to
obtain an operator J~ starting from the Blomqvist-Laget
form Jr . It is important to bear in mind that, in princi-
ple, these arguments apply to any operator. That is, once
one has fixed the form of the operator in one direction,
the operator for the reverse process on the nucleon is
determined by time reversa1 and detailed balance. The
importance of this point is discussed in Sec. VII when the
experimental data for ' C(y, m )' Ns, and
' C(n.+,y)' Nz, are compared In this .paper we will be
describing the two nuclear reactions as one being the in-
verse of the other. However, we are not implying that the
two nuclear reactions are connected by time reversal, since
this is clearly not the case.

IV. PION WAVE FUNCTION $q(r)

The distorted pion wave functions are obtained by solv-
ing a Klein-Gordon equation with an optical potential us-
ing a modified form of the computer code PIRK. " For 50
MeV pions, we use the MSU (1982) optical potential'
which gives very good agreement with a range of pion nu-

cleus elastic scattering data, particularly with the 50 MeV
n.+-' C elastic scattering data of Dytman et aL" This
agreement, and its equally satisfactory applications in
' C(y, m+ )

' Bz, ,
' ' suggest that the pion wave functions

used at 50 MeV are rather tightly constrained.
For 115.5 MeV pions we use the older MSU (1979) op-

tical potential, ' which gives good agreement with pion-
nucleus elastic scattering data for a range of heavier nu-
clei at this energy. However, no data on ' C exist, and
hence there is some room for uncertainty in our
knowledge of the distorted pion wave functions at this en-

ergy. It seems unlikely that the uncertainties in the pion
wave functions will produce errors of more than 50% in
the calculated (n, y) cross sections at T =115.5 MeV.
This point will be discussed further in Sec. VII.

V. NUCLEAR %AVE FUNCTIONS

In any nuclear transition involving one-body operators,
the nuclear structure input in a shell model is given by the
quantity Pq'r (ab ), where

' 1/2
2(2j, +1)

(2J+ 1)(2T+1)

X (Xf~g Tf I I I
(a, Xa b ) zJI I IXJ T

Pgz (ab) =

(7)

and by the shape of the single particle radial wave func-

tions. Here, a, and ab are the creation and annihilation
operators for single nucleons with the quantum numbers
a = [n„l„j,) and b = [ns, t~,j& ], resPectively, and

(8)

Here, m& is the third component of jq, and r& is the third
component of isospin; the matrix elements are reduced in

spin and isospin' and X; and Xf represent internal quan-
tum numbers of the nuclear states. The numbers Pz'z (ab)
are usually obtained from shell-model calculations within
a given model space using an effective interaction. For
Ip-shell nuclei like ' C the standard effective interaction
is that of Cohen and Kurath (CK). ' We use their (8-16)
PoT results (as tabulated by Lee and Kurath' ) as one set
of ' C nuclear wave functions in our calculations. [Recall
that we need only the ground state wave functions of ' C,
since ' Ns, is an isospin analog stat~ of ' Cs, . We
neglect the small differences in Pjz(ab) due to Coulomb
effects. ] The CK matrix elements agree with the mea-
sured static properties of the mass-13 system to within
—15%, but, when supplemented with harmonic oscillator
radial wave functions, give predictions that are -50%
too large for the elastic and inelastic electron
scattering form factors in the momentum transfer (Q)
range 1—2 fm '. They also predict cross sections which
are too large for the reactions ' C(y, ~ )

' Ns, and
' C(y, n+)' Bs, in the same momentum transfer range. '

The C(m, y )
' Nz, data at T = 115.5 MeV also span

this same momentum transfer range, indicating that the
CK matrix elements and oscillator wave functions may
not be the most appropriate ones for the analysis of this
data.

An alternative phenomenological set of nuclear shell
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model matrix elements for the mass-13 system has been
obtained by fitting to accurately measured weak and elec-
tromagnetic observables. In that study the states ' Cg,
and '

N@s were treated as an isodoublet while ' Bgs,
' C(15.11 MeV), ' N(15.06 MeV), and ' Os, were treated
as an isoquartet. The wave functions of the isodoublet
and isoquartet states were obtained by requiring them to
reproduce exactly the accurately measured observables in-
volving these two states. The observables selected were
the magnetic dipole moments, P-decay rates, and the
minimum of the elastic electron scattering M 1 form fac-
tor. The resulting matrix elements combined with oscilla-
tor radial wave functions predict good agreement with the
measured elastic and inelastic electron scattering form
factors and with ' C(y, n+)' Bs, for Q & 2.2 fm ' (Refs.
14 and 25). The fact that these wave functions (which we
call set 1) give good agreement with a wide spectrum of
observables suggests that they should be suitable for use in
the '3C(ir+, y)' Ns, reaction as well. In Table I we give
values of PJ'r (ab ) for CK and set 1 wave functions for the
transition ' C~' N~ s. For the single particle radial wave
functions we use a harmonic oscillator basis with length
parameter b=1.59 fm for CK and b =1.73 fm for set 1

wave functions. These values were fixed to reproduce the
minimum of the elastic electron scattering M 1 form fac-
tor. All calculations were done within the lp-shell
model space.

VI. RESULTS AND DISCUSSION
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FIG. 1. Differential cross sections for "C(m+, y)"N~, for
115.5 MeV pions. The solid line is calculated with set 1 nuclear
wave functions (Ref. 25), while the dashed line is calculated with
CK (8-16) poT wave functions (Ref. 19). Both calculations used
the time reversed form of the BL transition operator (Ref. 10)
and MSU (1979) pion distortions {Ref. 16). The data are from
Martoff et al. {Ref. 1).

TABLE I. Reduced density matrices Pq'r(ab) for the transi-
tion '~C~, ~"N~, [Eq. (7)j.

CK Set 1

0.652 0.292

0.708

0.023

—0.033

—0.142

0.625

0.027

—0.037

—0.158

1.59 1.73

The results of the present calculation for
' C(ir+, y)' Ns, for T = 115.5 MeV are shown in Fig. 1.
The calculations used the MSU (1979) pion distortions
(Sec. IV) and the time reversed form of the BL pion-
photoproduction operator (Sec. III). We tried the calcula-
tion with both sets of nuclear wave functions, CK (dashed
line) and set 1 (solid line). We see that both calculations
at 37' exceed the data point by a factor of about 5. At the
larger angles both calculations agree with the data at the
two standard deviation level (2n), with the CK wave
functions giving slightly better results.

To test the sensitivity of the reaction to changes in the
photoproduction operator, the same calculations were car-
ried out, but with s-channel b-isobar term in the BL
operator omitted. We call this modified form of the
operator BLN. (It should be noted that the omission of
the isobar term means that the only parameter in the BLN
operator is the pion-nucleon coupling constant g, which is
fixed by elastic scattering to have the value

g /4n =14.5. ) The presence of this isobar term in the
BL operator has been criticized previously on general
theoretical grounds as leading to possible double count-
ing, ' and its omission has led to better agreement with
the data for the reactions ' C(y, n)' Ns, .(Refs. 26 and
27) and ' C(y, ir+)' Bs, (Ref. 14). The results are shown
in Fig. 2 for set 1 a wave functions (solid curve) and CK
wave functions (dashed curve). We see that the agreement
is now better with all the data being reproduced, at least
up to the 20 level. The omission of the b, brings the for-
ward peak down.

The effect of pion distortions is shown by the dotted
curve in Fig. 2, which represents the result using set 1 nu-
clear wave functions, the BLN operator, and plane wave
pions. We see that the effect of the pion distortions is to
reduce the cross section around the second maximum by a
factor of about 3.

In summary, Figs. 1 and 2 show that the data on this
reaction can be roughly reproduced by standard 0%IA
calculations with no adjustable parameters. This suggests
that pion condensation and core polarization effects are
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FIG. 2. Same as for Fig. 1, except that now the BLN transi-
tion operator is used throughout. The dotted line represents cal-
culations using the set 1 nuclear wave functions (Ref. 25) and
plane wave pions.

rather small. The level of precision of the data is not suf-
ficient to really discriminate between the two sets of nu-
clear wave functions that were used.

It is now interesting to compare the results of this reac-
tion with that of ' C(y, ir )' Ns, at T =49 MeV. The
data and calculations for this reaction are shown in Fig. 3.
The data are from Stoler et al. Our best calculation
(solid line) is obtained using the BLN operator, set 1 nu-
clear wave functions, and the MSU (1982) optical poten-
tial. For comparison purposes, we also show other calcu-
lations where we use (i} the full BL operator, set 1, and
MSU (1982) (dottixl line), (ii) CK nuclear matrix elements,
BLN, and MSU (1982}(dashed-dotted line), and (iii) plane
wave pions, set 1, and the BLN operator (dashed line).

We see that using the BLN operator and set 1 wave
functions with MSU (1982) pion distortions gives the best
results. (Actually, the plane wave calculation gives the
best results, but this is not realistic. ) But even this result
is still a factor of 6 larger than the data. [In an earlier
work we obtained results that were a factor of "only" 3
larger than the data. This was because we had used the
older MSU (1979) pion optical potential in the earlier cal-
culations. However, as we have discussed in Sec. IV, the
MSU (1982) potential is to be preferred. ]

If we look at the data for the (m. y+) and the (y, vr } re-
actions as a function of momentum transfer Q to the nu-
cleus, we see that both sets of data span roughly the same
range, Q=0.8—1.6 fm '. Since the initial and final nu-
clear states are identical for each reaction, we see that the
same region of the nuclear form factor is being probed for
each reaction, even though the other kinematic quantities
are different. Hence the nuclear structure input is essen-
tially the same for both reactions.

FIG. 3. Differential cross sections for "C(y, m )"N~, for 49
MeV pions with (i) the BLN operator, set 1 nuclear wave func-
tions (Ref. 25), and MSU (1982) pion distortions (Ref. 12) (solid
line); (ii) same as for (i), but with the full BL operator (dotted
line); (iii) same as for (i), but with CK (8-16) poT nuclear wave
functions (Ref. 19) (dashed-dotted line); (iv) same as for (i), but
with plane wave pions (dashed line). The data are from Stoler et
aI. (Ref. 2).

The transition operators J5 for each reaction are also
essentially the same, with one the time-reversed form of
the other. Of course, the operators have an energy evolu-
tion which makes the T = 115.5 MeV operator different
from that at T =50 MeV. However, this energy evolu-
tion is built into the theory and is not adjustable within
the framework of the calculation. In addition, most of
the changes in the operator due to energy variations
comes from the presence of the isobar term. The BLN
operator is relatively insensitive to these energy changes.
Hence, fixing the transition operator for one process
essentially fixes it for the inverse, even allowing for the 65
MeV difference in the pion energy. (We will discuss this
point further in the next section. )

Given the similarities in the input to the two reactions,
it is indeed surprising that the DWIA calculations agree
with the data for the (n+, y) reactio. n but are a factor of 6
larger than the (y, ~ ) data. Clearly, there is a problem
here and we will examine possible reasons for this
discrepancy in the next section.

VII. POSSIBLE REASONS FOR DISCREPANCY

The sources of the discrepancy could be in one or more
of the following:

(a} Nuclear structure. While there does exist a certain
element of uncertainty in our knowledge of the nuclear
structure of the states involved (in particular, the size of
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core polarization contributions), this is unlikely to be the
source. This is because both the (m+, y) and (y, n ) data
involve the same initial and final nuclear states in the
same range of momentum transfer. Hence, any changes
that could be made in the nuclear structure to scale down
the (y, m. ) calculations by a factor of 6 would very prob-
ably bring down the (n+, y} cross sections too, since a
very similar transition operator is used there. This would
destroy the agreement that currently exists for the latter
reaction.

(b) Transition operator. In principle, this is the most
likely candidate. The results of Toker and Tabakin~ and
Tiator and Wright predict that the nonlocal effects in
the 50 MeV (y, m ) reaction could reduce those cross sec-
tions by a factor of 2, which would still leave a factor of 3
discrepancy. In order to resolve this, one would need ad-
ditional modifications to the transition operator that pro-
duce a further factor of 3 reduction in the (y, m ) cross
section at 50 MeV but leave the (n+, y } cross sections at
115.5 MeV relatively unchanged for the same nuclear
structure. These modifications also should not destroy the
relative success that similar calculations have had on oth-
er (y, ir) reactions. To date, there has been no evidence
for such a strong energy dependence of the medium modi-
fications. Another possible consideration is the effect of
the nuclear medium on the propagation of virtual pions
which have the ability to excite the nucleon- and isobar-
hole states. This medium effect has been studied by
Dytman and Tabakin. ~s

(c) Pion distortions. For both reactions, the pion waves
that have been used were generated by optical potentials
that gave good results for pion-nucleus elastic scattering.
It should be borne in mind that this in itself is not suffi-
cient to judge the quality of the pion wave functions used,
since the elastic scattering cross sections depend only on
the asymptotic form of the wave functions, while the
(ir, y) and (y, sr} reactions depend on the nature of the
pion wave function within the nucleus. Hence it is possi-
ble that the optical potentials could correctly predict elas-
tic scattering while giving wrong results for (y, n) and
(n, y). However, the studies by Keister on phase-shift-
equivalent potentials ' have shown that, even in very
favorable cases, the allowed variation in the photopion
cross section is only about 50%, and hence this is not like-

ly to be sufficient to explain the present anomaly.
(d) Normo!ization of (y, n) data . The overall normali-

zation of the experimental data for these reactions is a
very difficult problem. This is indicated by the fact that
the data of Stoler et al. for ' C(y,n.)' Ns, is in itself a
factor of 2 larger than the earlier data of LeRose et ol. A
factor of about 3 error in the (y,n).data would bring
about consistency with both sets of data and the calcula-
tions. This is an extremely unlikely event, but such a
discovery would, in fact, remove one of the most intransi-
gent problems in the field of photopion physics.

It would take an extremely delicate combination of
theoretical modifications in (b) and (c) in order to produce
changes in the calculations of the type needed to reconcile
the two sets of data. The two sets of data thus provide
very stringent constraints on the type of modifications
that can be made in the transition operator.

VIII. SUMMARY

We have analyzed the experimental data for the reac-
tions ' C(it+, y)' Ns, at T~=115.5 MeV and
isc(r, ~-)iiNI, at T.=49 Mev. We find that the
(m+, y) data can be satisfactorily reproduced to within
two standard deviations by a local DWIA calculation with
no core polarization effects, while a similar calculation for
the (y, n ) reaction is a factor of 6 too large. We argue
that the present level of theory of nuclear photopion reac-
tions cannot simultaneously account for the two sets of
data. The resolution of this discrepancy places very
stringent constraints on the type of modifications that can
be made to the transition operator. Hence the satisfacto-
ry, simultaneous reproduction of these two sets of data
could prove to be the yardstick by which the quality of
nuclear photopion reaction theories are measured.
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